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PRODUCT RULE AND CHAIN RULE ESTIMATES FORTHE HAJ�ASZ GRADIENT ON DOUBLING METRICMEASURE SPACESBYA. EDUARDO GATTO (Chi
ago, IL) and CARLOS SEGOVIA (Buenos Aires)Abstra
t. We use the Calderón Maximal Fun
tion to prove the Kato�Pon
e Produ
tRule Estimate and the Christ�Weinstein Chain Rule Estimate for the Hajªasz gradienton doubling measure metri
 spa
es.1. Introdu
tion and de�nitions. In [4℄ it was shown that the Kato�Pon
e Produ
t Rule Estimate [9℄ and the Christ�Weinstein Chain Rule Esti-mate [3℄ are valid for fra
tional derivatives on spa
es of homogeneous type [5℄.Sin
e the Hajªasz gradient [6℄ is equivalent in Lp to the Calderón Maxi-mal Fun
tion of order one [1℄, [2℄ (see Theorem 1 below), and the CalderónMaximal Fun
tion 
an be thought of as a �maximal fra
tional derivative ofintegral order�, it is reasonable to expe
t that both estimates mentioned be-fore are also valid for the Calderón Maximal Fun
tion and 
onsequently forthe Hajªasz gradient on doubling measure metri
 spa
es. The purpose of thispaper is to prove this 
laim.The equivalen
e between the Hajªasz gradient and the Calderón MaximalFun
tion is also impli
it in [7℄, where Hajªasz and Kinnunen 
onsider thesharp maximal fun
tion. We give here a dire
t proof.We shall say that (X, d, µ) is a metri
 measure spa
e if (X, d) is a metri
spa
e and µ is a Borel measure on X. Let Br(x) denote the ball of 
enter xand radius r > 0. If µ satis�es the 
ondition
µ(B2r(x)) ≤ CDµ(Br(x))with a 
onstant CD independent of x and r, then (X, d, µ) will be 
alled adoubling metri
 measure spa
e.Following Hajªasz [6℄ we shall say that a measurable fun
tion f has agradient g in Lp(X, d, µ) if(1.1) |f(x) − f(y)| ≤ d(x, y)(g(x) + g(y))2000 Mathemati
s Subje
t Classi�
ation: 46E35, 42B35, 26A33; Se
ondary 28A15,46G05.Key words and phrases: Hajªasz gradient, Calderón Maximal Fun
tion, Produ
t RuleEstimate, Chain Rule Estimate. [19℄



20 A. E. GATTO AND C. SEGOVIAfor all x, y ∈ X. It was shown in [6℄ that for p > 1 there exists a unique
g = f∇ in Lp satisfying (1.1) and su
h that(1.2) ‖f∇‖p = inf

g
‖g‖p,where the in�mum is taken over all g satisfying (1.1). We will 
all f∇ theHajªasz gradient of f in Lp.Let f be a measurable fun
tion and u ≥ 1. We de�ne the CalderónMaximal Fun
tion Nu(f) of order one [1℄ by

Nu(f, x) = sup
r>0

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u dµ(y)

)1/u

.We denote by Mu, u ≥ 1, the Hardy�Littlewood maximal fun
tion
Mu(g)(x) = sup

r>0

[

1

µ(Br(x))

\
Br(x)

|g(y)|u dµ(y)

]1/u

.

We show in Theorem 1 the relationship between f∇ and Nu(f). In The-orem 2 we prove the main estimate for Nu(f) that is needed to obtain therules. We prove in Theorem 3 the Produ
t Rule Estimate and in Theorem 4the Chain Rule Estimate. The letter C will denote a 
onstant, not ne
essarilythe same at ea
h o

urren
e.2. Theorems and proofsTheorem 1. Let (X, d, µ) be a doubling metri
 measure spa
e, f a mea-surable fun
tion on X, 1 < p < ∞, and 1 ≤ u < p.(a) If f has the Hajªasz gradient in Lp, then there is a 
onstant C1(u, p)su
h that
‖Nu(f)‖p ≤ C1(u, p)‖f∇‖p.(b) If Nu(f) is in Lp, then fhas the Hajªasz gradient in Lp and there isa 
onstant C2(u, p) su
h that
‖f∇‖p ≤ C2(u, p)‖Nu(f)‖p.Proof. We �rst prove (a). Let g satisfy (1.1). Then

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u dµ(y)

)1/u

≤ r

(

1

µ(Br(x))

\
Br(x)

[g(x) + g(y)]u dµ(y)

)1/u

≤ r

[

g(x) +

(

1

µ(Br(x))

\
Br(x)

[g(y)]u dµ(y)

)1/u]

.



ESTIMATES FOR THE HAJ�ASZ GRADIENT 21Dividing both sides by r and taking the supremum over r we get
Nu(f, x) ≤ g(x) + Mu(g)(x).Sin
e p > u, we have ‖Mu(g)‖p ≤ C(u, p)‖g‖p, thus
‖Nu(f, x)‖p ≤ C1(u, p)‖f∇‖p.We now prove (b). Let x, y ∈ X and r = d(x, y). We have

|f(x) − f(y)| ≤

(

1

µ(Br(x))

\
Br(x)

|f(x) − f(z)|u dµ(z)

)1/u

(2.1)

+

(

1

µ(Br(x))

\
Br(x)

|f(z) − f(y)|u dµ(z)

)1/u

≤
d(x, y)

r

(

1

µ(Br(x))

\
Br(x)

|f(x) − f(z)|u dµ(z)

)1/u

+
d(x, y)

r

[

µ(B2r(y))

µ(Br(x))

]1/u(

1

µ(B2r(y))

\
B2r(y)

|f(z) − f(y)|u dµ(z)

)1/u

≤ d(x, y)[2C
2/u
D Nu(f, x) + 2C

2/u
D Nu(f, y)].Therefore, from (1.1) and (1.2) it follows that

‖f∇‖p ≤ 2C
2/u
D ‖Nu(f)‖p.Theorem 2. Let 1 ≤ u < s ≤ ∞ and 1/s = 1/p + 1/q, 1 < p ≤ ∞, 1 <

q ≤ ∞. If Nu(f) ∈ Lp and h ∈ Lq, then
∥

∥

∥

∥

sup
r>0

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y)−f(x)|u|h(y)|u dµ(y)

)1/u∥

∥

∥

∥

s

≤ C‖Nu(f)‖p‖h‖q,

where C is a 
onstant independent of f and h.Proof. We use inequality (2.1) to get
1

r

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u|h(y)|u dµ(y)

)1/u

≤
1

r

(

1

µ(Br(x))

\
Br(x)

2udu(x, y)C2
D[Nu(f, x) + Nu(f, y)]u|h(y)|u dµ(y)

)1/u

≤

(

2uC2
D

µ(Br(x))

\
Br(x)

[Nu(f, x) + Nu(f, y)]u|h(y)|u dµ(y)

)1/u



22 A. E. GATTO AND C. SEGOVIA
≤ 2Nu(f, x)C

2/u
D

(

1

µ(Br(x))

\
Br(x)

|h(y)|u dµ(y)

)1/u

+ 2C
2/u
D

(

1

µ(Br(x))

\
Br(x)

Nu
u (f, y)|h(y)|u dµ(y)

)1/u

≤ 2C
2/u
D Nu(f, x)Mu(h)(x) + 2C

2/u
D Mu(Nu(f) · h)(x).Now, taking the supremum on the left hand side, then the Ls-norm of bothsides, and using the fa
t that 1 ≤ u < s ≤ q we obtain

∥

∥

∥

∥

sup
r>0

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u|h(y)|u dµ(y)

)1/u∥

∥

∥

∥

s

≤ C[‖Nu(f) · Mu(h)‖s + ‖Mu(Nu(f) · h)‖s]

≤ C[‖Nu(f)‖p‖Mu(h)‖q + ‖Nu(f) · h‖s] ≤ C‖Nu(f)‖p‖h‖q.Theorem 3 (Produ
t Rule Estimate). Let 1 < p1, p2 < ∞, 1 < q1, q2

≤ ∞, 1 < s ≤ ∞, 1 < u < s and 1/s = 1/p
1

+ 1/q
1

= 1/p
2

+ 1/q
2
. If

Nu(f) ∈ Lp1 , Nu(g) ∈ Lp2 , f ∈ Lq2 and g ∈ Lq1 , then Nu(fg) ∈ Ls, andthere is a 
onstant C independent of f and g su
h that
‖Nu(fg)‖s ≤ C[‖Nu(f)‖p1

‖g‖q1
+ ‖Nu(g)‖p2

‖f‖q2
].Proof. We write

Nu(fg)(x) = sup
r

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y)g(y)− f(x)g(x)|u dµ(y)

)1/u

≤ sup
r

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u|g(y)|u dµ(y)

)1/u

+ sup
r

1

r

(

1

µ(Br(x))

\
Br(x)

|g(y) − g(x)|u|f(x)|u dµ(y)

)1/u

≤ sup
r

1

r

(

1

µ(Br(x))

\
Br(x)

|f(y) − f(x)|u|g(y)|u dµ(y)

)1/u

+ Nu(g, x)f(x).We now 
ompute the Ls-norm of both sides, and using Theorem 2 andHölder's inequality to estimate the terms on the right hand side, we obtain
‖Nu(fg)‖s ≤ C[‖Nu(f)‖p1

‖g‖q1
+ ‖Nu(g)‖p2

‖f‖q2
].Theorem 4 (Chain Rule Estimate). Let F ∈ C1(C) and H(z) =

sup|w|<|z| |F
′(w)|, where |F ′(w)| denotes |∇Re(F )(w)| + |∇ Im(F )(w)|. Let
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1/s = 1/p + 1/q, 1 < s ≤ ∞, 1 < p ≤ ∞, 1 < q ≤ ∞, 1 ≤ u < s. If
Nu(g) ∈ Lq and H ◦ g ∈ Lp, then Nu(F ◦ g) ∈ Ls and

‖Nu(F ◦ g)‖s ≤ C‖H ◦ g‖p‖Nu(g)‖qwith C independent of F and g.Proof. Observe that
sup

0≤λ≤1
|F ′(λz1 + (1 − λ)z2)| ≤ H(z1) + H(z2)for any z1, z2. Then applying the Mean Value Theorem we have

|F (g(y))− F (g(x))| ≤ sup
0≤λ≤1

|F ′(λg(y) + (1 − λ)g(x))| |g(y)− g(x)|

≤ [H(g(y)) + H(g(x))]|g(y)− g(x)|.Therefore
Nu(F ◦ g, x) = sup

r>0

1

r

(

1

µ(Br(x))

\
|F (g(y)) − F (g(x))|u dµ(y)

)1/u

≤ sup
r

1

r

(

1

µ(Br(x))

\
Br(x)

|g(y)−g(x)|uHu(g(y)) dµ(y)

)1/u

+H(g(x))Nu(g, x).We now 
ompute the Ls-norm of both sides, and using Theorem 2 andHölder's inequality to estimate the terms on the right hand side, we obtain
‖Nu(F ◦ g)‖s ≤ C‖H ◦ g‖p‖Nu(g)‖q.

Corollary (of Theorem 3). Let Lp
1 be the spa
e of fun
tions f su
h that

f ∈ Lp and Nu(f) ∈ Lp, 1 ≤ u < p. Then Lp
1∩L∞ is 
losed under pointwisemultipli
ation.Proof. Let f, g ∈ Lp

1∩L∞. Clearly f ·g is in Lp∩L∞. On the other hand,from Theorem 3 with q1 = q2 = ∞ and p1 = p2 = p we get Nu(fg) ∈ Lp.

Corollary (of Theorem 4, Power Rule Estimate). Let F (z) = zn, ninteger > 1, 1/s = 1/p+1/q, 1 < s ≤ ∞, 1 < p ≤ ∞, 1 < q ≤ ∞, 1 ≤ u < s.If gn−1 ∈ Lp and Nu(g) ∈ Lq, then Nu(gn) ∈ Ls and
‖Nu(gn)‖s ≤ Cn‖g

n−1‖p||Nu(g)||q.Proof. This follows from Theorem 4 by observing that H(z) ≤ cn|z
n−1|.

Note 1. The expli
it formula for H in Theorem 4 was suggested byMi
hael Christ (personal 
ommuni
ation).
Note 2. The Power Rule Estimate 
an also be proven dire
tly usingTheorem 2 and Hölder's inequality, by observing that

gn(x) − gn(y) = (g(x) − g(y)) ·

( n−1
∑

k=0

gn−1−k(x)gk(y)

)
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1

s
=

1

p
+

n − k − 1

(n − 1)q
+

k

(n − 1)q
.

Note 3. Observe that the de�nition of the Calderón Maximal Fun
tionand inequality (2.1) imply that �f is a Lips
hitz fun
tion of order 1 if andonly if Nu(f) is in L∞, and ‖f‖Lip(1) is equivalent to ‖Nu(f)‖∞�.
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