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A CLASSIFICATION OF TWO-PEAK SINCERE POSETS OF
FINITE PRINJECTIVE TYPE AND
THEIR SINCERE PRINJECTIVE REPRESENTATIONS

BY

JUSTYNA KOSAKOWSKA (Torur)

Abstract. Assume that K is an arbitrary field. Let (I, <) be a two-peak poset of
finite prinjective type and let KT be the incidence algebra of I. We study sincere posets I
and sincere prinjective modules over K I. The complete set of all sincere two-peak posets of
finite prinjective type is given in Theorem 3.1. Moreover, for each such poset I, a complete
set of representatives of isomorphism classes of sincere indecomposable prinjective modules
over K is presented in Tables 8.1.

1. Introduction. Throughout this paper K is a field and I = (I, <) is
a finite poset (i.e. partially ordered set). We shall write i < j if i < j and
i # j. All posets are assumed to be connected. Following [21] we denote by
max [ the set of all maximal elements of I (called peaks of I). The poset I is
called an r-peak poset if |max I| = r, where | X| denotes the cardinality of the
set X. A subposet J of I is said to be a peak subposet if JNmax I = max.J.

Usually we view I as a quiver with the commutativity relations induced
by the ordering < (see [20, Example 10, p. 281]). Given a field K we denote
by K1 the incidence K-algebra of I, that is, K1 is the K-subalgebra of the
full I x I matrix algebra M;(K) consisting of all matrices [A;;] in Mj(K)
such that A\;; = 0 if ¢ £ j (see [20], [21]). Given j € I we denote by e; € KT
the standard primitive idempotent corresponding to j. The reader is referred
to [20]-[22], [24] for a discussion of incidence algebras and their applications
in integral representation theory.

A right KI-module is identified with a system

X = (X3 jhi)ijer
where X; = Xe; is a finite-dimensional vector space over K and jh; : X; —
Xj, 1 < j, are K-linear maps with ;h; = id and ¢h; - jh; = th; for i < j < t.
We denote by mod(KT) the category of finitely generated right K I-modules.

Following [17] and [30] we call a right KI-module X prinjective if X
is finitely generated and the right module Xe_ over the algebra KI~ =
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e—(KI)e_ is projective, where I~ = I\max ] and e_ = >, ;- e;. It is easy
to prove that X € mod(K1) is prinjective if and only if there exists a short
exact sequence

(1.1) 0—-P—-P—-X—-0

in mod(K1), where Py, P; are projective and P is semisimple of the form
Py = ®p6maxl(epKI)tp7 tp > 0.

We denote by prin(K 1) the full subcategory of mod(KI) consisting of
the prinjective modules. It follows from [17] that the category prin(KT)
is additive, has the finite unique decomposition property, is closed under
extensions in mod(K ), has Auslander—Reiten sequences, source maps and
sink maps, and has enough relative projective and relative injective objects.
An interpretation of prin(K ) as a bimodule matrix problem in the sense of
Chapter 17 of [20] is given in [21].

Following [21] we define a poset I to be of finite prinjective type if the
category prin(KI) is of finite representation type, that is, the number of
isomorphism classes of indecomposable modules in prin(KI) is finite. It
follows from [21, Theorem 3.1] that this definition does not depend on the
choice of K.

We recall from [21] that the category I-spr of peak I-spaces (or socle
projective representations of I) over the field K is defined as follows. The
objects of I-spr are systems M = (M;);cr of finite-dimensional K-vector
spaces M such that M; C M*® = EBpEmaXI M, for all j € I, m,(M;) = 0 for
j A p € max [ and 7;(M;) C M; for i < j, where 7; is the composite map

ML P M, M
j=pEmax I
and 7r§- is the direct summand projection. By a morphism f : M — M’ in
I-spr we mean a K-linear map f : M* — M’® such that f(M;) C M; for all
j € I. It was shown in [21, (2.4)] that there is an equivalence of categories
with the finite unique decomposition property

(1.2) 0 : I-spr — modsp (K1)

where mods, (K1) is the full subcategory of mod (K1) consisting of all socle
projective modules (see [19]). Throughout this paper we shall identify I-spr
with mods, (KI) along . It is clear that I-spr is an additive category, has
the finite unique decomposition property and is closed under taking kernels
and extensions. The category I-spr has Auslander—Reiten sequences, source
maps and sink maps (see [21]). It was shown in [21, Section 2] that the study
of peak I-spaces is equivalent to the study of prinjective modules.

One of the motivations for the study of peak I-spaces is the fact that
many problems of representation theory can be reduced to the correspon-
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ding problems for peak I-spaces (see [2], [18], [20]-][22], [28]). Peak I-spaces
play an important role in the representation theory of finite groups (see
[29]), finite-dimensional algebras (see [18], [20, Chapter 17]) and lattices
over orders (see [20, Chapter 13], [21], [22], [24]-[28]). Moreover sincere po-
sets of finite prinjective type and their sincere representations provide us
an important tool in constructing embeddings of Kronecker modules into
the category of prinjective peak I-spaces (see [6], [7], [15], [16]).

The main aim of this paper is to give the complete set of all sincere
two-peak posets I of finite prinjective type (Tables 3.2) and a complete
set of representatives of isomorphism classes of indecomposable modules
in prin(KI) and their coordinate vectors (Tables 8.1 and Tables 3.3). We
prove in Theorem 3.1 that there are precisely 60 sincere two-peak posets

.7:1(2), ce ég) of finite prinjective type, listed in Tables 3.2. Moreover every

sincere indecomposable prinjective module over the K-algebra KF ](2), 1<

J < 60, is isomorphic to one of the sincere prinjective modules M ;Z) listed
in Tables 8.1. The total number of sincere prinjective representations of
two-peak posets of finite prinjective type is 328.

We recall that the complete set of 14 sincere one-peak posets of finite
prinjective type and their 42 sincere prinjective representations was given
by M. Kleiner [12], [13] (see also [20, Theorem 10.2 and Tables 10.7] for
a correction of Kleiner’s list [13]).

Our construction of posets is presented in Section 6 and applies two com-
puter implementable algorithms (Algorithms 6.5 and 6.8). We inductively
construct sincere posets I of finite prinjective type such that |I| = n + 1
from sincere posets J of finite prinjective type such that |J| = n.

The main results of this paper were presented to the International Con-
ference “Representation Theory of Algebras” in Bielefeld (September 1998).
A similar result in a more general setting of weakly positive quadratic forms
was announced by M. V. Zeldich [31].

The paper is a part of the author’s doctoral dissertation [14] written
under the supervision of Professor Daniel Simson at Nicholas Copernicus
University in Torun. In [14] all r-peak posets of finite prinjective type and
their sincere prinjective representations are given, for all » > 2. The result
for r > 3 will be published in a subsequent paper.

The author would like to express her sincere thanks and appreciation to
Professor Daniel Simson for formulating the problem, for his careful reading
of the manuscript and for helpful suggestions and comments.

2. Preliminaries and notation. We recall from [17] and [21] that the
coordinate vector cdn X € N! of a module X in mod(KT) is defined by
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L [ dimg(X;) for j € max 1,
(21) (Can)(]) - {dlmK(topX)ej fOI' ] S I \ InaXI,

where top X = X/ X J(KI) and J(KT) is the Jacobson radical of the algebra
KI. We view cdn X asamap cdn X : [ — N.

The poset [ is said to be sincere if there exists an indecomposable module
X in prin(K ) such that (cdn X)(j) # 0 for all j € I.

Following [21] we associate with any poset I the Tits quadratic form
qr: 2" — 7,

(2.2) ql(x):Z:U?—i— Z LT — Z (Zmi>xp.

el i=<j pEmax i<p
je€Il\maxI
The following important characterization was proved in [21, Theorem
3.1] and completed in [15].

THEOREM 2.3. For every finite poset J and every field K, the following
conditions are equivalent.

(a) The poset J is of finite prinjective type.

(b) The quadratic form qy is weakly positive, i.e. q;j(v) > 0 for any
non-zero vector v € N7.

(¢) There exist preprojective components P(J) and P(J) of the Auslan-
der—Reiten translation quivers I'(prin(KJ)) and I'(J-spr) of the categories
prin(KJ) and J-spr, respectively, and I'(prin(KJ)) = 75(J), I'(J-spr) =
P(J).

(d) The set R}, ={v e N’ : q;(v) =1} of positive roots of q; is finite.

(e) gs(cdn X) =1 for every indecomposable module X in prin(K.J).

(¢/) qs(edn X) =1 for every indecomposable object X in J-spr.

(f) The map X +— cdnX defines a bijection I'(prin(K.J)) — R} .

For the definition of the Auslander—Reiten translation quiver of
mod (K1), prin(KI) and a preprojective component the reader is referred
to [3], [5], [18] and [20].

We recall that a vector € N" is said to be sincere if x; # 0 for
jed{l,....,n}.

3. The main classification theorem. One of the main aims of this
paper is the following theorem proved in Section 7.
THEOREM 3.1. Let K be an arbitrary field.

(a) A two-peak poset I of finite prinjective type is sincere if and only if
I has one of the 60 forms presented in Tables 3.2 below.



TWO-PEAK SINCERE POSETS 31

(b) Let .7-"1-(2) be a sincere poset of Tables 3.2 and let /e be the associated
@) '
quadratic form. A sincere positive vector z € N7i" satisfies qug)(z) =1if

and only if z is one of the vectors zg presented in Tables 3.3 below.

(¢) An indecomposable prinjective K]—'Z-(Q)—module X is sincere if and only
if X is isomorphic to a module MY presented in Tables 8.1 of Section 8.

)

Tables 3.2
SINCERE TWO-PEAK POSETS .7:1(2), ey ég) OF FINITE PRINJECTIVE TYPE
| |
1 1 2 2 2 3 2 1.3
7\ SN SN\ 7 N\ L/ N
* + 1 * + 2 * + 3 * + 4 * + 5
1
|
2 1 3 1
! L !
1.2 3 3 4 2 4 3 2 4 2 1 4
7 N SN\ N\ LN L/ N/
* + 6 * + 7 % +8 ok +9  * 10
1
|
2 1
! |
1 3 3 2 4 1 4
e ! ! l |
2 3 4 1 2 4 5 4 3 5 3 2 5
S N\ S N\ g /N LN
* + 11 * + 12 * 4+ 13 * + 14 * + 15
21 1 4 2 1 4
L e | ! L
5 3 4 5 2 3 4 2 1 5 3 1 4 5 2 3 5
LN\ LN\ LN\ LN\ S N\
* +16 % + 17 ok 18 * + 19 + 20
|
1
b
3 3 4 1
| | I 1
4 2 3 4 5 2
| ING i | ||
1 5 1 4 5 6 5 4 6 6 3
SN S N g IN 1/
* + 21 * + 22 %+ 23 * + 24 ¥ + 25
4
i
5 241 1 5 5 1 1 4 3 4
L] | | /] INC /) 1N
6 3 4 3 2 6 6 2 3 4 6 2 3 5 2 1 5 6
L7 N N LN L7 N LN
* +26 * +27 * + 28 * + 29 * + 30
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Tables 3.3

SINCERE POSITIVE ROOTS OF THE QUADRATIC FORMS q]__(z), ..
1

32

205
., 27 the

sincere positive roots of the quadratic form 4 p2) of ]:i(2) (see (2.2) and

Section 4).

1
77

Given a sincere poset E(Q) of Tables 3.2 we denote by z;,..
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2 =(1,1,1) 4 =(1,1,1,1) z = (1,1,1,1) Z=(1,1,1,1,1)
22 =(1,1,1,1,2) z=(1,1,1,1,1) 26 =(1,1,1,1,1) 22 =(1,1,1,1,2)
23 =(2,1,1,1,2) Z=(1,1,1,1,1,2) 22 =(1,1,1,1,2,2) z=(1,1,1,1,1,2)
z=1(1,1,1,1,2,2) 22 =(1,2,1,1,2,2) Z3=(2,1,1,1,2,2) zg =(1,1,1,1,1,1)

25 =(1,1,1,1,2,1) 25 =(1,1,1,1,1,2) 2o = (1,1,1,1,1,2) 22y =(1,1,1,1,1,1)

3 4 1 1
zlo:(2,1,1,1,2,2) 210:(2,1,1,1,1,2) 211 =(1,1,1,1,1,2) 212:(1,1,1,1,1,2)

22y =(2,1,1,1,1,3) | 23, =(2,2,1,1,1,3) 21y = (2,1,1,1,1,2) 213 = (1,1,1,1,1,3,2)

23, =(1,1,1,1,2,3,2)

23, =(1,1,1,1,1,2,2)

21, = (1,1,1,1,1,2,3)

22, =(1,1,2,1,1,2,3)

23, =(1,2,1,1,1,2,3)

2ty =(2,1,1,1,1,2,3)

2%, =(1,1,1,1,1,1,2)

2%, =(1,1,1,1,1,1,3)

27, =(1,1,1,1,1,2,2)

215 =(1,2,1,1,1,2,3)

23, =(2,1,1,1,1,2,3)

2. =1(2,2,1,1,1,3,3)

2t =1(2,2,2,1,1,3,3)

25 =1(2,2,1,1,1,2,3)

20 =(1,2,1,1,1,2,2)

21e=1(2,1,1,1,1,2,2)

285 =(1,1,1,1,1,2,2)

205 =(1,1,1,1,1,1,2)

2 = (1,1,1,1,1,2,2)

2, =(1,1,1,1,1,2,2)

22, =(1,1,1,1,1,1,2)

23, =(1,2,1,1,1,2,3)

2. =(1,2,1,2,1,2,3)

25, =(1,2,1,1,1,2,2)

z1g = (2,1,1,1,1,1,3)

224 =1(2,1,2,1,1,1,3)

234 =(2,1,1,1,1,2,2)

2g = (1,1,1,1,1,1,2)

29 = (3,1,1,1,1,2,3)

205 =(3,1,2,1,1,2,3)

2Te =(2,1,1,1,1,2,3)

2§ =(2,1,2,1,1,2,3)

20 =(3,1,2,1,1,2,4)

219 = (3,1,2,1,2,2,4)

zia =(3,1,2,2,1,2,4)

22 =(2,1,1,1,1,1,2)

2 = (2,1,1,1,1,2,2)

230 = (1,1,1,1,1,1,3)

220 =(1,2,1,1,1,1,3)

23, = (1,2,1,1,1,2,3)

4
z30 = (1,1,1,1,1,1,2)

z3, =(2,1,1,1,1,1,3)

23, =(2,2,1,1,1,1,3)

23, =(2,2,1,1,1,1,4)

zg; = (3,2,1,1,1,1,4)

25, =(3,2,1,1,1,2,4)

zdo = (2,1,1,1,1,1,3)

Zda = (1,1,1,1,1,1,4,3)

225 = (1,1,1,1,2,2,4,3)

235 =(1,1,1,2,1,2,4,3)

753 = (1,1,2,1,1,2,4,3)

75 = (1,2,1,1,1,2,4,3)

28, =(2,1,1,1,1,2,4,3)

za =(1,1,1,1,1,2,3,2)

28, =(1,1,1,1,1,1,3,3)

295 =(1,1,1,1,1,2,3,3)

239 =(1,1,1,1,1,2,4,2)

za3 =(1,1,1,1,1,1,3,2)

23, = (1,1,1,1,1,1,2,3)

zas = (1,1,1,1,1,1,3,1)

225 =(1,1,1,1,1,1,3,2)

25, =(1,1,2,1,1,1,4,2)

285 = (1,2,1,1,1,1,4,2)

Z55 =(2,1,1,1,1,1,4,2)

255 =1(2,2,1,1,1,1,4,2)

Zhe =1(2,1,2,1,1,1,4,2)

250 =1(1,2,2,1,1,1,4,2)

295 = (2,2,1,1,1,1,4,3)

230 =(2,1,2,1,1,1,4,3)

zat =(1,2,2,1,1,1,4,3)

222 =(1,1,2,1,1,1,3,2)

228 =(1,2,1,1,1,1,3,2)

z38 =(2,1,1,1,1,1,3,2)

232 = (2,2,2,1,1,1,5,3)

239 =(2,2,2,1,1,2,5,3)

230 =(2,2,2,1,2,1,5,3)

238 =(2,2,2,2,1,1,5,3)

232 =(2,2,2,1,1,1,4,3)

226 =(1,2,2,1,1,1,4,2)

226 =(1,2,2,1,1,2,4,3)

236 =(1,2,2,1,2,1,4,3)

z96 = (1,2,2,1,1,1,3,3)

256 = (1,1,2,1,1,1,3,3)

256 = (1,2,1,1,1,1,3,3)

zoe =(1,1,2,1,1,1,3,2)

2586 =(1,2,1,1,1,1,3,2)

296 = (1,1,1,1,1,1,3,2)

220 =(1,1,1,1,1,1,2,2)

237 = (1,2,1,1,1,1,2,3)

22, =(2,1,1,1,1,1,2,3)
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257 =(2,2,1,1,1,1,2,3) Zh=1(2,2,1,1,1,1,3,3) 23 =(2,2,2,1,1,1,3,3)
28, =(2,2,1,1,1,1,2,4) 2 =(2,2,1,1,1,1,3,4) 28, =(2,2,2,1,1,1,3,4)
z97 = (2,3,2,1,1,1,3,4) 739 =(3,2,2,1,1,1,3,4) Z31 =(2,3,1,1,1,1,3,4)
z22=1(3,2,1,1,1,1,3,4) 735 =(2,3,2,1,1,1,4,4) za3 =(3,2,2,1,1,1,4,4)
235 = (3,3,2,1,1,1,4,4) 238 = (3,3,2,1,1,1,4,5) 230 = (3,3,2,1,1,2,4,5)
238 =(3,3,2,1,2,1,4,5) 232 = (3,3,2,2,1,1,4,5) zag = (1,2,1,1,1,1,3,2)
23 =(1,1,1,1,1,1,2,2) 25 =(1,2,1,1,1,1,2,2) 285 = (1,2,1,1,1,1,2,3)
25 = (1,2,1,2,1,1,2,3) 25 = (1,2,1,1,1,1,3,3) zhe = (1,2,1,2,1,1,3,3)
254 =(1,3,1,1,1,1,3,3) z9g = (1,3,1,2,1,1,3,3) 729 =(2,2,1,1,1,1,3,3)
zag =(2,2,1,2,1,1,3,3) 732 =(2,2,1,2,1,1,3,4) z23 =(1,3,1,2,1,1,3,4)
zag =(1,3,2,2,1,1,3,4) 232 = (2,3,1,2,1,1,3,4) 228 =(2,3,1,2,1,1,4,4)
230 =1(2,3,1,2,1,2,4,4) 238 =(2,3,1,2,2,1,4,4) 239 = (1,2,1,1,1,1,2,3)
23 = (2,1,1,1,1,1,1,3) 220 =(2,1,1,1,1,1,2,3) 23, =(3,1,1,1,1,1,2,3)
z30 = (3,1,1,1,1,1,2,4) 250 = (3,1,1,1,2,1,2,4) 25, = (3,1,1,2,1,1,2,4)
250 =(3,1,1,2,2,1,2,4) 25, =(3,1,1,2,2,1,2,5) z90 = (4,1,1,2,2,1,2,5)
239 = (4,1,1,2,2,1,3,5) zad = (4,2,1,2,2,1,3,5) z31 =(2,1,1,1,1,1,2,3)
22 =(2,1,1,2,1,1,2,3) 25 =(2,1,1,1,1,1,2,2) 24 =(3,1,1,2,1,1,2,3)
25, =(3,1,1,1,1,1,2,3) 28, =(3,1,1,1,1,1,3,3) z5 =(3,1,1,2,1,1,3,3)
25 =(3,1,1,2,1,1,2,4) 25 = (3,1,1,2,1,2,2,4) 29 =(3,1,1,2,2,1,2,4)
z3 =(3,1,1,2,1,2,3,4) 232 =(3,1,1,2,2,1,3,4) 233 =1(3,1,1,2,1,1,3,4)
zat = (4,1,1,2,1,1,3,4) 2% = (4,1,1,2,1,2,3,4) 239 = (4,1,1,2,2,1,3,4)
237 =(4,1,1,2,1,2,3,5) 238 =(4,1,1,2,2,1,3,5) 239 = (4,1,1,3,1,2,3,5)
229 = (4,1,1,3,2,1,3,5) 221 =(4,1,1,2,2,2,3,5) 222 = (4,1,1,3,2,2,3,5)
223 =(4,1,1,3,2,2,3,6) 221 =(5,1,1,3,2,2,3,6) 229 =(5,1,1,3,2,2,4,6)
239 =(5,1,2,3,2,2,4,6) 227 = (5,2,1,3,2,2,4,6) 23y =(1,2,1,1,1,1,2,3)
22, =(1,2,1,1,2,1,2,3) 25, = (1,2,1,1,2,1,2,4) 28y = (1,3,1,1,2,1,2,4)
25, =(1,3,1,1,2,1,3,4) 28, =(1,3,1,1,2,2,3,4) 235 =(1,2,1,1,1,1,2,3)
23, =(1,2,1,1,1,1,2,4) z3s = (1,1,1,1,1,1,3,2) 220 =(1,1,2,1,1,1,3,2)
23 =(1,1,1,1,1,1,3,1) zas = (1,1,2,1,1,1,4,2) 25: =1(1,1,2,1,1,2,4,2)
285 =(1,1,2,1,2,1,4,2) z3e = (1,1,1,1,1,1,3,1) 22 =(1,2,1,1,1,1,3,1)
236 = (1,2,1,1,1,1,4,1) 236 = (1,2,2,1,1,1,4,1) 25 = (1,2,2,1,1,1,4,2)
285 = (1,2,1,1,1,1,4,2) zhs = (1,3,1,1,1,1,4,2) 28 = (2,2,1,1,1,1,4,2)
296 = (1,3,2,1,1,1,4,2) 230 =(1,3,2,1,1,1,5,2) Al =(1,3,2,1,1,2,5,2)
232 =(1,3,2,1,2,1,5,2) 738 =1(1,3,2,2,1,1,5,2) Z4=(1,2,1,1,1,1,3,2)
zhe =1(2,2,1,1,1,1,1,4) 22, =(3,2,1,1,1,1,1,4) 23, =(3,2,1,1,1,1,2,4)

=(3,2,1,1,1,1,1,5)

25, =(3,2,1,1,1,1,2,5)

28, =1(3,3,1,1,1,1,1,5)
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zie =(3,3,1,1,1,1,2,5) 28, =(4,2,1,1,1,1,2,5) 29, = (4,3,1,1,1,1,2,5)
230 = (4,3,1,1,1,1,2,6) 23t =(4,3,1,1,1,2,2,6) 232 = (4,3,1,1,2,1,2,6)
233 =(4,3,1,2,1,1,2,6) z3% =(4,3,2,1,1,1,2,6) zhe =(1,2,2,1,1,1,1,3,4)
zhg =(1,1,2,1,1,1,1,3,3) zio = (1,2,1,1,1,1,1,3,3) 22, =(1,3,1,1,1,1,1,3,3)
23, =(1,3,1,1,1,1,1,3,4) 23 = (1,3,2,1,1,1,1,3,4) 250 =(1,3,1,2,1,1,1,3,4)
28 =1(1,3,2,2,1,1,1,3,4) 2 =(1,3,2,2,1,1,1,3,5) 28, =1(1,4,2,2,1,1,1,3,5)
200 = (1,4,2,2,1,1,1,4,5) z19 =(1,4,2,2,1,1,2,4,5) Zi6 =1(1,4,2,2,1,2,1,4,5)
z32 =(1,2,1,1,1,1,1,2,3) zi; = (3,1,1,1,1,1,1,4,2) zio = (1,1,2,1,1,1,1,4,2)
zis = (1,1,2,1,1,1,1,4,2) 23, =(1,3,2,1,1,1,1,5,2) zis = (1,3,1,1,1,1,2,3,4)
2ie = (1,1,1,1,1,2) 23, = (1,1,1,1,1,1,2) 22, =(1,1,1,1,1,1,3)

23, =(1,1,1,1,2,1,3) Z4r =(2,1,1,1,1,1,3) 23, =(2,1,1,1,2,1,3)

28 = (2,1,1,1,2,1,4) 2l =(2,1,1,2,2,1,4) 28, =1(2,1,2,1,2,1,4)

zjg = (1,1,1,1,1,1,2) 2o =(1,1,1,1,1,1,1,3) 22, =(2,1,1,1,1,1,1,3)
23 =(2,1,1,1,1,1,1,4) 2 = (2,1,1,1,2,1,1,4) 289 =(2,1,1,2,1,1,1,4)
289 =(2,1,1,2,2,1,1,4) 2l = (2,1,1,2,2,1,1,5) 289 =(3,1,1,2,2,1,1,5)
209 = (2,2,1,2,2,1,1,5) 719 =(3,1,1,2,2,1,2,5) Z0=(1,1,1,1,1,1,1,3)
Z =(2,1,1,1,1,2,1,4) zhy = (1,1,1,1,1,1,1,2) 22y = (1,1,1,1,1,1,1,3)
23, =(1,1,1,1,1,2,1,3) 23, =(2,1,1,1,1,2,1,3) 22, =(2,1,1,1,1,2,2,3)
28, =(2,1,1,1,1,1,1,3) 2l =(2,1,1,1,1,1,2,3) 28, =(2,1,1,1,1,2,1,4)
22y = (2,1,1,1,1,2,2,4) 29 =(2,1,1,1,2,2,1,4) 21 =(2,1,1,2,1,2,1,4)
22 =(2,1,1,1,2,2,2,4) 245 =(2,1,1,2,1,2,2,4) z45 =(3,1,1,1,2,2,2,4)
235 =(3,1,1,2,1,2,2,4) 238 =(3,1,1,1,2,2,2,5) 240 =(3,1,1,2,1,2,2,5)
238 =(3,1,1,1,2,3,2,5) 239 =(3,1,1,2,1,3,2,5) 220 =(3,1,1,2,2,3,2,5)
223 =(3,1,1,2,2,2,2,5) 222 =(3,1,1,2,2,3,2,6) 223 =(3,2,1,2,2,3,2,6)
225 =(4,1,1,2,2,3,2,6) 225 =(4,1,1,2,2,3,3,6) 225 =(4,1,2,2,2,3,3,6)
220 =(3,1,1,1,1,2,2,4) zd,=(1,1,1,1,1,1,1,3) 22, =(1,1,1,1,1,2,1,3)
22, =(1,1,1,1,1,2,1,4) 28, =(1,1,1,1,2,2,1,4) 28, =(1,1,1,2,1,2,1,4)
28, =(2,1,1,1,2,2,1,4) zia =1(2,1,1,2,1,2,1,4) 28, =(2,1,1,1,1,2,1,4)
295 =(2,1,1,1,2,2,1,5) 79 =1(2,1,1,2,1,2,1,5) z1=1(2,1,1,2,2,2,1,5)
232 = (2,1,1,2,2,3,1,5) 2% =(2,1,1,1,2,3,1,5) 238 =(2,1,1,2,1,3,1,5)
238 =(2,1,1,2,2,3,1,6) 248 =(2,1,2,2,2,3,1,6) 230 =1(2,2,1,2,2,3,1,6)
28 =(3,1,1,2,2,3,1,6) 749 =1(3,1,1,2,2,3,2,6) 2, =(1,1,1,11,113)
Zhe=1(2,1,1,1,1,1,1,4,1) zhe = (1,2,1,1,1,2,1,2,4) Zh. = (1,1,1,1,1,1,2,1,4)

1
%58

=(2,1,1,1,2,2,1,1,5)

259 = (3,1,1,1,2,2,1,2,5)

zgo = (1,1,1,1,1,1,1,1,3)
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4. Integral quadratic forms and their positive roots. In this sec-
tion we collect the fundamental definitions and facts about quadratic forms
and their roots, which will be needed in Sections 5 and 6. For more infor-
mation about this topic the reader is referred to [18, Section 1], [8].

Let q : Z™ — 7Z be an integral quadratic form, that is, ¢ has the form

n

(4.1) q(z1,...,xn) = Zx? + Z Q5T 5,
i=1 i<j

where = (z1,...,2,) € Z" and ayj; € Z.

We call the vector z = (z1,...,x,) € Z" positive if x # 0 and z; > 0
for all i = 1,...,n. The integral quadratic form (4.1) is said to be weakly
positive provided g(xz) > 0 for all positive vectors x € Z". A vector x € Z"
satisfying g(x) = 1 is called a root of ¢. It is well known that a weakly
positive integral quadratic form has only finitely many positive roots (see
[18, Section 1]).

A vector x = (x1,...,2,) € Z" is called sincere if x; # 0 for all i =
1,...,n. A weakly positive integral quadratic form is said to be sincere
provided there exists a sincere positive root x of gq.

For each i = 1,...,n we denote by e(i) the vector of Z™ having 1 at the
1th position and zeros elsewhere.

Let (—,—)q be the symmetric Z-bilinear form corresponding to ¢, that
is,

2(z,y)g = q(z +y) — q(@) — q(y).
Following [18] we define the Z-linear form D;q : Z™ — Z by the formula
Diq(x) :=2(e(i),z) = 2z; + Zaijxj.
i#]
Let ¢ be the quadratic form (4.1). We start with the following three

lemmata proved in [18]. Then we prove several technical facts which are
fundamental for our algorithms of Section 6.

LEMMA 4.2. If x is a root of an integral quadratic form (4.1), then
Z?:l xzqu(x) = 2.

Proof. For a root = (x1,...,x,) of ¢ we have
n n n
inDiq(a:) = 22@(6(2’), x)g = 2(2@6(1’),3}) =2(x,x)g = 2q(z) = 2,
i=1 i=1 i=1 ¢

because ¢(z) = 1. m

LEMMA 4.3. Let z = (x1,...,x,) be a positive root of a weakly positive
integral quadratic form (4.1) and let i € {1,...,n} be such that x; # 0. If
x # e(i), then |Diq(z)| < 1.
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Proof. Let i € {1,...,n} be such that z; > 0 and = # e(i). From our
assumptions it follows that x + e(i) and = — e(i) are positive and so
0 < q(z+e(i)) = q(z) + q(e(i)) £ 2(e(i), ¥)g = 1 + 1 + Dig(x).
This yields —2 < D;g(z) < 2. =
COROLLARY 4.4. Let © = (x1,...,xy,) be a positive root of a weakly po-

sitive integral quadratic form (4.1). If x # e(j) for j = 1,...,n, then there
exists i € {1,...,n} such that x; # 0 and D;q(x) = 1.

Proof. By Lemma 4.2, there is i € {1,...,n} such that x;D;q(z) > 1.
Since x is positive, we have x; > 1 and D;q(z) > 1. Then Lemma 4.3 yields
Dig(x)=1.m

LEMMA 4.5. If x = (x1,...,2y) is a Toot of an integral quadratic form
(4.1), then x — D;q(x)e(i) is a root of q for each i =1,... n.

Proof. Let i € {1,...,n}. Then

q(x — Diq(x)e(i)) = (x — Diq(x)e(i), v — Diq(x)e(i))q
= q(z) — 2(Dig(x)e(i), x)q + ¢(Dig(z)e(i))
=1-2Dyq(z)(e(d), x)q + (Diq(x))?qle(i))
=1— (Dig(z))* + (Dig(x))* = 1. u

As an immediate consequence of Corollary 4.4 and Lemma 4.5 we get

COROLLARY 4.6. Let x = (x1,...,xy,) be a positive root of a weakly po-
sitive integral quadratic form (4.1). Suppose x # e(i) for all i. Then there
exists i € {1,...,n} such that x; # 0 and x — e(i) is a positive root of q. =

Throughout this paper the following fact will be used.

COROLLARY 4.7. If there exists a sincere positive root x = (1,...,Ty)
of a weakly positive integral quadratic form (4.1), then there exists a sincere
positive root y = (y1,...,Yn) of q such that

(4.8) Diq(y) =1 implies y; = 1.

Proof. Let y©) = z be a sincere positive root of ¢. If = does not sa-
tisfy (4.8) for each i = 1,...,n, then there exists i € {1,...,n} such
that D;q(x) = 1 and x; > 1, and according to Lemma 4.5 the vector
yM) = x — (i) is a sincere positive root of ¢. If y") does not satisfy (4.8) for
each i =1,...,n, then there exists j € {1,...,n} such that y® = 31 —e(4)
is a sincere positive root of ¢q. Continuing, we find a sincere positive root y
satisfying (4.8), because otherwise we get an infinite chain y©@, y(1) ... of
pairwise different sincere positive roots of ¢. This is a contradiction, because
q is weakly positive and therefore it has only finitely many positive roots. =m
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LEMMA 4.9. Let q : Z™" — Z, n > 0, be an integral quadratic form, and
let z and x be roots of q. If v = z £ e(i) for some i € {1,...,n}, then

Diq(z) = F1.

Proof. By our assumptions,

1= q(2) = q(z £ e(i)) = (= £ e(i), 2 + e(i))q
= q(2) £2(z,€(i))q + qle(i)) = 1+ 14 Dig(z) = 2 + Diq(2).
It follows that D;q(z) = F1. =
The following fact is an immediate consequence of Lemmata 4.5 and 4.9.

COROLLARY 4.10. Let q:7Z" — Z, n > 0, be a quadratic form and let z
be a root of q. Then z £ e(i) is a root of q if and only if Diq(z) = F1. m

PROPOSITION 4.11. Let q : Z™ — 7 be a weakly positive sincere quadratic
form, and let z be a sincere positive root of q. There exists a chain

(4.12) ezt
of positive roots of q such that

(a) 2 = 2z, 20 = 20-1 —¢(jy) for any i = 2,...,m and for some
Ji € {1,...,71},
(b) the roots D, ... 2= are sincere,

(c) my:) =0 and mg-m) >0 for j # jm.

Proof. Let z = (! be a sincere positive root of ¢. By Corollary 4.4,
there exists jo € {1,...,n} such that D;,q(z) = 1. Then according to Co-
rollary 4.10 the vector 22 = z(1) — e(jo2) is a positive root of ¢. If :Ug) #0,
then x(?) is sincere and there exists j3 € {1,...,n} such that 2 =z —
e(j3) is a positive root of ¢. Continuing, we construct a chain z(M, 22 ...
of sincere positive roots of ¢ satisfying the required conditions. Since ¢ is
weakly positive, it has only finitely many positive roots. Therefore there

exists m such that xg:::) =0. u

We recall from [18, Section 1] the following fact.

COROLLARY 4.13. Let q : Z"™ — 7Z be a weakly positive quadratic form,
and let z # 0 be a positive root of q. There exists a chain

(4.14) M 2
of positive roots of q such that

(a) 2N = 2z, 200 = 20=D _¢(5;) for i € {2,...,m} and for some
Ji € {1,...,71},
(b) 2™ = e(j) for some j € {1,...,n}.
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Proof. Apply Proposition 4.11 and simple induction arguments. m

Let z be a root of an integral quadratic form ¢ : Z™ — Z. If there exists
a chain (4.14) satisfying (a) and (b) of Corollary 4.13, then z is called a
Weyl root of q (see [18, Section 1]). By Corollary 4.13, all positive roots of
a weakly positive quadratic form are Weyl roots. Let us indicate how we
can construct all Weyl roots of an integral quadratic form, and all positive
roots of a weakly positive integral quadratic form.

REMARK 4.15. Let ¢ : Z™ — Z be a weakly positive quadratic form.
To construct all positive roots of ¢ it is enough to construct all possible
chains (), ... 2™ of the form (4.14) satisfying conditions (a) and (b) of
Corollary 4.13. The elements of these chains form the set of all positive roots
of q. We construct these chains inductively as follows. If we have constructed
a chain y(, ..., y(™ of the form (4.14) and of length m, then for any i €
{1,...,n} such that D;q(y") = —1 we form the chain 3@, ¢y 407,
where y(%) = y(1) 4 ¢(4). Obviously this chain is of the form (4.14), of length
m+ 1 and satisfies (a) and (b). Since ¢ has only finitely many positive roots
this procedure will stop and all chains of the form (4.14) satisfying (a) and
(b) will be constructed.

5. Sincere posets of finite prinjective type. The following lemma
shows that there are only finitely many sincere two-peak posets of finite
prinjective type. A similar result was given by S. Kasjan [9].

LEMMA 5.1. Let I be a sincere poset of finite prinjective type such that
|max I| = 2. Then |I| < 25.

Proof. Let z be a sincere positive root of the quadratic form (2.2). We
can assume that D;qr(z) > 0 for each ¢ € I. Indeed, if there exists i; € I such
that Dy, qr(z) = —1, then 2() = z+4e(iy) # 2 is a positive root of g7 such that
zfll) > z;, (see Lemma 4.5). If there exists iy € I such that Dj,qr(2(V) = —1,
) 5 L0,
i2 i2
In this way we construct a chain z, z(), 2(2) .. of pairwise different positive
roots of gy. Since [ is of finite prinjective type, gr has only finitely many
positive roots and so there exists j € N such that Diq[(z(j)) > —1 for all
i € 1. Tt follows that there exists a positive root z satisfying D;q;(z) > 0 for
each ¢ € I. Such a root is maximal in the sense of [18, Section 1].

then 2(® = 2() 4 e(iy) # 2(M is a positive root of ¢ such that z

In particular, z satisfies D,qr(z) > 0, Dyqr(z) > 0, where max] =
{*,+}. On the other hand, Theorem 1 of Ovsienko [18] yields Dpq;(z) =
22p =3 i0p2i < 12=37, 2 for p=x and p = +. Hence there exist at most
12 elements ¢ € I such that i < p. As I is connected, there exists at least one
i € I satisfying i < % and i < +. It follows that |[I| <124+12—-1+2=25. =
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The following theorem provides the main tool for our algorithms of Sec-
tion 6.

THEOREM 5.2. Let I be a sincere two-peak poset of finite prinjective type
such that |I| > 3. There exists j € I~ = I\ maxI such that J =1\ {j} is
a sincere connected two-peak poset of finite prinjective type.

Proof. Let qr be the Tits quadratic form of I. Since [ is sincere, by
Theorem 2.3 the quadratic form ¢; has a sincere positive root z. In view of
Corollary 4.7 we assume that z satisfies the condition (4.8) for all i € I.

We claim that there exists ¢ € I~ such that D;q;(z) = 1. Indeed, by
Corollary 4.4, there exists j € I such that Djqr(z) = 1. Note that z; =1 by
(4.8). Assume that j € max . Then

1= quf(z) :2Zj —sz ZQ—sz
k=<3 k<3

and we get >, 2k = 1. Since the root z is sincere and positive, we conclude
that there is exactly one k € I such that k& < j. Moreover z;D;qr(z) = 1,
hence by Lemma 4.2 there exists t € I, t # j, satisfying Dyqr(z) = 1. From
our assumptions it follows that z; = 1. If we assume that ¢ € max I, then
as above we show that there exists exactly one k£ € I satisfying & < ¢.
Consequently, |I| = 3, contrary to our assumption. Therefore there is an
i € I~ which satisfies D;qr(z) = 1 and our claim is proved.

Let ¢ € I~ be such that D;qr(z) = 1 and z; = 1. By Lemma 4.5, z =
z — e(i) is a positive root of gr satisfying x; = 0. View J = I\ {i} as
a peak subposet of I. We show that J is sincere and connected. It is easy
to see that 2/ € N’ is a positive sincere root of ¢;, where 2/, = x; for
j € J. It follows that J is sincere and of course |J| = |I]| — 1, max J| = 2.
Moreover, J is connected. Indeed, if J = J; U Jo, where J; N Jy = (), then
1 = qs(2") = gz, + ¢g,(2?)), where xy) =aj fori =12 j€ J.
The quadratic forms ¢j,, q, are weakly positive, hence ¢y, (z()) = 0 or
q7,(x?) = 0. Hence (V) = 0 or 2(® = 0. Consequently .J; = § or J, = 0,
because the vector z’ is sincere. m

Throughout this section [ is a sincere two-peak poset of finite prinjective
type. Assume that I = {1,...,n,*,+} and max I = {*,+}. Moreover let q;
be the Tits form of I and z be a positive sincere root of ¢;. In addition, z is
assumed to satisfy the condition (4.8) for all ¢ € I. For i € I we define the
following two subsets of I:

i*={sel :s=i}, i"={sel :s=i}.
Theorem 5.2 implies that if |I| > 3, then there exists ¢ € I~ such that

I'\ {i} is a sincere two-peak poset. For simplicity the i will be chosen in a
special way. For this the following facts will be needed.



TWO-PEAK SINCERE POSETS 41

LEMMA 5.3. Let I and z be as above and let i € I~ =1\ maxI be such
that D;qr(z) = 1. If the subset i¥ = {c1 < ... < ¢x = i} of I is linearly
ordered and satisfies the condition

(5.4) c1 < * (resp. c1 < +) = i <x* (resp. i < +),
then De,qr(z) =1 forj=1,... k.
Proof. First we note that our assumptions yield
De¢;q1(2) = Diqi(2) — zi + 2¢; + dj,

where j = 1,...,k and d; > 0 is an integer. This implies that D, qs(z) =
Ze; + dj, because z; = 1 and D;qr(z) = 1. The root z is sincere, hence
De¢;q1(2) = ze; +dj > 0. On the other hand, Lemma 4.3 gives D.;qr(z) < 2.
Consequently, D¢ ,qr(z) = 1. =

LEMMA 5.5. Let I and z be as above and let i € I~ = I\ maxI be such
that D;qr(z) = 1. If the subset i® = {i = ¢1 < ... < ¢} of I is linearly
ordered and satisfies the condition

(5.6) i <% (resp. i < +) = cp <* (resp. cp < +),
then D¢;qr(2) =1 forj=1,... k.
Proof. The proof, similar to that of Lemma 5.3, is left to the reader. m

LEMMA 5.7. Let I and z be as above. Assume that the assumptions of
Lemmata 5.3 and 5.5 are not satisfied for any i € I~ such that D;qr(z) = 1.
Then I contains a two-peak proper subposet J, which contains one of the
following two posets:

. ) ‘/l
_l’_

SN
NN

3 ° /. \l
(5.8) * (5.9) \‘*'/

where max I = max J = {x,+}.

Proof. Let i € I~ be such that D;qr(z) = 1. Since the assumptions of
Lemmata 5.3 and 5.5 are not satisfied, we have i & ¥ N+V. Indeed, by [21,
Theorem 3.1] the poset *¥ N +7 is linearly ordered (because I is of finite
prinjective type). Therefore, if i € x¥ N+, then ¢V is linearly ordered and
(5.4) is satisfied, contrary to our assumptions. Hence i € x¥ N+V; say i < *
and ¢ £ +. Therefore if the assumptions of Lemma 5.3 are not satisfied,
then either ¢V is not linearly ordered or (5.4) is not satisfied. If ¢V is not
linearly ordered, then I contains the poset

.\i/.
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and if (5.4) is not satisfied, then I contains
7N
i +

Moreover if the assumptions of Lemma 5.5 are not satisfied, then 4 C I~
is not linearly ordered, because in view of i < % and ¢ £ +, the condition
(5.6) is automatically satisfied. Therefore I contains (5.8) or (5.9).

As in the proof of Theorem 5.2 we show that there exists j € I, j # 1,
such that D;qr(z) = 1. Then z; = 1 by (4.8). Therefore J = I\ {j} is
a sincere poset (cf. the proof of Theorem 5.2). If j € maxI, then J is
a sincere one-peak poset which contains one of the following posets:

.\. /. :L
Y 2\
N/ N,/

and this is impossible (see [20, Theorem 10.2]). Thus we can assume that
j € I~. Hence clearly J = I\ {j} contains (5.8) or (5.9). m

6. Algorithms for the construction of sincere posets of finite
prinjective type. In this section we give two algorithms for the construc-
tion of sincere two-peak posets of finite prinjective type. We start with some
definitions and preliminary constructions.

DEFINITION 6.1. We say that a sincere poset J = (J, <) is dominated
by a poset I = (I, =1) (or I dominates J) if |J| = |I| + 1 and

(a) I is sincere.

(b) There exists j € J~ such that J \ {j} = I and the relation <7 is the
restriction of < to I.

(c) There exists a sincere positive root z of the quadratic form ¢; such
that 2 is a sincere positive root of ¢, where z; = z; for ¢ # j and z; = 1.

If in addition j € J~ is a minimal (resp. maximal) element in J~, then
we say that J is min-dominated (resp. maz-dominated) by I.

PROPOSITION 6.2. If J is a sincere two-peak poset of finite prinjective
type such that |J| > 3, then there exists a sincere two-peak poset I which
dominates J.

Proof. Let z be a sincere positive root of ¢;y. Assume that z satisfies
(4.8) for all i € J. There exists i € J~ such that D;q;(z) = 1 (cf. the proof
of Theorem 5.2). The poset I = J \ {i} with relation <; induced from <;
is connected. Moreover, since z; = 1, the positive root z — e(i) of ¢; has ith
coordinate zero. From this we easily conclude that z is a sincere positive
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root of qr, where z; = Z; for j € I. Therefore I dominates J. This finishes
the proof, because obviously |max | =2. =

A family Xr. Let I = (I, <) be such that |I| = n, max] = {*,+}. Let

X1,..., X} be all pairwise different sets consisting of pairwise incomparable
elements of I~. We define new posets (11, <1), ..., (Ir, =), (Ix, %), I+, =4)
as follows:

eForj=1,...,kweset I; = IU{c}, where ¢ ¢ I and =; is the smallest
partial order relation satisfying:

(a) ¢ %j i forall i € Xj,
(b) i =; sif and only if i < s, for i,s € I.

e For j = %,+ we set [; = I U {c}, where ¢ ¢ I and =<; is the smallest
partial order relation satisfying:

(a) ¢ %55 (4= +),
(b) i = sif and only if i < s, for i,s € I.

We set X1 ={I,..., I, L, I+ }.

LEMMA 6.3. If J is a poset of finite prinjective type and J is min-
dominated by a poset I, then J € XJ.

Proof. By Definition 6.1 there exists a minimal element ¢ of J such that
I = J\ {c} and =y is the restriction of <;. Let X be the set of all i € J—,
i # ¢, such that ¢ <; i and the relation ¢ < i is minimal (i.e. if there exists
k € J such that ¢ <; k < i, then k = ¢ or k = i). Note that elements of
X are pairwise incomparable in J~, because otherwise there exist ¢, € X,
1 # j, such that i <7 j. Then the relation ¢ <; j is not minimal, contrary
to assumption.

First we consider the case X # (). Since X consists of pairwise incompa-
rable elements of I~ we conclude that X = X, for some [ > 1, is one of the
sets associated with [ in the definition of X7 above. In this case J = I;.

In the case X = () we have J = I, (resp. J =1;) if ¢ <y * and ¢ Aj +
(resp. ¢ <; + and ¢ A *). Moreover if ¢ < * and ¢ < + then the subposet
Y N+ of J contains two incomparable elements, because I = J \ {c} is
connected and c¢ is a minimal element in J. Then J is of infinite prinjective
type by [21, Theorem 3.1]. This contradicts our assumptions, and therefore
cg€+"N+V.Hence J € X;. m

A family XT. Now we dually define a finite family X! as follows:

We form new two-peak posets (I',=<1),...,(I*, <F) (I*,<*),(IT,="),
(Ih*, <L) o (IR, <R (I8, U)o (TR <R in the following
way:
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eForj=1,...,k weset I = TU{c}, where ¢ ¢ I, ¢ ¢ max I’ and <’
is the smallest partial order relation satisfying:

(a) i =7 cfor all i € X,
(b) i =7 s if and only if i < s, for i,s € I,
(c) ¢ =7 x (resp. ¢ =7 +) if for all i € X; we have i < * (resp. i < +).

e For j = *,+ we set I = I U {c}, where ¢ € I, ¢ ¢ max I’ and =/ is
the smallest partial order relation satisfying;:

(8) ¢ <9 j (j = %,+),
(b) i =7 s if and only if i < s, for i,s € I.
e For j = 1,....k and p = *,+ we set P = I U {c}, where ¢ & I,
¢ & max I[7P and <7P is the smallest partial order relation satisfying:

(a) i <IP ¢ for all i € X,
(b) i =P s if and only if i < s, for i,s € I.
(c) ¢ =7P pif for all i € X; we have i < p.

We set X1 = {11, ... IF 1 1t 1% ... 1% 1Y% .. 1%} and note that
I, = I? for p = *, +.

LEMMA 6.4. If J is a poset of finite prinjective type and J is max-
dominated by a poset I, then J € X1,

Proof. By Definition 6.1 there exists a maximal element ¢ of J~ such
that I = J\ {c} and =; is the restriction of <;. Let X be the set of all
¢ # i € J~ such that the relation ¢ <; ¢ is minimal (i.e. if there exists
k € J such that i <; k <; ¢, then k = c or k = i). Note that elements of
X are pairwise incomparable in J~, because otherwise there exist ¢, € X,
1 # j, such that i <7 j. Then the relation i <; ¢ is not minimal and we
get a contradiction. Therefore if X # () then X = X, for some [ > 1, is one
of the sets associated with I in the definition of X’. We note that only the
following cases are possible:

(a*) i <y *and i Ay + for all i € X; U {c},

(b*) i =y * for all i € X; U {c}, ¢ A7 +, and there exists j € X; such
that j < +,

(at) i <y 4+ and i A; = for all i € X; U {c},

(bT) ¢ <y + for all i € X; U {c}, ¢ A7 *, and there exists j € X; such
that j < *,

(¢) c=y*and c =<y +.

First assume X = (). Note that in case (a*) (resp. (a1)) we have J = I*
(resp. J = I'"). The remaining cases do not occur. Indeed, in (¢) the subposet
Y N+ of J contains two incomparable elements, because I = J \ {c} is
connected and c is a maximal element of J~. Then J is of infinite prinjective
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type by [21, Theorem 3.1], which contradicts our assumptions. Cases (b*)
and (b™) are also impossible, because X = X; = ().

Let now X # . Note that J = I' in cases (a*), (at) and (c), J = I"*
and J = IT in cases (b*) and (b*), respectively. Hence J € X', u

Using the following algorithm we will be able to construct all posets
which are min- or max-dominated by a given poset I.

ALGORITHM 6.5.

Input: A sincere two-peak poset I of finite prinjective type.

Output: All sincere posets of finite prinjective type which are min- or
max-dominated by I.

Description of the algorithm:

STEP 1. Form the sets Xy, ..., X defined above.

STEP 2. Set X(I) = XU X1,

STEP 3. Using Remark 4.15 form the set SR;FI of all sincere positive
roots of qr. This set is non-empty and finite.

STEP 4. Form the set )(I) of all posets J in X' (I) satisfying:

(a) J is of finite prinjective type.
(b) There exists z € SR, such that D.qs(?) = 1, where {c} = J\ I and
Ze N’ isdefined by Z; =z fori € T and Z, = 1. m

THEOREM 6.6. Let I be a sincere two-peak poset of finite prinjective type
and let Y(I) be defined in Algorithm 6.5. A poset J belongs to Y(I) if and
only if J is a two-peak sincere poset of finite prinjective type which is min-
or maz-dominated by I.

Proof. Let J be a sincere two-peak poset of finite prinjective type which
is min- or max-dominated by I and let J\ I = {c}. From Lemmata 6.3 and
6.4 it follows that J € X(I), where X'(I) is defined in Step 2 of Algorithm
6.5. Definition 6.1 yields a sincere positive root z of ¢; such that z is a sincere
positive root of ¢, where z; = z; for j € I and 2. = 1. From Corollary 4.10
it follows that D.q;(Z) = 1. This implies that J € Y(I). Conversely, every
poset J € X(I) of finite prinjective type satisfying condition (b) of Step 4
is min- or max-dominated by I (cf. Definition 6.1). =

DEFINITION 6.7. We call a poset J iterated dominated by a poset I if
the following two conditions are satisfied:

(a) the Tits quadratic forms g7, q; are weakly positive and sincere, or
equivalently, I, J are sincere posets of finite prinjective type,

(b) there exists a chain of posets J(g), . . ., J(m) such that Jgy = I, I,y =
J and the poset J(;) is min- or max-dominated by J;_1) for j =1,...,m.
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ALGORITHM 6.8.
Input: The poset
7N\
5’-"1(2) = * +.
Output: All posets which are iterated dominated by .7-"1(2).
Description of the algorithm:
STEP 1. Apply Algorithm 6.5 to F{”) to get Vg := V(FLD).

STEP 2. For i € N define inductively };) in the following way. If ;) is
defined for some n € N, apply Algorithm 6.5 to any poset I € ), to get

Y(I). Set Yint1) = Urey,,,, YU)-
STEP 3. Set YV = U, ey Vin)- ®

THEOREM 6.9. The set Y defined above is finite and consists of all two-
peak posets of finite prinjective type which are iterated dominated by .7:1(2).

Proof. Since Y contains only sincere two-peak posets of finite prinjective
type, it is finite by Lemma 5.1.

The rest is a simple consequence of the definition of posets iterated do-
minated by ]:1(2), Algorithms 6.5, 6.8 and Theorem 6.6. u

ExXAMPLE 6.10. We apply Algorithm 6.5 to the poset

1.2 3
7 N
: * T
to find all posets min- or max-dominated by I.
First we note that

qr(x) = x% + :c% + $§ + 22 + xi — XLy — X1T4 — ToTy — T3T,
where x = (21, 22, T3, Ts, T4).

STEP 1. The sets X; = {1}, Xo = {2}, X3 = {3}, Xy = {1,2}, X5 =
{1,3}, X = {2,3}, X7 = {1,2,3} are all pairwise different sets consisting
of pairwise incomparable elements of 1.

STEP 2. The set X'(I) consists of the following posets:

i i N N

/NG /N1 /NG N

I o x ¥ I * ¥ Iy« ¥ 16:*/ \Jlr/
c 1 2

1/%\3 c 2 3 /1\1/3 */Cl/ 3

N LoD N N s
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- */ 2 3
. \—lk/

0N
AN

+—=
/

QO ¢—r

1.2 3
1 AN
N ’
I6 © ok + Il,* :
because I[' =1, [’ =1, =13 =13, I* =I°, Iy = I3 and I, = I.

STEP 3. Using Remark 4.15 we get SR;FI ={(1,1,1,1,1), (1,1,1,1,2),
(2,1,1,1,2)}, where the coordinates of the roots z = (z1, 22, 23, 24, 24.) are
indexed by elements of I.

STEP 4. By [21, Theorem 3.1] the posets I; and I are of infinite prin-

jective type. Now it is easy to see that the only posets satisfying conditions
(a) and (b) of Step 4 of Algorithm 6.5 are Iy, Iy, I, and I'" and they are

all min- or max-dominated by I. Moreover Iy = .7-"1(3), Iy = ]:1(?), I, = ,7:1(3)
and I+ = .7-"45(25) (see Tables 3.2).

7. Proof of the main result. The proof of Theorem 3.1 will be pre-
ceded by two helpful lemmata. Denote by PW the set of all two-peak
sincere posets of finite prinjective type of cardinality n. Moreover let S(™
be the set of all sincere posets J of finite prinjective type which are min- or
max-dominated by some poset in pwn—b,

LEMMA 7.1. Let m € N be such that the posets from PW do not
contain the posets (5.8), (5.9) as peak subposets. Then S(m+1) = pwim+),

Proof. We note that S(m+1) C PWHD | because any poset J from
Sm+1) ig sincere of finite prinjective type and obviously |[J| = m + 1. Let
J € PWH) | Let z be a sincere positive root of ¢y satisfying (4.8) for
each i € J. Let i € J be such that D;qs(z) = 1 and let L = J \ {i} be a
peak subposet of J. Clearly, J is dominated by L. Since L contains neither
(5.8) nor (5.9), Lemma 5.7 yields that the assumptions of Lemma 5.3 or of
Lemma 5.5 are satisfied (for J, z and some j € J such that D;q;(2) = 1).
In the first (resp. second) case D.qj(z) = 1, where 7V = {c < ... < j} (resp.
j& = {j < ... < ¢}). Note that ¢ is a minimal (resp. maximal) element
of J~. Therefore J is min- (resp. max-) dominated by I = J \ {c} and
JeSmtl) 4

LEMMA 7.2. Let K be a field, I be one of the posets of Tables 3.2 and
M be one of the KI-modules in Tables 8.1 of Section 8. Then

(a) M € prin(K1) Nmodg, (K1),
(b) M is indecomposable, and
(¢c) M is sincere.

Proof. The statements (a) and (c) follow immediately by a case by case
inspection of the K-diagrams (shown in Tables 8.1) of the modules M.
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(b) We show that End(M) ~ K. A detailed proof will be presented only
in two cases. The proof in the remaining cases is left to the reader.

Case M = Ml(?) Assume that the vertices of .7:1(3) (see Tables 3.2) are
numbered as follows:

2
7:1(7)¢

and let
M) = (M(1),..., M(5), M(x), M(+), jp; : M(i) — M(j))

be the K72 -module M2 given in Tables 8.1. Let f = (f1,..., f5 fur f4) :
Ml(?) — 1(?) be a Kfl(g)—endomorphism of Ml(?), that is, f; : M(j) — M(j)
is a K-linear map such that f; - jo; = jo; - f; forall ¢ <X j € .7-"1(?. If we
identify f; with its matrix with respect to the standard basis of M (j) then
the equalities f3 - 302 = 302 - f2, fa- a2 = a2 f2, fi - «p1 = »p1 - f1 and
f+ 103 =493 f3yield

al a ajr b1z b1
11 612
fo=an, fi3= [ ] , o fa= 0 ba2 boz |,
0 ago
0 b3z b33
c 0 a a
fl:c227 f*: [ H ] ’ f5:d117 er: [ H 12 ] .
C21 €22 0 am

Moreover the equality fi - 15 = 15 - f5 implies that ase = di1 and
ajl +ajg = d11. From f* %P4 = xP4q f4 it follows that b12 = b13 = 523 =
co1 = 0, bao = co2 and aq1 = ¢q1. Further, since fi - 1o4 = 14 - f4 we have
bsa = a12 = 0, a11 = bag and age = bsz. From this we easily conclude that
Qg — bjj = (| = dkk and a,ij = bz'j = Cij = dij = 0 for ¢ 7& ] It follows
that fi,..., f5, f«, f+ are diagonal matrices with a1; on the diagonal. This

shows that f — a1; defines a K-algebra isomorphism End(Mf?)) ~ K. In
)

particular the module Ml(? is indecomposable.

Case M = M1(§) Assume that the vertices of .7-"1(? are numbered as
follows:

2
f1(3):

*
e U e LoD
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We consider the K fl(g)—module

M3 = (M(1),..., M(5), M(x), M(+), jigi - M(i) — M(j))
given in Tables 8.1. Let f = (f1,..., fs, fa, f4) : M1(§) — M1(§) be a K]—"l(?—
endomorphism of Ml(g), that is, f; : M(j) — M(j) is a K-linear map such
that f;-jp; = joi- fifori X j € ]:1(?' If we identify f; with its matrix with
respect to the standard basis of M (j) then the equalities f3-3p2 = 302 - fo,
fa-4p3 =493 f3, f5 504 = 504 - fa and fi - w1 = 1 - f1 yield

a1 a2 aiz 0

a 0 o arz 0 0 agx a 0
11 22 G23
f3: 5 f4: 0 a2 0 5 f5: 5
a14 Q44 0 0 asz O
a41 Q42 Q44
@41 Q42 Q43 Q44
b1 bi2
fo=as, fi=0bun, fi= .
0 bao

The equality fi - «p5 = «@5 - f5 implies that a1 = a13 = a41 = a42 = a43 =
bi2 = 0, a11 = b11 and agq = bao. If f1 has the form

C11 C12
f+= [ ]

C21 €22
then the equality fi -5 = 15 f5 yields a;; = bjj fori=1,...,4,j =1,2,
and a;; = bj; = 0 for i # j. It follows that fi,..., f5, f«, f+ are diagonal

matrices with a1 on the diagonal. Hence M1(§) is indecomposable as in the
previous case. m

Now let us present a method of construction of sincere positive roots.

REMARK 7.3. Let I be a sincere poset of finite prinjective type such that
|I| = n, and let gr be the Tits quadratic form of I. Denote by JO gk
all posets which min- or max-dominate I. Set I\ J® = {¢;} fori =1,..., k.
Let vgl), . ,vl(z), for i = 1,...,k, be all sincere positive roots of ¢;u such
that Egz),...,ﬂl(;) are roots of g7, where 5§Z)(l) = v](-l)(l) for I € J@ and
'27](-2) (ci) = 1. We call '27](-2) the starting roots of qr and we denote by S(I) the
set of all starting roots of g;. Then for each v € S(I), as in Remark 4.15,
we construct all chains of the form (4.12) satisfying conditions (a), (b), (¢)
of Proposition 4.11. The elements of these chains without the elements (™)
form the set SR;I of sincere positive roots of q;.

Proof of Theorem 3.1. First we prove statement (c), and then (a) and
(b) together by a case by case inspection of the posets of Tables 3.2.
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By Lemma 7.2 any K fi(2)—module Mi(j ) in Tables 8.1 is indecomposable
) — zf , where zf is the vector given in Tables 3.3.
Conversely, let X be an indecomposable prinjective K fi(Q)—module satisfying
cdn X = 2. Theorem 2.3(f) yields X ~ Ml.(j) and (c) is proved.

Now we turns to the proof of (a) and (b).

prinjective and cdn Ml.(j

According to [21, Theorem 3.1] any poset F, () in Tables 3.2is a two-peak

(2
poset of finite prinjective type. Moreover the prinjective ]:i(2)—modules Mi(] )

in Tables 8.1 satisfy (cdn Mi(j))(k) # 0 for all k € .7-"1»(2) and therefore .7:1-(2)
is sincere. ‘
We can easily see that any vector z] in Tables 3.3 is a sincere positive

vector such that zlj € Nfz@).

Conversely, let I be a two-peak sincere poset of finite prinjective type
and let z be a sincere positive root of g;. We show that I is one of the posets
of Tables 3.2 and z is one of the vectors of Tables 3.3. We use the following
notations:

e X1,..., X} are pairwise different sets consisting of pairwise incompa-
rable elements of 1.

oI, I' I, I, I It i=1,..., k,arethe posets which are dominated
by I and defined in Section 6.

e We denote by ¢ the element ¢ € I such that I U {c} = I; (resp. I, I,
I, Ib* T0H).

e Let X(I) = X UXT (see Section 6, Algorithm 6.5).

e Let Y(I) denote the output set of Algorithm 6.5 with input /.

e Let Cr =+xVN+V CI.

e We denote by S(I) (resp. SR, ) the set of all starting roots (resp.
sincere positive roots) of q; defined in Remark 7.3.

Note that, if we delete from X (I) any poset of infinite prinjective type,
then Y(I) remains unchanged.

Since [ is of finite prinjective type, according to [21, Theorem 3.1] the set
C7 is linearly ordered. We denote by p (resp. ¢) the unique minimal (resp.
maximal) element of Cy. Let i € {1,...,k}. Note that, if there exists d €
CrN X, such that d # p, then Cy, is not linearly ordered and therefore I; is
not of finite prinjective type. Similarly, if X; = {d} where d € C1 and d # ¢,
then C}: is not linearly ordered and therefore I’ is not of finite prinjective
type. Therefore instead of X' (I) we can consider X(I)' = X(I)\ (AU B),
where A ={I; :i € {1,...,k} and there exists d € C; N X; with d # p} and
B={I':ic{l,...,k}, X; ={d}, d € C; and d # q}.

We make one more reduction. For given i, let D; = (1 Xi{s € max/ :
x < s}. If D; =0, then C7, is not linearly ordered and therefore I; is not
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of finite prinjective type. We replace X(I)" by X(I) = X(I)'\ {I; : i €
{1,...,k}, D; = 0}. It is clear that if X'(I) is replaced by X (I) then Y(I) is
unchanged.

For simplicity we will work with X'(I) instead of X' (I).

Now we are ready to apply Algorithm 6.8 to produce all two-peak sincere
posets of finite prinjective type which are iterated dominated by the poset
.7:1(2). For any i € {1,...,60}, applying Algorithm 6.5, we will construct the
set y(]-'i@)) of all posets min- or max-dominated by Fi(Q). We will see that
the posets .7-";2) having 9 elements satisfy J(F. ](-2)) = (). The reader can easily

check that Ufﬁl y (}"2-(2)) is the set of all posets given in Tables 3.2. Moreover

using Remark 7.3, for ¢ = 1,...,60, we will construct the set ‘SR;r © of all
F

sincere positive roots of the quadratic form ¢ ) The reader can easizly check

that U?ﬂl S’Rt‘;f (o) 1s the set of all vectors given in Tables 3.3. Thus (b) will

be proved.

From the constructions given below and the remarks above it follows
that the posets of Tables 3.2 form the set of all two-peak sincere posets of
finite prinjective type iterated dominated by .7-"1(2). We note that no poset of
Tables 3.2 contains the posets (5.8), (5.9) as peak subposets. Therefore if we
construct all sets y(ffz)), 1=1,...,60, then from Lemma 7.1, by a simple
induction, it will follow that Tables 3.2 give all two-peak sincere posets of
finite prinjective type. Thus (a) will be proved. In our considerations below
we will use [21, Theorem 3.1] to decide whether a given poset is of finite
prinjective type or not.

Our procedure is as follows:

1) We take the poset I = .7-"1(2) (see Tables 3.2), and use Algorithm 6.5
to construct all two-peak posets of finite prinjective type which are min- or
max-dominated by I.

(1.1) It is easy to see that X; = {1} is the only set required in Step 1 of
Algorithm 6.5.

(1.2) We note that X (I) consists of the posets I, I'* and I*.

(1.3) It is easy to see that (1,1,1) is the only sincere positive root of ¢;.
Hence SR/, = {2} = (1,1,1)} (see Tables 3.3).

(1.4) First we choose from W all posets which satisfy condition 4(b)
of Algorithm 6.5. For this we note that

D, () =2+1-2=1,
Degp(zi) =2+1-1=2,
Deqr+(23) =2—-1=1.
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Only the posets I; and I* satisfy condition 4(b). They are of finite prinjective
type, and therefore form a complete list of posets min- or max-dominated by
1. Tt follows that Y(F?) = {I,,I*}. We note that I = F\” and I* = F?
(see Tables 3.2).

In the same way we proceed in the remaining cases. We omit simple
calculations in Step 4.

2) Let I = 73

(2.1) The sets required in Step 2 of our algorithm are: X; = {1}, X2 =
{2} and X3 = {1,2}.

(2.2) X(I) = {I, I"*, 1YY, I, I3, I3, T*  TT}.

(2.3) S(I) = {z4 = (1,1,1,1)}, because only .7-'1(2) dominates I and the
form 9r@ has only one sincere positive root. It is easy to see that D;qr(z3) >
0 for all i € I, hence SR/}, = S(I).

(2.4) Tt is easy to check that D.qy, (23) = 1, Deqr+(23) = 1, Deqrr (23) = 1
and D.qj(23) # 1 for the remaining J € X (I). Since I;, I* and I are of
finite prinjective type, y(;@ﬁ”) ={L = .’Ff), I = FéQ), It = .7-"552)} (see
Tables 3.2).

3) I =7
(3.1) Xy = {1}, Xp = {2}.
(3.2) X(1) = {1y, I'*, I?*, I*}.
(3.3) S(I) = SR}, = {2} = (1,1,1,1)} by the same arguments as in
case 2).
(3.4) D.gr+(23) =1 and chJ(z3) 7$ 1 for the remaining J € X (I). Since

I* is of finite prinjective type, )?(.7-"3 ) ={I"= f£2)}.

4)1=r5P.

(41) Xi ={i},i=1,2,3, Xy = {1,3}, X5 = {2,3}.

(4.2) ( )= {h, IV IV P 1P I Iy, T4 1P I, T )

(4.3) I is dominated by F; (2) and F. (2), the respective Tits quadratic forms
have only one sincere positive root each (see 2) and 3)). Hence S(I) = {2} =
(1,1,1,1,1)}. Moreover D;q;(z}) = —1 if and only if i = +, and therefore
22 = (1,1,1,1,2) is the sincere positive root of q;. Note that D;qr(22) > —1
for all i € I. Finally, SR/, = {2}, 23} (cf. Tables 3.3).

(4.4) Deqr, (2) = 1, chf1+(24) = 1, Deary(23) = 1, Deqr(2)) =
Deqr+(24) = 1 and DCQJ(Z4) #1 for the remaining J € X(I) and ¢ = 1
The result is Y(F, FOY =1 = 79 p+ = ]:1(?7 I3 = ]:8(2), I = ]:552
because I is of inﬁmte prlnjectlve type

)

In the remaining cases we omit the calculations in Step 3. We only give
the sets S(I) and SR . The reader can easily check the details.
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5) I =F.

(51) X - {Z}’ 1= 1a2a3a X4 = {1’2}7 X5 = {1’3}a X6 = {273}’
X- = {1,2,3).

(5 2) X( ) - {Il7 Il* 127 147 I4 17) I*}

(5.3) SU) = R+={Zs (1,1,1,1, 1)},
(5.4) Deqr, (22) =1, chI*(z5) =1 and D.qs(z}) # 1 for the remaining
J € X(I). Hence Y(F) = {1 = FP | 1 —}"1(0)}.

6) The case [ = féQ) is discussed in Example 6.10. The result is Y (féQ))
= 1 R )

=72,

(7.1) X; ={i}, i =1,...,4, X5 = {1,4}, X¢ = {2,4}, X7 = {3,4}.

(7.2) ( ) = {11,11*,Ilv+,127*,127+,137*,I3v+,I4,I5,I5,16,17,1*,I+}.
(7.3) SUI) = {27 = (1,1,1,1,1,2)}, SRS, = {#, 27 = (1,1,1,1,2,2)}
(74) Deqr, (#3) = 1, Deqp+(27) = 1, chI1+(Z7) = 1, Deqry(2) = 1,

Deqr+(24) = 1 and D.qy(2%) # 1 for the remaining J € X(I) and i = 1, 2.

The result is )7(.7:7(2)) {IL = 1(3), Y = .7-“1(?, I, = ]—'1(2)}, because I

and I* are of infinite prinjective type.

7)

8) I = F.

(81) X; = {i}, i =1,...,4, X5 = {1,3}, Xg = {1,4}, X7 = {2,3},
Xg = {2,4}.

(8.2) X(I)={Iy, I"*, I"F 1% 1% I3, 13 14, I5,1° 16, 16,17, I8, I*, I},

(8.3) S(I) = SR} = {z = (1,1,1,1,1,2)}.

(84) Degr,(23) = 1, Deqpir(z5) = 1, Degpa(zg) = 1, Deqr,(25) = 1,
Deqr+(23) = 1 and D.q(28) # 1 for the remaining J € X(I). Since I®

and Iy are of infinite prinjective type, y(}"éz)) ={IL ,7:1(4) It .7'-2((2)),
=7}
9) I =Fs.

(91) X; = {Z}a = 17"'747 X5 = {173}7 X¢ = {174}7 X7 = {273}7
Xg ={2,4}, X9 = {3,4}, X710 ={1,3,4}, X11 = {2,3,4}.

(9.2) X(I) = {l, I, I**, I, I5, I°, I", L1y, I*}.

(9.3) S(I) = {25, 23}, SR, = {2§,...,25} (see Tables 3.3).

(9'4) Dth(zg) =1, DCQIl*(zg) =1, DCqI3(Z9) =1, DCQIs(ZE%) =1
Deqr+(z5) = 1 and Dqs(z) # 1 for the remaining J € X (/) and z € SR,
Since I1 and I* are of infinite prinjective type, y(}}gQ)) = {I'* = .7-"1(3),
Is=F{), I = Fig) }.
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10) I = FY.

(101) Xi = {2}7 i=1,...,4, X5 = {172}7 Xe = {173}7 X7 = {174}7
XS = {2)3}7 X9 = {274}5 XlD - {3)4}7 Xll = {1)2)3}a X].2 = {17274})
X13 = {17374}7 X14 = {27374}

(102) X(I) = {Il,Il’*,Il’Jr,IQ,Ig,I5,15716716,1107110,111,113,11371*,I+}.

(10.3) S(I) = {21y, 23, 230}, Z = {219, .-, 2%y} (see Tables 3.3).

(10.4) y(}—lg)) = {Il’+ = fg)v Iy = ]:1(3)7 I3 = ]:1(;)’ Is = *7:1(3)}7 be-
cause Deqy(z) # 1 for J € {I'*, I°, I°, I o, I'°, Iy, I3, I'*}, z € SR},
Deqp+(219) = 1, Dear, (23y) = 1, Deary (#1g) = 1, Deqry(219) = 1 and I, I,

I*, I'™ are of infinite prinjective type.

—~

The remaining cases are left to the reader. They are included in a com-
plete version of the paper (available from the author on request). m

8. Tables of sincere prinjective modules. Below we present the set
of canonical forms of sincere prinjective modules Mi(j )
algebra KF ](2). From Lemma 7.2 it follows that the Mi(j ) are those modules
in prin(K]:i@)) such that cdn Ml-(j) = zf (see Tables 3.3). By Lemma 7.2 the

modules Mi(j ) are indecomposable.
In the tables below the K-linear maps a,b,c,e, f,... in the definition

over the incidence

of Mi(] ) are defined by their matrices in the standard bases. Following [20]
we denote by d the K-linear maps defined by the matrix [1,1,...,1] (or by
its transpose) in the standard bases. Moreover, K-linear maps denoted by
di, V...V d;, are given by matrices which have i;th standard vector as jth
column (see [20]). The K-linear maps denoted by 9,°\,, °, o—, <o are
defined by matrices of the form

0 ... 0
1 0
0o ... 1

or by their transposes. The remaining K-linear maps are defined by matrices
of the form

1 ... 0
0 1
0 0

or by their transposes.
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In the third row of the following tables the coordinate vectors z,f of the

respective K fi(Q)—modules Mi(‘j ) are given.

Tables 8.1
SINCERE PRINJECTIVE KI-MODULES, WHERE
1 IS A SINCERE TWO-PEAK POSET OF FINITE PRINJECTIVE TYPE

(1) (1) (1) (1) (2)
M My My My M
K K K
1 l 5
K K K K2 K2 K K K
VRN N AN SN <Nl
K K K K K K K K K K
1 1 1
11 1 11 11
11 1 11 11 12
(1) ) (2) (3) (=)
M My Mg Mg M;", e=12
K
1
K2
CI 3
K K2 K K K K
FNT JINEST I\ N Saw NI
K K K K K K2 K K2 KT K2
1
111 111 111 211 11
11 11 12 12 z 2
a=[0 1]7 a=[11]7 ar=(111Ja2=[} ] |
MV MV METY o1 MY METY o1
K K KT
1 ! f K ﬁ(‘? K j(z
2 2 2 K K K
AN I 2N I I B M| AN IS AN
K K? K2 K2 | K2 K2 K K K3-® KT
11 1 12 1 1
11 111 121 111 111 11
172 272 272 272 11 3-z =
1 11
a= a=[0 1]t" ar=|1 |ag=]|10 . _ ap=ep=[0 1]*"
11] [01] 1 [1 } 2 [0 0 ] [10] b=[11] b1 1]
1 2 3 4
iy Mg M Lty
K K K K K K2 K K 2
L7 \ci d l/K\l/ L7 \i 7 d l‘/K\f/dK
K K2 K2 K2 K K
1111 1111 1211 1211
12 11 272 172
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(1) (1) (z+1) (4)
My My, My, 7, ==12 My,
K K
K K
d
A1 L . . b, La
K2 K2 K K K K K KT K K2 K K2
LN S INT o L Nlae INL 7
K K2 K K2 K K3 K K2
1 1 1 1
111 111 2z1 211
12 12 13 12
1 11
a1=|1 |as=|10
1 01
(1) (2) (3) (1)
Mg My My, My
g § g
K
K2 K2 K2 9q
| dyvds | dyvds | dyvds 5
: K K
K3 K3 K
ldyvdgvdy ldyvdgvdy ldyvdgvdy (1 1
K4 K2 K K K K3 K2
al b le L als L Al al Nl
K K2 K3 K2 K2 K2 K2 K3
1 1 1
1 1 1 1
1 1 1 11
11 21 11 11
32 32 22 23
a=dy b=dyVvdyVvOvdg a=dyVvdaVvOvdg a=d1 vOVvOvdy 110
0101 1101 0101 a=
= = b= 101
1110 1010 1110
(z+1) _ (4) (5) (z+5) _ (z) _
M14 z=1,2 M14 M14 M14 z=1,2 M15 z=1,2
KT K i( K
1 1 , L,
%3 K ®? K K2 K K2 K KT K
I la 1 1 | 19 lae 1
Kt K2 K4t K2 K3 K2 K3 K2 oK K
arl NI bl N\l al NI el N1 17 N\
K2 K3 K2 K3 K K3 KT K2 K2 K3
z 1 1 1
3—z1 11 11 11 11 21
1 1 21 11 11 121 111
2 3 23 13 z2 2323
1101
“1=l1010 a=daVdg a1=d 11
0101 110 ay=dag=|10
_[ot1o01 b:[ ] a2:[ ] o5
a27|:1110] 1110 101
(z4+2) (5) (z4+5) _ (8)
M15 z=1,2 M15 M15 z=1,2 M15
K K
K2 K K?2 K law 9 K K
Loy 1 la 1 5 e 11
KT K4 K2 K* K2 KoK K K K2 K2
bl Se N L NI L2 N al /Nl
®3 3 2 ®3 K2 K2 w2 ®2
21 21 11 21 11
z2]1 121 121 111 111
33 23 2222 22
11 01 11
10 11 10 01
a1= ag= b1 =do a=
01 01 01 ay=d az=|10
10 10 10 11
bo=djVdy c=djVdoVvO0OVvds b=d1VvOvOvdy




TWO-PEAK SINCERE POSETS

xR

(1) (1)
M16 M17
2
K* +—K K
la 9 el
K K3 K2 K K2 K2 K
L2 N 1 v N v
K2 K2 K2 K2
11 1
111 1111
272 272
01
a=|10
11
(5) (1)
M17 MlS
"
K3 K2 K K K2 K
1/ o S L Nolas
K2 K2 K K3
1 1
1211 1211
22 13
ftr1o
=loo1
(4) (5)
M18 M18
K
1
K K K K2 K K3 K
L/ Nla 1/ Nla v/
K K2 K2 K3
1 1
1111 1311
12 23
(=+8) (11)
MG =12 Mg
KT
lag
K K3 K2 K3 K K3
1 7 Nlbe S 1T 7 Nle
K2 K* K2
1 2
132z 1321
274 274
a1=dg ag=dVdg c=d|VdyVdy 01
11 01 11
10 11 a=
b= bo= 01
1 01 |°2 01 10
10 10
(1) (2)
M20 M20
K K K
7119 e
K2 K2 K2 K3 K2
TN Lot /2
K K3 K K3
11 11
111 211
13 13
11 111
a=|01 a=|010
01 001

X
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(4) (z) _ (3) (z+3) _
M2O M21 x=1,2 M21 le x=1,2
g g g
2
K K {( K2 K2
! s s 1 1
K2 K2 K2 K K K K2 K2 K3 K3 2 K3
al NI S Nlaw s AN Loz b N\lew
K K2 K K3 K K4 K* K4
1 1 1
11 1 1 1
111 2z1 221 321
12 13 14 z 4
01 a1=dg b=dyVdgVdy
11 11 01 11
a1=d ag=|10 a=divdg b= ¢ ] 11 10
01 10 ‘17101 [T |01
10 10
(1) (1) (2) (3)
M22 M23 M23 M23
) ) §
K2 K2 K2
ldl\/d‘g ldl\/d‘g J/dl\/dg
K3 K3 K3
ldlvd2vd4 ldlvd2vd4 ldlvd2vd5
K4 K4 K°
K K
ldlvd2vd3\/d5 ldlvd2vd3\/d6 ldlvdzvd3vd4vd6
L~
K2 K5 K2 K6 K2 K6
K2 K2 K3
N TR al Sy e al Sy e
K K3 K4 K3 K4 K3 K4 K3
1 1 1
1 1 1
1 1 1
11 1 1 2
211 21 22 21
13 43 43 43
a=dgVdg a=dgVdg a=dgVdg
b=dyVdoVvdgVvOvdy b=dVdoVvd3zVOVvOvdy b=djVdoVvd3zVvOVvOvdy
0001117 000101 000101
ce=|11000 e=|101010 e=|110010
01110 | 110100 011100
(4) (5) (6)
M23 M23 M23
g g §
K2 K3 K3
ldlv@ ldlvd2vd4 J/dl\/dgvd‘l
K4 K4 K4
dyVdyVdgVds ldlvdzvd3vd5 ldlvd2vd4vd5
K®° K5 K°
dqVvdgVvdgVvdyvdg ldlvd2vd3\/d4\/d6 ldlvdzvd3vd5vd6
K2 K6 K2 K6 K2 K6
al Sy e al /o e IPZRE
K4 K3 K* K3 K* K3
1 1 2
1 2 1
2 1 1
1 1 1
21 21 21
43 43 43
a=doVdg b=djVdaVvdzVvOvOvdy a=doVdg b=djVdaVvdzVvOVvOvdy a=dVvdoVvOVOvdgVdy
000101 000101 100001
c=|1101100 c=|110010 b=1010110
110010 011100 111000
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(7) (a4+7) (10)
M23 M23 , =12 M23
i) g g
K2 K2 K2
ldlvdg, ldlvdg, ldlvdg,
K3 K3 K3
ldlvd2vd4 ldlvdzvd4 ldlvdzvd4
K4 K4 K4
ldlvdzvdgvd5 ldlvdzvd3vd5 ldlvdz\/dg,\/ds
K2 K K® K5 K2 K5
l ‘/a‘ ib afi /b \I/Cl‘ al /b \I/C
K3 K2 K3 K3 K* K2
1 1 1
1 1 1
1 1 1
1 1 1
21 ol 21
32 33 42
a=dy VdaVOVOVds ap=dy b=d1VvdyvOvOvds a=dyVdg b=dqVdyVdsVvOvdy
00011 10001
01101 01101
=10110 c1=[10100 |eca=|[01110 =/11010
01110 11010
11 1 g
gD D i
g
K2 ®
ldl\/d3 %
K3 K2
dqVvdgVvd K K
l 1VdaVdy al \dg i (1
K4 K3\ K
K2 K2
ld1Vd2Vd3\/d5 bl lds 1 <1
K K5 K4 k3 K3 K3
al Sy e “ln L Ll
K3 K2 K2 K3 K3 K*
1
1 1
1 1 11
1 11 11
11 11 11
32 23 3z
a=dg b=djVdoVv0OVvOvdg a=djVdg b=d1VdgoVdy 110
01011 0101 ardan[lOl]
=l11100 =l1110 e=djVvdyVv0Ovdg
(3) (z+3) (z+5) (8)
M MY a=12 MyEF) am12 MS:
K K K K K K
1 1 1 1 g K K2
K2 K2 K2 K3 K2 K3 1 1
la ldde3 la 1 1 ld2vd3vd4 f2 f“
K3  K* K3 K% K3  K° K3  K°
s L e L] Lol
K* K2 K* K2 K* K2 K* K2
11 11 12 12 11 12
11 12 11 11 12 12
12 11 11 12 12 11
42 42 42 42 42 42
01101
a=dyVvdg b=djVdyVdy a=dyVvdg b=djVdyVdy a1=11010 01101
=[0101 = [FL01] _[0101 01011 “:[10110]
1110 1=l1010] “2T|1110 a2=11100
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(z+8) (11) (z+11) (14)
M25 , v=1,2 M25 ]\425 , v=1,2 ]\425
K K K K
19 K K2 K KT 19
K2 K3 1 9 1 9 K2 K2
1 ld2vd3vd4 K2 K* K% K3 1 doVvds
1 ! 1 1
K3 K5 K3 K5 K3 K* K3 K*
Ll Lol Lol Lle
K% K3 K% K3 K3 K2 K3 K2
1 12 11 12 11
13—z 12 12 11 11
12 11 11 11 12
4 3 43 32 32 32
00011
=|111000 1101
al
01110 _(1)‘1”1”1)(1) “1—[1010] 0101
00011 ““liio0i0 _[o101 “*[1110]
ap=[10100 “2=]1110
01110
(15) (z+15) (18) (19)
My, My, » 2=1,2 My, Mg
K K2 K® K2 K K2
I ! 1 L9 Ko K2
K? K4 Kz+l g4 K3 K* 1 9
1 ldzvdgvd4vd5 1 l@vdgvd4v 5 | doVvdgVdyVvds fz f4
K3 K6 K4 K6 K% k6 K3 K6
Lole Lol Lol Lol
K% K3 K° K3 K5 K3 K* K3
12 12 22 12 12
12 12 12 22 12
12 22 12 12 12
53 53 53 53 43
000101 000101 000101 100001
c=]101010 a=[110010 a=|101100 a=[010110
110100 011100 110010 111000
(1) (z+1) (4)
Mg Myg' 7, 2=12 Mg
K% K3¢o0 K
K K30 K agzl 1 9 K K30 K
e g K® K5 K2 L9
K2 K5 K2 l K2 K5 K2
b
ol /7 NI Loe U/ o\
K4 K3 K4 K3 K3 K3
121 z 21 121
121 3—z 21 121
4 3 4 3 33
(1)? 010 1 (1)(1)(1) 01010 01010
a=lgo [t=]111 a=|0 [b=|gg1 |[e=|01100 a=|11100
11 100 1 110 10001 10001
(z+4) (z+6) (9)
MY, =12 MyEFO am12 My,

Lo e e Loofee 9 [ |
K2 K% K2 2 4 2
K2 K K K2 K3 K2
L AN I bl L aNd
K3 K3 K3 K2 K3 K2
13—z=z 13—z=x 111
12 1 121 111
3 3 3 2 32
=dyVd =dqVdgVd,

A N T a1=dpVdg ag=dqVdyVvdg _[1 10 ]

! Lol b= [01017, _T1lo01 a=l101

0 010 1110 1010

0
bp=|1
1

01
00 | by=
10
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(10) (z) (3)
My My, w=1,2 M3
I K
s pe2 1
K K2+ K K* K K2 K2
S P Lot 1o 1
K2 K3 K2 K K? K? K K% K3
LNl 17 N\ L N
K2 K2 K2 K3 K2 K3
% 1
111 @ 21
111 13—z1 121
272 2 3 273
11
110 11 10
=101 aj=dag=|10 a=|¢ 1 | b=d1vOvOvd,
01 10
(4) (5) (6)
M27 M27 M27
K K I
1 1
K2 K2 K2 K2 K2 K2
la 1 la 1 la ldlvds
K K4 K3 K2 Kt K3 K K* K3
dal b \l l b \l l b \ld1Vd2Vd4
K3 K3 K3 K3 K2 K4
1 1 1
21 21 21
121 221 121
33 33 24
11 01 11
a= (1) (1) b=dVdoVOvds a= (1) 1 b=djVdoVv0Ovdg a= (1) (1) b=d1VvOVvOVdsy
10 10 10
M2(;+6), z=1,2 Mé?*g), =12 Mé?“o), z=1,2
5 K K
K2 K2 e+l g2 e+l 2
J/az ldlvdg lal- 1 lam 1
K K* K3 K2 K®° K3 K K5 K3
bml e \ld1Vd2Vd4 l b \l dzl b \l
K3 K* K3 K* K3 K*
1 1 1
21 2411 2411
21 24—=z1 14—=21
3 4 3 4 3 4
11 011 10 100
1 é ? 1 10 010 11 011
a1=|g1 | e2=| 01 a1=|[11] ag=|111 a1=[10 | ag=|111
10 10 01 100 01 110
11 101 01 101
br=dp c=dyVdyVvOvdy b=d1 VdoVOVOVds b=d1 VdoVOVOVds
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(z+12) (15) (16) (17)
My7 » #=1,2 My7 My, My,
K f K K
e+l 2 K3 K2 K3 2 K3 K3
az | a | a | a |
K2 K® K3 K2 k6 K3 K2 k6 K3 K2 k6 K4
e N Lo N e N o] e N
K* K* K4 K4 K4 K° K* K®
1 1 1 1
z+11 31 31 32
24—z1 231 231 231
4 4 4 4 45 45
100 110 110
10 100 110 011 100
10 111
010 010 101
ap=]11 ap=]010 a=11711 a=1 111 b=dgVds3 a=1911 b=dgVdg
g 1 (1) é 1 001 100 010
100 111 011
b=daVdg c=dyVdyVdzVOviy b=dyVdyVOVOVdgVdy | e=djVdyVvdzVvOvOvdy c=dy VdyVdgVOVOvdy
(z4+17) (1) (2)
My, ', 2=12 Mg Mg
Kl'
1
K3 o+l
a | K o X K K
K2 K6 K4 1 / ci (1 e
bl v \l K2 K3 K2 K K2 K2 K2
¢ L 7 o\l Sa L v Nl Va
K4 K® K3 K K2 K2
1 2
31 31 11 11
232 231 1211 1111
45 45 32 22
110
100
111 100
a=1911 b=dgVdg c=dVdoVvdzVOVvOvdy a= [0 11 :|
010
011
3) (z+3) (z+5)
My Myg ™, w=1,2 Myg ™ e=1,2
K K
K
K K
Ci /d ld % vl 1 f(i
K2 K3 K2 K K2 K3 K2 Ke K2 k3 K2 K@
L N s LN Vay L N A
K2 K2 K2 K3 K3 K3
11 11 11
1211 121 121
22 23 33
11 11
a1=d ap=|10 a1=d ap=|10
01 01
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(z+7) _ (z+9) _ (12)
M28 , z=1,2 M28 , z=1,2 M28
, K K2
K K K K 9 Ja lb
1 ' 1 oz lbw K2 K4 K3 g2
K2 K* K2 K% | 2 4 K3 KT
17 &N |7 N Lo N s
K3 K3 K3 K3 K3 K4
11 12 12
131z 1212 1212
33 33 34
11 01
10 11 i a=dqVdy b=dyVds c=dqVdyVOVd
amdyvdyvdgvds by=d | 1= |01 | ©2= |01 | 1= 10 =d1Vdy b=djVvd3 c=dqVdy 3
11 10 10 0 01
|10 _ R
b2 01 e=dyVdavdy f=| g
01 52:{} (1)] c=dqVvdyVOVds ej=dg eg=dqVdy 10
(z+12) (15) (16)
Myg » #=1,2 Myg Myg
X X K K2 K K2
q 79 1 e q L
K2 K4 Ko+l K2 K2 K5 K3 K2 K2 K5 K3 K2
AV AN S 1/ e 1/ e
K3 K4 K3 K* K4 K4
11 12 12
1322 1312 1312
3 4 34 4 4
a=dgVdyVdyVdg by=di VdyVdy a=dyVdg b=dqVdyVd) vdyVds a=d;Vdg b=dqVdyVd) VvdyVds
01 11 11 01
11 10 10 11
by=divdg e1=| g7 | c2=| g1 e=dyvdyvdy e= | ¢ 1 e=dyvdyvdy e= | ¢ |
10 10 10 10
(z+16) (1) ()
Mg L 2=1,2 Mg Mgy, v=1,2
KT K2 K K
K K
1 7 l“ ld\d /l l \ld
K3 K K3 K2 5 5 5 K K2 K2 K3
K K3 K3 K
17 N TN w] s N]
K* K4 K2 K3 KT K3
z 2 11 11
3—x312 1211 1211
4 4 23 z 3
a=dy Vvds b=dqVdyVdy VdyVds
11 01
10 11 ap=do
e=dyvdavdg er=| g1 | e2=|¢ ]
10 10
(3) (4) (5)
M30 M30 M30
K K K K K K
K 1N TN
3 5 3 K K3 K2 K3 K K3 K3 K3
Kk K3 K2 K
1/ N 17 N]anw 1 N|an
K2 K3 K2 K4 K2 K4
11 11 11
1311 1311 1321
273 274 274
10 100 010 100
_|1o| ,_|oto _|1r1o],_|oto0
““l1o0 “looo “=l100 “looo
01 101 001 101
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cocor
= OO
O =
~ooo

[=R=NeRan
_OOoOM~O
[=R=N Nola}
HOOOO

(7) (8)
M30 M30
K K2 K K2
%O\la ﬂo\ldlvdS
K K3 K3 Kkt Kk K3 K3 K%
1/ N|w 1/ N|wn
K* K2 K°
2 12
1 1321
25
10 110 100 1000
110 0100
01 010
b= a=]1100 b=(0000
00 100 1 1
01 001 010 0010
001 1001
(10) (11)
M30 M30
K K2 K K2
11 RN
K4 K3 K4 K2 k% K3 K4
1/ N 1/ N
K5 K3 K®°
2 12
1 2421
35
100 1000 100 1000
110 0100 010 0100
100 b=10010 a=]|110 b=]10010
010 0000 010 0000
001 0101 001 0101
(4) (5)
M31 M31
K K K
1 1 ! 1
K2 K2 K3 K2 K2 K3 K
Lo N|er Lo N
K2 K2 K2 K3
1 1 1 1
1321 1311
23 23
11
a=|10
01

M?(”l”+8), z=1,2

KT

o=

K3 K2 K3

Lo Neere
K2 K4

1 Ed
1323 —=
2 4

T

K3 K2 K2
s Nes
K4

01
11
01 b=dqVdy
10

ay=dg ag=djVds

11
10

b1=1 01 bo=
10

1
1
1
0

= OoOROo

c=dyVdgVdy
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(w+10) _ (13) (14)
Mgy » #=1,2 Mgy Mgy
K KT
q l“ K K K K
- 1 1 1
K2 K3 K2 K3 K2 K3 K2 K2 K2 K% K2 K2
1/ N 1/ N|eo Lra oo
K3 K% K3 K4 K3 K*
1 = 1.1 11
132 3—=z 1321 1421
34 34 34
ay1=dg ag=d;Vdg c=djVdgVdy ? } ? }
11 01 a= b=
01 01
—|10 —| ! 10 10
15101 | 25|01
10 10 b=djVvdy a=dyVvdoVOvdy c=djVdy
x+14 z+16 z+18
MG oo M) i M) o
K KT K KT K KT
(1 lam ﬂ lam i \I/am
K2 Kk* K2 K3 K2 Kt K2 K3 K2 k* K3 K3
L e 1/ N ease 1/ N|vase
K3 K% K3 K5 K3 K5
1 @ 1 @ 1 @
142 3Z2 142 3~ 143 3=a
3 4 35 35
ap=dz az=d;Vd3 a1=d3 ag=d|Vdz c=dqVdyVdsg a1=dg ag=djVdy c=dyVdyVds
b=diVdgVOVds e=dVdyVd 01 01 101 010
A e M 10 11 011 001
10 11 bi=|11] bp=[01 by=[010 [ bp=|011
1= o1 2= |01 01 10 011 101
10 10 10 10 100 100
(21) (22) (23)
M31 M31 M31
K K2 K K2 K2
9 ldl\/d4 9 ldl\/d4 q 9
K2 k% K2 K4 K2 g% K3 K4 K2 k% K3 K4
1/ N 1/ N 1/ N|eos
K3 K5 K3 K5 K3 K6
1 2 1 2 1 2
1422 1432 1432
35 35 36
01 010 (1) ? }
11 011 001
a=|10 b=dyVvdgoVvdgVds a=|001 b=dyVdaVvdgVds a=10910 b=dyVdaVdsVdg
01 101 010
10 100 100
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(25) (z+25)
M31 M31 , z=1,2
K K2 KT K2
9 ldl\/d4 9 ldlvd4
K2 K5 K3 K4 K3 K5 K3 K4
17 N 1/ N 1/ N
K4 K6 K4 K©
1.2
1532 3-z 532
46 4 6
010 011 010
011 001 011
~loo1 ~lo1o ~loo1
““l101 1= 1110 | 27101
010 001 010
100 100 100
b=dy vdyVdgVdg b=dy vdyVdsVdg
(3) (4)
M32 M32
K o—K?2 K o—K?2
ldz (1 lds (1
K3 K3 K2 K4 K3 K2
L2 N Ve IR U Za N
K K4 K2 K4
11 11
1212 1312
274 274
01 01
11 11
a=dyVvdgVvdy b=| g4 a=0vdyVvdaVv0 b= 01
10 10
(1) (1)
Mg Mg,
K K
K K
ZL N |
Kk K3 K2 K3 K2 K3 K2 K2
17 N L e N2
K2 K3 K2 K3
11 11
1211 1211
23 23
01 11
11 10 r11o0
01 01 “=l101
10 10
(2) (3) (4)
Mgy Mgy Mgy
§ §
K2 K2 K K2
' ! 1 2l
KB K4 K2 Kd K3 2 K3 K4

—or
| IS

K* K2

1
11
112
42

0001

1011

a=djvdy b= (791

0010




TWO-PEAK SINCERE POSETS

(z44) (1) (2) (3)
Mgg ™ 5 2=12 Mgq Mgq Mgg
K
i . &
K
K K2 q 1 2
2 K K
e 20 S AR I R
K3 K3 K4 1 ' K3 K2 K3
3 w2 2 K3 K2 K3
o ]| Nl N sl N[t
K4 K2 K3 K K3 K K* K
i i i1 11
z
3—z 12 111 112 112
4 31 31 41
ay1=dg ag=dyVdg b=dyVdgVdy 010
0011 0001 11 111 110
1010 1011 e=|01 a=|100 a=dqVdy b= 010
“1=10101 | 2= |0101 01 010 101
0010 0010
(z+3) (6) (7) (z+7)
METY a=12 Mg M METT a=12
§ T g i
K2 K2 o X K2 K2 K3—®
1 s 1 q s 1 1 s 1 11 ew d
K3 K3 K3 K3 K2 K3 K3 K2 K4 K3 K3 K4
Nl e, 9 N]e Nle N
K4 K pe K2 K4 K2 K4 K2
% 1 11 11 1 3-a
122 112 113 1z o241
4z 42 42 4
0110
110 10 10 1100
_ 100 _|1ro _ |10 ap=d1VdaVdy b1=1 419 g o
ay=divdavdy b1=| (7 ¢ a=[1¢ a={1¢ ooy
101 01 01 110 1000
010 100 100 1000 010 0100
|10, _JO10 b |00 b | 0100 a2=|190|2=|0010
2 100 2 000 000 0010 001 0101
001 101 101 0101
c1=d1Vdg co=d3
(10) (=+10) (13) (14)
Mg Mg » v=1,2 Mg Mg
K K K
1 1 1 K
K2 K Ko+ K K3 K 1
q ! 1 ! 1 ! K2
K3 K3 K* K4 K3 K4 K% K3 K4 1
3
a OvdqyvOvd la lu K K
Nle s L ovayvova, N]end Nlend N
K5 K2 K® K2 K K2
1 12 1 1
11 11711 21 11
123 223 123 123 112
52 52 52 52 32
100 1000 100 1000 100 1000
110 0100 110 0100 010 0100
a=]|100 |b=]0000 a=|100 b=10010 a=|110 b=]10010 a=
010 0010 010 0000 010 0000
001 1001 001 0101 001 0101
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(1) (z+1) (z+3) (z+5)
M37 M37 , x=1,2 M37 , z=1,2 ]\437 , z=1,2
K K
3 3 1 1
1 1 , ,
5 5 ) )
E 3 3
- 3 : :
1 !
K2 K2 K4 K3 K2 K4 K3 K2 K4 K3 K3 K4
SN s Saw o\ s Sas o\ N
K K4 KT K4 KT K5 KT K5
1 1 1 1
1 1 1 1
1 1 1 1
221 321 321 331
174 x4 z5 25
=d b=dqVdgoVd =d. b=dqVdoVd
01 a1=dz b=dyVdyVdy R o105 7 Fioa
01 11
a—dyvdy b=| 11 11 10 11 10 001 011
01 c1= co= eq=[01 | ea=|11 eq=] 011 [ ep=]010
01 01
10 10 10 10 01 101 011
10 10 100 100
(et7) _ (10) (e4+10) _ (e4+12) _
Mgz, e=1,2 Mg, Mg , z=1,2 Mgz , z=1,2
§ § i {
{(2 {2 {(z-u {(Hl
{(3 (i{j {(1‘+2 {(4
K4 kTl g4 K4 K3 g4 K4 K3 K5 K4 K3 K5
o N|ee s L PPN R4 o N ees
K2 K° K2 K6 K2 K6 K2 K6
1 1 1 1 2
1 1 2 1 1
1 1 1 2 1
42411 43 432 431 432 431
2 5 276 26 26 26 26
=0vdyVvdy V0 =0vdyVvdy V0
a=0vd; vdy V0 a=d VdaVdgVdg “ 1rez “ Lrez
01 010 r101 b=djVdaVd3Vdg b=d1VdgVd3Vdg
11 011 011 oio 011 011
by=[10 [bp=]001 001 011 001 001
01 101 |{*=]010 ~|oo1 _fo10 _|o10
10 100 010 ““l101 ‘A= fl110 [ 17101
emdy vy Vg Vs 100 010 001 010
f 100 100 100
(1) (1) (1)
Mg Mg My,
K
K K 9
da 2
9 \ds 1 ) K K
dof K K Y v | K K K
Lo\ e AR 9 Z1 N
K K K K
K? 5 K4 K2 K3 k2 K3
La N | Nobve N 17 N1 v
3 3
K3 K4 K3 K3 K K
11 1
21 11 111
121 1121 1211
374 373 373
oY 01010 b=dyVdy
a=|po |b=|11100 10 0101
10001 a=|10 e=|1100
11 01 1010
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(2) (3) (4)
M4O M4O M40
K K K K K K K K K
9 S LN 9 SN 9 ZINL
5 4 5 5 K2 K% K2 K3 K2 K* K3 K3
K K K K
9 N 1 v a\lb/c 1 7 a\lb/c
K3 K3 K3 K* K3 K4
111 111 111
1311 1311 1321
373 374 374
a=dyVvdqVdyVdg a=dyVdqVdyVds
10 100 010 100
a=dyVvdyVdyVdg - 10 _|010 - 110 (010
“l10|“|oo00 “l100 |“T|o0o00
01 101 001 101
(z+4) (7) (8)
M L 2=1,2 My My,
5 K K K2 K K K2
K K K
TN 1 1N [avae P |
K2 Kk* K3  K? K2 K° K3  K*
K2 K4 gT+l g4
§ 7 N PN IV SR [
K3 K* K3 K K3 K
1.12 112 112
1321 1321 1421
374 35 35
10
a= 8(1) b=dyVvdyVdyVds a=dsVdyVdyVdg a=d5VdyVdaVdgVdy
01 100 1000 100 1000
110 0100 110 0100
10 110 b=[100 |c=|0000 b=|100 |e=|0010
o= | 10 |z 010 010 0010 010 0000
L 10 100 001 1001 001 0101
01 001
(9) (z49) _ (12)
My, Myg s ==12 My,
K K K2
9 29 o\ ldlvdg K* K K2 K K
K2 K5 k3 4 1 71N 1 7 \ld
K3 K5 K3 K4 K2 K3 2
b Za \lb/c 1T/ o Ndba S LN
K4 K®° K* K5 K2 K3
112 z 12 111
1421 3-2421 1211
45 273
a=dyVvdoVvOvdgVdy a=dsVvdyVdyVdg\Vdy
100 1000 100 100 1000
110 0100 110 010 0100
b=[100 [e=]0000 by=[100 | bo=|110 [e=[0010
010 0010 010 010 0000
001 1001 001 001 0101




70

J. KOSAKOWSKA

(1) (1)
My, Myy
K K
9 \ts & 9
2 2
K K K20 K K2 K
e ldz /a (1 /Q (1
K* Vi3 K3 K4 K4 K4
AN Nl PN
K4 K4 K2 K2
1 1
11 111
1131 112
472 42
10 1000 100 0110 0100
10 0100 010 v b | 1100 N E S
“=l10 0010 000 a=d1Vde b=19 100 a=d1Vvda b=109101
01 1001 101 1001 1000
(1) (1)
My, My;
g
K2
K3 K
! .}‘1 N KK o— K2
K5 K3 i /ld3 ﬂ K2 K K
K3 K4 K3
a c
N | U/ NT e N1 a
K5 K3 K K2
1
1
11 111
123 1312
52 374
100 1000
110 0100 (1)1
a=|100 b=]0000 | c=0vdyVvOvdsy a=191
010 0010 1o
001 1001
(1) (z+1) (z+3)
My, My2" 7, e=1,2 M2, e=1,2
K K K K
g <1 i
2 2 x
K2 K K K K K2 K®
Nl Nl g Nl
2 K3 K3
11 11
1111 11la
2 3
1 11 11
a1=|1 ]| ag=|10 ay=|10
1 01 01
MS) MAE;+6)7 z=1,2
2 J
52 K KT
74 SN
K K3 K K3 K3 K2
2 K K
\la/b \lb/cz NI
K4 K2
21 2
1112 113%: 2
4 4
10 01 a;=d3 ag=diVdg b=diVdgVdy
00 11 11 01
“~loo0 01 |10 |11
01 10 ‘A=lo1 | “2T|o1
10 10
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() _ (z+2) (5)
M49 , z=1,2 ]\449 , z=1,2 M49
2
KT K K Y {( f 2 cf K2 K2 K
79 ld /l ® K3 K3 KT+l 79 laf 9
K Ko+l K3 K2 l K3 Kt K?
Nl S N e N
K3 K4 K*
x11 211 221
1111 111z 1111
3 4 1
100 10 010 10 10
lo1o0 |10 |110 o1 | f10
ap=dzVdz a=looo |27 |10 | 27100 “=loo | |10
101 01 001 01 01
(6) (7) (z+7)
M49 M49 M49 , z=1,2
K2 K2 K 14—z 2
K2 K2 K o K K K
1 et 1 [l ! 129
e K K3 K% K3 K K4 K* K3
K K3 K4 K3 l l
b a
N N e N[ e
K4 K5 K
221 221 41—z 21
1112 1112 1z 12
1 5 5
a=dy Vdg 1000 100
(1)‘1) (1)18 1000 100 0100 110
a=lool®=1%00 0100 110 a=|0010|s=]100
01 001 b=]10000 |e¢=]100 0000 010
0010 010 0101 001
1001 001
(10) (1) (1) (1)
My Mg, Mgy Mg,
K K
K3 K2 K lz g 1
K K 52 2
! 121 o 9 a K K K
w2 wa wa i 7 e Lol 9
K K3 K2 K2 K K K3 K2 K K2 2 X
N N2 Nl N
K5 K3 K4 K2
1 1
321 11 21 111
2112 1111 1112 1111
5 3 4 2
1000 100 01
0100 010 11 11
a=|0010 | =110 a=|01 a=djvdy b= ]
0000 010 01 10
0101 001
(a4+1) (e+3)  _ (a15)
Mg, e=1,2 Mg ™, e=1,2 Mg e=12
K K e K K2 K K K2 K
Lot o J=rt 1 J=ra 0
2 2 ) .
KK { K K® K3 K2 K2 K® K3 K2 K
Nl Ve Nl Nl S
K3 K3 K3
111 121 121
111z z112 z111
3 3 3
1 11 1
aj=|1 [ag=]10 ag=dg b=|1 ag=dy
1 01 0
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z+7 z+9 x+11
]\45()2 ), z=1,2 MS(Q ), z=1,2 ]\45(2 ), z=1,2
K K2 K K K2 KT K K2 K*
=99 Lol e 171 e
K* K3 K2 K2 K K3 K3 K2 K2 K3 K3 K2
N e N e N e
K4 K4 K*
121 12« 12 .
2112 113%: 2 21 374 2
4 4 4
01 a1=dg ag=dVdg b=djVdgVdy ay=dg ag=djVvdg b=diVdyVdy
11 11 01 11 01
ag=dg b=djVdy c= 01 |10 11 |10 11
10 ‘17101 2= 101 ‘1=101 “2=101
10 10 10 10
z+13 z+15 z+17
MéQ ), z=1,2 M5(2 ), z=1,2 M5(2 ), z=1,2
K K3 KT K K3 K* K K3 KT
10 e 19 | 1T/9 e
K2 K% K3 K2 K2 Kt K3 K2 K2 K4 K3 K3
N e N e N e
K4 K® K5
13 =z 13 = 13 =
21 3—z 2 21 3—z 2 21 3—2 3
4 5 5

a;=d3 ag=dyVdg b=dqVdyVdy

ay=dg ag=djVvdg b=diVdyVds

ay1=dg ag=dVdg b=djVdyVds

01 01 10 010
e o1 10 11 011 001
a=|g1 | =01 =11 cp=1]01 =010 | =011
10 10 01 10 011 101
10 10 100 100
(20) (21) (22)
Mg, Mg, Mg,
K K3 K2 K K3 K2 3 5
K K K
11 |- 11 |- i 9 9
K2 K*  K* K3 K2 K4 K* K2 K2 K*  K* K3
N e N e N e
K K° K6
132 132 132
2123 2122 2123
5 5 6
a=d1Vdy b=dyVdgoVdgzVds a=dqVdy b=dqVdoVdgVds 101
010 01 8 (1) }
011 11 a=djVdaVdsVdg b= | o |
e=|001 e=|10
101 01 010
100 10 100
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(23) (24) (25)
Mg, Mg, Mg,
K K3 K2 K K K2 K K K2
171 |- 1,1 |- 1,9 e
K2 K5 K4 K3 K2 K% K4 K3 K3 K5 K4 K3
N e N e N e
K6 K6 K6
132 142 142
2223 2123 3123
6 6 6
a=dqVdy b=dqVdyVdsVdg a=dqVdy b=dqVdaVdsVdg a=dqVdy b=dyVdoVdsVdg
010 011 011
011 001 001
~loo1 ~lo1o _lo1o0
=1101 “=l101 ““l110
010 010 001
100 100 100

(26) (27) ()
Mg, Mg, Mgs™, =12
K
K2 K4 K2 K K3 K < (1 2
3 9 T 0 1 koK K
/ a K2 K4 K2 K2 9 . 12
3 5 4 3 x
K K K K K K K
Nlb e N e N e
K6 K4 K3
1
242 131 111
3123 2112 11z
6 4 3
a=dqVdy
010
011 vl 1 11
11
001 a=dyvdy b=| g ap=|1 ap=|10
b=dqVdgVvd3zVdg c= 101 10 1 01
010
100
(3) («+3) (e45) _
M MEFTY a2 METY) az1
x K K2
o9 71 71
X w2 K K K2 KT K K3 K*
T 9 1 e Lo
K3 K2 K2 K3 K3 K2 K4 K3 K2
N e N v N s
K4 K4 K4
1 1 2
111 11 =z 11 =
112 13—xz2 13—z 2
4 4 4
10 01 a1=dg ag=djVdg b=dqVdoVdy a1=d3 ag=diVdg b=dqVdoVdy
00 11 11 01 11 01
=190 | “=lo1 |10 HER! 10 11
01 10 ‘1Tfo1 | 2701 ‘1=fo1 | “2T]o01
10 10 10 10
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(8) (z+8) (z+10)
M53 M53 , z=1,2 ]\/153 , z=1,2
2 K2 K2
o9 ! 71
3 K K3 K® K K3 K2
K K K
] 1 e S
K4 K2 K2 K4 K3 K2 K4 K4 KT+l
N e N e N e
K4 K5 K5
2 2 2
111 11 112
112 13-22 12 a41
i 5 5
a1=d3 ag=diVdg b=dqVdoVds a=diVdy b=djVdoVdzVds
10 01 01 01 01 010
ae 88 o= é } 10 11 11 011
=[11 —|o1 =[10 =|oo01
1 c2 c1 c2
01 10 01 10 01 101
10 10 10 100
(z412) (15) (z4+15)
M L 2=1,2 M, M 2=1,2
2 K2
K2 g 71
! 4 3 5 K K2t K2
K K3 K*© K K K
9 9 1]
1 fee
B ; 5 K4 K4 K3 K5 K4 K3
K K K
N N e N e
K5 K6 K6
2 2 2
11 = 112 1 =z 2
13-23 123 3—xz 23
5 6 6
ay=d3 ag=dyvds b=divdyVds 1000 101 a=dyvdy b=d;VdyVdgvdg
1o1 010 0100 011 010 011
011 001 _|oooo [ _joo1 011 001
ei=lo10 | es=lo11 ““]looo0o0 010 oo | _fo10
loii | 1o 0010 010 1= 101 [ 2T 110
100 100 0001 100 010 001
100 100
(z+17) (1) (1)
M53 » #=1,2 M54 M55
K3 K
e 1
KT g4 K2 2\ Kk K2
Ci l K K K b
a
VAN ld ‘1 1 l' ci N
K5 K4 K3 5 5 5 K* K3 K3 K
K K K K
\lb/% NS e\ les
K6 K3 K4
3 1
212 111 112
123 1111 1111
6 3 i
10
a=dqVdy b=dqVdoVdsVdg 0 10
011 010 a= (1) (10
001 011 01
—]01¢0 _|oo1 1000 100
‘AT 1o1 | 2T (101 lo1o00]| _|o10
010 010 “=loo10 | “=|o000
100 100 1001 101
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(1) (1) (1)
M56 M57 M58
K K
< T \ay 1 K2
K P 79
LN K K3 K K2
3 2 a
K K K 1 ! 129N l41V43
1 /l“ 1 K3 Tkt K2 K5 K3 g4
K2 K% K3 K2
NL N4 N e
K4 K4 5
1 11 2
121 111 1112
2112 112 121
1 i 5
100 1000
(1) ! (1) 1 110 0100
a=dzvdivdy b= o | a=dyvdy b= a=|100 [ »=]0000
1o 1o 010 0010
001 1001
(1) (1)
Mg Mg
K KS K K2 K K K K
T 129 [ave LN e g
K2 Kb g3 K4 K? K% K2
N e A NG/
K %3
1312 1111
2121 1111
5 3
100 1000
110 0100
a=|100 b= 0000
010 0010
001 1001
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