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ESTIMATES FOR THE POISSON KERNEL ON
HIGHER RANK NA GROUPS

BY

RICHARD PENNEY (West Lafayette, IN) and ROMAN URBAN (Wroctaw)

Abstract. We obtain an estimate for the Poisson kernel for the class of second order
left-invariant differential operators on higher rank N A groups.

The authors would like to dedicate this paper to the memory of Andrzej
Hulanicki. As is clear from the bibliography, this work owes much to the
influence of him and his co-workers. Indeed, this whole area of exploration
was initiated by this group. The current work could not have been done
without the foundation they laid.

However, our debt goes far beyond this. The second author was a stu-
dent of Andrzej’s student, Ewa Damek. The first author came to Poland
for the first time in 1976 at Andrzej’s invitation. Since then he has visited
Poland regularly, at first to attend conferences, and later to do mathemat-
ics both with Andrzej and others. This collaboration has been one of the
most rewarding experiences of his career. In the process Andrzej and his
wife Barbara became good friends of his. He spent many memorable hours
with them, both in Poland and elsewhere, sharing a good meal (cooked by
Barbara) and discussing mathematics, life, etc. over a glass of good wine or
vodka. Andrzej will be dearly missed.

1. Statement of the result. Let S be a semidirect product S = N x A
where N is a connected and simply connected nilpotent Lie group and A is
isomorphic with R¥. For g € S we let n(g) = n and a(g) = a denote the
components of g in this product so that g = (n,a).

We assume that there is a basis X1i,..., X,, for n that diagonalizes the
A-action. Let &1, ..., &n € a* = RF be the corresponding roots, i.e., for every
Hea [H X =¢(H)X;, j=1,...,m. As in [3], we assume that there is
an element H € R¥ such that

§(H)>0 forl<j<m.
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Let, for a = (v, ..., ;) € R¥ and real d;’s,
(1.1) Lo = Z(GZEJ'(G)XJZ + djegj(a)X]’) + A,
j=1
where
k
A= (02, = 20i0a,),
i=1

and X1, ..., X, satisfy the Héormander condition, i.e., they generate the Lie
algebra n of N.
Define

(12) o) =2 i 98 ana =Yg
J

Let
x(g) = det(Ad(g)) = ™.
Let dx be left-invariant Haar measure on S. We have

| f(zg) dz = x(9) | f(z)dz.
S S
We set
(1.3) A= ={aeR":¢a)<0for 1 <j<r},
' A" =Int(A™), AT =-4".
REMARK 1.1. It is clear that we could have used all of the roots in
defining A~ since from the Hoérmander condition the span over N of &;,
1 < j <r, contains all of the roots.

If « € AT then there exists a Poisson kernel v for L, [3]. That is, there
is a C'*° function v on N such that every bounded L,-harmonic function F
on S may be written as a Poisson integral against a bounded function f on

S/A=N,
F(g) = S flgz)v(z)dx = S f(@)o* (@™ n) da,
S/A N

where

v (z) = via tz ta)x(a) L.

Conversely, the Poisson integral of any f € L*°(N) is a bounded £,-harmonic
function.
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For t e R and p € AT, let
&f = Ad((logt)p)| .
Then ¢ — 6 is a one-parameter group of automorphisms of N for which the
corresponding eigenvalues on n are all positive. It is known [9] that then N

has a d7-homogeneous norm: a non-negative continuous function |- |, on N
such that |n|, = 0 if and only if n = e and

|05, = tlnl,.
The main result is the following.

THEOREM 1.2. Let o € At. Assume that the rank (dimension of A) is
k> 1. Let V* C A" be an open convexr cone with vertex at 0 such that
V+\ {0} C AT. Then there exists a constant ¢ > 0, depending only on the
&’s and VT, such that for all p € V' there exists C,, such that for allz € N,

(1.4) v(z) < Cp(1 + |z|,) ~cPoP(@)

REMARK 1.3. The constant ¢ above is one-fourth of the constant from

Corollary [2.2]

We say that the operator L, has independent coefficients if the linear
forms ¢;’s depend on disjoint sets of variables. In this situation we also say
that L, is independent. For example, the following operator is independent:

3
62(c1a1+c2a2)X12 + €2::3(13)(22 + Z(ﬁgi —20;0,,).
i=1

The proof of can be simplified for independent operators without the
first order term on N. We present the details of the proof for such operators
in Sect. ]

The outline of the rest of the paper is as follows. In Sect. [2] we clarify
the dependence of the constant ¢ from Theorem on the cone V* and
&’s (Corollary . We also apply Theorem to the Laplace-Beltrami
operator for the product of two half-planes. In Sect. [3| we split the diffusion
on S generated by L, into a skew product of diffusions on A and N, and
we state the estimate for the “horizontal component” of the diffusion on N
(Theorem which we prove in Appendix A). In Sect. [4| we recall the
construction of the Poisson kernel v on N and its extension v* to S. In
Sect. [l we study some exponential functionals of Brownian motion. In Sect. [f]
we prove the main estimate for v*. Combining this with the material from
previous sections we get the required estimates for the Poisson kernel in

Sect. [ and B

2. The cones V* and V~. Let A=, A~ and Int(A~) be as in (.3 and
set AT = —A~. Let V C AT be an open convex cone with vertex at 0 such
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that V' \ {0} € AT. The open dual cone V* of V is defined by
V*={¢:€&(a) >0forallacV\{0}}.
PROPOSITION 2.1. There exists & € V* such that for 1 < j <,
(& —&)(a) >0 foralla eV \ {0}.
Proof. We take an arbitrary £ € V*. Then
lim (& — c€) = &.

But £ € V* and V* is open, hence there exists ¢y such that for all ¢ < o,
and all 1 < j < r, we have §; — c§ € V*. Therefore c§ with ¢ < ¢g can be
taken as &y. m

COROLLARY 2.2. There exist ¢ > 0 such that cpg, where py = Z;n:l &5
can be taken as &y tn Proposition 2.1}

We define
Vi =-V
and, for obvious reasons, we often denote V by V7, i.e.,
vVt =V

EXAMPLE 1. Consider the operator L of the form (1.1)) with £& = (1,0),
& =(0,1) and a = (1/2,1/2), i.e.,

L= 02 4 ¢2202 + 02, — 0y + 02, — Ouy.

This is the Laplace—Beltrami operator for the product of two half-planes
where each half-plane is identified with R? using the map of R? onto H+
defined by (z,t) — x + ie'. The Poisson kernel for this operator is

1
L+ a2)(1+y%)
In fact, to check this we note that in the multiplicative notation
L= a9+ b°0; + (ada)® — ada + (b3y)* — bO,
= 202 + 1202 + 207 + 120,
Now it is enough to check that LF = 0, where
F(z,y,a,b) = a b 'w(a "z, b7 1y).

Clearly, AT = RT x RT. For a fixed € > 0 let V™ C AT be the open cone
whose boundary is the union of the half-lines

V(:L‘a y) = (

ag=(2—-¢)a; and ay= (2+¢)ar, a3 >0.
In other words,

V+:{(a1,a2)|a1>0, ag =bay, 2 —e<b<2+e}.
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To find the constant ¢ from Corollary 2.2, we note that for all a € V'\ {0},
(& —cpo)-a>0 forj=1,2
is equivalent to
(I1-¢,—¢)-a>0 and (—c,1—c)-a>0.

Using the relation as = ba; with 2 — e < b < 2 + ¢ we get

1 b
c< bl and ¢ < R
Therefore, we need to have
c < ! and c¢< 2-¢
3+¢ 3+¢’
and consequently,
1
C<3+5
We can take
p=(1,2)eV.

The corresponding dilation and homogeneous norms are respectively

1,2
o (,y) = 0D @,y) = (2 t%y), (@)l = lal + [y
We have v(«) = 1. Our Theorem and Remark say that

1

1 1
< C,(1 1/2y=53273,
1+22)(1+y2) — P( + |2 + [y[/7)

If we let € — 0, we get

v(w,y) < Cp(L+ Jz| + y['/?) /4

l/(l',y) = (

3. Disintegration of the diffusion into vertical and horizontal
components. Let

k T
(B.1) Lo= (9% —20:00) + > (5 OX? 4+ dje D X)) = Ay + L.
i=1 j=1

3.1. Vertical component. The process o; in R¥ generated by the op-

erator
k

Ag =) (02, — 20:0a,),

i=1
i.e., the Brownian motion with drift, is called the vertical component of the
diffusion generated by L.
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3.2. Horizontal component. Let C,(N) be the space of continu-
ous functions f on N for which lim, . f(x) exists. For X € n, we let
X denote the corresponding right-invariant vector field. For a multi-index
I = (i1,...,im), i; € Z*, and a basis X1,..., X,, of the Lie algebra n we
write X! = Xil ...X' For k=1,2,...,00 we define

CED(NY = {f : XIX7f € Coo(N) for every |I| < k and |J| < I}

and

¢y = sup [ XX flloo,
|I|=k, |J|=L

Ifllgey = sup XX flloo.
<k, |J]<!

(3.2)

In particular, C(%%)(N) is a Banach space with the norm 1 £1l0,2)-
For a € R¥, let

(3.3) L, = Z(e%j(a)X]? + dje£j(a)Xj)_
j=1

For a continuous function o : [0, 00) — R*, we consider the operator
'
(3.4) Ly, = Y (9 X7 + djeti ) X;).
j=1

Let {U%(s,t) : 0 < s <t} be the (unique) family of bounded operators
on Cso (V) which satisfies

(i) U%(s,s) =1d for all s > 0,

(ii) limpoU%(s,s +h)f = f in Cx(N),

(iii) U(s,m)U%(r,t) =U%(s,t), 0 < s <r <t,

(iv) QU7 (s,t)f = =Ly, U%(s,t)f for every f € C(0:2),
(v) QU (s,t)f = U(s,t) L, f for every f e C(02),
(vi) U%(s,t): 002 — C(0.2),

The operator U?(s,t) is a convolution operator with a probability measure
with a smooth density, i.e., U%(s,t)f = f*p?(t,s). In particular, U? (s, t) is
left-invariant. By (iii), p? (¢, r) *p?(r, s) = p°(t, s) for t > r > s. Existence of
U (s,t) follows from [I5]. Notice that from the above properties it follows
that

(vii) U (s,t) = U%(s + u,t + u), where o 0 0,(s) = 041y is the shift
operator.

In fact, V(s,t) := U%(s + u, t + u) satisfies (i)—(vi) with the operator Lo, .
Hence, the result follows from the uniqueness of U%+u (s, t).
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The stochastic process (evolution) in N corresponding to the transition
probabilities p?(t, s) is called the horizontal component of the diffusion gen-
erated by L.

3.3. Disintegration of the solution of a heat equation on N x R,
Consider the operators L, A, and L, defined in . Let U“(t,s) be the
evolution generated by the operator L,, defined in .

For f € C.(N x R¥) and ¢t > 0, we put

(3'5) th(x’a) = EaUU(O,t)f(l', Ut) = Eapa(t70) *N f(.T,O’t),

where the expectation is taken with respect to the distribution of the pro-
cess oy (Brownian motion with drift) in R¥ with generator A,. The operator
U?(0,t) acts on the first variable of the function f (as a convolution opera-
tor).

We have the following

THEOREM 3.1. The family T; defined in (3.5)) is the semigroup of oper-
ators generated by L. That is,

OTif = LoTif and lmTyf = f.

By now the proof of the above statement is standard and it goes along
the lines of [6] with obvious changes. The idea of such a decomposition of the
diffusion on the product of manifolds N x M generated by the skew-product
L = Ly(a) + Ly of the operators Lq(a), a € M, acting on N and L9 acting
on M goes back to [12, [13] (see also [16]).

3.4. Estimate for the evolution kernel p?(t,0). Let o, = wy — 2at
be the k-dimensional Brownian motion with drift —2«, o € R¥. We define
the functional

(3.6) A%(s,t) =\ n
oyl

W l—

‘max %7 dy.
d

The following theorem is a generalization of the rank-one result [6, Theo-
rem 4.1] to the higher rank setting. Here 7 is a subadditive, §;-homogeneous
norm on N which is smooth on N \ {e} (see [10]).

THEOREM 3.2. Let K C N be closed and e ¢ K. Then there exist con-
stants C1, Co and v such that for every x € K and every t,

P (t,0)(x) < C1<S)X(gu)2/u du> —v/2 exp(T(Z) — 02;(5:()02’ t))

We give the proof of Theorem in Appendix A.
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4. The Poisson kernel v. Let u; be the semigroup of probability mea-
sures on S = N x A generated by L,. It is known [4] 5] that

tlijgo(WN(ﬂt)af) =, f)

where 7y denotes the projection from S onto N, and (i, f) = (i, f), f(z) =
f(z~1). Let @ € R¥ and let 1 be a measure on N. We define

(", f) = (u, f o Ad(a)).

For a € R* we have

(4.1) vi(z) = v(a" wa)x(a) ",
where x(b) = 0t pg = 27:1 §;. It is an easy calculation to check that
(42) tliglo(ﬂ-N([‘t)aa f) = (Vaa f)

LEMMA 4.1. We have
(mn (i), f) = (Bap” (2, 0), f).
Proof. Let T; be the semigroup of operators generated by L,, i.e.,

Tyf(x,a) = f* p(x,a) = | pi(z, a;y,0) f (y, b)x(b) " dy db.
S

By Theorem [3.1

Tif(z,a) = Eq | flay™" 00)p” (1. 0)(y) dy.
N

Now we can write

(v (), f) = (wn (i), f o Ad(a)) = (fie, f o Ad(a) o)
=T,(f o Ad(a) o mn)(e,0) = EoU?(0,t)(f o Ad(a) o mn)(e, 0)

= Eop” (t,0) * (f 0 Ad(a))(e) = Eo | f(Ad(a)y™")p7(t,0)(y) dy
N

| F(Ad(a)y)p” (£, 0)(y) dy
N

=Eo | f(2)p"(t,0)(Ad(—a)z)x(a) " dx
N
S

F(@)p7H(t,0)(2) de = Eq | f(2)57 (t,0)(x) da
N N

= (E.p°(t,0),f). =
By (4.2) and Lemma it follows that
(4.3) (%, ) = lim (e (o), £) = lim (B, (8,0, /)
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5. Some functionals of Brownian motion. Let wy, s > 0, be the
Brownian motion on R starting from a € R and normalized so that

(5.1) Eof(ws) = ﬂif(a: +a) \/i% e~/ (49) gy

Hence Ewgs = a and Varw; = 2s.
For d > 0 and p > 0 we define the functional

o0
(5.2) Iy, = S ed(ws—ps) 7o
0
which is called a perpetual functional in financial mathematics.

THEOREM 5.1 (Dufresne, [8]). Let wg = 0. Then the functional Iy, is
distributed as (47“/2)_1, where 7y, /o denotes a gamma random variable with
parameter j1/2, i.e., 7,2 has density (1/F(,u/2))x“/2fle*x1[0700)(ac).

Many authors have been interested in this functional and the proof can
be found in many places. See for example [7, 5] or the survey paper [14] and
the references therein.

As a corollary from Theorem by scaling the Brownian motion and
changing the variable, we get the following

THEOREM 5.2. Let wy = a. Then
©© da
—u/d € dx
Eof(Iap) = cape™ (S) flaya™! exp<_d2x> T
The inverse gamma density (with respect to dz) is defined by
by = Cu,vxiﬂileiv/xl(o,oo) (z).
COROLLARY 5.3. The random variable I, has the inverse gamma den-
SZt’y h#/2’1/4.

We will also need the following lemma:

LEMMA 5.4. Let o, = w, — 2au be the k-dimensional Brownian motion
with a drift, d > 0, and let £ € (R¥)* be such that {(a) > 0. Then

o0 o0 dl(a) d
db(o _ (a —v/d € u
Eaf( (S) el )du) = Cd,ﬁ,oce7 (a) (S) f(wu i eXp<d2£2u> o’
where v = 20(a) /2.
Proof. Notice that £(cy) = £(wy,) —2¢()u is the 1-dimensional Brownian
motion with (negative) drift. Moreover, Ef(c,,) = —2¢(a)u and Var{(o,) =
20%u. Therefore,

[e.e] o)

E, f( §J pdlo) du) = By f< [S) (b2, ~26()u) du),
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where b,, is the 1-dimensional Brownian motion with density normalized as
in (5.1). Changing variables, the above expected value is equal to

(e}

d(bs—26(c)s/2) 45
Eaa)f(Se (be—2t()s/ )p>,
0

and the result follows from Theorem [5.2] =

COROLLARY 5.5. If¢(«),d > 0 then the functional 880 eM(wu=200) gy s
the inverse gamma density hog(a)/(ae2),1/(d2e2)-

6. Estimates for v®

THEOREM 6.1. For all compact subsets K Z e of N and all p € VT there
exist constants C = C(K) > 0 and ¢ = ¢(V) > 0 such that for all z € K
and all s <0,

(6.1) VP (z) < CetPolsp)r(@)=polsp)
where @
g §la
(@) =2 min e

Proof. By (4.3), Theorem and the Cauchy—Schwarz inequality we get

i~ _V/2 _ o
(62)  v7(x) < CBy( | x(0u)?/" du) e A7000)

0
00

< C(Esp< | e@/vleolow) du)iy)l/ ’ (Espe—w/A“(o,oo))
0

1/2

for some 8 = Bx > 0.
Consider the second term on the right in (6.2)). The functional A?(0, co)
for the operator (1.1)) is given by

max e%i(7u) gy,
Jj=1,...,r
d=1,2

A7 =: A7(0, 00) =

(SRS

and can be estimated as follows:

A7(0,00) <> AT+ Y AT,
7=1 j=1

where
A7 = S e%i(u) dy  and fl}‘ = S e dy,
0 0

Therefore,
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(63)  Ee 4 < By exn(-28/( Z A7+ Z 1))
j=1 j=1
=Eg exp(—Qﬂ/(jZi;e?&j(SP)Ag + ;efj(sp)[l?))
<E, exp(—Qﬁ/<M(SP)(ZA? + ZA?)>)’
j=1 J=1

where
M(a) = max{e?%(@ 8@ .5 =1 . r}.
We need the following

LEMMA 6.2. For every 8 > 0 there exists a positive constant C' such that
for all positive real numbers m,

Egexp< < <ZAU+ZAU)>> < C(mY( @2y mr()),

Proof of Lemma[6.3. Let

(6.4) Eo exp(—ﬁ/(m(i:fl}" +XT:A?>>)
= Eylp, (0 exp( < (iA?+Z;A?)))

T s

+3" Eolay, () esp(—/ (m( 47+ 3" i5)))
n=1 =t =

< Po(f1) + e "Po(Q0n).

n=1

We estimate the probability

(6.5)  Po(2) < PO(Z(A; + A7) > l/m)
j=1
< Po(there exists j such that A7 + 121;7 > (mr)™h)
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< N Po(A7 + A7 > (mr) ™)
j—l
< ZPOA > (2mr)” ZPO > (2mr)7h).

7j=1
It follows from the proof of Lemma [5.4] that for every j,

ar & LT ) gy - L sl
j_72§e = 5124 j = 2 1L
&0 & &

where
v = j(a) = 2¢(a) /€7,
I4; is a perpetual functional defined in (15.2)), bl is a standard Brownian

motion, and 2 means having the same distribution.
By the scaling property of the Brownian motion it follows that

Ly Lalys,.
Therefore,
Po(A7 > (2mr)™") = Po(4Lr2+, /& > (2mr) ") < Po(la2y > & (8mr) ™),
where v = v(a) = minj <<, v;(c), and similarly,
Py (A7 > (2mr)™") = Po(lay, > §j2(2mr)71) <Po(lry > gjz(Zmr)*l).

By Corollary[5.3]the random variable I3 , has the inverse gamma distribution
hoyja1/a(x) ~ =7/2-1 a5 2 — oo. Therefore,

Po(l2,2¢ > 5]2-(4m7‘)_1) <C S 7 e < CmY
& (4mr)
and
Po(lay > & (mr)™h) < cm)/2,
Consequently,
(6.6) Po(2)) < C(m"2vmY).

Now we estimate Po({20,). In the same way as in (6.5) we get

0(£20.n) <P0<ZA" ZA"_M>
<ZP0< I = 9rm n+1 >+ZP°( J _21"m(1n+1))
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In order to estimate the above sums we repeat the previous calculation (after
(6.5) with m replaced by m(n + 1)) and we get

Po(20,,) < C(m2vm?)(n+1).
Hence, we can sum the second series on the right in (6.4]),

(6.7) > e "Po(2,0) < Cm?vm™) > e P (n+1)Y < C(m P vm?).
n=1

n=1
Now (6.4)), and (6.7]) finish the proof. =

Since p € VT and s < 0 it follows that —sp € V. Therefore, by Propo-
sition 2.1] and Corollary [2.2] there exists a positive constant ¢ such that
(6.8) M(sp) = emax{2€;(sp).&; (sp):j=1,..r} — o= min{2¢;(=sp),&;(—sp):j=1,....,r}

< emcro(=sp) — gepo(sp) 1
By and Lemma we can continue estimating (6.3) as follows:
(6.9) ,
E,,c 2947 < B, exp(_g 3/ <ecp0(sp) S (A7 + A;,r))) < Cele/2eo(sp)r(@),
j=1
Finally, to estimate the first term on the right in (6.2)) we notice that

bt 4

o) o
(6.10)  Eg( | e@mro) g} " = =200y (| o@/meolen) gy
(Jmn ) < cmon, (] o
By Lemma

(6.11) E0<O§e(2/”)”°(”") du) < Cape.

0
Now, (6.2), (6.10)), (6.11) finish the proof. m

7. Proof of Theorem Using homogeneity this is an easy corollary
from Theorem [6.11

Proof of Theorem . By definition (4.1) of v*# and Theorem [6.1] we
have, for x in a compact set K Z e,
V((sp)_lx(sp)) — ePO(SP)VSP(x) < CePo(sp) gero(sp)y(@)=polsp) — Creepol(sp)y(a)

Let 67 = Ad((logt)p). Then |67z|, = t|z|,. Let y = 5pr(
and s < 0. Then |y|, = e7® > 1, and using the above inequality for K =

{z: |2], = 1}, we get
I/(y) = y(&é’xp(_s)x) < Cecpo(sp)’)’(a) — C(e—scpo(P)V(a))—l _ C|y‘;cp0(p)7(a).

T with |z[, =1

Clearly, for y with |y|, <1 we have v(y) < C,. =
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8. Prooof of Theorem for independent operators

8.1. Some probabilistic lemmas. Recall that the inverse gamma den-
sity (with respect to dz) is defined by

huq(z) = Cu,vxiuileiv/xl(&oo)(x)-
LEMMA 8.1 ([Il, Lemma 2|). For all n > 0, the n-fold convolution of the
mverse gamma density has asymptotic behavior@
Ity (@) ~ nCupz ™, a - o0,

LEMMA 8.2. For everyn > 0 there exist constants C,c > 0 such that for
all z <1 we have
hl(r) < Cx~ 21 1e/ex,

Proof. We use induction with respect to n. First consider the convolution
of two densities

h*2 (x —1t) —h gL/ @t o=/t gy

OMH

Changing variables u = 1/t we get

*2 _ T uM—l —vyuzx/(z—u~!
he2(x) = | e yuz/(@=u=") g,
1/x

Changing variables again, ux = s, we obtain

2 —2u—1 T s —vs/(z(1—s1))
hM,W(x) =X S m (& ds.
1

By a direct calculation one can show that the integral above is bounded

by Ce=7/(2%) To estimate h (nH)(x) = h}" * hy o (x) we use the induction
hypothesis and proceed similarly to the previous case. m

LEMMA 8.3. Let wg, 7 = 1,...,n, be independent Brownian motions
on R. Let I%,# be the corresponding perpetual functionals defined in (5.2)).
Then there exists a constant C' > 0 such that for every t > 0,

n
PO(ZIiM > t) <ot

j=1
Proof. Since wl are independent, the functionals I] o Are also indepen-

dent. Moreover, if wo =0,7 =1,...,n, then by Corollary [5.3| they have

(*) In [I] the case v = 1/4 is considered, but the proof given there clearly works for
all v
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inverse gamma distributions /5 1/4. Hence, the distribution of Z b § 18

h; o1 /4" By Lemma H for ¢ sufficiently large we can estimate

(§£:]5AL>>t> S jj2,1/4() dz < C7§ a2 dy = Ot
t

LEMMA 8.4. Let ws be independent Brownian motzons on R. Let I]
be the corresponding perpetual functionals defined in . Then for every
B > 0 there exists a constant C' > 0 such that for all positive real numbers m,

Boe /S, < [1 form =1,
~ L Ccm*? form < 1.

Proof. By independence

o0

Ege /(X511 = | e e
0
By Lemma and Lemma respectively, we have

/2, 1/4(“/m) ~du.

S o hu/z 1/4(U/m) L du < CmH/? S e By =121 g,
! 1
and
: 1
S eiﬁ/uhmz,lm(u/m)m*l du < Cm# S e B/ —1=1 g0,
0 0

Hence the estimate follows. m

8.2. Sketch of the proof of Theorem for independent op-
erators without first order N-part. We modify slightly the proof of
Theorem so that we do not need to use Lemma Instead, we make
use of Lemma As a result we get the estimate for v*? of the form
but only for all s smaller than some sy < 0. Clearly, this is sufficient for the
homogeneity argument in Sect. [7}

Since the operator is without first order N-part, the functional A%(s,t)
in Theorem has simpler form

¢
A%(s,t) = S max e%(7e) dy.
RESEC

Therefore,

A%(0,00) < Y A,
j=1
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and reads
(8.1) Espe—2ﬂ/A“ < Eg exp(—?ﬁ/ (M(sp) Z A;’))
j=1

By the independence of £, the random variables A7 are independent. More-
over,

gd 1
Aj - 52 Iy,
where b, j = 1,...,n, appearing in I, are independent Brownian motions.
Let
_ 1
Z = max —
1<j<r §2

Then the right side of (8.1) can be estimated by
(8.2) Eoexp (- 20/ (Zemt0 > 1Y),
j=1

where v = minj<;<, 7, and Ig’,y are independent random variables with the
same distribution as Ia .

We choose s < 0 so that Ze®0(502) < 1. Then, by Lemma it follows
from that for all s < s,

Eg exp<—2ﬂ/( (sp) ZAU>> < Cele/Drolsp)y

providing the desired estimate for (|8 . The remainder of the proof proceeds
as before.

Appendix A. Proof of Theorem We follow the proof of [6, The-
orem 4.1]. Let notation be as in Sect. |3.2, The L?(N)-adjoint of L, is
L, = Z(e%g‘(a)X]? — djeS D X;).
j=1
Let U%(t,s),t > s, be the fundamental solution for Ly, —0;, i.e., the (unique)
family of bounded operators U?(t,s), t > s > 0, on Coo(N) with the follow-
ing properties (analogous to (i)—(vi) in Sect. 3.2):

(1) U%(s,s) =1d,

2) hmh_>0U (s+h,s)f = fin Cx(N),

) U"(t nU(r,s) = U°(t, s),t>r>s52>0,

) Os U“(t s)f = —UU(t )Ly, f for every f € C(02),
) QU (t,s)f = Lo, U°(t, s)f for every f € CO2),
) U°

(

(3
(4
(5
(6 (t,s): (02 - C02),
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The following is a simple consequence of the uniqueness of U?(s,t) (which
is the fundamental solution for L,, + 0s).
N) and t > s,

LEMMA A.1. For all f € Coof
where  p°(s,t)(x)

U%(t,8)f = [+ (s,t),
Also, for all f € LY(N) and g € L®(N),
(A.1) (U°(s,0)f,9) = (f.U7(t,5)g).
In the following proposition, the notation is as in, and above, (3.2))
PROPOSITION A.2. Let f € LY(N), f > 0. Then for g € COD(N),
(U7(s,1)f,e?) < (f,e7) exp(Ca(g)A” (s, 1)),
where C' is independent of f, g, s, and t and where

a(g) = max{|lgll%.,)- + (g%},

t
S jImax e (o) gy,

=p7(t,s)(z7").

STy

Proof. Set fs =U(s,t)f, t Z s. Since f € LY(N) and €9 € L®(N), the
following is a consequence of (A.]] :
m(s) = (fs ) = (U (s,1) f,¢9) = (£,U°(t, 5)e?).

Then, by property (4) and ( -,
(f, =007 (t,8)e%) = (f, U (t,5) Lo, e?)

(A.2) —0sm(s) =
= (fSa Lcrse )
=3P (fy, XFeT) = 3 diet (£, Xe).
j=1 j=1
Also
[ XFed| = (X9 + (X;9)°)]e? < a(g)e’.

[ Xjef| = [(Xjg)le? < a(g)e?,
f, we may continue ({A.2) as

Thus, since f; > 0 and f; =
edﬁj(as)m(s)’

_ <
Osm(s) < Ca(g) _max
_ < e
as ln(m(s)) < Ca(g) 1§jI§I’ll‘é,lc}l(:1726 J ’

t t
— <
S Oy In(m(u)) du < Ca(g) § 192;’16)[(:172

S

i (ou) du,
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Inm(s) —Ilnm(t) < Ca(g)A?(s,t),
m(s) < (f,e?) exp(Ca(g)A%(s, 1))
as claimed. (Note that m(t) = (f,e9).) m
We note that N is a homogeneous group. In fact, if Ag € A" satisfies
&j(Ap) > 1 for all j then
5 = Ad(exp((log ) Ao)) [y
is a dilation.
According to [10], there is a subadditive, é;-homogeneous norm 7 on N
which is smooth on N \ {e}. From homogeneity, on N \ {e},
X;(7) 08 = t18(MA0) (7).

It follows that for all multi-indices I # 0, X! is uniformly bounded on
N\ B,(e) for all » > 0, where B, (e) is the 7-ball of radius r. For € > 0, let
T

Cl4er
LEMMA A3. Let I # 0. For 1 > ¢ > 0, 7. is a bounded subadditive
function on N for which

Te

X17.(2)] < s
for all x € N\ B,(e), where C, 1 does not depend on €.

Proof. The subadditivity is easily seen. To prove the boundedness, note
that
Xite = (1 +em) 2 Xy,
| XiTe| < | X7,
X;Xite = —2e(1 +e7) 3 Xr Xom + (1 + e7) 2 X; Xom,
| X5 Xime| < 21X;7| [ Xir| + | X5 X7
The general case is proved similarly. =
THEOREM A.4. For all r > 0 there is a constant C, such that
(p7(t,),¢°7) < e exp(Cr(a + a?)A%(s, 1))
foralla>0 and t > s.
Proof. Let 0 < ¢ € C°(N), supp¢ C By(e), and {¢ = 1. Let n.(z) =

)
Tz * ¢(x). The following lemma is similar to results in [II]. (See also (3.5)
of [2].)

LEMMA A.5. There exists a positive constant C, independent of €, such
that

||776H?o,¢) <C fori=1,2.
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Proof of Lemma A.5. Let ¢ € CZ°(N) be non-negative, supported in
Bs,.(e), and equal to 1 on B, (e). Let » =1 — 1. Then
Ne = (7_5172;) * ¢+ (1)) * .
The second term on the right is clearly bounded independently of & since
7. < 7 and

X () % ) = (129) * X' 6.
For the first term let 7. = TEQZJ.

From Lemma X17, is uniformly bounded independently of e. Fur-
thermore, for |I| # 0,

X' (Fxg) (@)= | (Ad@)X)7(zy )o(y) dy

By(e)
= > | awXx’ %@y ) dy,
|J|=|I| By (e)

where the g; are polynomials in the roots. Our result follows since the g
are uniformly bounded on B,(e). m

Notice that since 7. is subadditive and 7. < 7, we have

Te(x) = S 7e(z)o(y) dy

By (e)

< | (elay ™)+ ()ey) dy < ne(x) + 1,
By (e)

ne(e)= | 7y oy dy <.
Br(e)
We apply Proposition [A72] with g = an.. Note that, by Lemma [A75]
a(g) = max{|lgllto.1. ll9{o.2) + (I9ll{0,1))*} < Cla +a?).
Hence,
(U (t,5)f,e7) < (f, ™) exp(C(a + a?)A%(s,1)).

Letting f run through an approximate identity, using n.(z) > 7.(x) —r, and
letting € — 0, yields

(p? (s,t),e*) < e* exp(C(a + oz2)AU(s7 t)),
(0°(5,1), €°7) < e exp(Clar + a?)A” (s, 1)),
(p?(s,t),eT) < ear exp(C'(a + a2)AU(5, t)),

proving our theorem. =

PROPOSITION A.6. There exist positive constants C and v such that for
everyt > s > 0,
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t v/2
97 (8, 5)loe < C( Jx(0)" du)

Proof. Let Lo be as defined in (3.3). From the Nash inequality ([I7])

IFIZ < —c(Lof, NI

(v € RTis arbitrary such that d < v < D, where d and D denote the
local dimension and the dimension at infinity of N respectively) applied to
foAd(a) it follows that

(@) A < ~OLaf. DI
For a function 0 < f € C°(N) such that § f =1 we define
fs() = fp7(t,s)(@),  hs(x) =||fsl3-

From this, ||f|[1 = 1, and the fact that dsfs = —L,, fs, using the Nash
inequality, we can write

_aehs = _as(fSafs) = 2(Lcrsfsafs)
< =20 X (@) IfI3Y = =Ox(og) PR
We solve this differential inequality finding
05(h ") < —Cx(04)*",
t
h;Z/zx . hs—2/y < _CSX(O_T)Z/V dr.

S

Hence

he < C<§X<Jr)2/y dr) —v/2

Replacing f with f/||f]|1 shows

Y —v/2
x(or) v ar) IR

NCOE d?") v

I =07 (L9l <

(¢, )13 <

W e D ey

Hence, for s < u < t,
1p7 (L, $)lloo = [[P7(t, u) % p7(u, $)|loo < |7 (t, w)l2/p7 (u, 8)[2

<§X Q/Vdr) V/4<SX(UT)2/VdT>

—v/4
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We choose u so that SZ = ", concluding that

t —v/2

1P (¢ 9)lloe < C(§x(o)?dr) . m

Proof of Theorem . By the subadditivity of 7, the property p?(t,r)
p?(r,s) = p°(t, s), Proposition and Theorem we have

po(07t7x)ea7‘($) — (07 S) (8 t)( ) at(z)

< [p7(0,5)()e Iz 17 (5, )()e ™2
< [7(0, )12 11p° (s, 15367 (0, ), 2 T) 2 (9 (s, 1), 7)1/

x(ou) Q/VdU> VM(SX )2/v du)
e exp(C(a + a®)A%(0,5)) exp(Cla + a?) A7 (s, 1))
:C’( (o 2/Vdu> V/4(§x 2/Vdu)

e exp(Cla + a?)A%(0,1)).

- C’( /4

O e

v/4

Ot

Now choosing s analogously to u in the proof of Proposition [A.6] we get
4 2 0 2 —v/2
p7(0,,2)e7) < e exp(Cla+ a?) A7 (0,0) ([ (o) du)
0
¢

p7(0,t,z) < C'eldr—T@+CAT(0.1)]atCA7(0)a? ( | x(0u)?" du)
0

Now, let K C N and e ¢ K. Choose r < inf,cx 7(2)/16 and ¢ = 1/(4C;)
where C,. is as in Theorem [A4] Let

a=¢e7(x)/A%(0,1).

—v/2

Then

Cr(a+ a®)A%(0,t) + 4ar — ar(z)

B eT(x) e2r(z)?\ |, dreT(z)  er(z)?
=G (AU(O 0 4000, 4) )A 0.0+ F0.0) ~ A7(0.9)

Cre?r(x)? + derm(z) — e7(x)?
A“(0,t)
7(z)  2C,.&27(x)? + 8ert(x) — eT(w)? B er(x)?
T 2470, 1) 247(0,1)

= Cret(z) +
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The middle term is < 0 since

eT(x)? 8e7(x)?

2C,&%1(x)? = 6

and 8er7(x) <

and the proof is finished. m
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