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MODULES AND QUIVER REPRESENTATIONS
WHOSE ORBIT CLOSURES ARE HYPERSURFACES

BY

NGUYEN QUANG LOC (Hanoi) and GRZEGORZ ZWARA (Torun)

Abstract. Let A be a finitely generated associative algebra over an algebraically
closed field. We characterize the finite-dimensional A-modules whose orbit closures are lo-
cal hypersurfaces. The result is reduced to an analogous characterization for orbit closures
of quiver representations obtained in Section 3.

1. Introduction and the main results. Throughout the paper k de-
notes a fixed algebraically closed field. By an algebra we mean an asso-
ciative finitely generated k-algebra with identity, and by a module a finite-
dimensional left module. Let d be a positive integer and denote by My(k) the
algebra of d x d-matrices with entries in k. For an algebra A the set mod4(d)
of A-module structures on the vector space k¢, or equivalently the set of k-
algebra homomorphisms from A to My(k), has a natural structure of an affine
variety. Indeed, if we fix a k-algebra isomorphism A ~ k(X1,..., X;)/J, with
t > 0 and a two-sided ideal .J, then mod 4(d) can be identified with the closed
subset of (My(k))! given by the vanishing of the entries of all the matrices
p(X1,...,X) for p € J. Moreover, the general linear group

GL(d) = GL(d, k)

acts on moda(d) by conjugation, and the GL(d)-orbits in moda(d) corre-
spond bijectively to the isomorphism classes of d-dimensional A-modules.
We denote by Oy the GL(d)-orbit in mod4(d) corresponding to (the iso-
morphism class of) a d-dimensional A-module M.

It is an interesting task to study geometric properties of the Zariski clo-
sure Ojr of Opr. A general question is how they are related to the representa-
tion-theoretic properties of the algebra A and the corresponding A-modules.
We notice that, using the geometric equivalence described in [4], the above
problem is closely related to an analogous one for k-linear representations of
quivers. We refer to [3], [13], [14] and to a survey [I5] for results on singu-
larities of orbit closures of modules or quiver representations.
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_ In [10], a characterization of the A-modules M for which the orbit closure
O\ is a non-singular variety is given. More precisely, we have the following
two theorems, where the first one follows from the second.

THEOREM 1.1 (JI0, Theorem 1.1]). The orbit closure Oy is a non-
singular variety if and only if the algebra B = A/Ann(M) is hereditary
and Extl (M, M) = 0.

By definition, the finite-dimensional algebra B is hereditary if the functor
Ext%(—, —) vanishes.

THEOREM 1.2 ([I0, Theorem 2.1]). Let Q be a quiver and d € N9 be a
dimension vector. Let N be a representation in repg(d) such that Ann(N)
is an admissible ideal in kQ. Then Oy is a non-singular variety if and only
if Ann(N) = {0} and Oy = repg(d).

A (commutative, Noetherian) local ring (R, m) is called a hypersurface if
it has the form T'/(f) for a regular local ring 7" and a non-unit f € 7. We say
an algebraic variety X is a hypersurface at a point x € X if the local ring Oy
is a hypersurface, and X a local hypersurface if it is a hypersurface at each
of its points. Of course, non-singular varieties are local hypersurfaces. Other
simple examples of local hypersurfaces are hypersurfaces in affine spaces, i.e.,
the zero sets of a non-constant polynomial.

The assumptions on Ann(N) in Theorem imply that N is a nilpotent
representation, i.e., {0} is the unique closed orbit in Oy. Observe that Oy
is non-singular if and only if it is non-singular at the point 0, as the singular
locus is a closed GL(d)-invariant subset of Oy. It is therefore natural to ask
when Oy is a singular hypersurface at 0. It turns out that this is the case
only when Oy is a singular affine hypersurface.

For a finite-dimensional algebra B, there is a uniquely determined qui-
ver I', called the Gabriel quiver of B, and an admissible ideal I in the path
algebra kI' such that the categories of modules over B and over kI'/I are
equivalent.

Our first main result characterizes the orbit closures of modules which
are (singular) local hypersurfaces.

THEOREM 1.3. Assume chark = 0. Let M be an A-module, B =
A/Ann(M), and let kI' O I be as above such that mod(B) ~ mod(kI'/I).
The orbit closure Oy is a singular local hypersurface if and only if one of
the following conditions holds:

(1) The algebra B is hereditary and Exth(M, M) ~ k.

(2) I = (¥?), where 7y is a loop in I' at a vertex i with (dim M); = 2,

and Exty (M, M) = 0.
(3) I = {p), where p is a relation in I" from a vertex i to a vertex j with
(dim M); = (dim M); = 1, and Extj(M, M) = 0.
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Using the geometric equivalence described in [4] (see Section 2), Theo-
rem [I.3] will be a consequence of the following result proved in Section 3.

THEOREM 1.4. Assume chark = 0. Let Q be a quiver and d = (d;)icq,
be a dimension vector. Let N be a representation in repg(d) such that
Ann(N) is an admissible ideal in kQ. Then Oy is a singular hypersurface if
and only if one of the following conditions holds:

(1) Ann(N) =0 and Exty(N,N) ~ k.

(2) Ann(N) = (¥2), where 7y is a loop in Q at a verter i with d; = 2, and
Extyg /2y (N, N) = 0.

(3) Ann(N) = (p), where p is a relation in Q from a vertexi to a vertez j

with d; = dj =1, and EX‘E}CQ/@)(N, N)=0.

Moreover, Oy is a singular hypersurface if and only if it is a singular hy-
persurface at the point 0.

In Section 2, we recall some notions on representations of quivers and
explain the geometric relation between the orbit closures of modules and of
quiver representations. We also deduce that a local hypersurface is preserved
by smooth morphisms, which implies that Theorem [I.3]is a consequence of
Theorem[1.4] proved in Section 3. For basic background on the representation
theory of algebras and quivers we refer to [I]. The results presented in this
paper form a part of the first author’s doctoral dissertation [9] written under
the supervision of the second author.

2. Representations of quivers and geometric relation of orbit
closures. Let Q = (Qo,Q1;s,t: Q1 — Qo) be a finite quiver, i.e., Qg is a
finite set of vertices, (1 is a finite set of arrows a : s(a)) — t(«), where s(«)
and t(«) denote the starting and terminating vertex of «, respectively. By
an oriented path (path, for short) of length m > 1 in () we mean a sequence
of arrows in Qq:

W= Qp...0,

such that s(agy1) = t(ag) for I = 1,...,m — 1. In this situation we write
s(w) = s(ay) and t(w) = t(auy), and say that w is a path from s(aq) to t(am,).
We agree to associate to each vertex i € Qg a path &; in @ of length zero
with s(g;) = t(e;) = i. We call a path w of positive length with s(w) = t(w)
an oriented cycle. By a primitive cycle we mean an oriented cycle which does
not contain other oriented cycles as proper subpaths. A loop is an oriented
cycle of length one.

The paths in @ form a k-linear basis of the path algebra k@, in which
the product of two paths w and p is the path wp if s(w) = t(p), and is
zero otherwise. Observe that the algebra k(@) is finite-dimensional if and only
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if Q has no oriented cycles. A relation from a vertex i to a vertex j is a
k-linear combination of paths from ¢ to j of length at least two. In particular,
a relation is an element in the vector space €; - kQ - ;. Given p in € - kQ - &;,
we denote by (p) the two-sided ideal in kQ generated by p.

By a representation of Q we mean a collection V' = (V;,V,,) of finite-
dimensional k-vector spaces V;, i € (o, together with linear maps V, :
V@) = Vi(a), @ € Q1. The dimension vector of the representation V' is the
vector

dim V = (dimy, V;) € N9,
A morphism f : V. — W between two representations is a collection of
linear maps f; : V; — Wi, @ € Qo, such that fy)Va = Wafsa) for each
a € Q1. The category of representations of () is an abelian k-linear category,
which is naturally equivalent to the category mod(kQ) of finite-dimensional
left kQ-modules. The category mod(kQ) is hereditary, which means that
Extio(—,—) = 0.
For a path w = a4y, ... a1 and a representation V we define
Vo=Va, 0 0Vy :V:s(w) _>V;E(w)

and extend easily this definition to V, : V; — V; for any p in ¢; - kQ - &;,
where 7,5 € Qo, as p is a linear combination of paths w with s(w) = i and
t(w) = j. We set

Am(V) ={p € kQ |V, pe, = 0 for all i, € Qo},

which is a two-sided ideal in kQ. In fact, it is the annihilator of the
k@Q-module corresponding to V' with underlying vector space @ier Vi.

Let Rg denote the two-sided ideal in k(@) generated by the paths of length
one (i.e., arrows) in Q. A two-sided ideal I in kQ is called admissible if
(Rg)" € I C (Rg)? for some integer 7 > 2. For such an ideal I, the category
mod(kQ/I) of kQ/I-modules is equivalent to the full subcategory consisting
of all the representations V' of @ such that Ann(V) D I. We shall identify
these two categories.

Let d = (d;)icqg, € N?° be a dimension vector. The representations
V = (V;, V) of Q with V; = k%, i € Qo, form an affine space

repo(d) = EB Homy,(Vi(a), Vi) = @ Ma, o) xdym (F):
a€Q1 acQq

where My g (k) stands for the space of d’ x d”-matrices with entries in k.
The group

GL(d) = €P GL(d:)
1€Qo
acts regularly on repg(d) via

(gi)iEQo * (Va)ate = (gt(a) V- g;((ll))aGQl-
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Given a representation W = (W;, W,,) of @ with dim W = d, we denote by
Ow the GL(d)-orbit in rep(d) of representations isomorphic to W.

If I is an admissible ideal in k@), then the representations V' in rep, (d)
such that Ann(V) 2 I form a closed GL(d)-stable subset repg ;(d) of
repg(d). This set is the underlying variety of the affine scheme repg, ;(d)
defined as follows. Let

k[repQ(d)] = k;[Xa,p,q la€@,p< dt(a)a q< ds(a)]

denote the algebra of polynomial functions on the affine space repg(d).
Here, X3 ,, maps a representation W = (W,) to the (p,q)-entry of the
matrix Wg. Let X, stand for the dy,) x dg(q)-matrix whose (p, ¢)-entry is
the variable X, 5 4, for any arrow o € (J1. We define the d; x d;-matrix X,
for p € ;- kQ - &;, with entries in k[repg(d)], in a similar way to that for
representations of (). Then repg ;(d) is the closed subscheme defined by
the ideal in k[repy(d)] generated by the entries of all the matrices X, for
pecej-I-¢g;, wherei,j € Qo.
We need [6, Corollary 1.2] formulated in terms of representations:

LEMMA 2.1. Let N € repg ;(d). Then EXtiQ/I(N, N) =0 if and only if
the orbit Oy is open in the scheme repg r(d).

In the case when the scheme repg, ;(d) is reduced, Ext,ng/I(N, N)=0if
and only if Oy is open in repg ;(d).

Now let A be an algebra and let M be an A-module of dimension d.
The annihilator Ann(M) of M is the kernel of the algebra homomorphism
A — My(k) induced by M, thus the algebra B = A/Ann(M) is finite-
dimensional. Observe that modpg(d) is a closed GL(d)-subvariety of mod 4(d)
containing Oys. Moreover, M is faithful as a B-module.

The orbit closures in modg(d) and in repp(d) are closely related [4],
where I' is the Gabriel quiver of B. Indeed, let {ei,...,e,} be a complete
set of primitive pairwise orthogonal idempotents of B such that Be; % Be;
for ¢ # j. Then the algebra eBe is the basic algebra associated to B, where
e=e1+ -+ ey (see [1 1.6]). We have an equivalence of module categories

F :mod(B) — mod(kI'/I),

where the quiver I' is defined as follows: the vertices of I" correspond bi-
jectively to the idempotents ey, ..., e,; for i,j € Iy, the arrows o : i — j
in I correspond bijectively to the vectors in some basis of the vector space
ej(rad(B)/rad?(B))e;. Moreover, I is an admissible ideal in kI" such that
eBe ~ kI'/I. The functor F associates to any faithful B-module M the
module eM over the algebra eBe = kI'/I, thus a representation N of I'
with Ann(N) = I. In particular, N € repp;(d) for the dimension vector
d = (dimge;M) € N0, Note that d is nothing but the dimension vector
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dim M of M, viewed as an element of the Grothendieck group Ko(B) of the
category mod(B). By [4], Oy is isomorphic to the associated fibre bundle
GL(d) xGHd) Oy, Thus Oy and Oy share all local geometric properties
which are preserved under smooth morphisms, including the normality, reg-
ularity in some codimension, Cohen—Macaulayness, etc.

We now deduce from a result of Avramov (see [2, Section 7]) that the
property of being local hypersurface is also preserved under smooth mor-
phisms. Recall that a local ring R is a hypersurface if it is the quotient of a
regular local ring by a principal ideal. If the local ring R is the quotient of a
regular local ring by some ideal (for example, the local ring of a point on an
algebraic variety), then it is a hypersurface if and only if its second deviation
e2(R) is at most 1. Moreover, R is regular if and only if e5(R) = 0. We recall
that the deviations e,(R), n > 1, of a local ring R are unique integers such
that the Poincaré series of R is equal to

12 (L 21
2, (- e
where the products converge in the (¢)-adic topology of the ring Z[[t]].

LEMMA 2.2. Let ¢ : (R,m) — (S,n) be a flat, local homomorphism of
local rings. If the fibre S/mS is regular, then e2(R) = e2(S).

Proof. Using |2, Theorem 7.4.2| we have
e2(R) < e3(85) = ea(R) + €2(S/mS) — 6
for some integer 6 > 0. By assumptions e2(S/mS) = 0, thus e2(R) = €2(5). =

It follows from Lemma that if ¢ : X — ) is a smooth surjective
morphism of varieties, then X is a local hypersurface if and only if so is V.
Now it is clear from our discussion that Theorem [I.4] will imply Theorem

3. Proof of Theorem If Oy is a singular hypersurface, then it is
a singular hypersurface at the point 0. Therefore, let N = (NN,) be a rep-
resentation in repg(d) such that Ann(N) is an admissible ideal in k£Q and
Oy is a singular hypersurface at 0. Recall that in particular N is a nilpotent
representation. This is equivalent to the fact that the endomorphism N, is
nilpotent for any oriented cycle w in Q). The assumption char k = 0 guaran-
tees that the space {f € Endg (V) | tr(f) = 0} is a simple GL(V')-submodule
of Endg(V'), where V is a finite-dimensional k-vector space and the group
GL(V) acts on Endg(V) by conjugation. Here, tr stands for the trace of a
linear endomorphism or of a square matrix.

We need two auxiliary results, whose proofs are straightforward.

LEMMA 3.1. Let &€ = aup...a1 be a path in the quiver Q) such that
di(ay) = 2 forl=1,...,m—1 and the arrows aa, . .., au, are pairwise distinct.
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Then the entries of the matriz X¢ are irreducible polynomials in k[repg(d)].
In particular, if dy¢) = dyey = 1, then the polynomial X¢ s irreducible in
Hrepo ()]

LEMMA 3.2. Let w = B,...01 be a primitive cycle in Q) such that
dygy > 2 for I = 1,...,n. Then the polynomial tr(X,) is irreducible in
Klrepg(d)]

3.1. Tangent spaces of orbit closures. The action of GL(d) on
repo(d) induces an action on k[repg(d)] by (g f)(W) = f(g~' « W) for
g € GL(d), f € k[repg(d)] and W € repy(d). Clearly, the defining ideal
I(On) of Oy is invariant under the action of GL(d) on k[repg(d)].

Now let Ng(d) denote the set of all nilpotent representations in repg(d).

Observe that it is a closed GL(d)-invariant subset of repg(d) containing O .
We shall identify the tangent space To(repg(d)) of repg(d) at the point 0

with repg (d) itself. Thus the tangent space To(Oy) is a subspace of repg(d)
and is invariant under the action of GL(d), i.e., it is a GL(d)-submodule of

repg(d).

LEMMA 3.3. Let W = (W,) be a tangent vector in To(On). Then tr(W,)
=0 for any loop v € Q1.

Proof. The set Ng(d) is the zero locus of the (non-leading) coefficients
of the characteristic polynomials of all square matrices X,,, where w is any
oriented cycle in Q. Since Oy C Ng(d), these coefficients belong to I(Oy).
In particular, tr(X,) € I(Ox) for any loop v € Qi. By the definition of
tangent spaces, tr(W,) =0. u

We view the set

repg(d) = {W = (Wa) € repg(d) | tr(W,) = 0 for any loop v € Q1}

as a vector subspace of repg(d).

The following result holds for an arbitrary admissible representation N
(i.e., Ann(N) is an admissible ideal).

PROPOSITION 3.4. If chark = 0, then To(On) = repg (d).

Let V; = k% and R; ; be the vector space of formal linear combinations
of arrows a € @1 with s(a) = and t(«) = 7, for any 7,5 € Qo. We identify
repg(d) = @ Homy (R; j, Homy(V;,V;)) and  GL(d) = @ GL(V)).

,J€Q0 1€Qo
Applying Lemma [3.3], we get
76(6]\[) - @ Homk(Riyj, Homk(Vi, VJ)) D @ Homk(Ri,i, Endzr(vi)),
1,j€Q0, iF#] 1€Qo
where End{’ (V;) = {f € Endy(V;) | tr(f) = 0}.
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Since chark = 0, the space End{(Vi), i € Qo, is a simple GL(d)-
submodule of Endy(V;). Moreover, the GL(d)-modules Homy(V;, Vj), i # j,

are simple and pairwise non-isomorphic. Thus we have

T(On)= @ {v:Rij = Homp(Vi,Vj) | ¢(Ui ) = 0}
1,J€Qo, i#]
& @P{¢: Rii = Endif (Vi) | (Uis) = 0}
1€Qo
for some subspaces U; ; of R; j, where i, j € Q.

As was shown in [I0], we may assume that the spaces U; ; are spanned
by arrows in ();. Consequently,

(3.1) To(On) = rept(d)

for some subquiver @’ of @ such that Qf = Qo.

It is our aim to prove that in fact Q" = Q. Note that the proof of [10,
Proposition 4.2] does not apply, since the quiver () may contain oriented
cycles. Under the assumption chark = 0 we shall give a different proof,
which does not depend on whether ) has oriented cycles or not.

Let G be a linearly reductive group and X an affine G-variety. Then there
exists a unique Reynolds operator R : k[X] — k[X]%, where k[X] denotes
the invariant ring of G in k[X] (for instance, see [0, 2.2]). Recall that a
Reynolds operator is a linear map R : k[X] — k[X]% such that R(f) = f
for all f € k[X]® and R(g * f) = R(f) for all f € k[X], g € G. If W is a
G-submodule of k[X], then R(W) = WC.

Proof of Proposition[3.4. Suppose, to the contrary, that there is an arrow
B:b— ainQ\Q]. Since To(On) C repg (d), we have Xg ., € m?*+I1(Oy)
for u < d, and v < dj, where m is the maximal ideal in k[repg(d)] generated
by all the variables. Hence there are polynomials f,, € k[repg(d)] of order
at least 2, i.e., belonging to m?, such that Xg ., — fuv € I(On).

Let A be the quiver obtained from @ by appending an arrow v : a — b,
i.e., of reverse direction to 3. Let C = Oy x Mg, x4, (k) C rep(d). Consider
klrepg(d)] as a subalgebra of k[rep(d)]; then I(C) = I(Oy) - k[rep,(d)].
In particular, I(C) contains the polynomial

w = Z Z (Xﬁ,u,v - fu,v) ’ X’y,v,u-

u<dq, v<dp

Let R : k[rep(d)] — E[rep,(d)]SM9) be the Reynolds operator. For the
GL(d)-submodule I(C) of k[rep(d)] and the polynomial w € I(C), we have

R(w) = R( D Xpuw - Xyw) = R(D fuw X ) € 1(C)HD.
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The polynomial Zuw XB.uw - Xyvu is GL(d)-invariant, thus

R(w) = Z Xpuw Xyou = 2,
u,v

where the polynomial z = R(>_,, ,, fu,w - Xy,0,u) belongs to k[rep 5(d)]GHd),

Consider the natural N“t-grading on k[rep,(d)] and observe that the
space of homogeneous polynomials of given degree with respect to this grad-
ing, together with 0, is a GL(d)-module. Hence the Reynolds operator maps
homogeneous polynomials to homogeneous polynomials of the same degree.
The same is true for homogeneous polynomials with respect to the usual
N-grading on k[rep 5(d)]. Thus z is a linear polynomial in the variables X, ,, ,,
and is of order at least 3 (in the usual N-grading).

By a result of Le Bruyn and Procesi [§, Theorem 1], the invariant algebra
Elrepo(d)]S™9) is generated by the polynomials tr(X,), where w is any
oriented cycle in A. The usual degree of tr(X,,) equals the length of w, while
the degree with respect to the variables X, , , is the multiplicity of the arrow
~ in the path w. It follows that the polynomial z is a linear combination of
products

tr(Xy,) - ... tr(Xy,),

where w; are oriented cycles in A, the arrow « appears in only one of these
cycles and precisely once, and the sum of their lengths is at least 3. If
r > 2, then the above product belongs to I(C). Indeed, then there exists
an oriented cycle w; not containing «, thus being an oriented cycle in Q.
Since the representation N is nilpotent, tr(X,,) € I(Oy) and consequently
tr(Xy,) - ... tr(Xy,) € I(C).

Let 2’ be the polynomial obtained from z by deleting all summands of
the form tr(X,,) - ... tr(Xy,) for r > 2. Then 2’ is a linear combination of
polynomials tr(X,,), where w is an oriented cycle in A of length at least 3
passing precisely once through the arrow -, and

> Xpuw - Xywu— 2 €I(C).
u,v

Observe that the polynomial tr(X,,) does not depend on the choice of the
starting vertex of w. Indeed, if w = w'w”, then w”w’ is also an oriented cycle
and

tI‘(Xw/w//) = tr(Xw/ - X)) =tr( Xy - X)) = tr(quw/).
Let §2 be the set of all paths in @ of length at least 2 from b to a. Then

7= AMw)tr(Xey) = 3 AW D XowpXyow  Aw) €K,

wel? wes? u,v
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and consequently,

E:(Xﬁuw—-EjAOQ-Xme)-X%uuefan.

Since I(C) = I(Ox) - k[rep o(d)], it follows that for any u < dg, v < dp, we
have

X,B,uv Z)\ wuveI(ON)
wef?

This means that all the entries of the matrix X_, belong to the ideal I(Ox),
where p = 3" o AM(w)-w. Therefore 3—p belongs to Ann(N). Since 3—p does
not belong to (Rg)?, the ideal Ann(N) is not admissible, a contradiction. m

COROLLARY 3.5. Oy is a closed GL(d)-subvariety of codimension 1 in

tr d)
repl(

Proof. By assumption, Oy is a singular hypersurface at 0. This implies
that

dim Oy = dimy, To(Opn) — 1 = dimg, repg(d) —1.

Since Oy is contained in Ng(d), it is also contained in repg (d). Hence the
corollary follows. =

3.2. The case when () is acyclic. First, we consider the case when
Q is acyclic, i.e., there are no oriented cycles (in particular no loops) in Q.
Then repg)(d) = repg(d).

A non-zero polynomial f in k[repg(d)] is called a GL(d)-semi-invariant
(of weight x) if g f = x(g) - f for all g € GL(d), where x : GL(d) — k*
is a k-regular character of GL(d). The following result is a consequence of

Corollary [3.5]

COROLLARY 3.6. There erists an irreducible GL(d)-semi-invariant F
such that I(On) = (F).

Proof. By Corollary Oy is an irreducible hypersurface in repg(d),
thus I(Oy) = (F) for some irreducible polynomial F'. Since the variety Oy
is GL(d)-invariant, we get the equality (g x F') = (F) of ideals, for any
g € GL(d). Consequently,

gxF=x(g)-F
for some non-zero scalar x(g), g € GL(d). The map x : GL(d) — k* is easily
seen to be a k-regular character of GL(d). =

repg (d) On = dimy, Extk,Q( N) by the Artin—Voigt formula
(see [11]), we also obtain:

COROLLARY 3.7. Extyo(N,N) ~ k.

Since codim
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We consider two gradings on the algebra k[repg (d)] = k[Xa,p 4], induced
by two torus actions. We choose a standard maximal torus 7' in GL(d)
consisting of g = (g;), where all g; € GL(d;) are diagonal matrices. Let Qo
denote the set of pairs (i, p) with i € Qg and 1 < p < d;. Then the action of

T on repg(d) leads to a Zéo—grading on k[repg(d)] with

deg Xapg = €i(a)p — €s(a)qr

where {e; ,} (i.0)€00 is the standard basis of Z%0 identified with the group of
k-regular characters of T'.

The torus (k*)|@0l, being the center of GL(d), is contained in the torus 7.
Its action on repg(d) is the restriction of the action of T'. Thus there is a

Z0-grading on krepg(d)] with
deg Xa,p,q = Ct(a) — Es(a)s

where {e; }icq, is the standard basis of Z%0. Observe that any GL(d)-semi-
invariant is homogeneous with respect to both gradings.
The following lemma is obvious.

LEMMA 3.8. Assume that @Q is acyclic and let h be a monomial in
klrepg(d)]-
(1) If degh =0, then h = 1.
(2) If degh =e; —e; € Z9 for vertices i # j, then
h = Xamzpm:(Im ’ Xamfl,mel,mel et Xalzplqu
for some path w = ... a1 of length m > 1 from i to j in Q and
indices 1 < pp < dyay), 1 <@t < dg(ay), L=1,...,m.
(3) If Elgéh = ej1 — €1 € 720 for vertices i # j, then additionally
pm =q =1 and ¢m = pm—1,4m-1 = Pm-2,---,42 = P1-
LEMMA 3.9. Let f be a GL(d)-semi-invariant in k[repg(d)] such that
deg f = e; — e; for vertices i # j and d; = d; = 1. Then f = X, for some p
inegj-kQ-g;.

Proof. Clearly a\eé f=-ej1—ei1. By Lemma f is a linear combination

f = Z )\(O‘mapmfla OUm—1y---,P1, al)

: Xam,me—l ’ Xam—hpm—hpm—Q Tt X012,P2,p1 : Xal:plvl’
where the sum runs over all paths w = a,, ... a1 in @ from ¢ to j and integers
1<p <dyy) forl=1,...,m—1

We claim that the scalars A, Pm—1, @m—1, ..., a1, p1) depend only on

the path a, ... 1. Indeed, let p; < dy(q,) and p; # p; for some 1 <1 < m. In
particular, dy(,,) > 2. We choose g = (g,) € GL(d) such that g, for a # t(a;)
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is the identity matrix and g;(q,) = Idt(al) + Epupiv where Epl’p; is the matrix

whose (p;, p))-entry is 1 while the other entries are 0. Then the monomial

X Lpmo1 "o Xaz+1,pz+1ypl ’ Xaz,pg,pz_l wee Xag il

appears in g x f with the coefficient

/
)‘(amypmfla e 01, P 7p17a1) - )\(Oém,pmfl, e g1, DL aplaal)-

Since g * f is a homogeneous polynomial of degree e; 1 — e; 1, this coefficient
must be 0, which proves the claim.

Let (2 denote the set of all paths w in @ from ¢ to j. Then there are
scalars A\(w), w € {2, such that

f = Z )\(w) . Z e Z Xam,l,pm71 et Xal,pl,l'

w:am...aleﬂ plgdt(al) pm_lgdt(oﬁnfl)
Hence f =X, forp=3% oAMw) - wee; - kQ 5. m

Let 41,...,4r,71,---,Js be vertices (not necessarily distinct) in Qo such
that

(3:2) > diy = dj,.
=1 m=1

Forany 1 <1 <r,1<m <s,let pi €€, - kQ - €5 be a linear combi-
nation of paths in @ from 4; to j,. We form an s x r-block matrix whose
(m,1)-block is the dj,, x dj-matrix X, . By (3.2), this is a square ma-
trix with entries in k[repg(d)]. Its determinant is a GL(d)-semi-invariant
in k[repg(d)], called a determinantal semi-invariant. By [12, Theorem 2.3,
the algebra of GL(d)-semi-invariants in k[repg(d)] is spanned, as a vec-
tor space, by the determinantal semi-invariants. In particular, the semi-
invariant F' in Corollary is a linear combination of such determinantal
semi-invariants.

Observe that if i; = j, for some ! < randm < s, and p;, = A-g;,, A € k¥,
so that X, = A-Iqg, , then the determinant of the s x r-block matrix
above is equal to that of a suitable (s — 1) x (r — 1)-block matrix associ-
ated to the other vertices, without ¢; and j,,,. Thus we can assume that the
elements p;., € €j,, - kQ - €;, are linear combinations of paths of positive
length.

PROPOSITION 3.10. If Ann(N) # 0, then Ann(N) = (p), where p is a
relation from a vertex i to a vertex j with d; = d; =1, and ExtiQ/<p> (N, N)
=0.

Proof. We use the Z20-grading on klrepg(d)] with

deg Xa%q = €t(a) — Es(a) - Ca) a € Q.
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The semi-invariant F' is homogeneous with respect to this grading, thus it
is a linear combination of determinantal semi-invariants of the same degree.
We consider such a non-zero determinantal semi-invariant and assume that
it is given by the vertices i1, ..., %, j1,. . ., js with the equality satisfied.
We denote the entries of the corresponding square matrix by x, 4. There is
a permutation o of the columns of the matrix such that

L10(1) -+ " Lno(n) 7é 0,
where n = ) d;,. Assume x; (1) belongs to the (1,)-block X , of the

square matrix for some 1 <1 < r. Then 1 ;1) # 0 implies that there is a
non-zero combination of paths from ¢; to j; and

degxl,a(l) = E Cl,aba = €j; — €y,

a€Q1
where ¢, € {0,1} and the arrows a for which ¢; o, = 1 form a path from
iy to j1. Of course, similar arguments can be applied for x5 ;(9), - -, T o(n)
with
deg Ty 5(p) = Z Cpata, Cpa €1{0,1},2<p<n.
a€@q
Thus
deg F' = deg(xl,a(l) Tt xn,a(n)) = Z (Cl,a + o+ Cn,CX)ea
a€@q
= Z anq forag=cio+--+cpa-

ac@n

By assumption, there is a non-zero element w in €j - Ann(N) - ey for
some vertices 7' and j'. Observe that the common zero set of the polynomi-
als Xy uw for u < dj, v < dy is a closed GL(d)-invariant subset in repg(d)
containing Opy. Thus X,, 11 € (F), so X, 11 = Fh for a homogeneous poly-
nomial h in k[repg(d)]. It follows that deg ' + degh = e — ey. Clearly
degh = > byeq for some non-negative integers by, o € Q1. Hence we con-
clude that aq + by € {0,1} and the arrows « for which a, + b, = 1 form
a path & from 7' to 7 (see Lemma [3.8). Taking into account the informa-
tion about ¢, «, this implies that the vertices i1,...,%,,j1,...,Js lie on &.
Furthermore, by renumbering the vertices we may assume that

deg ' = (ej, —e;) +- -+ (ejz/ - 62'1,)

for some ' < r,s and distinct vertices 41,...,4y,J1,...,Jr such that the
subpaths of & from 41 to ji, ..., from ¢y to jy have no arrow in common.
Then d;, = -+ =d;, =dj, =+ =dj, =1, as degF = Y5 _,dj, €j, —

> =1 disei,. It follows from Lemrnauthabt7 up to a scalar, F' = X, -...-X,,
for some p, € €, - kQ - €;,, 1 < p < I'. Since F is irreducible, I" = 1 and
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F = X,,. In particular p; belongs to the admissible ideal Ann(V), so it is a
relation in @ from iy to ji.

We show next that Ann(N) = (p1). Let w € €5 - Ann(N) - €y be a
non-zero linear combination of paths wy, for ¢/,j" € Q. Then X, 1, is a
multiple of X, . This implies that each arrow on the path p; appears also
on wj for all [, as X, 1,1 is a linear combination of X, 11. The quiver () has
no oriented cycles, thus p; must be a subpath of w;. Therefore w; € (p1) and
consequently w € (p1).

By Lemma the scheme repg (,(d) = Spec(k [repQ( )N/ (X,,)) is

reduced. Moreover, Oy = repQ,<p1>(d) Hence Exth/ ( N) = 0, by
Lemma 2.1l =

3.3. The case when () contains a loop. Next, we consider the case
when the quiver () contains a loop. Let v : ¢ — ¢ be a loop in @ and
denote by Q" the subquiver of @ consisting of the vertex ¢ and the loop ~.
The obvious GL(d)-equivariant linear projection 7 : repg(d) — repg,, (dy)
induces a dominant morphism On — On» with N” = 7(N). It follows that

Irepg// (di) (6N’/) - Irep r(d )(6N) N k[repg”(di)]'
By Corollary H we have Irop r(d )((9 ~) = (f) for some f in the polynomial
ring
k[repgy(d)] = kfrepg(d)]/({tr(X,) | p is a loop in Q}).
Therefore Irepg,, (dz) (6]\[//) = (f) if f € k[repQu(d )] and [ ( _)(61\7!/) =0
otherwise. Consequently,
dimrepgy (d;) — dim Oy < 1.
On the other hand, we have:

LEMMA 3.11. dim repg,,(di) —dim Opn» > d; — 1.

Proof. The representation N” is easily seen to be nilpotent, thus Oy~ is
contained in the closed set of nilpotent representations N (d;) in repg.(d;).
It is known that Ng~(d;) is a complete intersection of codimension d;, where

its defining ideal is generated by the (non-leading) coefficients of the char-
acteristic polynomial of X (see [7]). Therefore

dim Onv < dim Ngn(d;) = d;* — d;.
Moreover
dim repgu(di) = dimrepg,(d;) — 1 = d;? —
thus the claim follows. =

Recall that a primitive cycle is an oriented cycle which does not contain
other oriented cycles as proper subpaths.
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COROLLARY 3.12. The loop 7y : i — i is the only primitive cycle in Q,
di =2 and I(On) = (X511 + Xq22, Xy11X522 — Xy12X521).

Proof. Let w be a primitive cycle in ). The coefficients of the charac-
teristic polynomial of X, belong to I(On), as On C Ng(d). Consequently,
their images in k[repg)(d)] belong to (f), i.e., these images are polynomial
multiples of f. On the other hand, they are polynomials of variables X, ,
only, where « is an arbitrary arrow in w.

Now the above inequalities show that d; = 1 or d; = 2. If d; = 1, then
N, =0, thus v € Ann(N) and Ann(N) is not admissible, a contradiction.
Hence d; = 2. Since the irreducible polynomial

det X,y = 7X~2/,1,1 — X%LQX 2,1

in k[repg(d)] belongs to (f), we see that, up to a scalar, f = det X,. The
expression of f involves the variables X, 11, X412 and X, 1, thus there
cannot exist a second primitive cycle in Q). u

PROPOSITION 3.13. Ann(N) = (v*) and Exty .20 (N, N) = 0.

Proof. Clearly (y?) C Ann(N). Let £ € &, - Ann(N) - &, be a non-
zero linear combination of paths &, for a,b € Q. The zero set of the
polynomials X¢ ., for u < dp, v < d, contains Op, thus in particular
Xe1a1 € I(On) = (tr X, det X,). Since X¢ 11 is a linear combination of
the polynomials X¢, 11, this implies that v appears on each path §. Then
from the formula for X¢, 11 we deduce that the variable X, 12 or X, 21 ap-
pears in some term p; of Xg¢, 11, which is also a term of X¢ ; ;. For instance,
in the extreme case § = a,, ... a7, the variable X, 51 appears in such a
term of XEL,Ll'

Since

Xenn = (Xyp1+Xy22)h + (X511 X220 — X 12X,21)H

for some h,h’ € k[repg(d)], each term p; must be divided by another vari-
able X, , ;. This can happen only when « appears on each path & at least
twice. Hence & € (y?) for all | (notice that « is the only primitive cycle
in @), and so is &.

It is easy to see that the ideal (tr X,,det X,) in k[repy(d)] is prime.
Thus the scheme repg (,2y(d) is reduced. Hence Ext}cQ /2y (N, N) = 0, by
Lemma 2.1] =

3.4. The case when () contains an oriented cycle and no loop.
Finally, we consider the case when the quiver () contains an oriented cycle
of length at least 2, which is not a power of a loop. In view of Corollary [3.12]
this implies that @ does not contain loops. Hence repg(d) = repg(d) and

Corollary applies.



72 N. Q. LOC AND G. ZWARA

Let w = f,...01 (n > 2) be a primitive cycle in Q.
LEMMA 3.14. min{dyp,) |1 <1 <n} =1

Proof. Suppose that dyg,) > 2 for all I. Since On C Ng(d), the co-
efficients of the characteristic polynomial of the square matrix X, belong
to (F'). By Lemma the polynomial

tr(Xw) = Xw,l,l + -+ Xw,r,r

is irreducible, where 7 = d,(g,). Thus up to a scalar, F' = tr(X,). Conse-
quently, the sum of the principal 2 x 2 minors of X, is a multiple of tr(X,).
Observe that this sum has the term

h=—(Xg,12Xp, 122 Xp,22Xp,22)(Xp, 21X, 111 Xp1,1Xp,,1,1)

(which is a term of X, 11Xy 22— X0 12Xw2,1). Since it is clear that h cannot
be a term of a multiple of tr(X,,), we get a contradiction. =

Replacing w by one of its cyclic permutations of the form 5;_1... 818, ...
Bi+181, we may assume that dyp,) = 1, so that X, is a polynomial in
k[repg(d)]. The oriented cycle w can be decomposed as a product w; . ..wr,
where w;’s are subpaths of w satisfying the assumptions of Lemma [3.1] for
1 <1< Since X, = X,, ... Xy, belongs to the prime ideal I(Oy) and
the polynomials X, ,..., X, are irreducible, it follows that up to a scalar,
F = X,, for some [. Letting p = w;, we obtain I(On) = (X,).

If W' is another primitive cycle in @ which differs from w and its cyclic per-
mutations, then w’ must contain p as a subpath. Up to a cyclic permutation
we have w = np and w’ = n'p for subpaths  and 7’; thus dy,;) = dy,;) = 1
and dy(,y = dy(,yy = 1. Then there exist scalars A, p1, not both zero, such that
ANy +p- Ny = 0. Equivalently, we have - X, +p- X,/ € I(Oy). However,
this is impossible, since the polynomials X, and X,, and X, and X,/ con-
tain no variables in common. Hence w is the only (up to cyclic permutations)
primitive cycle in Q).

COROLLARY 3.15. I(On) = (X,), where p : i — j is a subpath of the
only primitive cycle (not being a loop) in Q and d; = dj = 1.

PROPOSITION 3.16. The subpath p is a relation, Ann(N) = (p) and

Proof. Apply the final part of the proof of Proposition [3.10 =

Proof of Theorem [1.4] We have shown that one of the conditions (1),
(2), (3) is necessary in Corollary [3.7] (for the condition (1)), in Corollary
and Proposition (for the condition (2)) and in Proposition Corol-

lary and Proposition (for the condition (3)).
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Conversely, if the condition (1) is satisfied, then codim,, o(d) Oy =1.1f

the condition (2) holds, then the orbit Oy is open in the scheme repg (,2y(d),
by Lemma Hence Oy is open in the variety repg, 2y (d), which is isomor-
phic to the zero set of the polynomial X,al’l + X, 12X 2,1 in the affine space
{W € repg(d) | tr(W,) = 0} and is irreducible. Thus Oy = repg, (y2y(d).
If the condition (3) holds, the orbit Oy is open in the variety repQ7<p)(d).

Hence Oy is an irreducible component of repQ. (p) (d), and this component
is of codimension one in repg(d).

We see that in all three cases, Oy is a hypersurface, and it is singular,
by Theorem This finishes the proof of Theorem .
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