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A TRANSVECTION DECOMPOSITION IN GL(n,2)

BY

CLORINDA DE VIVO and CLAUDIA METELLI (Napoli)

Abstract. An algorithm is given to decompose an automorphism of a finite vector
space over Zsg into a product of transvections. The procedure uses partitions of the indexing
set of a redundant base. With respect to tents, i.e. finite Zo-representations generated by
a redundant base, this is a decomposition into base changes.

1. Introduction. Let V be a vector space of dimension m — 1 over the
field Zs with 2 elements. There is a well-known procedure to decompose
an automorphism a of V' into a product of transvections (automorphisms
fixing a hyperplane pointwise). Given a basis (v1,...,v,—1) of V, « is rep-
resented as an invertible (m — 1) x (m — 1) matrix over Zso; the classical
algorithm (summing columns or rows in order to get strategically placed
zeros) uses transvections that fix a coordinate hyperplane, represented by
matrices which coincide with the identity matrix but for one column.

We describe in Sections 3 and 4 a different algorithm, based on attaching
to V aredundant base B, and representing automorphisms accordingly. This
brings in partitions with their order structure, and they change the game
significantly. The decomposition we give might be shorter than the classical
one, since the m — 2 generating vectors of the hyperplanes are not chosen
among the m — 1 base vectors, but among the m vectors of B.

In Sections 5 and 6 we show a property of this decomposition with respect
to finite Zo-representations Z = (V;Vi,...,V,) in which all the subspaces
V; are generated from a redundant base B of V; such a representation is
called a tent on B. An automorphism « of V is called a base change for % if
a(Z) = (V;a(Vh),...,a(Vy,)) is again a tent on B. In general, if « = By is a
base change, § and v need not be base changes. We prove that the algorithm
we describe in Section 3 is, for any tent, a decomposition of a base change
into base changes.

2. Redundant bases. A redundant base for V is a family B of m
vectors (m — 1)-wise linearly independent: B = (vy,...,vy) where (say)
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(U1,...,Um—1)isabaseof V and v,, = vi+...4vpy_1. Weset I = {1,...,m},
and write I \ E = E~! for subsets E of I. Then > {v; | i € E} = > {v; |
i € E~'}; what determines that sum is the bipartition of I: by = {E, E~1};
we will use the same symbol bg for the sum itself:

bp =Y v li€c E} =Y {v; |i€c E7'} (=bg).
E.g., by = by = 0, b{i} = v;. A vector v € V coincides with bg for some
E C I, and will be represented as a column vector with m entries: either as
the usual (m — 1)-vector with 0 at the mth place, or as the vector obtained
from that by switching zeros and ones.

A new redundant base is an m-tuple of vectors & = (bg,,...,bg,, ) with
zero sum and (m — 1)-wise linearly independent elements; if we write the
elements as column vectors over B, then & becomes the matrix of an au-
tomorphism « of V. An m X m matrix representing an automorphism of a
vector space of dimension m—1 with respect to a redundant base is called ad-
missible. The inverse .# = (bp,,...,br, ) of the admissible matrix &, which
is the matrix of a™!, is defined by > {bg, | i € Fj} = by;; for all j € I; we
will denote it by &1,

If an automorphism « of V' is represented over a linear base by a matrix
M, we obtain the admissible matrix & representing « over the associated
redundant base B by lining M with a row of zeros and with a corresponding
column which is the sum of all columns of M; conversely, if we have &, to
get a traditional invertible matrix we first switch zeros and ones in columns
until we have a row of zeros, then cancel it together with the corresponding
column.

In particular, if « is a non-identical transvection fixing a (redundant
base) coordinate hyperplane, its matrix . (which is admissible and self-
inverse) has exactly two columns different from base vectors, and it is easy
to verify that they look like this:

S =L(r,s,X)
= (b1} -5 bgr—13 U Drgays -+ brs—13 D1sauxs Ogsg1ys - -+ bpmy)

for suitable r, s € I and X C {r, s} \ I. For example, if X = (), then . is the
identity; if X = {r, s} \ I, then . is the transposition permuting v, and vs.

We recall that partitions on a set form a lattice, with the order “<” =
“finer”; if {@/)\ | A € A} is a family of partitions of a set I, then A, 2 is
the coarsest partition < .2\, while \/,. 7, is the finest partition > .27\, for
all A € A. In particular, for £, F C I,
(%) bpAbp={ENF,E'NFENFYLEnF1}

is in general a quadripartition, which reduces to a tripartition if one of FE,
E~! contains one of F, F~!; and to a bipartition iff by = bp. For example,
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bgiy A bp is a tripartition whenever by;y # bp. Moreover

be +br = b(enr)u(E-1nF-1) = bENF + bE-10F-1,
() be = benr) + bEnr-1) = bg-1nF + bp-1Ap-1,

br = benr) + bE-1nF) = benr-1 + bp-1nF-1.

3. The algorithm. Here we outline the algorithm; proofs will follow in
the next section. Let & = (bg,,...,bg,,) be an admissible matrix.

PROPOSITION A. If bg, Abg, is a tripartition for all s € {r} \ I, then
be, = by for some k € 1.

Start then with » = 1. If all bg, A bg,, bg, A bg,,...,bE, A bg,, are
tripartitions, then bg, = bg,y; possibly performing a transposition, with-
out loss of generality k1 = 1, and we proceed with r = 2,3,... until
we find an s > r such that bg, A bg, is a quadripartition; we then have
& = (b{l}, b{Q}, caey b{r—l}a bEM RN bEs, RN bEm)-

PROPOSITION B. Ifbg, Abg, is a quadripartition, then exactly one (call
it &1) of the two matrices obtained from & by replacing bg,., by, either with
b, nE., bp-1np-1, or with bET—lmES, bEmEs—l, is admissible; in fact A =
& EL is a transvection.

We thus have & = ¥ &1, and proceed with &;. Finite induction is ensured
by

PrOPOSITION C. The number of quadripartitions of &1 is strictly smal-
ler than the one of &.

OBSERVATION. The construction of &1 and .#7, as shown in the proof
of B and in the example, does not require the computation of the inverse
&1 = (bp,...,br,) of & which would mean solving m — 1 equations
by = >_{bg, | j € F;} in the unknowns F; C I; it requires the solution of
only one equation (per induction step).

4. The proofs

Proof of A. For each s # r we have (possibly switching the names of Ej
and Es_l) either £, C Ey or ET_1 C FE,. If, say, each E; contains E,, then
FE,. must be a singleton, otherwise the matrix would have two equal rows
(of zeros), hence would not be admissible. Say then by contradiction that
some of the E; contain E,, some E,;!. Observe that the partition A{bg, |
E, C E;} has E, as a block, while A{bg, | E;! C E} has E,; ! in a block;
therefore

(Abe, | Er € Es})V (Abs, | BS' C B > b,
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On the other hand A{bg, | Er C Es} < > {bg, | E, C Eg} (this is a
bipartition!), and A{bg, | E; ' C Es} < Y {bg, | E-' C E,}; but by the
zero-sum condition on the by, the two sums are equal; hence bg, < > {bg, |
E, C E;}. Thus the sum is either the bipartition bg, or zero (= by). It cannot
be zero, because the columns it adds would then be linearly dependent, and
by the initial observation they are less than m in number. If it is bg,, then
Y Hbg, | E- C Es} =0, against admissibility. m

Proof of B. Without loss of generality let {r, s} = {1,2}. Note that the
bipartitions we choose as replacements are made from the blocks of bg, AbE,.
By the zero-sum condition, we may only pick pairs whose sum is equal to
bg, + bg,; in the following we make repeated use of (xx).

Since & is a generating set there is a subset X of I such that

beinE, = Z{bEz ’ (S X};
by zero-sum, we may choose X not containing 1. Then
(1) bElmEgl =bp, +bpinE = Z{bEz lie XU {1}}
Note trivially that exactly one of bx, bx(1} separates 1 and 2; suppose it
is bxu(1y, that is, X N {1,2} = 0. We also have
bp-1nps1 = bmng, +bm +be, = 3 {bg, | i € X U{L,2}},
bEflmEQ = bEmEgl +bp, +bg, =) {bg, | i€ X U{2}}.
The matrix
& = (bElﬁEQ, bEflmEgl,bES, RN bEm)
= (Z{bEz ’ (S X}7 Z{bEz | e XU {172}}a bEsv .- ‘?bEm)
is not admissible, because the sum of its first vector with those indexed in
X is zero (and 1 € X). On the other hand
& = (bElﬁE2_17bEl_lﬂE2’ bES, ceey bEm)
= (Z{bEz ’ e XU {1}}7Z{bEz | e XU {2}}7bE37 .- ’7bEm)
is admissible, being the product of & by
S =S(1,2,X) = (biryux, byzyux, besys - -+ bymy)-

If it had been bx separating 1 and 2, the proof would hold for the matrix
&/ obtained by replacing X with X' = X \ {2}. =

Proof of C. Together with the trivial observation that for «, 3,e,n7 = £1
all of (bgaqnps) A (bpenpr) are at most tripartitions, while bg, A bg, is a

quadripartition, the result rests on the following, easily (if cumbersomely)
verifiable assertions for subsets C, D, F of I (here C stands for E,, D stands
for Ey, E for the variable E; (i € {r,s}\ I)):
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a) If bp A be is a tripartition, then one of by A bo—14p, bg A bonp-1 is
a tripartition. Hence if both bg A bo-1~p, bE A bonp-1 are quadripartitions
then both bg A b and bg A bp are quadripartitions.

b) If both bg A b, bg A bp are tripartitions while b A bp is a quadri-
partition, then both bg A bonp-1 and bg A bonp-1 are tripartitions. m

ExaMPLE. Consider the 5 x 5 matrix over Zs:

01 0 1 1
1 0 0 1 1
M=1]1 1 0 1 0
0 0 1 1 1
1 1 1 0 0
Then
01 0 1 1 1
1 0 01 1 1
T S R
1 1 10 0 1
00 0 0 0 O

= (b23s, b135, bas, b1234, b124, b12345) = (b235, b135, bas, bse, b124, bs)-
The first quadripartition we meet is
bp, Nbe, = {{2,3,5},{1,4,6}} A {{1,3,5},{2,4,6}}
= {{37 5}’ {2}’ {1}’ {47 6}}
The bipartitions on its blocks are bss, ba, b1, byg. We must choose as sub-
stitutes of bg, and b, either by, by or bss, bys (both have sum equal to
bg, + bg, = bi2). But clearly, if we put bss in bg, or in bg,, then its sum
with b4s and bsg, the terms in the third and fourth places, is 0, against
admissibility; so the right choice is (up to permutation)
&1 = (bpy, - b)) = (b1, b2, bas, bse, braa, be).
The transvection .#7 is obtained by expressing b g; = b1 as a sum of bg,’s:
that is, by = Z{bEz | i € X7U{1}}; since by = bass+bas+bse = bg, +bp,+bE,
we have X; = {3,4}, hence
S =S(1,2,{3,4}) = (b134, b234, b3, b4, b5,b6), & = S167.
In & the first quadripartition we meet is
by ANbpy = bas Absg = {{1,2,3}, {4}, {5}, {6}},
hence the candidate substitutes are biog, b5 or by, bg. But if we put bg in the
third (or fourth) place of &1, then its sum with the sixth term is 0, violating
admissibility. Thus
& = (bpy, .-, bgy) = (b1, b2, b123, b5, br24, bg),
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and since bEé’ = b1o3 = by + bg = bEé + bEé = Z{bE; |ie {3, 6}}, we have
Xy = {6}, hence

S =.7(3,4,{6}) = (b1,b2,b36, b6, b5,b6), &1 = S265.
In & we put b5 in its rightful fifth place by the transposition
Sy = (bla b, b3, bs, bs, bﬁ) = y(4a 9, {17 2,3, 6})7

SO 52 = ygéag (fOI' b5 = 612346 = b4u{1236})'
But &5 = (bl, ba, b123, b124, b5, bﬁ) is the transvection .4 = y(3, 4, {1, 2})
Thus & = y1y2y3y4.

5. Tents. Let Vi, ..., V,, be subspaces of V' generated by subsets of the
redundant base B; we will say they are generated from B. The representation
X = (V;V1,...,V,) (see [1]) is then called a tent on B. Tents are structures
involved in the study of a class of torsionfree Abelian groups of finite rank
called Butler B -groups. Tents and their transformations are investigated
in depth in [3, 5].

If V' is generated from B, that is, V' = (v; | j € A) with A C I, we
will write V' = V(A), with 0 = V(0); for suitable subsets A, of I we set
V., =V (A,) for each r = 1,...,n. Observe that if > m —1 then V(A4,) =V;
while if < m — 1 then (v; | j € A,) is a (non-redundant) base of V..

An automorphism « of V is called a base change for Z if o(Z) =
(Via(Vh),...,a(Vy)) is again a tent on B, or equivalently if # is a tent on
a(B). If o = P is a base change, then 3 and 7 need not be base changes:
e.g., even if (3 is not a base change (see #” in the next example), the iden-
tity 57! is. We will show that if o is a base change for %, the transvection
decomposition described in Section 3 is a base change decomposition of a.

We start by determining all transvections that are base changes for a tent
Z. This is a first step into the main unsolved problem on tents, which is the
determination of all base changes of a given tent. The converse problem, of
determining all tents for which a given automorphism is a base change, has
been solved in [4], and the solution will be used in the proof of Proposition 1.

LEMMA. Let A C I, V! = V(A). The automorphism « induced by the
transvection ¥ = . (r, s, X) is a base change for Z' = (V; V') if and only
if one of the following occurs:

(i) {r,s}nA=10;

(ii) X C A4;

(iii) X = ({r,sJUX)\ I C A.

Proof. Recall that « fixes all vectors of B (in particular, all v; with
i € X) except for v, vs which are transformed into byyux, brsyux-

For sufficiency we need to show that in the given cases «(V”) is generated
from B. If (i) holds this is true, for a(V’) = V'. If v, € V', hence byjux €
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a(V'), in case (ii) a(V') contains a(v;) = v; for all ¢ € X, hence also vy;
case (iii) works similarly because byyux = b {(sjuX An analogous argument
for vg € V' lets us conclude that a(V”’) is generated from B.

For necessity, let 7 € A; then a(v,) = byux € a(V'), hence it must be a
sum of elements of B contained in a(V’). This can only occur if either {v; |
i € {r}UX} C a(V'), in which case X C A, or {v; |i € {s}UX} C a(V'),
in which case X C A. u

Set now, for each A C I, A~ = A\ {r,s}. For J C I", let p; be the
“pointed” partition consisting of all the singletons in J plus the block I"\ J.
Then the previous lemma can be reworded as follows:

LEMMA 1. The transvection /' = 7 (r,s, X) is a base change for %' =
(V5 V') if and only if either A = A" or for the partition {X, X} of I" we
have {X, X} > py~. =

EXAMPLE. Let m = 6, I = {1,...,6}, & = 7(1,5,{2,6}), so X =
{2,6}, X = {3,4}, I = {2,3,4,6}. Then
V’ = <U1,U3,U4> = V(A), V” = <U1,U2,U3> = V(C)
for A={1,3,4} and C = {1,2,3}, and
A= {37 4}7 Pa~ =P34} = {{3}7 {4}7 {27 6}}7
¢ = {27 3}7 Pcr = P{2,3} = {{2}7 {3}a {47 6}}
Thus if « is the automorphism of V' induced by . we have
(V') = (bg12,6}, V3, v4) = (byz a5y, v3,v4) = (vs,03,04),
hence « is a base change for #' = (V;V’); in fact,
{Xa )_(} = {{25 6}7 {3’ 4}} > P{34} = {{3}5 {4}’ {27 6}},
while
(V") = (bg1 2,6}, v2,v3) = (v1 + 6, V2, v3)

is not generated from B, hence a is not a base change for Z” = (V;V"); in
faCt7 {Xa X} = {{27 6}7 {37 4}} z P23} = {{2}7 {3}7 {47 6}} u

Clearly, « is a base change for Z = (V;V1,...,V,) if and only if it is a
base change for each %; = (V;V}). Introducing the partition

A =\ {pa, | Ain{r,s} #0,i=1,...,n}
we can apply Lemma 1 to conclude with the following

THEOREM 1. The automorphism « induced by the transvection & =
S (r,s,X) is a base change for the tent Z = (V;Vi,...,Vy) if and only if
{X, X} > . =

This computation becomes very simple if we describe the tent by its
incidence table, as is shown in the next example.
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EXAMPLE. Let m =6, Z = (V;V1,...,Vs), given in the obvious way by
the following incidence table (e.g., Vo = (ve, v3, v4, vg)):

i Vo V3 Vi Vs
v1r| 0 0 0 1 1
vo | 0 1 1 0 1
v3| 1|1 1 1 O
vy O] 1 0 1 O
vs| 010 1 0 1
wl1l1 1 1 1

In order to compute all exchanges .# (1,2, X) that are base changes for Z, to
comply with (i) eliminate the first column. Then, on the last four rows, string
together zeros horizontally and vertically. Then pull: rows strung together
constitute blocks of «/: here &7 = {{3,4},{5},{6}}. X can be any union
of blocks of ; for instance, . (1,2,{3,4}) and .(1,2,{3,4,5}) are base
changes for Z.

6. Transvection decomposition of base changes. Let & = (bg,,. ..
...,bg, ) be the matrix of an automorphism « of V' performing a base change
of the tent Z = (V;V1,...,V,). Let & = 161, where .7 is a transvection
computed as in Proposition B of the algorithm in Section 3. Then we have

PROPOSITION 1. . is a base change for X% .

Proof. Without loss of generality let 1 = (1,2, X). By Theorem 1,
we need to prove that {X, X} > p 4. whenever A; N {1,2} # 0.

Let .# = (b, ...,br, ) be the matrix of o™, that is, > {bg, | i € F;} =
bg;y for all j € I. From (1) in the proof of Proposition B we have

be,ne, = ) {bg, |i € X} = a(bx),
hence
bx = a Ybpnm,) = S {br, | i € E1 N Ey};
thus, since X N{1,2} =0,
(2) bx Abgy Abpay = {{1},{2}, X, X}.
Setting A{br, |i € E;} = <, N{bp, | i€ Ej_l} = ¢j, we have
YAbp, i€ ExNEy} > N{br, | i€ ExNEx} > N\{br, |i € E1} = A,

and @ > @/ A byiy A byay; analogously
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S{br i€ BN Ey 'y > Nbr, | i€ BinEy 'y > Nbr, i€ By')
=6 > G N b{l} A b{z}.
Since
Z{bpi "iGElﬂEQ}—FZ{bFi ‘ 1 EElﬂEgl}
=>_{br | i € Ex} =bpy,
the two vectors > {br, | i € By N Ey} and Y {br, |i € By N E, "'} differ only
on the first coordinate, thus also
Z{bpl ’ 1e BN EQ} > 6o N\ b{l} VAN b{g},

hence

bx =Y {br, | i€ EyNEy} > (94 A beiy A b{g}) V (62 A beiy A b{z}).
If we repeat the process with E1_1 N Es, E1_1 N EQ_I, we get
(3) bx > (2 A biiy A b{2}) V(€1 N biiy A b{2})

V (et N b{l} A b{g}) V(62 A b{l} A b{g})
=2 = {{1}7 {2}7L17 <o 7Lk}

Let £° = {L1,..., L}, a partition of I" = {1,2} \ I; then from (2)
and (3) we have {X, X} > ¢". Thus for A;N{1,2} # 0 we will get {X, X} >
pa; if we show Z" > p .. This inequality follows from [4, Rule 3.3], which,
applied to our case (our 7 is called 47; there, our €; is @a; there) states
that if & is a base change for Z = (V;V(A41),...,V(Ay)) and if j € A;,
then Ai_l is contained in a block either of &7 or of ¢;. We apply it to
j = 1,2. Since A,L»_1 is the non-singleton block of p -, this means p,- > 7
or pa; > ¢, hence pA; > £, as desired. m

THEOREM 2. The algorithm described in Section 3 yields a transvection
decomposition of a into base changes.

Proof. The composite of two base changes is a base change. Since the
transvection .#; of Proposition 1 is self-inverse, &1 = .16 is a base change.
Finite induction yields the required result. =
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