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SOME THOUGHTS ABOUT SEGAL’S ERGODIC THEOREM

DANIEL W. STROOCK (Cambridge, MA)

Abstract. Over fifty years ago, Irving Segal proved a theorem which leads to a char-
acterization of those orthogonal transformations on a Hilbert space which induce ergodic
transformations. Because Segal did not present his result in a way which made it readily
accessible to specialists in ergodic theory, it was difficult for them to appreciate what he
had done. The purpose of this note is to state and prove Segal’s result in a way which,
I hope, will win it the recognition which it deserves.

1. Background. Unless a separable, real Hilbert space H is finite-di-
mensional, there is no standard Gauss measure for H. That is, there is no
Borel probability measure p on H whose Fourier transform f is given by

fu(h) = S VT1h9Dm y(dg) = e IME/2 e .
H
Indeed, if H is infinite-dimensional and such a p were to exist, then, for
any orthonormal basis {e; : £ > 0} in H, the random variables g € H —
Xm(g9) = (ex,9)m would be independent, Gaussian random variables with
mean 0 and variance 1. In particular, the strong law of large numbers would
imply that

-1
N B
nlgrolo - g OXm =1 p-almost surely,
m=

and we would have ||g||3, = Yoo X (9)? = oo for p-almost every g € H.
In other words, H is just too small to accommodate p.

In order to get around the problem described above, L. Gross [I] in-
troduced the notion of an abstract Wiener space. To describe Gross’s idea,
suppose that @ is a separable, real Banach space in which H is continuously
embedded as a dense subspace. Then, for each A € ©*, there is a unique
hy € H such that[(D)] (g, ha)ir = (g, \) for all g € H. Indeed, A ~ h,, is con-
tinuous from the weak™ topology on ©* into the weak topology on H, and
{hy : A € ©*} is dense in H. What Gross showed is that for each H there
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exists such a Banach space © on which there is a unique Borel probability
measure Wy with the property that

(1) )7\;7{()\) = S eV —1{0N) Wi (df) = e~ImalE/2 )\ ¢ o~

C]
Further, in recognition of the fact that N. Wiener was the first to carry out
this sort of construction, he called the triple (H, @, W) an abstract Wiener
space.

There are various ways to prove Gross’s theorem (cf. [4]). For our pur-
poses here, the best way is to base the proof on the following theorem,
a derivation of which can be found in [4]. In its statement, ~y is the standard
Gaussian measure on R, that is, v(dz) = (2r)~1/2e~*"/2dz.

THEOREM 1. Suppose that H is continuously embedded as a dense sub-
space of ©. Then there exists a Wy on © for which (H,©, Wy) is an abstract
Wiener space if and only if, for each orthonormal basis {ex : k > 0}, the
series

oo

Z rrer converges in ©

k=0
for AN-almost every x € RN, in which case Wy is the 4N -distribution of the
series.

Knowing Theorem 1, it is an easy matter to give a crude proof of Gross’s
theorem. Namely, given an orthonormal basis {e; : £ > 0} in H, take © to
be the completion of H with respect to the Hilbert norm

o0
lglle = | D (m+1)"2(g,em)3,
m=0
and note that
n;) m < oo ~N-almost surely.

Of course, as Wiener showed, in particular cases there are far better choices
of ©. Indeed, if Wiener had made this choice, he would have ended up
with Brownian paths which are no better than locally square integrable.
To recover Wiener’s famous result that Brownian paths are continuous, one
needs to use more sophisticated reasoning (cf. [4]).

Given an abstract Wiener space (H, ©, Wy ), there is an isometry, known
as the Paley-Wiener map, h € H — Z(h) € L>(Wg;R) such that Z(hy)(6)
= (6, ) for all A € ©*. Indeed, for each A € ©* 0 ~» (0, \) under Wy is
a Gaussian random variable with mean 0 and variance ||h,||%. Thus, since
{h) : A\ € ©*} is dense in H, the existence of Z is obvious. Furthermore,
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since limits of Gaussian random variables are again Gaussian, for all h € H,
Z(h) under Wy is Gaussian with mean 0 and variance ||h|/%;.

From our point of view, the importance of the Paley—Wiener map is that
Z(h) provides an extension of the inner product (-,h)g to ©. With this in
mind, we can understand in what sense an abstract Wiener space represents
a resolution of the problem posed at the outset. Namely,

EWr [eV1ZW] = ¢~l9lH/2 g e H,

which, if Z(g) were really (-, g)m, is exactly what we wanted.
In the same sense, the Paley—Wiener map explains the origin of the
following corollary to Theorem |1} Again, a proof is given in [4].

COROLLARY 2. Let (H,©, W) be an abstract Wiener space. Then for
each orthogonal transformation O in H, there is a Wi -almost surely unique,
Borel measurable map To : © — O such that Z(h) o To = Z(OTh) Wy-
almost surely for each h € H. Moreover, Ty is Wi-measure preserving.

REMARK. Say that D C ©* is determining if 0 = ¢’ whenever (0, \) =
(0", \) for all A € D. Next, suppose that O is an orthogonal transformation
on H and that F : © — O has the properties that F[H = O and that
0 ~~ (F(0), \) is continuous for all \’s from a determining set D. Then Tpf =
F(0) for Wg-almost every 6 € ©. In particular, if O admits a continuous
extension to @, then Ty can be taken to be that extension.

We can now formulate the problem to which the rest of this article is
dedicated. Given an abstract Wiener space (H,©,Wp) and an orthogo-
nal transformation O on H, it is natural to ask when, if ever, the asso-
ciated, Wp-measure preserving map T is ergodic. Clearly, if H is finite-
dimensional, in which case H = ©, the answer is never, since every function
f on H which depends only on |||z is Tp-invariant. More generally, if O
admits a non-trivial, finite-dimensional subspace L and if {ej : 1 < k <[}
is an orthonormal basis for L, then the same argument applied to a func-
tion of 22:1 Z(eg)? shows that T cannot be ergodic. On the other hand,
reasoning as we did when we showed that there is no standard Gauss mea-
sure on an infinite-dimensional H, one might suspect that Ty is ergodic if
O admits no non-trivial, finite-dimensional subspace. In fact, I. E. Segal [3]
proved such a result in a general, abstract setting. However, because Segal
strove for maximal generality, both the statement of his result as well as his
reasoning look a little obscure to probabilists. As a consequence, his result
is not well known. The central goal of this note is to translate Segal’s ideas
into the language of abstract Wiener space, where, I hope, they will be more
palatable to a wider audience. If nothing else, I hope to convince my read-
ers that Segal’s Theorem deserves recognition as a profound contribution to
Gaussian analysis.
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2. Segal’s Theorem. Given an orthogonal transformation O on a sep-
arable, real Hilbert space H, say that O is atomic if there is an O-invariant
subspace L with dim(L) € Z*. Equivalently, if H. is the complexification
of H and O, is the unitary operator on H. determined by O, then O is
atomic if and only if O, admits a non-trivial eigenvector. Thus, in order for
O to be atomic, it must admit an invariant subspace L of dimension either
1 or 2. Orthogonal transformations which are not atomic will be said to be
non-atomic.

THEOREM 3 (Segal). Let (H,0, W) be an abstract Wiener space. If O
s an orthogonal transformation and To is the associated measure preserving
transformation on (©,Bg, W), then Tp is ergodic if and only if O is non-
atomic.

Since we have already seen that Ty cannot be ergodic if O is atomic, all
that we have to show is that O must be atomic if T is not ergodic. That is,
we need to show that if F' € L?(Wy;R) is non-constant and F = FoTp Wg-
almost surely, then O admits an invariant subspace L with dim(L) € Z*.
For this purpose, we will make use of the following simple lemma.

LEMMA 4. Let O be an orthogonal transformation on the real Hilbert
space H. Then O is atomic if and only if there is a real Hilbert space H,

an orthogonal transformation O on H, and a non-zero, compact, linear map
K:H — H such that KoOT =00 K.

Proof. First suppose that H, O, and K exist, and set B = K " K. Then
B is a non-zero, compact, non-negative definite operator on H, and so B
admits an eigenvalue A € (0, 00) whose eigenspace L = {h € H : Bh = Ah}
has dim(L) € Z*. Moreover, because B commutes with O, if h € L, then
BoOh = Oo Bh = AOh, and so Oh € L. Hence, L is a non-trivial,
finite-dimensional, O-invariant subspace.

Conversely, suppose that O admits a non-trivial, finite-dimensional in-
variant subspace L. Then there exist (£1,&2) € R? with &2 + &5 = 1 and
(91,92) € H? with ||g1]|% + llggll% = 1 such that Og; = &g1 — €292 and
Ogs = €291 + &€1g2- Moreover, if & = 0, then we may and will assume that
g2 = 0, and if & # 0, then neither g; nor g2 is 0 and (g1,92)g = 0. Now
define K : H — H by

(h,92)mg1 + (h,g1)mg2 if & # 0.

Then K is a non-zero, compact, linear map, and K o OT = 0o K. Hence,
we can take H = H and O = 0. »

Our goal is to use Lemma 4 to prove the following slight strengthening
of Segal’s Theorem.
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THEOREM 5. Suppose that H is a separable, real Hilbert space and that
(H,©,Wyg) is an abstract Wiener space. Given an orthogonal transforma-
tion O on H, O s atomic if and only if there is a finite-dimensional, To-
invariant subspace of L?>(Wp;R) containing non-constant functions. Thus,
the following are equivalent:

(1) O is non-atomic.
(2) To is weakly mizing in the sense that for any f € L*(Wg;R) with
f having mean-value 0,

n—1
1 n
am Do T8, 9) 2 pwym| =0
m=0
for all g € L2(Wu; R).
(3) To is Wg-ergodic.

That the non-existence of a finite-dimensional, Tp-invariant subspace
with non-constant elements implies weak mixing is a familiar fact in classical
ergodic theory. See, for example, page 39 of [2]. Thus, everything comes down
to proving the first assertion.

If O admits a non-trivial, finite-dimensional subspace L, set L = {Z(h) :
h € L}. Then L has the same dimension as L and L contains non-constant el-
ements. In addition, because L is also O -invariant and Z(h)oTp = Z(O"h),
it is clear that L is Tp-invariant. Hence, what remains to be shown is that
O is atomic whenever Ty admits a finite-dimensional subspace containing
non-constant functions, and it is in the proof of this part that we will employ
Lemma 4.

In order to construct the quantities required to apply Lemma 4, we
will need to recall Wiener’s decomposition of L2(W;R) into subspaces Z (n)
n € N, of homogeneous chaos. Namely, set

H,(z) = (—1)”63”2/2826_‘”2/2, n € Nand z € R,
and define H, : RN — R for g € NN with ||u| = Y22, sk < 00 so that

H,(x) = HHM(:U;C) for x = (zg,...,xg,...) € R,
k=0

Given an orthonormal basis £ = {ej, : k > 0} for H, define I¥ : @ — RN
so that I7(0);, = Z(ex)(0), k € N, and set HE = H, oI¥. Then Z(™ is the
closure in L2(W;R) of span({HE : [[u]| = m}). The basic facts about the

Z™)’g are that they are independent of the choice of orthonormal basis F,
they are mutually orthogonal, and their span Z is dense in L2(W;R). All
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these properties are elementary applications of the generating function
_ 2/2 s Oém
e = Z ﬁHm(:n), aeC.

m=0

In particular, each Z(™ is Tp-invariant.

Now suppose that L is a finite-dimensional, Tp-invariant subspace of
L?(Wpg; R) containing non-constant elements. By the preceding, we may and
will assume that L € Z(™ for some m € ZT. In addition, because L is finite-
dimensional, we know that there exist ¢1,& € R? and Gy, Gs € L2(Wpg; R)
such that f%—i—fg =1= HGlH%Q(WH;R)—i_HG2”%2(WH;R), (Gl, GQ)LQ(WH;R) =0,

and
Gi1oTo R G1 ’
GooTp Go
where R : L2(Wpg;R?) — L?(Wy; R?) is given by
R By _ (&l = &b
F Sl + 641

Now set H = L?>(Wy; R?), and define O on H by

~ [ F; FioT, F F
A1) g (F1eTo) _ &1F1 + & F, o To.
F FroTo —&o 1 + &1 By

Clearly, O is an orthogonal transformation on H, and

el G
o () (2)

Before introducing the operator K : H — H, we need to discuss the
gradient operator D : Z — L?>(Wpg; H), which is determined by

oo
DM, = i Hyer.
k=1

where (%), = (u — dx1)*. Because HHEH%Q(WH.R) = pl, it is easy to check
that
(3)  (D®1,DBy) 72,01y = M P1, B2) 2wy fOr B, Py € 200,

In addition, the definition of D as an operator is independent of the choice
of orthonormal basis E. In particular, by taking {\; : £ > 0} C ©* so that
{hx, : k> 0} is an orthonormal basis in H, one can show that

d
h, DB(0))r = —&(6 + th
(h, DO(0)) 1t = —P(6 + ¢ )t:O
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when &(6) is a polynomial function of {(f,\;) : k£ > 0}. Starting with
such @’s and using the preceding together with the obvious estimate coming
from , one arrives at

(4) (hyD(®0oTp))g = (Oh,DP)goTyn for dc Z.
We now define K : H — H so that
D
Kh— nG1 ’

DGy
where we have introduced the notation Dy F' = (h,DF)H for FF € Z. We
will show that K satisfies the hypotheses in Lemma 4 relative to O on H
and O on H.

We begin by checking that K is a non-zero, compact operator. For this
purpose, choose an orthonormal basis {e : k > 0} for H, and observe that,

by (3),

o0
> lIKer|F =m,
k=0

which means that K is a non-zero, Hilbert—Schmidt, and therefore compact,
operator. Thus, all that remains is to check that K o OT = 00K, or
equivalently, that K = O o K o Q. To this end, use and to check that

h =gt (PrGroTol) | g (Dot eTo) _ oy,
Dh(G2 9] T(/)) (D(ghG2> e} TO

Before moving on, it should be observed that there is an easier result
which, in most practical situations, is not only sufficient to check ergodicity
but also opens the possibility of giving quantitative information.

THEOREM 6. Let (H,O,Wg) be an abstract Wiener space. If O is an or-
thogonal transformation on H with the property that, for every (g,h) € H?,
lim, (O"g,h)g =0, then To admits no finite-dimensional, invariant sub-
space containing non-constant elements.

If one wants to use Theorem 5, this result is obvious. Indeed, if O satis-
fies the stated condition, then it certainly cannot have a non-trivial, finite-
dimensional invariant subspace. However, there is a more quantitative way
to prove it. Namely, the non-existence assertion follows immediately from
the mixing property

lim [EV#[(@ o T3)8)| = 0

n—oo
for all ® € L?(Wpy;R) with mean value 0. In fact, if {ex : & > 1} is an
orthonormal basis for H, then it suffices to check this mixing property when

B(0) = f([Z(e)](0), - -, [Z(en)](0))
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for some N € Z1 and bounded, Borel measurable f : R — R. The reason
why it is sufficient to check it for such @’s is that, because T is Wg-measure
preserving, the set of @’s for which the desired property holds is closed in
L?*(Wg; R). Hence, if we start with any @ € L2(Wy; R) with mean value 0,
we can first approximate it in L?(Wpg; R) by bounded functions with mean
value 0 and then condition these bounded approximates with respect to
o({Z(e1),...,Z(en)}) to give them the required form.

Now suppose that ® = f(Z(e1),...,Z(en)) for some N and bounded,
measurable f. Then

EVri@oTadl = || F(x)f(y) 0.0, (dx x dy).

RN xRN

where 79,c,, is the Gauss measure on RY x RN with mean 0 and covariance

C,= ( IT Bn) with By, = (((ex, O"e1)n))1<k,i<N,

B, 1
where the block structure corresponds to RY xRV . Finally, by our hypothesis
about O, we can find a subsequence {n,, : m > 0} such that lim,, ..o B,
= 0, from which it is clear that vo ¢, tends to vp1 X 70,1 in variation and
therefore

lim EV2[($ o T)m)P) = EVH (9] = 0.
m—00
As the preceding makes clear, the more one knows about the rate at

which (O"g, h)g tends to 0, the more one will know about the strength of
the mixing property for Ty; and from this one can get estimates on the
L?(Wy; R) rate at which ergodic sums are converging.

3. Wiener isomorphisms. Given a pair of abstract Wiener spaces
(H,©,Wy) and (H',0',Wy/), we will say that a map ® : © — @' is a
Wiener isomorphism if

(a) @ is Borel measurable and Wy = &, W

(b) @ is almost surely invertible in the sense that there is a Borel mea-
surable @1 : © — O such that @' o®(f) =0 and Pod1(0') = ¢
for, respectively, Wpy-almost all § € © and Wys-almost all 6/ € 6.

(c) For W4-almost every (61,62) € 62,

gzs(91 + 92> _ P(01) + P(6:)
V2 V2o
Notice that if ¥/ : © — @’ is Borel measurable and ¥ is Wy-almost surely

equal to a Borel measurable @ : © — @’ which satisfies the additivity con-
dition in (c), then ¥ also satisfies that condition. Indeed, ¥(271/2(8; + 65))
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= 2712w (6,) 4+ W (6y)) for (A1,60) € (Ax A)NBNC, where A = {0 : $(0) =
U(0)} and
B ={(01,02) : U(27/2(61 + 0)) = 2'/2(¥(61) + ¥ (62))},
C = {(61,02) : W(27V2(61 + 62)) = B(27/2(61 + 62))}.
Obviously, 4 x A and B have W#%-measure 1, and because Wy is the W2~
distribution of (01, 62) ~~ 2*1/2(01 + 65), so does C. Hence, if @ is a Wiener
isomorphism, then ¥ is also. Similarly, if ® : © — @’ is a Wiener isomor-
phism and @' is an almost sure inverse of @, then ! is also a Wiener
isomorphism. Since ! is certainly measure preserving, to check this it suf-
fices to show that @~! has the additivity property. For this purpose, take
A={0€c0:d71od(0) =0}, A ={0cO :00d 1(#) =0} and
B ={(61,02) € 0% : 0(2712(01 + 02)) = 27 V3(®(61) + B(62))},
C={(6,05) € A/ x A": (&71(0)),91(8))) € (A x AN B}.
Then W#%,(C) = 1 and, for (61,6}) € C,
DU L) _ g g LI _ g (B0
V2 V2 V2

The goal here is to prove the following theorem.

THEOREM 7. Suppose that O and O’ are orthogonal transformations on,
respectively, H and H'. Then there exists a Wiener isomorphism & : © — @’
such that ® o To = Tor o @ Wy-almost surely if and only if there is a
unitary, linear map U : H — H' such that UO = O'U. In particular,
@D : O — O is a Wiener isomorphism if and only if ® = To for some
orthogonal transformation O on H.

There are two steps in the proof of Theorem [7| the first of which is taken
in the following lemma.

LEMMA 8. Suppose that U : H — H' is a linear, unitary map. Then
there exists a Wy-almost surely unique, Borel measurable Ty : © — @' such
that Z(h') o Ty = Z(UTK') Wy-almost surely for all B € H'. Moreover, Ty
is a Wiener isomorphism and Ty is an almost sure inverse of Tyr. Finally,
Ty o To = Tor o Ty Wy-almost surely if and only if UO = O'U.

Proof. Since, for any Borel measurable maps ¢ and ¥ from © to @',
¢ = ¥ Wy-almost surely if and only if Z(h') o @ = Z(h') o ¥ Wy-almost
surely for each A’ € H’, uniqueness of Ty is clear. To prove existence,
choose an orthonormal basis (ej,...,en,...) for H. Then {Z(e,) : n > 0}
is a sequence of independent, standard normal random variables under
Wi, (Uey,...,Uey,...) is an orthonormal basis for H’, and so (cf. §2
in [4]) the series Y °Z(e,)Uey is Wg-almost surely convergent in 6.
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Thus, we can define a Borel measurable Ty : © — ©' so that, for Wgy-
almost all @ € ©, Ty(0) = > 02 (Z(en)(0)Uey, where the series converges
in @'. To check that this choice of Ty has the right property, first ob-
serve that Wy is the Wy-distribution of Y ° 1 Z(e;,)(0)Uey, and therefore
that (Ty)«Wg = Wy Hence, W € H' +— I(h') o Ty € L*(Wg;R) and
n € H — Z(UTH) € L>(Wy;R) are both isometric, and they are therefore
equal if they agree on {h), : N € (©’)*}. But, for Wg-almost all 0,

T(hy) o Ty (6) = (Ty(8), X) = 3 T(en) Uen, N)

n=0
=" T(ea)(0)(U A, en) i = Z(h))(0).
n=0

To see that Ty is a Wiener isomorphism, we must still check that it is
almost surely invertible and that it has the additivity property in (c). But

I(W)oTyoTyr =Z(U W )oTyr = Z(UU'H) =Z(h') Wy-almost surely,

and so not only is Ty almost surely invertible but 13+ is an almost sure
inverse. As for the additivity property, note that we can choose the e;’s
entering the preceding definition of 1y; so that e, = hy, with )\, € ©* for
each n € N. Now let A be the set of 6 for which S(0) = >_,_(0, \n)Uey
converges, and take S(f#) = 0 for § ¢ A. Then S is a legitimate choice
for Tyr, and we know that 27Y2(6; + 6y) € A and S(2712(6; + 6y)) =
271/2(S(61) + S(09)) for (61,69) € A x A. Hence, since A x A has W3-
measure 1, we have completed the proof that Ty is a Wiener isomorphism
and that Tj;7 is an almost sure inverse.
Finally, O'U = UQ if and only if for each b’ € H’,

I(h)oTyoTo=TZ(UW)oTo =Z((UO)"R)
=Z(OU)')=Z(O)'HW)oTy =Z(K) o Tey o Ty

Wp-almost surely. Hence O'U = UO < Tpr o Ty = Ty o To Wpy-almost
surely. m

The second step in the proof of Theorem [7is to show that if @ : © — O’ is
a Wiener isomorphism, then there exists a unique unitary, linear U : H — H’
such that @ = Ty Wpy-almost surely. Again the uniqueness is essentially
trivial, and so we will concentrate on existence.

LEMMA 9. If f € L>(Wg;R), then f = Z(h) for some h € H if and only
if (27Y2(601 + 02)) = 27Y2(f(01) + f(02)) W-almost surely.

Proof. The “if” assertion is easy. Indeed, again using the fact that Wy
is the W# -distribution of (61, 62) ~» 271/2(6; +6s), one can easily check that
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it suffices to check the additivity property for Z(h) when h = h) for some
A € ©*, in which case it is trivial.

To prove the converse, what we have to check is that the additivity
property implies that f € Z(). Thus, let f, denote the projection of f onto
Z(™) 'We want to show that f,, = 0 when n # 1, and the key to doing so is to
show that each f,, inherits the additivity property from f. For this purpose,
set F(61,09) = f(271/2(01 + 62)). Then F € L* (W%;R) and F = 3 °° | F,
in L2(W%;R), where F,(01,09) = f,(27Y/2(01 + 62)). At the same time, we
know that

F(01,02) =2~ I/QZ (01) + fn(62))

in LZ(WIZ_I; R), and clearly each summand in the preceding is an element of
AQ) (H?), the space of nth order homogeneous chaos for the abstract Wiener
space (H?,62, W%I) Hence, we will know that the additivity property holds
for f, once we show that F, € Z((H?). That is, we must check that
if g € ZM and G(01,02) = g(27Y%(6; + 62)), then G € Z™(H?). After
a little thought, one realizes that checking this last statement reduces to
showing that if H,, is the nth Hermite polynomial described following the
statement of Theorem |5 then H,,(27'/2(21 4 x2)) is a linear combination
of Hy,(x1)Hp—m(z2), 0 < m < n. Finally, using the generating function for
the H,’s, it is easy to check that

n
Hy (272 (21 4 22)) = 272 Hpp(21) Hy o (72).
m=0

In view of the preceding, we will be done once we show that if f € Z(
has the additivity property, then f = 0 unless n = 1. This is obvious when

= 0. Thus, assume that n > 2. Define F' from f as in the preceding
paragraph, and observe that ((h,—h), DF)g2 = 0 W#-almost surely for
each h € H. At the same time, by the additivity property,

0 = 2'2((h, =h), DF(61,02)) 2 = (h, Df(61))r — (h, Df(02)) s

for W#-almost all (61, 602). Hence, since the terms on the right are inde-
pendent under W%I, the only way that this could hold is if each of them is
WIQ{—almost surely constant. Hence, we now know D f is Wg-almost surely
constant, which, because n > 2, is possible only if f = 0. =

The following completes the proof of Theorem [7}

THEOREM 10. @ : © — O is a Wiener isomorphism if and only if there
is a unitary, linear U : H — H' such that ® = Ty Wy -almost surely.

Proof. We need only address the “only if” part. To this end, let \' € ©*
be given, and set f = Z(h),) o ®. Then f satisfies the additivity property in
Lemma 11, and therefore, by that lemma, there exists a unique F'h € H’
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such that Z(h),)o® = Z(F'h),). Moreover, F’ is linear and isometric. Hence
F’ admits a unique extension as an isometry from H' into H, and it is easy
to check that Z(h') o @ = Z(F'h') Wy-almost surely continues to hold for
all B € H'. Next, apply the same argument to $~! and thereby produce
a linear isometry F' : H — H’ such that Z(h) o @1 = Z(Fh) Wy-almost
surely for each h € H. Finally, note that

Z(h) =Z(h)od ' o® =T(Fh)o® =T(F'Fh)
Wp-almost surely for each h € H,

and similarly, Z(h') = Z(FF'h) Wgr-almost surely for each b’ € H’', and
from these conclude that F' is unitary. Thus, we can take U = F. =

REMARK. It should be emphasized that Theorem [7] does not solve the
problem of determining when T» on © is measure theoretically isomorphic
to Ter on ©'. That is, when there is an almost surely invertible, measure
preserving @ : © — ©' such that Tpr o @ = & o & almost surely. It only
determines when there is such a @ which is a Wiener isomorphism.

4. Some examples. The Hilbert space for Wiener’s own abstract
Wiener space, the one corresponding to Brownian motion, is the space
H'(RY) of absolutely continuous paths h : [0,00) — RY with h(0) = 0 and
square integrable derivative A, the norm [l 1 (mvy being HilHLQ([O’OO);RN).
Wiener’s renowned theorem shows that in this case the Banach space can be
taken to be the space O(RY) of continuous 6 : [0, 00) — RY with #(0) =0 =
limy oot~ 1|6(t)| endowed with the norm 10~y = sup;>o(1 + £)~6(t)].

Among the orthogonal transformations on H 1(}RN ), perhaps the most
important to Brownian motion aficionados are the natural rescaling maps.
That is, given a € (0, 00), consider the transformation O, on H!'(RY) de-
termined by O,h(t) = a~/2h(at). Obviously, O, is an orthogonal transfor-
mation on H!(RY). In addition, it extends trivially as a continuous map Sy,
on O(RY) into itself, known to probabilists as the Brownian scaling trans-
formation. Thus, by the Remark following Corollary 2, we may and will
take T, = S,. Finally, for each a € (0,00) \ {1}, SZg tends weakly to 0 in
HY(RYN) for all g € H(RY). Perhaps the easiest way to see this is to first
note that it suffices to prove it for a dense set of g’s. Thus, suppose that
G € C2((0,00); RY) and observe that, for all h € H(RY),

(Ohg. M= | a2g(at)h(t)dt — 0
(0,00)
as a tends to either 0 or co. Since O} = O,», there is nothing more to do.

As a consequence, we can now apply Birkhoff’s individual ergodic the-
orem to see that, for any a € (0,00) \ {1} and any Wy gn)-integrable
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F:0RY) - R,

1 n—1
EZFOS&WL—) S FdWHl(RN)
m=0 O(RN)
both Wi (gwy-almost surely and in LI(WHl(RN); R). Alternatively, by tak-
ing advantage of the obvious fact that {S.: : t € [0,00)} is a semigroup, one

can use the continuous time version of Birkhoff’s theorem to show that
t

T 1FoS, dr — S F dWp (rr)

logt . o)

both Wi (gny-almost surely and in Ll(WHl(RN);R). Unfortunately, at least
from the standpoint of Segal’s theory, the conclusion just drawn can be seen
(cf. §5) as an application of a more familiar, and far better understood,
ergodic theorem.

Here is a second example in the same setting, one which I do not know
how to handle by any other approach. Assume that N is even and therefore
that there exist non-singular, skew-symmetric transformations A on RY.
Given such an A, define O4 on H'(R") so that

t

Oah(t) =\e™h(r)dr, te0,00).

0
Again it is obvious that O4 is an orthogonal transformation. Further, Rie-
mann—Stieltjes integration provides a continuous extension of O 4. Namely,
because 7 ~ €74 is smooth and 6 € O(RY) is continuous, 7 ~ €74 is locally
Riemann-Stieltjes integrable with respect to every § € O(RY), and it is an
elementary exercise to show that the map I4 given by

¢

10(t) = e do(r), te[0,00),

0
is a continuous on O(RY) into itself. Finally, because I} = I,,4 and there are
orthonormal coordinates in which the matrix representation of e™ consists
of N/2 2 x 2 blocks along the diagonal, each of which has the form

cosTa —sinTa

sinTae  cosTa
for some o # 0, it follows that (O%Rg,h)p1@wny — 0 by the Riemann-
Lebesgue Lemma. Hence, just as before, if F' € LI(WHI(RN);]R), then

n—1
1
*ZFOImAH S FdWHl(RN)
" m=o O®Y)
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and

t

\Foladr— | FdWngy,
0 O(RN)

~+ | =

both Wy (gwvy-almost surely and in LI(WHI(RN); R).

5. A large deviations result. As I said in §4, the Brownian scaling
example there can be understood as an application of a more familiar re-
sult. Namely, define ¥ : O(RY) — C(R;RYN) so that [#(0)](t) = e~/26(e),
set OU(RYN) = w(O(RY)), and define the norm || - lov®ny so that ¥ be-
comes an isometry. Then the pushforward of Wy g~y under ¥ is the dis-

tribution 4N of the stationary Ornstein—Uhlenbeck process. To be precise,
(HY(RN), OV (RN),14(N)) is an abstract Wiener space when HY(RY) is the
space of absolutely continuous h € L?(R; RY) with

1lz0 vy = /22y + S gy < 00

Furthermore, it is easy to check that ¥ o Se- = X o II, where Y, is the
natural time-shift transformation on C'(R;R”). Hence, the distribution of

1n71
{ E FOSZ:nzl}
n

m=0

under Wy (gny is the same as that of

1 n—1

n m=0
under YY) and the same line of reasoning applies in the continuous time
setting.

Since, for each 7 # 0, the time-shift transformation Y, is ergodic for
UWN) | the ergodic result proved in §4 for the Brownian scaling transforma-
tions follows immediately. In addition, a lot is known about the ergodic
properties of the time-shift transformation group under ). For example,
consider the associated empirical measure given by

1 T
o7 | 05 gudr, (T,0) € (0,00) x OYRY).

Rg(v QU) =

Then, as a consequence of ergodicity and the Individual Ergodic Theorem,
one knows that, as 7' — oo, RY(-,0Y) tends weakly to UDN) for UN)-almost
every 0V € OV(RY). Moreover, one has (cf. §5.4 and Exercise 6.2.47 in [5])
estimates on the rate at which this convergence is taking place. To be precise,
given an interval I C R, let BY be the o-algebra over OU(RY) generated
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by the maps #Y ~ AY(t) as t runs over I, and given a P € M;(OV(RY)),
define HY(P) to be the entropy of P[BY relative to U 'BY. That is, if
PIBY <U (N) 'BY and Fy is its Radon-Nikodym derivative, then

HY (P) = | Fylog Fr du™) = \log F dP,
and HY (P) = oo otherwise. If P is time-shift invariant, then the limit

lim L[ZT’T} ®)
T—o0 2T

exists in [0, 00]. Thus, we can define the specific entropy HY (P) of P rela-
tive to UN) to be this limit when P is time-shift invariant and to be +oo
otherwise, and if we adopt this definition, one can show that the large devi-
ations of {Ry : T > 0} are governed by HY in the sense that, for any Borel
measurable A C M;(60Y(RY)),

— inf HY(P) < lim 1 log(UN (RY € A))
PeA 2T

< Tim o log U™ (RY. € 4)) < — inf HU(P),
2T PeA
where A and 4 are, respectively, the interior and closure of A with respect
to the weak topology.
To transfer this large deviations estimate back to the setting of the Brow-
nian scaling transformations, define the empirical process {Rr : T > 0} by

T
Re(-,0) = % [65.0dr  for (T,0) € (0,00) x ORY).
0

Then the preceding result says that the large deviations of {Rp : T' > 0}
under W) are governed by HV o W,. That is, for any Borel measurable
AC My(ORY)),

1

— inf HY (%, P) < lim — log W) (Rp € A))
PeA 2T

<Tm logWWN)(Ry € A)) < — inf HY (¥, P).
2T PeA
Further, because, for any P € M;(©(RY)) and T' > 0,
v, (P rB[e*T,eT]) = (W*P) rB[U;T,T]’

where Bj is the o-algebra over O(RY) generated by the maps 6 ~ 0(t) for
t €1 C[0,00), it is easy to see that P[Bj-r 1) < W) [Bje-7 (r) if and
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only if (ZP) 1B 1y < UM B 1y and that

HY 7 (#.P) = | Prlog Pr dW™) = \log Fr dP
if d(]P)[B[e—TyeT]) = FTd(W(N) rB[e—T,eT]).
Hence, if we define H"Y(P) for P € M;(O(RY)) so that

1 d(PfB -T T)
W EEERTEN [e=".e"]
H7(®) = lim o7 SlOg(d(W(N) [B[E_T,GT])) a*

when P is invariant under the Brownian scaling transformations {S, : o €
[0,00)} and P[Bj-r ;v < W Bj,—r 7 for all T > 0 and H" (P) = +o00
otherwise, then

(5)  —inf BV (P) < lim — logOW™ (R € A))
PeA 2T

< fim log WM (Ry € A)) < — inf HY (P).
2T PeA

It is instructive to calculate H" (P) in a simple case. Thus, let N = 1,
and consider perturbations of Brownian motion by a deterministic path 1.
That is, take P to be the distribution of 6 ~ 6 + 1 under W = W) In
order for P to be invariant under Brownian scaling, it is clear that ¢ must
be homogeneous of order 1/2. Thus, consider ¥ (t) = t'/2. Because ¢ is not
square integrable at 0, P[ B[y ) fails to be absolutely continuous with respect
to W[Bjg) for any T' > 0. Nonetheless, for each T > 0, P[Bj -7 1] <
WIB|.-1 cr). In fact, the corresponding Radon-Nikodym derivative is given
by

Fr(0) = exp<s ilT(t) do(t) — % ‘hTH?{l(R))’
0

where
T/2 : -T
hor(t :{e t ift €[0,e"],
Vinel ift>e T
and the integral is taken in the sense of Riemann—Stieltjes. To see this, one
need only note that 0(t) +t'/2 = 0(t) + hy(t) for e=T <t < e” and that Fr
is Bje-r .rj-measurable, and apply the Cameron-Martin formula (cf. [4]) to
check that Fp is the Radon—Nikodym derivative with respect to W of the
translate of W by hp. Furthermore,
2
. HhTHHl(R)

\log Pr dP = \log Fr(60 + hr) dW = ——— =

2

LT
L

N

Hence, H" (P) = 1/16 for this P.
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