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HISTORIC FORCING FOR Depth
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ANDRZEJ ROSLANOWSKI (Omaha, NE, and Wroctaw) and
SAHARON SHELAH (Jerusalem and New Brunswick, NJ)

Abstract. We show that, consistently, for some regular cardinals 8 < A, there exists
a Boolean algebra B such that |B| = AT and for every subalgebra B’ C B of size AT we
have Depth(B’) = 6.

0. Introduction. The present paper is concerned with forcing a Boolean
algebra which has some prescribed properties of Depth. Let us recall that,
for a Boolean algebra B, its depth is defined as follows:

Depth(B) = sup{|X| : X C B is well-ordered by the Boolean ordering},
Depth™ (B) = sup{|X|" : X C B is well-ordered by the Boolean ordering}.

(Depth™(B) is used to deal with attainment properties in the definition
of Depth(B); see e.g. [5, §1].) The depth (of Boolean algebras) is among
cardinal functions that have more algebraic origins, and their relations to
“topological fellows” is often indirect, though sometimes very surprising. For
example, if we define

Depthyy, (B) = sup{Depth(B/I) : I is an ideal in B},

then for any (infinite) Boolean algebra B we will find that Depthy, (B) is
the tightness t(B) of the algebra B (or the tightness of the topological space
Ult(B) of ultrafilters on B; see [3, Theorem 4.21]). A somewhat similar func-
tion to Depthy, is obtained by taking sup{Depth(B’) : B’ is a subalgebra
of B}, but clearly this brings nothing new: it is the old Depth. But if one
wants to understand the behaviour of the depth for subalgebras of the
Boolean algebra considered, then looking at the following subalgebra Depth
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relation may be very appropriate:

Depthg, (B) = {(k, 1) : there is an infinite subalgebra B’ of B such that
|B’| = p and Depth(B') = x}.

A number of results related to this relation are presented by Monk in [3,
Chapter 4]. There he asks if there are a Boolean algebra B and an infinite
cardinal § such that (6, (2°)*) € Depthg, (B), while (w, (2°)*) & Depthg, (B)
(see Monk [3, Problem 14]; we refer the reader to Chapter 4 of Monk’s
book [3] for the motivation and background of this problem). Here we will
partially answer this question, showing that it is consistent that there are
such B and 6. The question if that can be done in ZFC remains open.

Our consistency result is obtained by forcing, and the construction of the
required forcing notion is interesting per se. We use the method of historic
forcing which was first applied in Shelah and Stanley [9]. The reader familiar
with [9] will notice several correspondences between the construction here
and the method used there. However, we do not rely on that paper and our
presentation here is self-contained.

Let us describe how our historic forcing notion is built. We fix two (reg-
ular) cardinals 6, A and our aim is to force a Boolean algebra Bg such that
IBY| = AT and for every subalgebra B C B of size A* we have Depth(BB) = 6.
The algebra BY will be generated by (z; : i € U) for some set U C A*.
A condition p will be an approximation to the algebra IB%?\, it will carry the
information on what the subalgebra B, = (x; : i € up>B§ is like for some
uP C AT, A natural way to describe algebras in this context is by listing
ultrafilters (or: homomorphisms into {0,1}):

DEFINITION 1. For a set w and a family F' C 2% we define
A(F) = {g € 2°: (u € [u]<*)(3f € F)(flu = glu)}.

Let B(,, r) be the Boolean algebra generated freely by {z, : a € w} except
that if ug,u; € [w]<* and there is no f € F such that flug =0, flu; =1

then
/\ To N /\ (—x4) =0.

acuy aCug

This description of algebras is easy to handle, for example:

PROPOSITION 2 (see [8, 2.6]). Let FF C 2. Then:

(1) Each f € F eatends (uniquely) to a homomorphism from B, ) to
{0,1} (d.e. it preserves the equalities from the definition of B, py). If F is
closed, then every homomorphism from B, gy to {0,1} extends exactly one
element of F.
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(2) If 7(yo,...,y) is a Boolean term and ao,...,a; € w are distinct
then

Bw,ry F T(%ag, -, 2a,) 0 if and only if
(3f € F){0,1} E 7(f(a0), - -, flax)) = 1).
(3) If w C w*, F* C 2% and
(VfeF)3ge F*)(fCg) and (Vg€ F")(glw € cl(F))
then B, ry is a subalgebra of By« .

So each condition p in our forcing notion P§ will have a set u? € [A+]<*
and a closed set FP C 2% (and the relevant algebra will be B, = Bur,Fr))-
But to make the forcing notion work, we will have to put more restrictions
on our conditions, and we will be taking only those conditions that have
to be taken to make the arguments work. For example, we want that car-
dinals are not collapsed by our forcing, and demanding that ]P’§\ is AT-cc
(and somewhat (<\)-closed) is natural in this context. How do we argue
that a forcing notion is AT-cc? Typically we start with a sequence of AT
distinct conditions, we carry out some “cleaning procedure” (usually involv-
ing the A-lemma etc.), and we end up with (at least two) conditions that
“can be put together”. Putting together two (or more) conditions that are
approximations to a Boolean algebra means amalgamating them. There are
various ways to amalgamate conditions—we will pick one that will work
for several purposes. Then, once we declare that some conditions forming a
“clean” A-sequence of length 6 are in P¢, we will be bound to declare that
the amalgamation is in our forcing notion. The amalgamation (and natural
limits) will be the only way to build new conditions from the old ones, but
the description above still misses an important factor. So far, a condition
does not have to know what are the reasons for it to be called to ]P"i. This
information is the history of the condition and it will be encoded by two
functions h?, gP. (Actually, these functions will give histories of all elements
of uP describing why and how those points were incorporated into u?. Thus
both functions will be defined on u?P x ht(p), were ht(p) is the height of the
condition p, that is, the step in our construction at which the condition p is
created.) We will also want that our forcing is suitably closed, and getting
“(<\)-strategically closed” would be fine. To make that happen we will have
to deal with two relations on P§: <., and <. The first (“pure”) is (<\)-closed
and it will help in getting the strategic closure of the second (main) one.
In some sense, the relation <, represents “the official line in history”, and
sometimes we will have to rewrite that official history, see Definition 6 and
Lemma 7 (on changing history see also Orwell [4]).

The forcing notion IP"?\ has some other interesting features. (For example,
conditions are very much like fractals, they contain many self-similar pieces:
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see Definition 10 and Lemma 11.) The method of historic forcing notions
could be applicable to other problems, and this is why in our presentation
we separated several observations of general character (presented in the first
section) from the problem specific arguments (Section 2).

NoOTATION. Our notation is standard and compatible with that of clas-
sical textbooks on set theory (like Jech [1]) and Boolean algebras (like Monk
[2], [3]). However in forcing considerations we keep the older tradition that

the stronger condition is the greater one.
Let us list some of our notation and conventions.

1. Throughout the paper, 0, A are fixed regular infinite cardinals, 6 < A.

2. A name for an object in a forcing extension is denoted with a dot
above (like X) with one exception: the canonical name for a generic filter in
a forcing notion P will be called Ip. For a P-name X and a P-generic filter
G over V, the interpretation of the name X by G is denoted by X©.

3.1,5,a,03,7,6, ... will denote ordinals.

4. For a set X and a cardinal A, [X]<* stands for the family of all subsets
of X of size less than \. The family of all functions from Y to X is called
XY If X is a set of ordinals then its order type is denoted by otp(X).

5. In Boolean algebras we use V (and \/), A (and /) and — for the

Boolean operations. If B is a Boolean algebra and z € B then 2° = =z,

xt = —x.
6. For a subset Y of an algebra B, the subalgebra of B generated by Y

is denoted by (Y)s.

Acknowledgements. We would like to thank the referee for valuable
comments and suggestions.

2. The forcing and its basic properties. Let us start with the def-
inition of the forcing notion ]P’i. By induction on o < A we will define sets
Pg’A of conditions, and for each p € ngA we will define wP, FP ht(p), h?
and gP. Also we will define relations <% and <{, on P2, Our inductive
requirements are:

(1)q for each p € P9*: uP € [AT]<} ht(p) < o, FP C 2% is a non-empty
closed set, gP is a function with domain dom(g”) = u? x ht(p) and values of
the form (I, 7), where [ < 2 and 7 is a Boolean term, and h? : u? x ht(p) —
0 + 2 is a function,

(ii)o <%, <5, are transitive and reflexive relations on P2 and <% ex-
tends Sgr,

(i) if p,q € P2, p <@ @, then w? C u?, ht(p) < ht(q), and FP =
{fluP . f € F}, and if p <5, ¢, then for every i € u? and { < ht(p) we have

hP(i,€) = h(i, &) and g7(i, §) = g(i, §),
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(iv)q if 8 < o then Pg’A C PJ*, <2 extends <f, and <* extends <°.

For a condition p € P?*, we will also declare that B? = B(u»,rry (the
Boolean algebra defined in Definition 1).

We define PS* = {(€) : € < AT} and for p = (€) we let FP = 2{&},
ht(p) = 0 and h? = () = gP. The relations Sgr and < are both the equality.
[Clearly these objects are as declared, i.e., clauses (i)o—(iv)o hold true.]

If v < Ais a limit ordinal, then we put

Py ={{pe: £ < 7> (V€ < ¢ <)(pe € PO & hi(pe) = € & pe <5, p0)}
P9 A U P9 A UP
a7y
and for p = (pg : £ <) € P we let
W= | Jure,  FP={f €2 (Ve <) (fluP € FP)},  hi(p) =7
£<y
and A? = (J, . hP¢ and g¥ = (J,_, gP¢. We define <7 and <}, by:
p <J: ¢ if and only if
either p,q € P2* a <~ and p <t @
07‘q—<q5.£<7>€P* p € P and p <7, qo for some a < 7,
orp =g;
p <7 q if and only if
either p,q € P2* a <~ and p <% ¢,
07“q:<q5:£<'y>€Pj:,p€Pg’A and p <% ¢, for some a < 7,
orp=(pe:§<v)€P;,q={qe:€{<) € P} and
(36 < )(VE <)(8 < €= pe <° ge).
It is straightforward to show that clauses (i),—(iv), hold true.]
Suppose now that a < A. Let P}, consist of all tuples
(¢, 7™, n" u”, (pe,ve : £ < 0))
such that for each & < & < 6:

(@) ¢* < O,n* <w, 7 =7"(y1,...,Yn~) is a Boolean term, u* € [A\+]<*,
(8) pe, € Pat, ht(p) = a, ve, € [uPeo]™
(7) the family {uP¢ : £ < 0} forms a A-system with heart «* and uPo \ u*
# () and
sup(u*) < min(uP% \ u*) < sup(uPé \ u*) < min(uPer \ u*),

(6) otp(uPso) = otp(uPér) and if H : uPé — wPé is the order iso-
morphism then H[u* is the identity on u*, FP¢o = {f o H : f € FPa},
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Hlve,| = ve, and
(Vj € uP0) (VB < a)(hPo (4, B) = h*<1 (H(j), B) &
g’ (5, 8) = g"* (H(j), B))-
We put Pefl = P9y Py, and for p = (C*, 7%, n*, u*, (pe,ve : £ < ) €
P; , welet uP = U£ g uPé and

«

FP={fe2 (V& < O)(fluPs € FP¢) and for all £ < ¢ < 0,
f(Omaj(T3.6, T3.641, T3.642)) < f(Omaj(T3.¢, Ta.c41, T3.c+2)) )
where 7¢ = 7"(z; 1 i € ve) for £ < 0 (so 7¢ is an element of the algebra
BP¢ = B re prey), and omaj(Yo,y1,y2) = (Yo Ay1) V (Yo Ay2) V (y1 A y2).
Next we let ht(p) = o + 1 and we define functions h?, g on u? x (o + 1) by
hPe(j,B) if jeuPe, £ <0, B <a,
. 0 ifjeu*, B=a
p — ’ ’
h(])ﬁ)_ 9+1 iijUpC*\U*,ﬁ:a,
§ if jeurs \ur, £<0, §#¢7, f=
gre(j,B) ifjeurs, £<0, B<a,
9°(G,B) =< (L) ifjewv, £<0, f=aq,
(0,7*) if jeurs \ve, £<6, 8=q.
Next we define the relations SI")‘;L Land <*! by:

p <&t ¢ if and only if

either p,q € P9 A and p <pr ¢

or q = (C*, 7", n*, u*, (ge,ve 1 £ < 0)) € +1,p€P A ; and p <85, qe-,

or p =g;

p <*t1 ¢ if and only if

either p,q € P2 and p <“ ¢,

or ¢ = (C*, 7", n*,u*, (qe,ve : £ <0)) € Pi 1, pE P2 and p <% ¢ qe for
some & < 0,

or p=(C*, 7%, 0", u*, (pe,ve : £ < 0)), ¢ = (C*, 7%, n*, u*, (ge,ve : £ < 6))
are from P}, and

(VE < 0)(pe < g & uPs = ute).

[Again, it is easy to show that clauses (i)q4+1—(iv)at1 are satisfied.]
After the construction is carried out we let

Py = P =Us< <=U<
a<A a< a<

One easily checks that <, is a partial order on PY, the relation < is transitive
and reflexive, and <, C <.
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0
LEMMA 3. Let p,q € P.

(1) If p < q then ht(p) < ht(q), u? Cu? and FP = {fluP : f € F} (so
B? is a subalgebra of BY). If p < q and ht(p) = ht(q), then q¢ < p.

(2) For each j € uP, the set {§ < ht(p) : hP(j,3) < 0} is finite.

(3) If p <pr q and i € uP, then hi(i,3) > 0 for all B such that ht(p) <
B < ht(q).

(4) If i,5 € uP are distinct, then there is § < ht(p) such that 0 #
hP(i, B) # hP(j, B) # 6.

(5) For each finite set X C ht(p) there is i € uP such that

(8 <ht(p): h*(i, 5) < 0} = X.

(6) If p <pr q then there is a <,,-increasing sequence (p¢ : £ < ht(p)) C
P such that pu(p) = Dy Pue(q) = ¢ and ht(pe) = € (for & < ht(p)). (In
particular, if p <pr ¢ and ht(p) = ht(q) then p = q.)

(7) If ht(p) = v is a limit ordinal and p = (p¢ : £ < ), then for each
1 €uf and € <y,

ieuPs if and only if (VC <)< (= hP(i,() > 0).

Proof. (1) Should be clear (an easy induction).

(2) Suppose that p € IP’?\ and j € uP are a counterexample with the
minimal possible value of ht(p). Necessarily ht(p) is a limit ordinal, p =
(pe : € < ht(p)), ht(pe) = & and ¢ < & < ht(p) = p¢ <pr pe. Let € < ht(p)
be the first ordinal such that j € uP¢. By the choice of p, the set {8 < ¢ :
hP(j,3) < 0} is finite, but clearly hP(j,3) > 0 for all § € (£, ht(p)).

(3) An easy induction on ht(q) (with fixed p).

(4) We show this by induction on ht(p). Suppose that ht(p) = a + 1, so
p=(C*, 7%, n", u*, (pe,ve : £ < 0)), and i, j € uP are distinct. If 7, j € uP¢ for
some & < 6, then by the inductive hypothesis we find G < « such that

0 # hP(i, ) = h¥<(i, B) # hP<(j, B) = h*(j, B) # 0.

If i € uPe\u*, j € uP<\u* and £, ¢ < 6 are distinct, then look at the definition
of h?(i, o), h?(j, «)—these two values cannot be equal (and both are distinct
from #). Finally suppose that ht(p) is limit, so p = (pe : & < ht(p)). Take
¢ < ht(p) such that 4,5 € wP¢ and apply the inductive hypothesis to pe
getting < & such that hP(i, 3) # hP(j, 3) (and both are not ).

(5) Again, it goes by induction on ht(p). First consider a limit stage, and
suppose that ht(p) = v is a limit ordinal, X € [7]<“ and p = (pe : £ < 7).
Let £ < 7 be such that X C £. By the inductive hypothesis we find i € uP¢
such that {# < £ : hP(i,3) < 0} = X. Applying clause (3) we may conclude
that this ¢ is as required. Now consider a successor case ht(p) = o+ 1. Let
p=(C*, 7", n" u*, (pe,ve : £ <)), and let £ <O be (*if o€ X,and (*+1
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otherwise. Apply the inductive hypothesis to pe and X N« to get suitable
1 € uP¢ ) and note that this ¢ also works for p and X.
(6), (7) Straightforward. m

DEFINITION 4. We say that conditions p, g € P§ are isomorphic if ht(p)
= ht(q), otp(uP) = otp(u?), and if H : u? — u? is the order isomorphism,
then for every [ < ht(p),

(Vj € uP)(RP(4,8) = hU(H(j), B) & g7 (4, B) = ¢"(H(j), B)).
[In this situation we may say that H is the isomorphism from p to q.]

LEMMA 5. Suppose that qo,q1 € Pf\ are isomorphic conditions and H 1is
the isomorphism from qo to q.

(1) If ht(qo) = ht(q1) = 7 is a limit ordinal, q; = <qé 1€ <) (forl <2),
then H[qu 1 an isomorphism from qg to q%.

(2) If ht(qo) = ht((h) =a+ 1’ a < )‘7 and q = <<l*’7—l*’nzkau7a <QQ7U2 :
€ <0)) (forl < 2), then ¢§ = (5, 7§ = 74, ny = nj, H[uq2 8 an 1S0mor-
phism from ¢ to ¢f and H[vY] = v¢ (for £ < 6).

(3) Fio ={foH: fe Fi'}.

(4) Assume po < qo. Then there is a unique condition p; < q1 such that
H|uPo is the isomorphism from po to pi. [The condition py will be called

H(po).]
Proof. (1), (2) Straightforward (for (1) use Lemma 3(7)).
(3), (4) Easy inductions on ht(gp) using (1), (2) above. m

DEFINITION 6. By induction on a < A, for conditions p,q € P%* such
that p <% ¢, we define the p-transformation T,(q) of q.

o If & = 0 (so necessarily p = ¢) then T),(q) = p.

e Assume that ht(q) = a+ 1 and ¢ = (¢*, 7", n*, u*, (ge,ve : £ < 0)). If
p < qe for some £ < 0, then let £* be such that p < g¢-. Next for £ < 0 let
q¢ = TH,. .(p)(g¢), where Hex ¢ is the isomorphism from ge- to ge. Define
Tp(q) = <§*77—*7n*7u>k7 <qé7vf 1§ < 9>>

Suppose now that p = (C**, 7%, n*, u*, (pe,ve : € < 0)) and uPt = u,
pe < ge (for £ < 0). Let g¢ = T}, (g¢) and put

Tp(q) = <C**,T*,TL*,U*, <qé’vf : 5 < 9>>
e Assume now that ht(g) is a limit ordinal and ¢ = (g¢ : £ < ht(q)).
If ht(p) < ht(q) then p < g for some ¢ < ht(g), and we may choose g;
(for £ < ht(g)) such that ht(ge) = &, § < & < ht(q) = ¢¢ <pr ¢4, and
q¢c = Tp(qc) for ¢ € [e,ht(q)). Next we let Tj,(q) = (¢; : ¢ < 0).

If ht(p) = ht(q), p = (pe : £ < ht(p)) and pe < ¢¢ for £ > § (for some
0 < ht(p)) then we define T),(q) = p.
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To show that the definition of T),(¢q) is correct one proves inductively
(parallel to the definition of the p-transformation of ¢) the following facts.

LEMMA 7. Assume p,q € P§, p < q. Then:

(1) T,(q) € P§, uT»(@ = 2, ht(T,(q)) = ht(q),

(2) p <pr Tp(q) < q < Tp(q),

(3) ht(p) = ht(q) = Tp(q) = p,

(4) if ¢ € Pf\ is isomorphic to ¢ and H : u? — u? is the isomorphism
from q to ¢, then H is the isomorphism from T,(q) to Trp)(q'),

(5) if ¢ <pr ¢ then Tp(q) <pr T,(q').

PROPOSITION 8. Every <,,-increasing chain in Pf\ of length < A has a
<pr-upper bound, that is, the partial order (P§, <) is (<\)-closed.

Let us recall that a forcing notion (Q, <) is (<\)-strategically closed if
the second player has a winning strategy in the following game 0 (Q).

The game 0,(Q) lasts A moves. The first player starts by choosing a
condition p* € Q. Later, in her ith move, the first player chooses an open
dense subset D; of Q. The second player (in his ith move) picks a condition
pi € Q so that pg > p*, p; € D; and p; > p; for all 7 < i. The second player
looses the play if for some ¢ < A he has no legal move.

It should be clear that (<\)-strategically closed forcing notions do not
add sequences of ordinals of length less than A. The reader interested in this
kind of properties of forcing notions and iterating them is referred to [6], [7].

PROPOSITION 9. Assume that § < X\ are regular cardinals, \<* = \.
Then (P4, <) is a (<\)-strategically closed A\t -cc forcing notion.

Proof. 1t follows from Lemma 7(2) that if D C P§ is an open dense set,
pE IP’?\, then there is a condition ¢ € D such that p <, ¢q. Therefore, to win
the game o ,\(IP’f\), the second player can play so that the conditions p; that
he chooses are <;,-increasing, and thus there are no problems with finding
<pr-bounds (remember Proposition 8).

Now, to show that Pi is AT-cc, suppose that (ps : § < A1) is a sequence

of distinct conditions from P§. We may find a set A € [AT]*" such that:

e conditions {ps : 6 € A} are pairwise isomorphic,
e the family {u”? : § € A} forms a A-system with heart u*,
e if §p < §1 are from A then

sup(u*) < min(uP% \ u*) < sup(uP% \ v*) < min(uP% \ u*).

Take an increasing sequence (¢ : £ < 6) of elements of A, let 7% =1, ve =)
(for £ < 0), and look at p = (0,7%,0,u*, (ps.,ve : £ < 0)). It is a condition
in Pi stronger than all ps,’s. m
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DEFINITION 10. By induction on ht(p) we define a-components of p (for
p € P§, a < ht(p)):

e First we declare that the only ht(p)-component of p is the p itself.

o If ht(p) =B+ 1, p = ({*, 7", n*, u*, (pe,ve : £ < 0)) and a = (3, then
the a-components of p are p¢ (for £ < 0); if & < 3, then the a-components
of p are those ¢ which are a-components of p¢ for some £ < 6.

e If ht(p) is a limit ordinal, p = (p¢ : £ < ht(p)) and a < ht(p), then the
a-components of p are the a-components of p¢ for £ € [, ht(p)).

LEMMA 11. Assume p € P§ and o < ht(p).

(1) If q is an a-component of p then q¢ < p, ht(q) = «, and for all
jo,j1 € u? and every 3 € [, ht(p))

h?(jo, B) # 0 & B*(j1,B) # 0 = hP(jo,B) = h¥(j1, B).

Moreover, for each i € uP there is a unique a-component q of p such that
1 € u? and

(Vj € u) (V0 € [o, ht(p)))(h*(i, ) = 6 = hP(4, 5) > 0).

(2) If H is an isomorphism from p ontop’ € Pi, and q is an a-component
of p, then H(q) is an a-component of p'. If qo,q1 are a-components of p
then qo,q1 are isomorphic.

(3) There is a unique c-component q of p such that g <py p.

Proof. Easy inductions on ht(p). =

DEFINITION 12. By induction on ht(p) we define when a set Z C ) is
p-closed for a condition p € IP’?\:

o If ht(p) = 0 then every Z C X is p-closed.

o If ht(p) is limit, p = (pe : £ < ht(p)), then Z is p-closed provided it is
pe-closed for each £ < ht(p).

elfht(p) =a+1,p= (", 7%, n* u*, (pe,ve : £ < 0)) and a ¢ Z, then Z
is p-closed whenever it is p¢--closed.

elfht(p) =a+1, p= (", 7%, n* u*, (pe,ve : £ < 0)) and a € Z, then Z
is p-closed provided it is p¢«-closed and

{8 < a: (3 € v U{min(we \u)})(h (4, 8) < 0)) C Z.

LeEMMA 13. (1) If p € P§ and w € [ht(p)]<¥, then there is a finite p-
closed set Z C ht(p) such that w C Z.

(2) If p,q € Pg are isomorphic and Z is p-closed, then Z is q-closed.
If Z is p-closed, a < ht(p) and p* is an a-component of p, then Z N « is
p*-closed.

Proof. Easy inductions on ht(p) (remember Lemma 3(2)). m
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DEFINITION 14. Suppose that p € P§ and Z C ht(p) is a finite p-closed
set. Let Z = {ap,...,ar_1} be the increasing enumeration.

(1) We define
Ulp, 7] = {j € u” - (V8 < ht(p))(W*(j, B) < 0 = 5 € Z)}.
(2) We let
Yo (Z) = (G, i, mu, {gu, By, - B, ) 1 U< k),

where, for [ < k, (; is an ordinal below 6, 7; is a Boolean term, n; < w and
g, hb, ..., hlm_1 : | — 2, and they are all such that for every (equivalently:
some) oy +1-component ¢ = (¢*, 7%, n*, u*, (ge, ve : £ < 0)) of p we have (; =
¢,m=71"n=n"andif ve = {jo,..., jn,—1} (the increasing enumeration)
then
(Ym <) (V0 < 1) (h, (1) = W (s ),

and if igp = min(u%* \ u*) then (VI' < 1)(g;(I") = hi(ip,y)). (Note that
Cry 1,0, g1, hé, el hfu—l are well defined by Lemma 11. Necessarily, for all

m < n; and 8 € a; \ Z we have h?(ig, 3), h9(jm, ) > 6; remember that Z is
p-closed.)

Note that if Z C ht(p) is a finite p-closed set, @« = max(Z) and p* is the
a + 1-component of p satisfying p* <, p (see 11(3)), then Ulp, Z] C uP” .

LEMMA 15. Suppose that p € P§ and Zy, Z; C ht(p) are finite p-closed
sets such that ¥,(Zy) = Y,(Z1). Then otp(Ulp, Zy]) = otp(Ulp, Z1]), and
the order preserving isomorphism m : Ulp, Zo] — Ulp, Z1] satisfies
(®) (VI < k)(hP(i,a?) = hP(n(i), ), where {af,...,a% |} is the in-

creasing enumeration of Z, (for x =0,1).

Proof. We prove this by induction on |Zy| = |Z;] (for all p, Zy, Z; satis-
fying the assumptions).

STEP |Zo| = |Z1] = 1; Zy = {al}, Z1 = {a}}. Take the af + 1-
component ¢, of p such that ¢, <, p. Then, for x = 0,1, ¢, = (¢, 7, n,u”,
(g€, v§ + £ < 0)), and for each i € vf and 8 < af we have hi (i, 8) > 0.
Also, if if = min(qu \ u*) and § < af, then hq?(ig,ﬁ) > 6. Consequently,
n = [vf| <1, and if n =1 then {if} = v{ (remember Lemma 3(4)). More-
over,

Ulp, Zz| = Ulqu, Zz) = {H{ ((ig) : § < 0},
where Hé”,c is the isomorphism from q¢ to gg. Now it should be clear that
the mapping 7 : ch(ig) — ch(zé) : Ulp, Zo] — Ulp, Z1] is the order
preserving isomorphism (remember clause () of the definition of P}, ),
and it has the property described in (®).
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STEP |Zo| =|Z1| =k +1; Zo ={af,...,ad}, Z1 = {a},...,ai}. Let
Y5 (Z0) = 1p(Z1) = (G, 1y, {gu, By, oo Bl ) 1 U< K).

For z = 0,1, let ¢, = ((, T, n,u", <q§,v§ : £ < 0)) be the af + 1-component
of p such that g, <, p. The sets Z, Naf (for x = 0,1) are g¢-closed for
every £ < 0, and clearly 7,,(ZoNaY) = 1,(Z1 Na4.). Hence, by the inductive
hypothesis, otp(U[g2, Zo\{al}]) = otp(Ulal, Z1\{ab}]) (for each & < 6), and
the order preserving mappings ¢ : U[qg, Zo\{al}] — U[q%, Z1\{a}}] satisfy
the demand in (®). Let if = min(u% \u*). Then, as g¢ and g are isomorphic
and the isomorphism is the identity on u®, we have (VI < k)(hP(if,af) =
k(1)) Hence me(ig) = i¢, and therefore me[u® N Ulg?, Zo \ {aR}]] = v' N
U[qé, Z1 \ {a},}]. But since the mappings m¢ are order preserving, the last
equality implies that ¢ [(u® N U[qg, Zo\{al}]) = w1 (uf N U[qg, Zo\ {al}]),
and hence m = | J,_, 7¢ is a function, and it is an order isomorphism from
Ulgo, Zo] = Ulp, Zo] onto Ulqr, Z1] = Ulp, Z1] satisfying (). =

2. The algebra and why it is OK (in VPi). Let BY and U be
P{-names such that

IFpo © B = U{Bp tpE€lpe}” and  Ibpe © U= U{up tpE€lpe}t”.
Note that U is (a name for) a subset of A*. Let F be a P¢-name such that
b « B = {f €2V : (¥p € Tpo)(f1ul € FP)} ™.

PROPOSITION 16. Assume 6 < X\ are reqular and A< = \. Then in VS

(1) F is a non-empty closed subset of QU, and Bi is the Boolean algebra
genemtefl B(U’F) (see Definition 1).

(2) 0] = B9 = A*. |

(3) For every subalgebra B C BY of size At we have Depth™ (B) > 6.

Proof. (2) Note that if p € P§ and sup(uP) < j < AT then there is a
condition ¢ > p such that j € u9. Hence IF |U| = A*. To show that, in V]p(;7
the algebra Bg is of size AT it is enough to prove the following claim.

CLAIM 16.1. Letp € P and j € uP. Then x; € (w; 1 € j N uP)ps.

Proof. Suppose not, and let p, j be a counterexample with the smallest
possible ht(p). Necessarily, ht(p) is a successor ordinal, say ht(p) = o + 1.
So let p = (¢*, 7%, n*, u*, (pe,ve : £ < 0)) and suppose that v € [uP N j]<¢
is such that z; € (z; : i € v)pe. If j € u* then v C u* and we immediately
get a contradiction (applying the inductive hypothesis to p¢+). So let £ < 6
be such that j € uP¢ \ u*. We know that z; & (z; : i € u* U (v N uPs))pre
(remember clause () of the definition of P}, ), so we may take functions
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fo, f1 € FP¢ such that fol(u*U(vNuPe)) = fi[(v*U(vNuPe)) and fo(j) =0,
fi(4) = 1. Let go, g1 : v’ — 2 be such that g;[uP¢ = f; and g;[uP¢ = fooH¢ ¢
for ¢ # & (where H¢ ¢ is the order isomorphism from u?¢ to uP¢). Now one
easily checks that go, g1 € FP (remember the definition of the term oyaj).
By our choices, go(i) = ¢1(i) for all i € v, and go(j) # ¢1(j), and this is a
clear contradiction with the choice of ¢ and v. =

(3) Suppose that {d¢ : £ < AT) is a P§-name for a A\*-sequence of distinct
members of Bg and let p € IP"?\. Applying standard cleaning procedures we
find a set A C AT of order type 0, an ordinal o < A and 7*,n*,u* and
(pe,ve : £ € A) such that p < pe, ht(pe) = o, pe IF Ge = 7" (25 : @ € ve) and

q:=(0,7",n",u", (pe,ve : § € A)) € Py,
where A is identified with 6 by the increasing enumeration (so we will think
A =0). For { < 0let 7¢ = 7%(x; : i € veg) € BPs. Since a¢ were (forced to
be) distinct we know that B? |= 7. # 7 for distinct &, (. Hence 7¢ & (z; :
i € u*)gre (for each &) and therefore we may find functions fg, fg € Fpe
such that fg fu* = f£1 [u*, and fg(Tg) =0, fg(Tg) =1,andif £ < ( < 0,
and He¢ ¢ is the isomorphism from p¢ to p¢, then fgl = fé o He ¢. Now fix

€ < (<0 and let
9= U rv U 1

a<3-£42 3-£42<a<b

It should be clear that ¢ is a function from u? to 2, and moreover g € F'9.
Also,

9(Omaj(m3.6, 73641, T3.642)) =0, G(Omaj(T3.¢, T3.¢c41,T3.¢42)) } = 1.

Hence we may conclude that

BY = 0maj(73.¢, T3-6415 T3-642) < Omaij(T3.¢, T3.¢415 T3.¢4+2)

for £ < ¢ < 0 (remember the definition of F'? and Proposition 2). Conse-
quently, we get g I- Depth™ ({a¢ : € < )‘+>B§) > 0, finishing the proof. m

THEOREM 17. Assume 0 < X are regular and X = \<*. Then IFpe
Depth(BY) = 6.

Proof. By Proposition 16 we know that |- Depth™ (Bf) > 0, so what
we have to show is that there are no increasing sequences of length 6T of
elements of IB%?\. We will show this under the additional assumption that
6T < X\ (after the proof is carried out, it will be clear how to modify it to
deal with the case A = #1). Due to this additional assumption, and since
the forcing notion P§ is (<\)-strategically closed (by Proposition 9), it is
enough to show that Depth(BP) < @ for each p € P§.
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So suppose that p € P{ is such that Depth(BP) > 6*. Then we find a
Boolean term 7, an integer n and sets w, € [u”]" (for p < 61) such that

00 <01 <0t = B ET(z; 00 €wy) <7(xi:i € wy).

For each ¢ < 6% use Lemma 13 to choose a finite p-closed set Z, C ht(p)
containing the set

{8 <ht(p) : (3j € wo)(h"(j, ) < 0)}-

Look at 7,(Z,) (see Definition 14). There are only 6 possibilities for the
values of 7},(Z,), so we find gy < o1 < 6% such that:

(i) ‘Z90’ - ‘Zm’v and
TP(ZQO) - Tp(Zm) = <Cl77—l7nl7 <glvh67 . -:h£11,71> < k>7

(ii) if 7* : Z,, — Z,, is the order isomorphism, then 7*[Z, N Z,, is the
identity on Z,, N Z,,,

(iii) if w : Ulp, Zy,] — Ulp, Z,,] is the order isomorphism, then m[w,,]
= Wy, .

Note that, by Lemma 15, otp(U|p, Z,,]) = otp(U|[p, Z,,]) and the order
isomorphism 7 satisfies

(Vj € Ulp, Zo, ) (V5 € Zo, ) (R (5, 8) = B (w(5), 7°(5))),

and hence 7 is the identity on Ulp, Z,,] N U|p, Z,,] (remember Lemma 3).
For a function f € FP let G£(f) : uP — 2 be defined by

O (f@G) G EUpZy)
Gal(f)4) = {f(?rl(j)) if j € Ulp, Zp,] \ Ulp, Zy, ),
0 otherwise.

Cramm 17.1. For each f € FP, G (f) € FP.

Proof. By induction on a < ht(p) we show that for each a-component ¢
of p, the restriction G2 (f)[u? is in F'7.

If « is limit, we may easily use the inductive hypothesis to show that,
for any a-component g of p, G (f)[u? € F'9.

Assume a = f+ 1 and let ¢ = (C*, 7%, n*,u*, (ge,ve : € < 6)) be an
a-component of p. We will consider four cases.

CaSE 1: B & Zy, U Zy,. Then (Ulp, Z,,] UU[p, Zp,]) Nu? C ul* and
G2 (f)[(u \ u*) = 0 for each £ # (¢*. Since, by the inductive hypothesis,
G2 (f)luts € F% for each { < 0, we may use the definition of P}, and
conclude that G¢°(f)u? € F¥ (remember the definition of the term oys;).

CASE 2: B € Z, \ Z,,. Let Z,, = {ao,...,ap_1} be the increasing
enumeration. Then 8 = o for some | < k and (* = (;, 7* = 75, n* = ny.



HISTORIC FORCING FOR Depth 113

Moreover, if v¢ = {jg, .. ,jfnfl} (the increasing enumeration), £ < 6, then
for m < ny,

(V' < D(hpp(cw) = h(j5,,ar)) and (V7 € B\ Zpy) (4 (55, 7) = 6).
Note that Ulp, Z,, |Nu? C u%*, so if Ulp, Z,,|Nu? = 0, then we may proceed

as in the prev1ous case. T herefore we may assume that Ulp, Z,,] Nud # 0.
So, for each v € Z,, \ @ we may choose i, € U|p, Z,,] Nu? such that

(Vi € Ulp, Zpo ] N u?) (WP (i, ) # 0 = B (i,7) = hP(iy,7))

(remember Lemma 11(1)). Let i* = max{iy : v € Z,, \ a} (if § = max(Z,,),
then let i* be any element of Ulp, Z,,] Nu?). Note that then

(Vi € Ulp, Zgo] Nu?)(Vy € Zpy \ @) (WP (i) # 0 = hP(i, ) = hP(i",7)).
[Why? Remember Lemma 11(1) and clause (v) of the definition of Pj, ]
By Lemma 11, we find a (7 *(ﬁ) + 1)-component ¢’ = (', 7',n’, v, (¢, v. :
e <)) ofp such that 7(i*) € u? and

(V5 € u?)(Vy € (x°(8), ht(p))) (AP (x(i%),7) > 0 = hP(j,7) > 0).
We claim that then
(&) (Vj € Ulp, Zoo) N u)(m(j) € u? NUlp, Z,)).

Why? Fix j € Ulp, Z,,] Nu?. Let r,r" be components of p such that r <, p,
" <pr p, ht(r) = 841, ht(r') = 7*(B) +1 (so r,q and 1/, ¢’, are isomorphic).
The sets Z,, N (B+1) and Z,, N (7*(3) + 1) are p-closed, and they have the
same values of 1", and therefore Ulp, Z,, N (6+1)] and Ulp, Z,, N(7*(5)+ 1)]
are (order) isomorphic. Also, these two sets are included in u” and u”
respectively. So looking back at our j, we may successively choose jg 6
u" N U[p, Zoy N (B+1)], j1 € u” NU[p, Z,, N (7*(8) 4+ 1)], and j* € u? such
that:

o (Vy < B)(h(j,y) = R" (jo,v)),
o (V' SO (o, ) = k™ (jr, 7 (ur))), and
o (Vv <7 (8) (" (5,7) = h? (5 ))-
Then we have /
(V' < O)(h(j, o) = BT (5%, 7" (),

(vy €7 () Zo) (07 (57,7) > 0).
To deduce (K) it is enough to show that 7(j) = j*. If this equality fails, then
there is v < ht(p) such that 0 # hP(7(j),7y) # hP(5%,7v) # 0. If v < 7*(5),
then necessarily v € Z,,, and this is impossible (remember hP(j,ap) =
hP(m(j), 7 (cqr)) for I" < 1). So v > «*(B). If hP(w(j),v) = 6 + 1, then
hP(j*,~v) < 6 and (by the choice of ¢') hP(7(i*),7v) < 6. Then v € Z,, and
hP(i*, (%)~ (y)) < 0, and also hP(i*, (7)1 (7)) = hP(j, (7*) "1 (y)) = 0 + 1
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(by the choice of i*), a contradiction. Thus necessarily h?(7(j),v) < 0 (so
v € Z,,) and therefore

0> hP(j,(r*) 7 (7)) = R (", (") M (v)) = hP(x (i), ) = WP (5", )
(as the last is not 0), again a contradiction. Thus the statement in (X) is
proven.
Now we may finish considering the current case. By the definition of the
function 7" (and by the choice of gg, 01) we have

(=¢, 7=m, n'=mn, and nlve] = for £ <0
(and 7ve is order preserving). Therefore
GO(f)(m™(wiri € ve)) = f(r'(ws 2 i €vg))  (for every £ < 6).
By the inductive hypothesis, G¢(f)[u% € F% (for £ < 0), so as f € FP
(and hence flu? € F7) we may conclude that G (f)Iu € F1.
CASE 3: B € Zy, \ Z,,. Similar.

CASE 4: B € Zp, N Zy,. Y Ulp, Zy) Nud = 0 = Ulp, Z,,] Nul, then
G2(f)lu? = 0 and we are easily done. If one of the intersections is non-
empty, then we may argue exactly as in the previous cases (2 or 3). m

Now we may conclude the proof of the theorem. Since
B = 7(x; 11 € wyy) < T(mi 1 i € w,y,),
we find f € FP such that f(7(z; : i € w,,)) =0 and f(7(x; 11 € wy,)) = 1.
It should be clear from the definition of the function G¢°(f) (and the choice
of 0o, 01) that
G ri€wg)) =1, G(f)(7(xi i€ wy,))=0.
But it follows from Claim 17.1 that G4 (f) € F?, a contradiction. m

CONCLUSION 18. [t is consistent that for some uncountable cardinal 0
there is a Boolean algebra B of size (2°)% such that

Depth(B) =6 but (w,(2%)") ¢ Depthg, (B).

PROBLEM 19. Assume # < A\ = A<* are regular cardinals. Does there
exist a Boolean algebra B such that |B| = AT and for every subalgebra
B’ C B of size AT we have Depth(B’) = 67
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