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UNCONDITIONALITY, FOURIER MULTIPLIERS
AND SCHUR MULTIPLIERS
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CEDRIC ARHANCET (Besangon)

Abstract. Let G be an infinite locally compact abelian group and X be a Banach
space. We show that if every bounded Fourier multiplier 7" on LQ(G) has the property
that T'® Idx is bounded on L2(G, X) then X is isomorphic to a Hilbert space. Moreover,
we prove that if 1 < p < oo, p # 2, then there exists a bounded Fourier multiplier on
LP(G) which is not completely bounded. Finally, we examine unconditionality from the
point of view of Schur multipliers. More precisely, we give several necessary and sufficient
conditions for an operator space to be completely isomorphic to an operator Hilbert space.

1. Introduction. In [DJ, Theorem 1], M. Defant and M. Junge proved
the following (see also [ABl Theorem 1.5] and [PW), Theorem 8.4.11]).

THEOREM 1.1. Let X be a Banach space. Suppose that there exists a
positive constant C' such that for anyn € N, any complex numberst_,, ..., t,
and any _n, ..., T, € X we have

n
(1.1) H Z tkegmk'®$k}
k=—n

n
< C sup |tg H ™k @ :Ek‘
L2(T,X) —n<k<n k:zn

L2(T,X)

Then the Banach space X s isomorphic to a Hilbert space.

This result says that if every bounded Fourier multiplier 7' on L?(T) has
the property that T'® Idx is bounded on L?(T, X) then the Banach space
X is isomorphic to a Hilbert space. The paper [DJ| contains a generalization
to infinite compact abelian groups. Our first main result is an extension of
this theorem to infinite arbitrary locally compact abelian groups.

THEOREM 1.2. Let G be an infinite locally compact abelian group and X
be a Banach space. If every bounded Fourier multiplier T on L*(G) has the
property that T ® Idx is bounded on L*(G,X) then the Banach space X is
isomorphic to a Hilbert space.

Our proof is independent of [DJ].
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18 C. ARHANCET

Suppose 1 < p < oco. We denote by S? = SP(£?) the Schatten space.
Let {2 be a measure space. Recall that a linear map T': LP(£2) — LP({2) is
completely bounded if T ® Idgr extends to a bounded operator T'® Idgp :
LP(02,5P) — LP(£2,5P) (see |P2]). In this case, the completely bounded
norm ||T|¢h, 1r(2)—Lr(0) is defined by

(1.2) 1T eb, e () 1r(2) = 1T ® Idse|| Lr(2,57) > Lr(2,57)-

Let G be a locally compact abelian group. If p = 1,2 or oo, it is easy to
see that every bounded Fourier multiplier is completely bounded on LP(G).
If1 < p < oo, p# 2, the situation is different. Indeed, G. Pisier showed
the following theorem (see |[P2, Proposition 8.1.3|, [P3, p. 181| and also [H|
Proposition 3.1]).

THEOREM 1.3. Suppose 1 < p < oo, p # 2. Let G be an infinite compact
abelian group. There exists a bounded Fourier multiplier on LP(G) which is
not completely bounded.

The author [Al Theorems 3.4 and 3.5] has given variants of this result by
proving the next theorem:

THEOREM 1.4. Suppose 1 < p < oo, p # 2. If G = R or G = Z,

there exists a bounded Fourier multiplier on LP(G) which is not completely
bounded.

In this paper, we give an extension of both these theorems to arbitrary
infinite locally compact abelian groups. Our second principal result is the
following.

THEOREM 1.5. Suppose 1 < p < oo, p # 2. Let G be an infinite locally
compact abelian group. There exists a bounded Fourier multiplier on LP(Q)
which is not completely bounded.

The proof of this theorem and the one of Theorem [I.3] use a form of
conditionality (i.e. non-unconditionality).

If 1 < p < ooand E is an operator space, let SP(FE) denote the vector-
valued noncommutative LP-space defined in [P2]. The readers are referred to
[P2] and [P3] for details on operator spaces and completely bounded maps.
For any index set I, we denote by OH(I) the associated operator Hilbert
space introduced by G. Pisier; see [P3| and [P4] for more information. For
any integers i, 7 > 1, let e;; be the element of S? corresponding to the matrix
with coefficients equal to one at the (7, ) entry and zero elsewhere. In the
last section, we show some results linked with unconditionality in the spirit
of Theorem In particular, the following result is proved.

THEOREM 1.6. Let E be an operator space. The following assertions are
equivalent:
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o There exists a positive constant C' such that

H Z tijei; ® a:w

7.]_
foranyn €N, t;; € C and ;5 € E.
o The operator space E is completely isomorphic to an operator Hilbert
space OH(I) for some index set I.

<C sup |t
2(E) lgi,jgn‘ il

’E :ew @ i

1,j=1

S2(E)

The paper is organized as follows. Section 2 gives preliminaries on prob-
ability theory, Fourier multipliers and groups. Section 3 contains the proof
of Theorem [I.2] In Section 4, we give a proof of Theorem [I.5] Section 5 is
devoted to unconditionality from the point of view of Schur multipliers. We
present a proof of Theorem

We will use < to indicate an inequality up to a constant which does not
depend on the particular elements to which it applies. Moreover A(x) ~ B(x)
will mean that both A(z) < B(z) and B(x) < A(z).

2. Preliminaries. Let us recall some basic notation. If A is a subset of
a set F, we let 14 be the characteristic function of A. Let T = {z € C |
|z| = 1} and let 29 = {—1,1}*° be the Cantor group equipped with their
normalized Haar measure. For any integer 7 > 1, we define ¢; by ¢;(w) = w; if
w = (wg)k>1 € 20. We can see the ¢;’s as independent Rademacher variables
on the probability space {29. Let X be a Banach space. Suppose 1 < p < oo.
We let Rad,(X) C LP(£2, X) be the closure of Span{e; @ z |1 > 1, z € X}
in the Bochner space LP(§2y, X'). Thus, for any finite family z1,...,z, in X,

we have
1/p
HZ&QMCZ Rad,( ( HZEZ ) '

We let Rad(X) = Rads(X). By Kahane s inequalities (see e.g. [DJT, The-
orem 11.1]), the Banach spaces Rad(X) and Rad,(X) are canonically iso-
morphic.

We say that a set F' C B(X) is R-bounded provided that there exists a
constant C' > 0 such that for any finite families T4, ...,7;, in F and z1, ...,z
in X, we have

g @ Ti(z; SCH € ® x;
H; () Rad(X) ;

The notion of R-boundedness was introduced in [BG| and then developed in
the fundamental paper [CPSW]|. We refer to the latter paper and to [KW]
Section 2] for a detailed presentation.

Recall that a Banach space X has property («) if there exists a positive
constant C' such that for any integer n, any ¢;; € C and any z;; € X we

Rad(X)
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have

Rad(Rad(X))

n
<(C su tii H ;R Qx4
Rad(Rad(X)) — 1§z’,g‘p§n’ il Z remreTy

n

H Z t;j€iQE; QL)

ij=1 ij=1
If1l<p< oo, p#2, itis well-known that the space SP does not have
property («). If the Banach space X has property («) and if 2 is a o-finite
measure space then, for any 1 < p < oo, the space LP(2, X) also has prop-
erty (a). See [P1], [CPSW. p. 148] and [KW], p. 127] for more information
on this property.

Let Y be a Banach space and let u: Y — B(X) be a bounded map. We
say that u is R-bounded if the set {u(y) | ||ly|ly < 1} is R-bounded. We recall
a fact which is highly relevant for our paper. This result is [PR, Corollary
2.19] (see also [KLM]| Corollary 4.5]).

THEOREM 2.1. Let K be a compact topological space and X be a Banach
space with property (a). Any bounded homomorphism w: C(K) — B(X) is
R-bounded.

Now, we record the following elementary lemma for later use. The easy
proof is left to the reader.

LEMMA 2.2. Suppose 1 < p < oco. Let E be an operator space. For any
n € N and z;; € E, we have

n
H E €ij & xij
=

27-]:

Rad(Rad(SP(E)))

n
— e REs € ..
Sr(E) HZ]Z:I i ® J & 1 & Lij

Let G be a locally compact abelian group with dual group G.If His a
subgroup of G, we denote by H* the annihilator of H. The group (H+)*
is equal to the closure H of H in G. If H is a closed subgroup of G and if
m : G — G/H denotes the canonical map, the mapping y — x o7 is an
isomorphism of (7/1\'{ onto H'. Note that if G is a locally compact abelian
group and if H is a closed subgroup of GG, we have an isomorphism G JH' =
H given by X — x|H (see [HR| Theorem 24.11]). See [F] and [HR] for
background on abstract harmonic analysis.

Let G be a compact abelian group. A sequence (7;);>1 of G is a Sidon
set if there exists a positive constant C' such that

n n
Z lag| < CHZ ;i
i=1 i=1

A typical example for G = T is an Hadamard set, e.g. {2%: i > 1}. See [HR]
and |LR] for more information on Sidon sets. Recall the following theorem
[P35, Theorem 2.1].

L) neN, a,...,a, € C.
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THEOREM 2.3. Let G be a compact abelian group and (y;)i>1 a Sidon set
in G. Let X be a Banach space. Suppose 1 < p < co. Then

n
HZ €i ®x;
i=1

Let (i)i>1 be a Sidon set in G where G is a compact abelian group. Let P
be the orthogonal projection from L?*(G) onto the closed span of {~; | i > 1}
in the Hilbert space L?(G). Suppose 1 < p < oo. It is well-known that the
restriction of P to L?(G) N LP(G) extends to a bounded projection from
LP(G) on the closure of Span{~; | i > 1} in the space LP(G).

For any integer ¢, we consider the abelian group @7° Z/qZ equipped with
the discrete topology. By [HR, Theorem 23.22 and p. 367], the dual group
of @7° Z/qZ is isomorphic to the compact group [[7°Z/¢Z.

For any integer ¢ > 1, we define the character ; 4 of the group [[{°Z/q¢Z

n
~ i R x; neN, x,...,z, € X.
Rad(X) H;’Y’L % LP(G,X)’ s L1, s bn

by €ig(k, ... kj,...) = €™V 1k/q where (k;)j1 is a sequence of integers.
The compact group [[{°Z/¢Z is an example of a Vilenkin group and the
set of all characters of this group is called the associated Vilenkin system.
For more information, we refer the reader to [SWS| Appendix 0.7] and the
references contained therein.

We will use the following lemma, with proof left to the reader.

LEMMA 2.4. Let ¢ > 2 be an integer. The sequence (€;4)i>1 of characters
of the group [[3°Z/qZ is a Sidon set.

We remark that (g 4);>1 can be regarded as a sequence of independent
complex random variables on the probability space [[{° Z/¢Z. For any inte-
gers n and ¢, we introduce the compact finite group 2 = Z)qlx---X71/qZ.
Note that (27 is a subgroup of [[{°Z/qZ. The restrictions e; 4|02y, where
1 <i < n, are characters of the group (2 (see [HR, Theorem 23.21]), and
can also be regarded as a finite sequence of independent complex random
variables on the probability space (2.

We only require the use of averages of these random variables. Moreover,
if X is a Banach space and 1 < p < oo, these averages are identical: for any
n € N, we have

n n
HZsi,q!f?Z]@xi LX) Hszi,q(@%
i=1 a i=1

Thus, if n and ¢ are integers and 1 < ¢ < n, we will also use the notation
€i,q for the restriction &; 4|27

Suppose 1 < p < oo. An operator T: LP(G) — LP(G) is a Fourier
multiplier if there exists a function ¢ € Loo(é) such that for any f €
LP(G) N L*(G) we have F(T(f)) = @F(f) where F denotes the Fourier

T1,...,T, € X.
Lo (15° 2/qZ.X)’ o
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transform. In this case, we let T = M,. We denote by M,(G) the space of
bounded Fourier multipliers on LP(G). See [LA] and [D] for more informa-
tion. Let X be a Banach space. Then M,(G, X) is the space of bounded
Fourier multipliers M, such that M, ® Idy extends to a bounded operator
M, ®1dx : LP(G,X) — LP(G, X). With these definitions and by (L.2), we
see that M, (G, SP) coincides with the space of completely bounded Fourier
multipliers.
If b € LY(G), we define the convolution operator Cj, by

Cy: LP(G) = LP(G), frbxf.

This operator is a completely bounded Fourier multiplier and we have Cy, =
M ). We will use the following approximation result [LA, Theorem 5.6.1]
(see also |D), Corollary 4, p. 98]).

THEOREM 2.5. Suppose 1 < p < oo. Let G be a locally compact abelian
group. Let M, : LP(G) — LP(G) be a bounded Fourier multiplier. Then there
exists a net of continuous functions (b;);c; with compact support such that

1Cy, |l e (@)= Lr(@) < [IMyllLe@)—»re@)  and  Cy, % M,

(convergence for the strong operator topology).

We need the following vectorial extension of [D, Theorem 2, p. 113] (see
also [S, Theorem 3.3]). We can prove this result in a similar way.

THEOREM 2.6. Let G be a locally compact abelian group, H be a closed
subgroup of G and X be a Banach space. We denote by  : G — G/HJ- the
canonical map. Then the linear map

MP(H7X) %Mp(GaX% Map'_>M<po7r7
18 an sometry.
The following proposition is well-known (see e.g. [El p. 57]).

PROPOSITION 2.7 (Weil’s formula). Let G be a locally compact abelian
group and H be a closed subgroup of G. For any Haar measures pug and
pu on G and H, respectively, there exists a Haar measure pgg on the
group G/H such that for every continuous function f: G — C with compact
support,

| f@)dpa(e) = | | fh) duu(h) dugp(zH).
G G/HH

With this result, we can prove the next proposition.

PROPOSITION 2.8. Suppose 1 < p < oo. Let G be a locally compact
abelian group, H be a compact subgroup of G and X be a Banach space. If
@: H- — C is a complex function, we denote by @: G — C the extension of
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© on G which is zero off H-. Then the linear map
M,(G/H,X) = My(G,X), M, Mg,
1S an isometry.

Proof. We denote by m: G — G/H the canonical map. We use the Haar
measures iy, given by Proposition and suppose that g (H) = 1. Using
Weil’s formula, it is not difficult to prove that the linear map

¢, : LP(G/H) = LP(G), fwfom

and its tensorisation @, ® Idx: LP(G/H,X) — LP(G,X) are isometries.
Note that the adjoint map . and the orthogonal projection of L?(G) onto
®9(L*(G/H)) coincide on L?*(G)NLP(G). Moreover, it is easy to see that the
linear map &,. ® Idy is well-defined and contractive. The end of the proof
is straightforward and left to the reader. m

Recall the following structure theorem for locally compact abelian groups
(see e.g. [HRL Theorem 24.30]).

THEOREM 2.9. Any locally compact abelian group is isomorphic to a
product R™ x Gy where n > 0 is an integer and Go is a locally compact
abelian group containing a compact subgroup K such that Go/K is discrete.

Let (Gi)ier be a family of groups and let [[,.; Gi be their cartesian
product. Recall that the direct sum @, ; G; is the set of all (z;)icr € [[;c; Gi
such that x; = e; for all but a finite set of indices, where e; is the neutral
element of G;. The group @, ; G; is a subgroup of [[,.; Gi. Recall that a
group is of bounded order if every element has finite order and the order
of each element is less than some fixed positive integer. Note the following
result [HR p. 449|.

THEOREM 2.10. Ewvery abelian group G (without topology) of bounded
order is isomorphic to a direct sum @,;c; Z/q;"Z of cyclic groups, where
only finitely many distinct primes q; and positive integers r; occur.

This theorem implies that an infinite abelian group G of bounded order
contains a direct sum @7° Z/qZ where ¢ is a fixed prime.

3. Unconditionality and Fourier multipliers. Suppose 1 < p < oco.
Let G be a locally compact group and X a Banach space. If t € G, we denote
by 7; the translation operator on LP(G) defined by 7(f)(s) = f(t~!s) for
f € LP(G) and s € G. We start with the following result.

LEMMA 3.1. Let G be an infinite locally compact group and X a Banach
space. If the set {1, @ Idx | t € G} is R-bounded in B(L?(G, X)) then X is
isomorphic to a Hilbert space.
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Proof. Let n > 1 be an integer and ¢1,...,t, be distinct elements of G.
There exists a compact neighborhood V' of the neutral element eg of G such
that the sets t1V, ..., ¢,V are disjoint. We have ug(V') > 0. For any integer
1 <i<mn,welet V; =t;V. First note that, for any z1,...,z, € X, we have
(since the V;’s are disjoint)

i /
(3 Il oitd) = (§ 3 Iy, @ ol dor)
=1

20 1=1
2 1/2
dw)

( HZ&L Jv, @ i L2(G,X)

20 i=1

= HZ& @ 1y, ® z;
=1

A Rad(L2(G,X))

We deduce that

Rad(L2(G,X))

n 1/2 n
(DIl lzilk) ™ = > @ (n, @ ax)(y @ @)
=1 =1

Rad(L2(G,X))

n
= ”1VHL2(G)HZ & ® T
=1

n
S HZ& ®R 1y ®x;
=1

' Rad(x)’

For 1 <4 <n, we have |1y | z2(q) = |1vil|z2(z). We infer that

n ) 1/2 n
(Zrmux) S Hzami
i=1 =1

We deduce that X has cotype 2. Now, for any x1,...,x, € X, we have

n
Il | Yo e @
=1

n
= Z€i®1v®$z’
i=1

=D e ® (11 @ Idx)(r, @ Idx) (1y ® ;)

Rad(X)

T
Rad(X)

Rad(L2(G,X))

Rad(L2(G,X))

A

n 1/2
Y ewly, o (ZulvHLz Jlzil%) ™ by G,

=1

Rad(L2(G,X))
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Using, one more time, the equality [[1v|r2(q) = [1villr2q) for 1 < i < n,

we deduce that
H;g’ 2 ) > (Z ”%HX>

Thus X has type 2. Hence, by Kwapien’s theorem [K1, Proposition 3.1]
(or [DJTY, Corollary 12.20]), the Banach space X is isomorphic to a Hilbert
space. m

Let G be a locally compact abelian group and X be a Banach space.
If X is isomorphic to a Hilbert space, it is clear that we have a canonical
isomorphism Ms(G, X) = M2(G). We will show the reverse implication for
infinite locally compact abelian groups.

We begin with the case of T. We give a proof which does not use [DE].
We will use the following elementary lemma, with proof left to the reader.

LEMMA 3.2. Let g : T x T — C be a continuous complex function. We
have
Sg(z, ) dz —— S g(z,2")dzd?’ .

k—o0
T TxT

Now, we can prove the following proposition.

ProprosITION 3.3. Let X be a Banach space. There is a canonical iso-
morphism Ms(G,T) = Ma(T) if and only if X is isomorphic to a Hilbert
space.

Proof. Suppose that Ma(T,X) = My(T). For any integer i > 1, we let
n; = 2% and m; = 2%71. The sequences (n;);>1 and (m;);>1 are Sidon sets
for the group T. We will use the fact that there exist arbitrarily large integers
k > 1 such the map (4, j) — n; + km; is one-to-one. Note that, by Theorem
2.3, we have

(3. 2)
~ 2my/—1n; - 2my/—1m; - ‘
H ]Z_l Ci0E; i) Rad(Rad(X H ]21 ¢ we BT L2(TxT,X)

for all n € N and x;; € X.

Now, suppose that the Banach space X does not have property («). Let
C be a positive constant. Then there exist n > 1, t;; € C with |t;;| = 1 and
x;j € X such that

<1
Rad(Rad(X)) —

n
Hz8i®5j®xij

ij=1
with arbitrarily large || 327, tije; ® €j ® Tyj]|Rad(Rad(x))- Using the equiv-
alence (3.2]), we deduce that there exist n > 1, ¢;; € C with |¢;;| = 1 and




26 C. ARHANCET

x;; € X such that

<

n
H > 2TV =Ini g 2V @ g !
; L2(TxT,X) 2

ig=1
and

> 2C.

n
H 2 : 627r\/—1ni~ ® 627r\/—1mj- ®xij >
. L2(TxT,X)

1,j=1
Moreover, by Lemma [3.2] we have

n
H Z 2V~ L(nitkm;) - o zij
ij=1

L2(T,X)

n
H 2 e27r\/—1n.;~ ® 627r\/—1mj- ®xij
k—+o00 =
2,J=1

L2(TxT,X)
For some k large enough, we deduce that

n
H Z 2V =L (nitkm;) - o zij
ij=1

<1
L2(T,X) —

and

> (C.

i,7=1
We infer that is not satisfied, a contradiction. Thus, X has property ().
Hence L?(T, X) also has property (a).

Now, note that L>°(T) is a commutative unital C*-algebra. By Gelfand’s
Theorem (see e.g. [E, Theorem 1.20]), the Banach algebra L>°(T) is isometri-
cally isomorphic to C(K) where K is a compact topological space. Moreover,
we have a bounded homomorphism

L(T) — B(L*(T, X)), ¢+ M,.
By Theorem [2.1] this linear map is R-bounded. For any ¢ € G, the map
7; is an isometric Fourier multiplier. Hence the set {7, ® Idx | ¢t € T} is

R-bounded. By Lemma [3.1] we conclude that X is isomorphic to a Hilbert
space. m

Now, we extend Proposition to the groups R and Z. We use a method
similar to the one of [Al Theorems 3.4 and 3.5|. Since we need variants of
this method later (and also for the convenience of the reader), we include
some details. We need the following vectorial extension of |[L, Proposition
3.3]; it can be proved as [CW), Theorem 3.4].

THEOREM 3.4. Let X be a Banach space. Suppose 1 < p < oo. Let v
be a continuous function on R which defines a bounded Fourier multiplier




FOURIER AND SCHUR MULTIPLIERS 27

My on LP(R, X). Then ¢|Z defines a bounded Fourier multiplier My z on
LP(T, X).

Moreover, we need the following result of Jodeit [J, Theorem 3.5|. We
introduce the function A: R — R defined by

[ 1-z| ze[-1,1],
Alw) = {0 2| > 1.

THEOREM 3.5. Suppose 1 < p < co. Let ¢ be a complex function defined

on Z such that My is a bounded Fourier multiplier on LP(T). Then the
complez function ¢¥: R — C given by

(3.3) Y@) =) ek)Ax—k), zeR,

kEZ
defines a bounded Fourier multiplier My on LP(R).

Now, we can prove the following proposition.

PROPOSITION 3.6. Let X be a Banach space, and G = R or G = Z.
There is a canonical isomorphism Ma(G,X) = Ma(QG) if and only if X is
isomorphic to a Hilbert space.

Proof. Suppose that X is not isomorphic to a Hilbert space. By Propo-
sition there exists a bounded Fourier multiplier M,: L*(T) — L*(T)
such that M, ® Idy is not bounded on L?*(T,X). Consider the function
1) given by . By Theorem 1 defines a bounded Fourier multiplier
My: L*(R) — L*(R). Now, suppose that M, ® Idx: L*(R, X) — L*(R, X)
is bounded. Since ¥ : R — C is continuous, by Theorem the restriction
|Z defines a bounded Fourier multiplier M,z on L*(T, X). Moreover, we
have (k) = ¢(k) for any k € Z. Hence we deduce that M, is bounded
on L*(T, X), a contradiction. Consequently, the Fourier multiplier M, is
bounded on L?*(R) and My ® Idy is not bounded on L*(R, X). Hence, the
case G = R is completed.

We can suppose that the above multiplier My, satisfies || Myl|12®)—r2(r)
= 1. By Theorem there exists a net (b;);er of continuous functions with
compact support such that

1ChillL2®)—r2R) <1 and G, i} My

Let C' > 1. Then it is not difficult to deduce that there exists a continuous
function b: R — C with compact support such that ||C||z2r)—r2r) < 1 and
|Cy @1d x| 2R, x)—L2(R,x) = 2C. Now, we consider the sequence (an)n>1 of
complex sequences indexed by Z, defined by

11
(3.4) e = SSib<t_s+k

>dsdt, keZ.
00

n
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For any n > 1, we introduce the conditional expectation E, : L?(R) — L?(R)
with respect to the o-algebra generated by the intervals [k/n, (k+1)/n],
k€Z. For f € L?>(R) and n > 1, we have

(k+1)/n
E.f = nz ( S f(t) dt>1[k/n,(k+1)/n[
keZ k/n

(see [AAL p. 227]). Now, we define the linear map J,,: 2 — E,(L?(R)) by
Tn(u) =02 " we iy gy U €
keZ
It is easy to check that J, is an isometry of ¢2 onto E,(L?(R)). For any
u € (%, mimicking the computation in the proof of [A, Theorem 3.5], we
obtain
E,CpJn(u) = J,Cq, (u).

Then it is easy to prove that there exists n > 1 such that ||Cy,,|| e <1
and ||Cy,, ® IdXHE%(X)—M%(X) > (. Finally, we conclude the case G = Z by
applying the closed graph theorem. =

Now, we pass to discrete groups. We first prove the following result with
a method similar to that of Proposition [3.3]

PROPOSITION 3.7. Let X be a Banach space and q > 2 be an integer.
There is a canonical isomorphism Ma(@°Z/qZ,X) = My(B° Z/qZ) if
and only if X is isomorphic to a Hilbert space.

Proof. Assume that My(B"Z/qZ,X) = M2(BT°Z/qZ). Then there
exists a positive constant C' such that for any ¢ € L>*([[{°Z/qZ),

Mol L2(@2 z/qz.x)—12(@° 2/q2,.x) < Cl@ll Lo (13 2/92)-
Moreover, since {27 x {27 is a closed subgroup of B Z/qZ, for any n > 1,
t;j € C and x;; € X, we deduce that

n
‘ E €iq ®Ej,q O Tij

ij=1

< C sup |t
= J
L2625 423, X) 1<ij<n

n
H > | tijeig ® i ® T3
irj=1

Now, by Theorem [2:3] and Lemma [2.4]

n n
H Z S e @ i Rad(Rad(X)) H Z Fisa €10 O Ty

2,j=1 7,7=1

L2(2px027,X)

for n € N and z;; € X. Thus the Banach space X has property («). The end
of the proof is similar to the end of the proof of Proposition "

PROPOSITION 3.8. Let G be an infinite discrete abelian group and X a
Banach space. There is a canonical isomorphism Ms(G, X) = Ms(G) if and
only if X is isomorphic to a Hilbert space.
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Proof. We consider several cases.

CASE 1: @ is not a torsion group. Then G contains a copy of Z. Suppose
that M>(G, X) = Ms(G). By Theorem 2.6, we have M(Z, X) = M(Z). By
Proposition [3.6, we deduce that X is isomorphic to a Hilbert space.

CASE 2: G is a torsion group, but contains elements of arbitrarily large
order. We may therefore assume that there is a sequence G, Go, . . . of cyclic
subgroups of G of orders ny,no,... with n; — oo as j — oo.

We will construct contractive Fourier multipliers C,,, on the cyclic group
Z/nZ with large ||Co,, ®1dx |2 (x)e2 (x)- We use a similar method to the one
in the proof of Proposition By Proposition there exists a bounded
Fourier multiplier M,,: L?(T) — L?(T) such that M, ® Idx is not bounded
on L?(T, X). By Theorem there exists a net (b;);es of continuous func-
tions such that

1C | 2y~ z2(m) < [[Mypllrzryr2ry and Gy, SZ—O> My

Let C > 1. It is not difficult to deduce that there exists a continuous function
b: T — C such that

1Cbll2(rysr2(ry <1 and ||y ® Idx || p2(r,x)— 22T, x) = 2C.

Now, we use the identification L?(T) = L?([0,1]). We consider b as a 1-
periodic function b: R — C. Then, we define by the sequence (ap)n>1
of complex sequences indexed by {0, ...,n}. For each n > 1, Cy,, is a convo-
lution operator on £2. For n > 1, we introduce the conditional expectation
E,: L?([0,1]) — L*([0,1]) with respect to the o-algebra generated by the
intervals [k/n, (k+1)/n[, k € {0,...,n}. For n > 1 and f € L*([0,1]), we
have

n—1 (k+1)/n
(3.5) Eof=nd (§ £ d) 1ppm snysur
k=0 k/n
Now, we define the linear map J,: (2 — E,(L*([0,1])) by
n—1
Tn(u) = 0P g ey g i w € L.
k=0

It is easy to check that .J,, is an isometry of £2 onto E, (L?([0,1])). For any
u € £, by a computation similar to the one in the proof of [A, Theorem 3.5],
we show that

E,CyJn(u) = J,Cq, (u).

Thus, it is not difficult to deduce that there exists N > 1 such that for any
n > N we have

[Canllz—ez <1 and [|Co, @ Idx|le2(x)—ez(x) = C.
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Now, recall that n; — 0o as j — oo. Hence, there exists an integer j > 1
and a convolution operator Co: L?*(Gp,) = L*(Gy;) such that

1CallL2(Gn =126y <1 and [|Co @ 1dx|| L2, x) - 1260y x) 2 C-
We conclude by using Theorem [2.6] and the closed graph theorem.

CASE 3: G is a group of bounded order. In this case, the remark following
Theorem allows us to claim that G contains a subgroup isomorphic to
Pi° Z/qZ where q is a prime. We conclude by invoking Theorem and
Proposition [3.7 =

We now recall a particular case of [DJ, Theorem 1]. We give an indepen-
dent proof of this result.

PROPOSITION 3.9. Let G be an infinite compact abelian group and X be
a Banach space. There is a canonical isomorphism Ma(G, X) = Ma(G) if
and only if X is isomorphic to a Hilbert space.

Proof. Let G be an infinite compact group. Suppose that Ma(G,X) =
Ms(G).

CASE 1: The discrete group G is not a torsion group. Then G contains a
copy of Z. Note that we have G/Z* = Z = T isomorphically. By Proposition
we deduce that My(T, X) = My(T). By Proposition 3.3 X is isomorphic
to a Hilbert space.

CASE 2: G is a torsion group, but contains elements of arbitrarily large
order. We may therefore assume that there is a sequence G, Go, . .. of cyclic
subgroups of G of orders ni,na,... with n; — 0o as j — oo. Note that for
any j > 1, we have group isomorphisms

G/G+ =G, =Z/njL.

Using Proposition we conclude as in Case 2 of the proof of Proposition
B8

CasE 3: Gisa group of bounded order. In this case, the remark following
Theorem m shows that G contains a subgroup isomorphic to @7° Z/qZ
where ¢ is a prime. Observe that we have group isomorphisms

L —_—
G/(BTZ/qZ) =BT Z/qZ =] Z/qL.
Using the fact that @7° Z/¢Z is a subgroup of [[° Z/¢Z, the result follows
by applying Proposition 2.8 Theorem and Proposition 3.7 =
The next theorem is the principal result of this section.

THEOREM 3.10. Let G be an infinite locally compact abelian group and
X a Banach space. We have a canonical isomorphism Ms(G, X) = My(G)
if and only if X is isomorphic to a Hilbert space.
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Proof. By Theorem [2.9] G is isomorphic to a product R™ x Gy where Gy
is a locally compact abelian group containing a compact subgroup K such
that Gop/K is discrete. Suppose n > 1. If My(G, X) = M3(G), Theorem
yields a canonical isomorphism My (R, X) = M3(R). Hence, by Proposition
3.0, X is isomorphic to a Hilbert space. If the group K is infinite, we apply
a similar reasoning by using Proposition [3.9] instead of Proposition [3.6] If
n = 0 and K is finite then it is not difficult to see that G is discrete. In this
case we use Proposition m

4. Bounded but not completely bounded Fourier multipliers. In
this section, we prove that if 1 < p < 0o, p # 2, then there exists a bounded
Fourier multiplier on LP(G) which is not completely bounded, where G is
an infinite locally compact abelian group. The cases of R, Z and infinite
compact abelian groups are already known. We start by extending these
results to the discrete group €7 Z/qZ, where ¢ > 2 is an integer. In the
proof, we will use the notation introduced before Proposition

PROPOSITION 4.1. Suppose 1 < p < 0o, p # 2. Let ¢ > 2 be an integer.
There exists a bounded Fourier multiplier on LP(DT° Z/qZ) which is not
completely bounded.

Proof. By Theorem [2.6]and the closed graph theorem, it suffices to prove
that there exist contractive Fourier multipliers on the group 27 x 27 =
(Z)qZ x - - - X Z/qZ) x (Z]qZ X - - - X Z/qZ) with arbitrarily large completely
bounded norms in n. By Theorem [2.3] and Lemma [2.4] we have

Hzgz®€]®$2j

3,j=1

H Z €iq ® Ej,q @ Tij

Rad(Rad(SP))
1,j=1

Lp(2px0Qn,SP)

where n € N and z;; € SP. We let R} 9,4 denote the closed span of the
Eiq ®€jq’s in LP(£27 x 27) where 1 <4, j < n. For any family 7 = (t;;); j>1
of complex numbers we consider the linear map

T, : Rg’q — Lp(QgL X Qg), €iq QEjq tijé‘i,q R Ejq-
Note that for any n € N and «a;; € C, we have

H E :O‘ZJELq@EJq‘

1,5=1

PR ) SEE

~ ( Z \%‘\2)1/2

4,j=1

LP(QoXQQ)
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(see [P1, Lemma 2.1] or [DE| p. 455]). Then, for any o;; € C,

n
’ Tr( Z Qij€iq @ Ej,q) ‘

Z,_

n
_ Qi @ e ‘
L(2p x 27 HZ—:1 TR e (n s om)

(Z |tij o] > S sup ’tl]’HZ Qjj @ Eiq O € JQ)

1<i,j<
’J_ _27']_/’7/ 7‘] 1

Lr(QpxQm)

Consequently, HTTHR;qHLp(QgXQQ) < |7 |loo- Since SP does not have prop-
erty (a) there exist ¢;; € C with |¢;;| = 1 and large ||T> ® Idg»||. Now, using
the canonical bounded projection from LP([[{°Z/qZ) onto the closure of
Span{e;q | ¢ > 1} in LP(]]{° Z/qZ), we see that there exists a bounded pro-
jection from LP(T[°Z/qZ x [17°Z/qZ) onto RY . Applying the inclusion
map LP(2 x ) — LP(I[7°Z/qZ x T]7° Z/q7Z) we obtain a bounded pro-
jection from LP(Q” X £21') onto RY 5,4 With norm bounded independently of n.
Finally, by composing with this projection, we obtain contractive Fourier
multipliers on the group 27 x £27 with arbitrary completely bounded norms
inn. =

Now, we can prove the second main result of this paper.

THEOREM 4.2. Suppose 1 < p < 0o, p # 2. Let G be an infinite locally
compact abelian group. There exists a bounded Fourier multiplier on LP(Q)
which is not completely bounded.

Proof. The proof is similar to the ones of Proposition and Theorem
The case of a discrete group of torsion needs some minor modifica-
tions. We prove it by a reasoning similar to the one used in the proof of
Proposition using the conditional expectation defined by as an op-
erator E,: LP([0,1]) — LP([0,1]) and using the isometric map J,: £ —
E,(LP([0,1])) defined by

n—1
Jn(u) = nl/p Z ukl[k/n,(kJrl)/n[, (S fﬁ u
k=0

REMARK 4.3. Using the fact that the space SP does not have prop-
erty () if 1 < p < oo, p # 2, and the method used at the beginning of the
proof of Proposition [3.3] one can give a proof of Theorem [£.2] for the case
G = T. The more general case where G is an infinite compact abelian group
can also be obtained with the method of the proof of Proposition

REMARK 4.4. Recall the following classical result of S. Kwapieni [K2].
Suppose 1 < p < oo. A Banach space X is isomorphic to an SQLP-space,
i.e. a subspace of a quotient of an LP-space, if and only if for any measure
space {2 and any bounded operator T': LP(§2) — LP({2), the operator T ®
Idx: LP(£2,X) — LP(£2,X) is bounded. The results of Section 3 and of



FOURIER AND SCHUR MULTIPLIERS 33

this section lead to the following general open question. Let X be a Banach
space and G be an infinite locally compact abelian group. Suppose we have a
canonical isomorphism M, (G, X)) = M,(G); does there exist an isomorphism
from the Banach space X onto an SQLP-space?

5. Unconditionality and Schur multipliers. Suppose 1 < p < co. In
this section, we use the notation S5 = SP(¢%) and S¥. = SP(%,y)- Recall
that a Schur multiplier on SP is a linear map M4: SP — SP defined by a
scalar matrix A such that M4(B) = [a;;b;;] belongs to SP for any B € SP.
We have a similar notion for S}. Below, (&;;);;>1 denotes a doubly indexed
family of independent Rademacher variables.

The paper |[LE| contains the following result:

THEOREM 5.1. Let E be an operator space. Then E is completely iso-
morphic to the operator Hilbert space OH(I) for some index set I if and only

if

|35 ees

,j=1

, nEN,ijE.

n
Me2my ~ HUZ:I €ij © Tij Rad(E)

First, we show a link between a property of the Banach space S%(E) and
a property of the operator space F.

PROPOSITION 5.2. Let E be an operator space. The following assertions
are equivalent:

e The Banach space S*(E) is isomorphic to a Hilbert space.
e The operator space E is completely isomorphic to the operator Hilbert
space OH(I) for some index set I.

Proof. Suppose that S?(E) is isomorphic to a Hilbert space. By Lemma
we have

[ e

7‘7_

n €N, Tij cFE.

S2(E)_HZ Ei0EjBei; OTij Rad(Rad(S2(E)))’

Moreover, the Banach space Rad(S?(E)) is also isomorphic to a Hilbert
space. Hence, for any n € N and z;; € £,

H Z Cij & Tij s2(p ( Z e ®9CzJHS2(E)> ( Z ||37w||E>

1,j=1 ,j=1 1,j=1

The space E is a closed subspace of S?(FE). Hence it is isomorphic to a
Hilbert space. Then we conclude that

€ij & Tjj5 ~ €ij @ Xij
|3 esemfl g =122

7,7 1 7] -

s nEN,xijEE.
Rad(E)
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By Theorem we deduce that E is completely isomorphic to OH(I) for
some index set I. The reverse implication is obvious. =

We need the next theorem |[NR] Remark 3.1].

THEOREM 5.3. Let E be an operator space and ¢: Z — C be a function.
Consider the infinite matric A = [pi—;li jez. If the map M4 ®1dg is bounded
on S2(E) then M, ® Idg is bounded on L*(T, E) and

1My @ 1dg| L2, m)~r2(m,m) < [Ma @ 1dEl|s2(5)-

The following result shows that if the matrix units form an ‘unconditional
system’ of S?(E) then the operator space E is completely isomorphic to an
operator Hilbert space.

THEOREM 5.4. Let E be an operator space. The following assertions are
equivalent:

e The Banach space S*(E) has property (o).
e There exists a positive constant C such that

n
(5.1) H Z tijeij ® xij

2,7=1

n
‘Z €ij & x4

2,j=1

< C sup |t
S2(E) 1§i,j§n‘ il

S%(E)

foranyn €N, t;; € C and ;5 € E.
e The operator space E is completely isomorphic to the operator Hilbert
space OH(I) for some index set I.

Proof. Suppose that S?(E) has property («). For any n € N, y;; € S*(E)
and t;; € C we have

n

< sup \tile ) ei®e; Ry
1<6,j<n ij=1

n
H Z tijei ® €5 Q Yij
—

= Rad(Rad(S2(E)))

’

For any 1 <14, j < n, choose z;; € F. Using y;; = €;; ® ;;, we obtain

n
S su tH £i®E; e DT
Rad(Rad(S?(E)))ng,ypgn‘”' D €i®e;Bey®Ty

n
H Z t;j€i Q€ Qe QLy;
i,j=1 i,j=1
By Lemma [2.2] we conclude that
n n
H > tijei ® iy S sup Itile > ey @i

S2(E A
ij=1 (B) 1<7,5<n i =1

S%(E)

Now suppose that inequality ([5.1]) is true. Using the completely isometric
isomorphisms

SE(S*(E)) = S7.n(E) = S*(B),



FOURIER AND SCHUR MULTIPLIERS 35

it is easy to see that

n
(5.2) H Z tijei; @ xij

Nt S3(52(E))

n
< C sup ’tU|H E €ij ® Tij
—n<i,j<n ,

S7(S2(E))

i,J=—"n
for any integer n and any t;; € C and z;; € S?(E). Let ¢ : Z — C be a
function with finite support. By 1' the map M ® Idg2(g) on SZ(S%(E))
associated with the matrix A = [p;—;]i jez is bounded with

[Ma @ Idg2(g) || s2(s2(m))s52(52(8)) < C-

Then, by Theorem , the map M, ® Idg2(pg) is bounded on L?(T, S%(E))
and

My @ Idg2(gy |l 2 (1,52 (E) = L2(T,52(E))

< [IMa @ 1dsz g sz (s2(8)) > s2(52(8)) < C-

For any sequence (xj) of elements of E, we deduce that

[e.e]
| S e @u
k=—o00
By Theorem , the Banach space S?(E) is isomorphic to a Hilbert space.
Finally, by Theorem the operator space E is completely isomorphic to
OH(I) for some index set I.
The remaining implication is trivial. m

> 2mik -
gcitelglw(k)lH Y e ®xk)L2(52(E))

k=—00

L*(S*(E))

REMARK 5.5. The results of Section 4 raise the question of proving an
analogous result for Schur multipliers. Indeed, in this context, G. Pisier con-
jectured that there exists a Schur multiplier which is bounded on SP but not
completely bounded if 1 < p < oo, p # 2 (see [P2, Conjecture 8.1.12]).
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