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STRONGLY BOUNDED AUTOMORPHISM GROUPSBYA. IVANOV (Wroªaw)Abstrat. A group G is strongly bounded if every isometri ation of G on a metrispae has bounded orbits. We show that the automorphism groups of typial ountablestrutures with the small index property are strongly bounded. In partiular we show thatthis is the ase when G is the automorphism group of the ountable universal loally �niteextension of a periodi abelian group.0. Introdution. A group G has property (FH) if every a�ne isometriation of G on a Hilbert spae has a �xed point [7℄. For ountable groupsproperty (FH) is equivalent to Kazhdan's property (T) (see [7℄). Reentpapers [1℄ and [4℄ ontain unountable examples of (FH)-groups: Sym(ω)and Hω, where H is a non-trivial �nite perfet group. The latter example wasfound by Koppelberg and Tits in [13℄ as the �rst example of an unountablegroup with Serre's property (FA) (that any ation on a simpliial tree withoutinversions has �xed points). Now it is known that (FH) implies (FA) (see [7℄).On the other hand, property (FA) implies the following one: A group G haso�nality > ω if G annot be presented as the union of a stritly inreasinghain {Hn : n ∈ ω} of proper subgroups. We now de�ne the main notion ofthe paper.Definition 1 ([1℄, [4℄). A group G is Cayley bounded if for every gen-erating subset U ⊂ G there exists n ∈ ω suh that every element of G is aprodut of n elements of U ∪ U−1 ∪ {1}. A group is strongly bounded if it isCayley bounded and has o�nality > ω.It is shown in [4℄ that strongly bounded groups have property (FH).Moreover G is strongly bounded if and only if every isometri ation of Gon a metri spae has bounded orbits ([4, Proposition 2.4℄). The groups

Sym(ω) and Hω, where H is a non-trivial �nite perfet group, are stronglybounded. This fat for the latter group has been proved in [4℄ and thus
Hω has beome the �rst example answering the question from [7℄ whetherunountable (FH)-groups exist.2000 Mathematis Subjet Classi�ation: 20F50, 03C60, 20E08.Key words and phrases: strongly bounded group, generi automorphism, universalloally �nite group. [57℄



58 A. IVANOVThe ase of Sym(ω) has been onsidered in [1℄. The proof there is basedon some ideas from [16℄. In our paper we suggest another approah, whihovers many ases of this kind. We prove that if a ountable struture Mhas an amalgamation base (see [10℄), then Aut(M) has a property very loseto strong boundedness. As a orollary we will see that many well knownautomorphism groups are strongly bounded. We also extend the number ofexamples by the automorphism group of the ountable universal loally �nitegroup and some related groups.The property whih we study is slightly tehnial and is a topologialversion of the ondition arising in the following (very useful) haraterizationof strongly bounded groups, whih has been proved in [4, Proposition 2.7℄:A group G is strongly bounded if and only if for every presenta-tion of G as G =
⋃

Xn for an inreasing sequene Xn, n ∈ ω, with
{1} ∪ X−1

n ∪ Xn · Xn ⊆ Xn+1 there is a number n suh that Xn = G.Further de�nitions are given in the next setion.When the paper was submitted, Y. de Cornulier informed the authorthat independently A. Kehris and Ch. Rosendal had obtained in [12℄ astronger version of our Theorem 4. Using it they have proved that if G isa losed oligomorphi subgroup of Sym(ω) having ample generi elements,then G is strongly bounded (Theorem 5.17 of [12℄). This overs all pos-sible oligomorphi appliations of Theorem 4. Therefore we onentrate onlyon non-oligomorphi examples omitting the ases of the random graph and
ω-ategorial ω-stable strutures.The author is grateful to Y. de Cornulier for his remarks and for pointingout a mistake in the �rst version of the paper, and to A. Kehris for ommentsonerning further investigations in the area.The researh is supported by KBN grants 2 P03A 007 19 and 1 P03A 02528. The researh was partially done when the author held a visiting positionat the Institute of Mathematis, Polish Aademy of Sienes.
Notation. We denote by ω the set of all non-negative integer numbers;

Z(m) = the yli group onsisting of m elements.1. Generi automorphisms and strong boundedness. For a ount-able struture M we study Aut(M) as a losed subgroup of Sym(ω). Here weonsider Sym(ω) as a omplete metri spae by de�ning d(g, h) =
∑

{2−n :
g(n) 6= h(n) or g−1(n) 6= h−1(n)}. It is well known that all losed subgroupsof Sym(ω) are of the form Aut(M) for appropriate strutures M de�nedon ω.Definition 2 (see [10℄). An Aut(M)-invariant set Γ of �nite subsetsof M (inluding ∅) is an amalgamation base if:
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• any tuple α of �nite maps extendible to a tuple of automorphisms hasan extension to a tuple of automorphisms induing a tuple of permu-tations on some A ∈ Γ with Dom(α) ⊆ A;
• for any A, B, C ∈ Γ with A ⊆ B, A ⊆ C there exist γ ∈ Aut(M/A)and D ∈ Γ ontaining C ∪ γ(B) suh that whenever α, β ∈ Aut(M)indue permutations of γ(B) and C whih agree on A then there exists

δ ∈ Aut(M) extending both α|γ(B) and β|C and induing a permuta-tion on D.Theorems 2.9 and 5.3 of [10℄ prove that if M has an amalgamation baseas above, then M has the small index property : any subgroup of Aut(M) ofindex less than the ontinuum is open.It is worth noting that in [10℄ the orresponding de�nition is slightlywider. Nevertheless the formulation given in De�nition 2 holds for all ex-amples studied in [10℄. We use this form beause it allows us to �nd easilysome additional properties of Aut(M). We now desribe this in detail.A tuple g = (g1, . . . , gn) ∈ Aut(M)n is Γ -generi if the following twoonditions hold:(a) for any A∈ Γ the set of pointwise stabilizers {Aut(M/B) : A⊆B ∈ Γand gi(B) = B for all i ≤ n} is a base of open neighbourhoods of 1in Aut(M);(b) for any g-invariant A ∈ Γ and any B ∈ Γ extending A, if h is atuple of permutations of B whih agree with g on A, then there is
α ∈ Aut(M/A) suh that gα extends h.By Proposition 2.3 of [10℄, if two Γ -generi tuples g and g′ indue the samepermutation of a set B ∈ Γ , then there is α ∈ Aut(M/B) onjugating gto g ′. In partiular we see that all Γ -generi tuples are onjugate (beausewe assume ∅ ∈ Γ ).Theorem 2.9 of [10℄ states that if Γ is an amalgamation base of M , thenthe set of all Γ -generi tuples from (Aut(M))n is omeagre in (Aut(M))n inthe produt topology (in [10℄ the proof is given for ω-ategorial strutures,but it works in general; see [2℄).As a result we obtain the following statement (probably folklore).Proposition 3. If a ountable struture M has an amalgamation base Γthen for any n the spae (Aut(M))n has generi tuples (its Aut(M)-orbit inthe spae (Aut(M))n under the onjugay ation on oordinates is omeagre)and they are exatly the Γ -generi tuples.We are ready to formulate the main result of this setion (1).(1) It is shown in [12℄ that the statement of the theorem holds under the weakerassumption that for every n the spae (Aut(M))n has a generi tuple.



60 A. IVANOVTheorem 4. Assume that M is ountably in�nite and has an amalga-mation base. Let X0 ⊆ X1 ⊆ · · · ⊆ Xi ⊆ · · · be an inreasing sequene suhthat Aut(M) =
⋃

Xi and for eah n, {1} ∪X−1
n ∪Xn ·Xn ⊆ Xn+1 and Xndoes not ontain an open subgroup. Then Xn = Aut(M) for some n.Proof. Let G = Aut(M). Let Γ be an amalgamation base of M . Assumethat the sequene Xn is stritly inreasing. If for some tuple a ∈ M and somenumber n ∈ ω the set Ga ∩Xn is omeagre in the stabilizer Ga = Aut(M/a)(thus has the Baire property and is non-meagre in Ga), then Pettis' theorem([11, Theorem 9.10℄) implies that the set (Ga ∩ Xn) · (Ga ∩ Xn)−1 ontainsan open neighbourhood of 1. Sine Xn · Xn · X−1

n ⊆ Xn+2, we see that
Xn+2∩Ga = Ga, thus Xn+2 ontains an open subgroup of G, a ontradition.As the union of ountably many meagre sets is meagre, we may assumethat no Xn is meagre in G. Now for any a and n some gGa ∩ Xn is notmeagre in gGa; thus Ga ∩Xn+2 is not meagre in Ga. Hene we may assumethat Ga ∩ Xn is not meagre in Ga for any a and n.Our further argument is based on the proof of Theorem 6.1 of [10℄. Webuild a binary tree {gs : s ∈ 2<ω} ⊂ G suh that for any s ∈ 2<ω wehave gs0 ∈ X|s|, gs1 6∈ X|s|+2 and the tuple (g∅, gs(1), . . . , gs) is a Γ -generituple of automorphisms. Then for every s ∈ 2<ω we de�ne γs ∈ G sothat gγs1

s1 = gγs0

s0 = gγs

s0 (at every step existene of suh γs will follow fromProposition 2.3 of [10℄).We start our onstrution from any generi g∅ and γ∅ := idM . Enu-merate M = {a0, . . . , an, . . .}. Assume that all γs with |s| = n are alreadyde�ned. Let A = {a0, . . . , an, γ−1
s (a0), . . . , γ

−1
s (an)}. Sine (g∅, gs(1), . . . , gs)is a generi tuple of automorphisms, there is a �nite Bs ⊂ M suh that

A ⊆ Bs and all g∅, gs(1), . . . , gs belong to the G-stabilizer of the set Bs. Bythe Kuratowski�Ulam Theorem the set C = {g ∈ G : (g∅, gs(1), . . . , gs, g) is
Γ -generi} is omeagre in G. Sine GBs

∩Xn is neither meagre nor omeagre,there are gs0 ∈ C ∩ GBs
∩ Xn and gs1 ∈ (C ∩ GBs

) \ Xn+2. Sine the tuples
(g∅, gs(1), . . . , gs, gs0) and (g∅, gs(1), . . . , gs, gs1) are generi and agree on Bs,there is f ∈ GBs

suh that
(g∅, gs(1), . . . , gs, gs1)

f = (g∅, gs(1), . . . , gs, gs0).De�ne γs0 := γs and γs1 := f · γs.By the hoie of Bs for any σ ∈ 2ω the sequene γσ|n, n ∈ ω, is a Cauhysequene. As a result it has a limit γσ. For σ 6= τ with σ|n = s0 and τ |n = s1we have gγσ

s0 = gγs0

s0 = gγs

s0 and gγτ

s1 = gγs1

s1 = gγs

s0 (by the hoie of f at everystep). Sine gs0 ∈ Xn and gs1 6∈ Xn+2, we see that γσγ−1
τ 6∈ Xn. On the otherhand, as G =

⋃
Xn, we may assume that Xn−2 ontains unountably manyelements γδ. Thus we may assume that γσ and γτ as above are in Xn−2. Thistogether with the properties of the sequene Xn gives a ontradition withthe ondition γσγ−1

τ 6∈ Xn.



STRONGLY BOUNDED AUTOMORPHISM GROUPS 612. Universal loally �nite extensions of abelian groups. In 1959Ph. Hall [6℄ disovered the ountable universal loally �nite group U . Thegroup has beome an attrative objet both for algebraists [8℄, [9℄ and logi-ians [14℄, [15℄. Below we give an extended version of the original de�nition.Let A denote a ountable periodi abelian group. A loally �nite group
G is alled a universal loally �nite extension of A (see [9℄) if A ⊆ Z(G)and the following ondition (A-injetivity) is satis�ed: suppose A ≤ B ≤ Dwith A ⊂ Z(D) and |D/A| < ∞; then for any A-embedding φ : B → G(φ(a) = a for a ∈ A) there exists an A-embedding D → G whih extends φ.It is known that suh a group G is unique if |G| = ω (see [9℄); in this ase itis denoted by H(A). It is also known that any �nite partial automorphism�xing A pointwise extends to an inner automorphism of H(A).The following theorem is the main point of this setion. In the formu-lation, we denote by Aut(H(A)/A) the set of all automorphisms of H(A)whih �x A pointwise.Theorem 5. The group Aut(H(A)/A) is strongly bounded.2.1. Universal loally �nite groups. The proof of Theorem 5 is based onthe following presentation of H(A). Let KA be the isomorphism losure ofthe lass of all �nite subgroups of H(A) in the language extended by symbolsfor all elements of A (and denoted by LA). The subgroups are onsidered aspartial models of LA. Then KA has the joint embedding property and theamalgamation property; H(A) is the universal homogeneous struture for
KA (see [9℄).We now desribe the amalgamation in KA (following Lemmas 2 and 3of [9℄); this will also be applied in the proof. Let L, K and E = L ∩ K bestrutures from KA. We may assume that they all have the same intersetionwith A (otherwise extend the group, say L, to an appropriate subgroup of thediret sum of L and A with L∩A amalgamated). Let S be a left transversalof E in L and T be a left transversal of E in K. The permutation produt of Land K relative to S and T is the subgroup P < Sym(S × T × E) generatedby L and K whih are onsidered as permutation groups on S ×T ×E withthe following ations:

(s, t, e)l = (s′, t, e′), where s · e · l = s′ · e′,

(s, t, e)k = (s, t′, e′), where t · e · k = t′ · e′.It is easy to see that P amalgamates L and K over E under their represen-tations in P . Now the group H(A) is onstruted by Fraissé's proedure asa tower of strutures from KA: G1 ≤ · · · ≤ Gn ≤ · · · . At every step thegroup Gn+1 is obtained from Gn by amalgamation with some embeddingover A of a subgroup E ≤ Gn into some struture from KA.



62 A. IVANOVLet us verify that G :=
⋃

Gi has the property in the de�nition of H(A).If B is a subgroup of G :=
⋃

Gi, A ≤ B < D and |D/A| is �nite, then �nda �nite D0 < D suh that D is the diret sum of D0 and A with D0 ∩ Aamalgamated. We may additionally assume that B is generated by D0 ∩ Band A. By the onstrution of G the group D0 is A-embeddable into G over
B ∩ D0. It is easy to see that the image σ(D0) and A generate a subgroupof H(A) whih is B-isomorphi to D.Proof of Theorem 5. The proof onsists of two steps. The �rst one is thelaim that Aut(H(A)/A) has an amalgamation base. The seond one is aredution of the statement of the theorem to Theorem 4.First we prove that KA (onsidered as the lass of all subgroups of H(A))is an amalgamation base. We want to verify the amalgamation property fromthe de�nition of amalgamation bases and the property that any n-tuple αof �nite partial automorphisms extends to an n-tuple γ of automorphismsof some D ∈ KA (�xing D ∩ A pointwise).To see the latter we may assume that the tuple α is de�ned on a subgroup
K of H(A). Then for suh a pair (K, α), with K ∈ KA, any Range(αi) isa subgroup of K (where αi ∈ α). Moreover de�ning α on K ∩ A to be theidentity we have

K ∩ A = Range(αi) ∩ A = Dom(αi) ∩ A.To �nd an appropriate pair (D, γ) extending (K, α) we apply Lemma 1from [6℄: any isomorphism between two subgroups of K is realized by aninner automorphism of Sym(K) under the regular representation of K in
Sym(K). Now the entralizer of K ∩ A in Sym(K) beomes the requiredextension D of K, where α is extended to a tuple of automorphisms �xing
K ∩ A pointwise.Let us verify that the amalgamation property from the de�nition of amal-gamation bases holds for KA. Let L, K and E = L ∩ K be struturesfrom KA. We assume that these groups have the same intersetion with A(otherwise extend the group, say L, to an appropriate subgroup of the diretsum of L and A with L ∩ A amalgamated). Let S be a left transvesal of Ein L and T be a left transversal of E in K. Let J be the permutation prod-ut of L and K relative to S and T . We laim that taking an embedding of
J into H(A) over L and A we obtain the required γ(K) and the requiredommon extension D of L and γ(K).To see this let α ∈ Aut(L), β ∈ Aut(K) and let λ ∈ Aut(E) be induedby both α and β. The groups 〈α〉 and 〈β〉 are homomorphi images of aommon �nite group 〈δ〉, and α ∈ Aut(L) and β ∈ Aut(K). Then onsiderthe semidiret produts L⋊〈δ〉 and K⋊〈δ〉. They have isomorphi subgroupsgenerated by E and 〈δ〉. Sine δ preserves E, we have L ∩ 〈E, δ〉 = E =
K ∩ 〈E, δ〉. We now see that S is a left transversal of 〈E, δ〉 in L ⋊ 〈δ〉



STRONGLY BOUNDED AUTOMORPHISM GROUPS 63and T is a left transversal of 〈E, δ〉 in K ⋊ 〈δ〉 respetively. Amalgamatingthis diagram by the method desribed before the proof we obtain a ommonextension Ĵ of L⋊〈δ〉 and K⋊〈δ〉, where both α on L and β on K are realizedby the inner automorphism indued by δ. It is lear that J is isomorphi tothe subgroup generated by L and K in Ĵ . Therefore the lass KA is anamalgamation base. Below we apply this for the seond step of the proof.We use some arguments similar to Theorem 1.3 of [2℄. Let
G := Aut(H(A)/A) =

⋃

i∈ω

Xi,where X0 ⊆ X1 ⊆ · · · is a hain of subsets of G satisfying de Cornulier'sondition (as at the end of the Introdution). To apply Theorem 4 we onlyneed to show that for all natural numbers m, Xm ontains no open subgroups.Suppose, to the ontrary, that some Xm ontains an open subgroup L < G.Then there is a �nite subgroup F < H(A) suh that the pointwise stabilizer
GF is a subgroup of L. Take F ′ < H(A) suh that 〈F, F ′〉 is isomorphi to
F ⊕F∩A F under an isomorphism �xing F and mapping F ′ onto another F .Then F and F ′ are of the same isomorphism type over A in H(A) and
F ∩ F ′ ⊆ A. By inreasing m if neessary we may assume that Xm ontainsall automorphisms mapping F onto F ′ and �xing A. Then GF ′ ⊆ X−1

m ·
Xm · Xm ⊆ Xm+2 and for any F ′′ of the same GF -orbit with F ′ over A wesimilarly have GF ′′ ⊆ Xm+4.Let α ∈ G. Let β be an inner automorphism of H(A) suh that β|F = α|F .Then β−1α ∈ GF . Find a �nite subgroup F ′′ as above suh that the elementof H(A) whih indues β, entralizes F ′′ (apply universality of H(A)). Then
β ∈ GF ′′ and α ∈ Xm+4 · Xm+4 ⊆ Xm+5. Hene G = Xm+5.The restrition map Aut(H(A)) → Aut(A) is a surjetive homomorphismwith the kernel Aut(H(A)/A). By Theorem 5 if Aut(H(A)) ats on a tree
T (resp. a Hilbert spae H) by (a�ne) isometries, then TAut(H(A)/A) 6= ∅(resp. H

Aut(H(A)/A) 6= ∅) and therefore Aut(H(A)) �xes a point if and onlyif Aut(A) �xes a point on TAut(H(A)/A) (resp. HAut(H(A)/A)). As a result wehave the following theorem.Theorem 6. Suppose that A is a ountable periodi abelian group. Then
Aut(H(A)) has property (FA) (resp. (FH)) if and only if Aut(A) does.2.2. Strongly bounded automorphism groups of ountable abelian p-groups.Let A denote a ountable periodi abelian group (as in Theorem 6). It is wellknown that A deomposes into a diret sum ∑

p Dp⊕
∑

p Up, where eah Dpis a diret sum of Prüfer groups Z(p∞) and eah Up is a redued p-group(without divisible subgroups). Sine eah Dp is a harateristi subgroupof A, ∏
p Aut(Dp) is a homomorphi image of Aut(A) (Chapter 16 of [5℄).



64 A. IVANOVIt is lear that Aut(A) has property (FH) (resp. (FA)) if and only if so dothe groups ∏
p Aut(Dp) and the orresponding kernel. In our next result westrengthen Theorem 6 by reduing the problem if Aut(H(A)) satis�es (FH)to the kernel.To �nd amalgamation bases of abelian p-groups we shall use a fat whihan be dedued from the orresponding hapters of [5℄; it is expliitly statedin Theorem 1.2 of [3℄ desribing abelian groups with quanti�er elimination:Let C be Z(pn), where n ∈ (ω \ {0}) ∪ {∞}. Let B =

⊕
i<l C, where

l ∈ ω ∪ {ω}. Then any isomorphism between �nite subgroups of Bextends to an automorphism of B.For n = ∞ (this is the only ase we are interested in) the group B is theountable universal homogeneous struture with respet to the lass L ofall �nite subgroups. This means that L has the joint embedding propertyand the amalgamation property (in the standard sense): the amalgamationof groups H, K ∈ L an be easily obtained by ⊕ with K ∩H amalgamated.Theorem 7. Let Q be a set of prime numbers and f be a funtion Q →
(ω \ {0}) ∪ {∞}. For p ∈ Q let Ap(f) be the diret sum ⊕

ω(Z(pf(p))) ofpairwise isomorphi yli (or Prüfer) groups and A(f) =
⊕

p∈Q Ap(f).Then the group Aut(A(f)) is strongly bounded.Proof. The group Aut(A(f)) ats on the disjoint union Â =
⋃

p∈Q Ap(f).We onsider the set Â as a struture with unary prediates for all Ap(f),where eah Ap(f) is onsidered as an abelian group. The automorphismgroup of that struture oinides with Aut(A(f)).Let K be the lass of all substrutures of Â of the form Kp1
∪ · · · ∪ Kpl(onsidered as tuples (Kp1

, . . . , Kpl
)), where {p1, . . . , pl} ⊆ Q and eah Kpiis a �nite subgroup of Api

(f). We want to show that K is an amalgamationbase of Â.We assume that any partial automorphism of Â is de�ned on a disjointunion of subgroups of appropriate Ap(f)'s (it an be made so). Then forevery pair (K, α), where K ∈ K, any Range(αi) onsists of a olletion ofsubgroups of groups Kpi
from K (where αi ∈ α). The ondition that the setof all pairs (D, α), where D ∈ K and α is an n-tuple of automorphisms of D,is o�nal in the set of n-tuples of partial automorphisms easily follows fromthe fat stated before the theorem.The amalgamation property from the de�nition of amalgamation basesan be shown as follows. For �nite H, K ∈ Ap(f) take the diret sum H⊕H∩K

K of H and K with H∩K amalgamated. If α ∈ Aut(H), β ∈ Aut(K) induethe same automorphism γ of H ∩K, then de�ne δ((h, k)) := (α(h), β(k)) for
(h, k) ∈ H ⊕H∩K K. It is easily seen that δ is an automorphism. Extending



STRONGLY BOUNDED AUTOMORPHISM GROUPS 65this proedure to tuples we see that the lass of substrutures K of Â asabove is an amalgamation base.We now apply this to the statement of the theorem. The appliation isbasially the same as in the proof of Theorem 5.Let A be a ountable periodi abelian group and ∑
p Dp ⊕

∑
p Up be adeomposition of A into a diret sum of Prüfer groups Z(p∞) (ourringin Dp) and redued p-groups Up. As we have already noted, ∏

p Aut(Dp) isa homomorphi image of Aut(A). In the following proposition we onsiderthe ase of ∏
p Aut(Dp).Proposition 8. The group ∏

p Aut(Dp) has either property (FH), (FA),or strong boundedness if and only if every Dp is an in�nite diret sum ofPrüfer p-groups.Proof. Assume that there is p suh that Dp is a �nite diret sum of Prüfer
p-groups. Then it is well known that Aut(Dp) is of the form GLn(Zp), where
Zp is the ring of p-adi integers. By [5, Vol. 2, p. 318℄ the group of units of
Zp is isomorphi to Z(p − 1) × Jp, where Jp is the additive group of p-adiintegers. Consider Jp as a subgroup of the vetor spae Qp over Q. Sine
dim(Qp) = 2ω, the group Jp embeds into R. This means that there exists anon-trivial homomorphism from Aut(Dp) into Jp; it an be realized by thedeterminant (onsidered as a homomorphism onto the group of units of Zp)and the projetion onto Jp. To see that properties (FA), (FH), and strongboundedness do not hold, notie that rank(Jp) = 2ω and the group Jp anbe expressed as the union of a ountable hain of proper subgroups (of ar-dinality 2ω). Thus the o�nality of Aut(Dp) and onsequently ∏

p Aut(Dp)is not greater than ω.For the other diretion it is enough to apply Theorem 7 to ∏
p Aut(Dp)with in�nite-dimensional groups Dp.We �nish this setion by a further remark onerning properties (FH) and(FA). Let p be a prime number. We onsider Up. Let τ be the p-length of Up.It is de�ned to be the minimal ordinal σ with pσUp = 0, where p0Up = Up,

pγ+1Up = p(pγUp) and for limit ordinals ̺, p̺Up =
⋂
{pγUp : γ < ̺} (see [5℄).Let Pσ := pσUp[p], σ ≤ τ . Consider the natural homomorphism (Se-tion 114 of [5℄)

̺ : Aut(Up) →
∏

σ<τ

Aut(Pσ/Pσ+1).Sine Up is ountable the homomorphism is onto (Theorem 114.2 of [5℄). Thequotient Pσ/Pσ+1 is a vetor spae over GF(p). If its dimension is �nite, wehave the natural homomorphism (with vanishing SL) from Aut(Pσ/Pσ+1)onto the multipliative group GF(p)∗.



66 A. IVANOVProposition 9. If Aut(Up) has property (FA) (resp. (FH)), then thenumber of �nite-dimensional spaes Pσ/Pσ+1 is �nite.Proof. If this number is in�nite, by the above we have a homomorphismfrom Aut(Up) onto (GF(p)∗)ω. By Theorem 36.1 of [5℄ a basi subgroup(see [5℄) of (GF(p)∗)ω is an endomorphi image of the group. As a resultwe have a homomorphism onto a diret sum Λ of in�nitely many opies of a�nite yli group. Sine Λ has o�nality ≤ ω, the group Aut(Up) does nothave (FA).3. Free groups. We now give another appliation of Theorem 4. Con-sider the ase of the automorphism group of the free group Fω of rank ω. Let
B onsist of all subgroups of Fω generated by �nite subsets of bases of Fω.It is lear that B is Aut(Fω)-invariant and the pointwise stabilizer of anymember of B is lopen in Aut(Fω). It is shown in [2℄ that:(a) any tuple α of �nite maps extendible to a tuple of automorphisms of

Fω has an extension to a tuple of automorphisms induing a tuple ofpermutations on some A ∈ B with Dom(α) ⊆ A;(b) for any A, B, C ∈ B with A ≤ B, A ≤ C, there exist γ ∈ Aut(Fω/A)and some D ∈ B ontaining C ∪ γ(B) suh that whenever α, β ∈
Aut(Fω) indue permutations of γ(B) and C whih agree on A, thenthere exists δ ∈ Aut(Fω) extending both α|γ(B) and β|C and indu-ing a permutation on D.Although B onsists of in�nite subgroups, the pointwise stabilizer of eah

F ∈ B oinides with the stabilizer of some tuple a ∈ F . This allows us toarry out all standard arguments. Lemma 1.2 of [2℄ states that the set of all
B-generi n-tuples (whih are de�ned exatly as in Setion 1) is omeagrein Aut(Fω). As in Setion 1 we dedue that (Aut(Fω))n has generi tuplesof automorphisms and the set of generi tuples oinides with the set of
B-generi tuples. Applying Theorem 4 and arguments for Theorem 5 (aswell as Theorem 1.3 of [2℄) we obtain the following theorem.Theorem 10. The group Aut(Fω) is strongly bounded.
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