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LIFTS FOR SEMIGROUPS OF MONOMORPHISMS
OF AN INDEPENDENCE ALGEBRA
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Abstract. For a universal algebra A, let End(A) and Aut(A) denote, respectively,
the endomorphism monoid and the automorphism group of A. Let S be a semigroup
and let T be a characteristic subsemigroup of S. We say that φ ∈ Aut(S) is a lift for
ψ ∈ Aut(T ) if φ|T = ψ. For ψ ∈ Aut(T ) we denote by L(ψ) the set of lifts of ψ, that is,
L(ψ) = {φ ∈ Aut(S) | φ|T = ψ}. Let A be an independence algebra of infinite rank and
let S be a monoid of monomorphisms such that G = Aut(A) ≤ S ≤ End(A). In [2] it is
proved that if A is a set (that is, an algebra without operations), then |L(φ)| = 1. The
analogous result for vector spaces does not hold. Thus the natural question is: Characterize
the independence algebras in which |L(φ)| = 1. The aim of this note is to answer this
question.

1. Introduction. We assume the reader to be familiar with both semi-
group theory and universal algebra. We recommend as references [7] and [9].
Also we assume the reader to have a basic knowledge of the theory of in-
dependence algebras. We recommend [3], [4] and [6] as references. Indepen-
dence algebras, inspired by Marczewski, were introduced as v∗-algebras by
Narkiewicz [10]. For an excellent survey paper see [11].

The first step in the definition of independence algebras is the intro-
duction of a notion of independence valid for universal algebras. Let A be
an algebra of universe A and let X be a set contained in A. Then we de-
note by 〈X〉 the algebra generated by X. Now, a subset X of an algebra is
said to be independent if X = ∅ or if, for every element x ∈ X, we have
x 6∈ 〈X \ {x}〉; a set is dependent if it is not independent.

Lemma 1.1. For an algebra A, the following conditions are equivalent :

(1) for every subset X of A and all elements u, v of A, if u ∈ 〈X ∪{v}〉
and u 6∈ 〈X〉, then v ∈ 〈X ∪ {u}〉;

(2) for every subset X of A and every element u ∈ A, if X is indepen-
dent and u 6∈ 〈X〉, then X ∪ {u} is independent ;

(3) for every subset X of A, if Y is a maximal independent subset of X,
then 〈X〉 = 〈Y 〉;
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(4) for subsets X,Y of A with Y ⊆ X, if Y is independent , then there
is an independent set Z with Y ⊆ Z ⊆ X and 〈Z〉 = 〈X〉.

Proof. For a proof see [9, p. 50, Exercise 6].

Let A be an algebra with universe A. Then A is said to have the ex-
change property or to satisfy [EP] if it satisfies the equivalent conditions of
Lemma 1.1. A basis for A is a subset of A which generates A and is inde-
pendent. It is clear from Lemma 1.1 that any algebra with [EP] has a basis.
Furthermore, for such an algebra, bases may be characterized as minimal
generating sets or maximal independent sets, and all bases for A have the
same cardinality ([6, Proposition 3.3]). This cardinality is called the rank of
A and is written rank(A).

We say that A is an independence algebra if A satisfies [EP] and the
following property:

[F] for every basis X of A and mapping f : X → A, there exists a mor-
phism F : 〈X〉 → A extending f .

Let f be an endomorphism of an independence algebra A. Then B is a
preimage basis for f if Bf is a basis for the image of f and f |B is injective.

If A is a universal algebra, denote by End(A) and Aut(A), respectively,
the endomorphism monoid and the automorphism group of A. By PEnd(A)
we denote the monoid of partial endomorphisms of A.

When A = X, where X is a set (that is, when the algebra has no
operations), End(A) = T (X) and Aut(A) = Sym(X), that is, respectively,
the monoid of all transformations on X and the symmetric group on X.

Let S be a semigroup and let T be a subsemigroup of S. We say that T
is characteristic in S if, for every φ ∈ Aut(S), we have φ|T ∈ Aut(T ), that
is, if the restriction to T of every automorphism of S is an automorphism
of T . Now suppose that T is a characteristic subsemigroup of S. We say
that an automorphism φ ∈ Aut(S) is a lift for ψ ∈ Aut(T ) if φ|T = ψ. For
φ ∈ Aut(T ) we denote by L(φ) the set of lifts of φ, that is,

L(φ) = {ψ ∈ Aut(S) | ψ|T = φ}.
It is well known that lifts play a crucial role in the description of the

automorphism group of a semigroup. The general scheme goes as follows: if
we want to describe the automorphism group of S, a good idea is to try to
find a subsemigroup T ≤ S such that:

(1) T is characteristic in S;
(2) we have (or can find) a description of Aut(T ), the automorphism

group of T ;
(3) for every g ∈ Aut(T ) we can describe L(g).
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Since (1) implies that Aut(S) =
⋃
g∈Aut(T ) L(g), from (3) we get a de-

scription of Aut(S). (Usually it is necessary to have (2) in order to find (3).)
For example, in [8] Mal’tsev described Aut(T (X)). He considered the

semigroup
T1(X) = {f ∈ T (X) : |(X)f | = 1},

proved that T1(X) is characteristic in T (X), described the automorphisms
of T1(X) (which are the mappings τ g : a 7→ g−1ag, where g ∈ Sym(X)
and a ∈ T1(X)) and proved that |L(τ g)| = 1 for all g ∈ Aut(T1(X)). Thus
Aut(T (X)) = Inn(T (X)), the inner automorphisms, that is, the automor-
phisms induced by conjugation by elements g ∈ Sym(X).

Another example: in [2] Fitzpatrick and Symons considered semigroups S
of injective mappings such that Sym(X) ≤ S ≤ T (X) (where X is an
infinite set). In the most delicate part of their proof they show that, given an
h ∈ Aut(Sym(X)), we have |L(h)| = 1. Thus, since Sym(X) is characteristic
in S (and all automorphisms of Sym(X) are inner), we have Aut(S) =⋃
τg∈Aut(Sym(X)) L(τ g) and hence for every semigroup S of one-one mappings

such that Sym(X) ≤ S ≤ T (X) we have

Aut(S) = {τ g : s 7→ g−1sg | g ∈ Sym(X)}.
In [5] Gluskin used the same general scheme to describe the automor-

phism group of End(V ), where V is a vector space, thus proving the vector
space analogue of the result proved by Mal’tsev for sets, as referred to above.

The linear analogue of the result of Fitzpatrick and Symons referred to
above would read as follows: given a vector space V of infinite dimension
and a semigroup S of injective linear transformations such that Aut(V ) ≤
S ≤ End(V ), prove that for all h ∈ Aut(Aut(V )) we have

|L(h)| = |{g ∈ Aut(S) | g|Aut(Aut(V )) = h}| = 1.

We prove that this is not true and then characterize the independence alge-
bras in which the analogue of this result holds.

Let A be an algebra. We denote by Con the constants of A. Throughout
this paper A will be an independence algebra of infinite rank such that
Con ⊆ {0} (that is, Con has at most one element), and S is a semigroup
of monomorphisms of an independence algebra A of infinite rank such that
Aut(A) < S < End(A).

Suppose a is a partial endomorphism of A. We denote the domain of
a by ∆a and the image of a by ∇a. Observe that both ∆a and ∇a are
subalgebras of A.

2. A counterexample. The aim of this section is to prove that the
analogue of the Fitzpatrick and Symons result referred to above is not true.
Therefore we want to prove the following. Let V be a vector space and S be
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a semigroup of monomorphisms such that Aut(V ) ≤ S ≤ End(V ). Then it
is not necessarily true that for all h ∈ Aut(Aut(V )) we have

|L(h)| = |{g ∈ Aut(S) | g|Aut(Aut(V )) = h}| = 1.

Lemma 2.1. Let V be an infinite-dimensional vector space over the field
of real numbers F and let S be the following semigroup:

{α ∈ End(V ) | corank(∇α) < ℵ0 and α is one-one}.
Moreover , let λ be a real number different from 0 and 1. Then the mapping
τλ : S → S defined by aτλ = λcorank(∇α)a is an automorphism of S.

Proof. The key observation is that for the semigroup under consideration
we have, for all α, β ∈ S,

corank(∇α) + corank(∇β) = corank(∇αβ).

To simplify notation we write corank(∇α) as corank(α). Now, if B is a basis
for V then Bα is a basis for ∇α and it can be extended to Bα ∪ Y , a basis
of V . Moreover, Bαβ is a basis for ∇(αβ) and Bαβ ∪ Y β is a basis for
∇β, which can be extended to a basis of V , say Bαβ ∪ Y β ∪ W . Hence
|W | = corank(β) and |Y β| = |Y | = corank(α). Thus,

corank(β) + corank(α) = |W |+ |Y | = |W |+ |Y β| = corank(αβ).

Now, the proof of the lemma is straightforward. In fact, for every a, b ∈ S,
we have

(ab)τλ = λcorank(ab)ab = λcorank(a)+corank(b)ab = λcorank(a)λcorank(b)ab

= (λcorank(a)a)(λcorank(b)b) = (aτλ)(bτλ)

and so τλ is a morphism. Moreover, corank(µa) = corank(a) for every non-
zero real number µ and any element a ∈ S. In particular, corank(a) =
corank(aτλ) for all a ∈ S. Thus, if aτλ = bτλ, where a, b ∈ S, then

corank(a) = corank(aτλ) = corank(bτλ) = corank(b)

and so λcorank(a)a = aτλ = bτλ = λcorank(b)b = λcorank(a)b, implying a = b.
Thus, τλ is a monomorphism. Finally, it is obvious that a/λcorank(a) belongs
to S and that (a/λcorank(a))τλ = a. The lemma is proved.

It is obvious, with the notation of the previous lemma, that τλ|Aut(V )
is the identity. Therefore L(idAut(V )) ⊇ {τλ | λ ∈ F \ {0, 1}}.

3. The main theorem. We start by an observation which will be very
useful in the remainder of this paper.

Lemma 3.1. Let T ≤S be two semigroups with T characteristic in S. Let
idT be the identity automorphism of T . Then the following are equivalent :

(1) |L(h)| = 1 for all h ∈ Aut(T );
(2) |L(idT )| = 1.
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Proof. It is obvious that (1) implies (2). Conversely, suppose that g1, g2 ∈
L(h) for some h ∈ Aut(T ). Then g1|T = h = g2|T so that (g1g

−1
2 )|T = idT .

This shows that g1g
−1
2 ∈ L(idT ). However, by (2), |L(idT )| = 1 and it is

obvious that idS ∈ L(idT ). Therefore g1g
−1
2 = idS and hence g1 = g2.

Let T ≤ S be two semigroups with T characteristic in S. Then, in view
of the previous lemma, to prove that |L(h)| = 1 for all h ∈ Aut(T ), we only
have to check if |L(idT )| = 1.

We now introduce a definition and the main theorem of this paper. Let
α ∈ PEnd(A) be one-one. Moreover, let B and C be bases of ∆α and ∇α,
respectively, such that Bα = C. The pair (B,C) is said to be a basic pair
for α and the set of all basic pairs is denoted by B(α).

The aim of this section is to prove the following theorem. (We recall that
G = Aut(A).)

Theorem 3.2. Let S be a semigroup of monomorphisms such that G <
S < End(A) and let τ ∈ Aut(S) be such that τ |G = idG. Then, for all
α ∈ S, the following are equivalent :

(1) ατ = α;
(2) B(α) ∩ B(ατ) 6= ∅;
(3) B(α) = B(ατ);
(4) (∃b∈A\Con)bα = b(ατ);
(5) (∃(B,C)∈B(α))Bα ∩B(ατ) 6= ∅;
(6) (∃(B,C)∈B(α)) Bα = B(ατ).

If B is an independent set and x, y ∈ B, we denote by (xy)B the (unique)
automorphism h ∈ Aut(〈B〉) such that xh = y, yh = x, and zh = z for all
z ∈ B \ {x, y}.

Lemma 3.3. Let α ∈ End(A) be one-one and let (B,C) ∈ B(α). Then,
for every x, y ∈ B, we have (xy)Bα(xα yα)C = α.

Proof. Clearly, a(xy)Bα(xα yα)C = aα for a ∈ {x, y}. Thus let a ∈
B \ {x, y}. Then we have a(xy)B = a. Similarly, since aα ∈ C \ {xα, yα},
we obtain aα(xα yα)C = aα.

Lemma 3.4. Let S be a semigroup of monomorphisms such that G <
S < End(A) and let τ ∈ Aut(S) be such that τ |G = idG. Let b ∈ A \ Con.
If bα = b(ατ), then ατ = α.

Proof. Let b ∈ A\Con be such that bα = b(ατ). As α is one-one it follows
that bα 6∈ Con. Hence the set {bα} can be extended to a basis, C, of ∇α.
Let B be a preimage basis such that (B,C) ∈ B(α). Now, by Lemma 3.3,
for all c ∈ B \ {b} we have the following

(cb)Bα(bα cα)C = α ⇒ (cb)B(ατ)(bα cα)C = ατ

⇒ c(cb)B(ατ)(b(ατ) cα)C = c(ατ) (as b(ατ) = bα)
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⇒ b(ατ)(b(ατ) cα)C = c(ατ)

⇒ cα = c(ατ).

Thus aα = a(ατ) for all a ∈ B. The lemma is proved.

Proof of Theorem 3.2. We are going to prove that (1)⇒(3)⇒(2)⇒(6)
⇒(5)⇒(4)⇒(1). The non-trivial implications are (2)⇒(6), (5)⇒(4) and
(4)⇒(1).

We start with the proof that (2)⇒(6). If B(α) ∩ B(ατ) 6= ∅ then there
is (B,C) ∈ B(α) ∩ B(ατ) and hence Bα = C = B(ατ). The implication is
proved.

Now we prove that (5)⇒(4). Let (B,C) ∈ B(α) and suppose that (B)α∩
(B)ατ 6= ∅. Moreover, let b, d ∈ B be such that bα = d(ατ). We claim that
b = d. In fact, suppose that b 6= d. Then {b, d} ⊆ B is an independent set.
Moreover, {bα, dα} ⊆ C is an independent set, as α is one-one. Now, let
a ∈ B \ {b, d}. Such an a exists because rank(A) is infinite. Then

(da)Bα(dα aα)C = α ⇒ (da)B(ατ)(dα aα)C = ατ

⇒ a(da)B(ατ)(dα aα)C = a(ατ)

⇒ d(ατ)(dα aα)C = a(ατ)

⇒ bα(dα aα)C = a(ατ) (as d(ατ) = bα)

⇒ bα = a(ατ).

But a was arbitrary in B \ {b, d}. Thus, for all x, y ∈ B \ {b, d}, x 6= y, we
have x(ατ) = bα = y(ατ). Let D be a basis for A such that {x, y} ⊆ D.
Then (xy)D(ατ) = ατ , which implies (xy)Dα = α and hence xα = yα. This
is a contradiction since α is one-one. This shows that if bα = d(ατ), then
b = d.

That (4)⇒(1) follows from Lemma 3.4. The result is proved.

We now give an alternative proof that (2)⇒(1). This new proof contains
some ideas which are very instructive.

Lemma 3.5. Let (B,C) ∈ B(α). Moreover , let x, y ∈ B and u, v ∈ C.
Then

(xy)Bα(uv)C = α ⇒ {xα, yα} = {u, v}.

Proof. From (xy)Bα(uv)C = α it follows x(xy)Bα(uv)C = xα and hence
xα = yα(uv)C . If yα 6∈ {u, v}, then yα(uv)C = yα, which is different from
xα and hence we have a contradiction. Thus yα ∈ {u, v} and, by symmetry,
{xα, yα} = {u, v}.

Lemma 3.6. Let (B,C) ∈ B(α) ∩ B(ατ). Then ατ = α.
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Proof. Let x, y, z be three different elements of B. Using the previous
lemma and Lemma 3.3, we get

(xy)Bα(xα yα)C = α ⇒ (xy)B(ατ)(xα yα)C = ατ

⇒ {xα, yα} = {x(ατ), y(ατ)}.
Now, repeating the procedure with z and x we get {xα, zα}={x(ατ), z(ατ)}
and hence

{xα} = {xα, yα} ∩ {xα, zα} = {x(ατ), y(ατ)} ∩ {x(ατ), z(ατ)} = {x(ατ)}.
Thus α = ατ . The lemma follows.

3.1. Applications. Let X be an infinite set and consider a semigroup S
of one-one transformations such that Sym(X) ≤ S ≤ T (X). Moreover, let
α ∈ S. Then, for every x, y ∈ ∇α, x 6= y, we have α(xy) 6= α. Thus
(ατ)(xy) 6= (ατ) and hence ∇(ατ) ∩ {x, y} 6= ∅. This shows that (X)α ∩
(X)(ατ) 6= ∅ and hence, by (5) of Theorem 3.2, we have α = ατ . Thus if
two automorphisms of S coincide on Sym(X) they are equal. Now, since the
automorphisms of Sym(X) are inner automorphisms and admit an obvious
extension to an automorphism of S, it follows that each automorphism of S
is the unique and obvious extension of one (inner) automorphism of Sym(X).

Chantip and Wood [1] proved this result for the semigroup of all one-one
transformations on a set X. Fitzpatrick and Symons [2] proved it for any
semigroup S of one-one transformations such that Sym(X) ≤ S ≤ T (X).

In the second section of this paper we saw a semigroup S and an auto-
morphism τ such that ∇α = ∇(ατ) but bα 6= b(ατ) for all b ∈ A \ Con.
Such a situation is impossible for transformations on a set but possible for
linear transformations of a vector space. This explains why the analogue of
the result proved by Fitzpatrick and Symons does not hold for independence
algebras.

Finally, we state two open problems related with the questions above.
When A is a set X the group Aut(Aut(A)), that is, the group Aut(Sym(X))
is well known. Also the group Aut(Aut(A)) is well known when A is a
vector space. However a description of Aut(Aut(A)) when A is a general
independence algebra is not known.

Another open problem is the following. LetA be an independence algebra
of infinite rank and let S be a semigroup of monomorphisms such that
Aut(A) < S < End(A). For every ψ ∈ Aut(A) describe the set

L(ψ) = {φ ∈ Aut(S) | φ|Aut(A) = ψ}.
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Universidade de Lisboa

Av. Gama Pinto, 2
1649-003 Lisboa, Portugal

E-mail: mjoao@lmc.fc.ul.pt

Received 6 January 2003;
revised 18 August 2003 (4300)


