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GLOBAL WELL-POSEDNESS,
SCATTERING AND BLOW-UP FOR THE ENERGY-CRITICAL,
FOCUSING HARTREE EQUATION IN THE RADIAL CASE

BY

CHANGXING MIAO, GUIXTIANG XU and LIFENG ZHAO (Beijing)

Abstract. We establish global existence and scattering for radial solutions to the
energy-critical focusing Hartree equation with energy and H' norm less than those of the
ground state in R x R?, d > 5.

1. Introduction. We consider the following initial value problem
{iut—l—Au:f(u) in R x R, d > 5,

(1) u(0) = up(x) in RY,

where u(t,z) is a complex-valued function in space-time R x R? and A is
the Laplacian in R, f(u) = —(|2z|~* *|u|?)u. It was introduced as a classical
model in [32]. In practice, we use the integral formulation of (1.1),

(1.2) u(t) = Utyuo(x) — i \U(t — ) f(u(s)) ds,
0

where U(t) = 4.
We are primarily interested in (1.1) since it is critical with respect to the
energy norm. That is, the scaling u +— u), where

(1.3) ur(t, ) = AND24(\2 Ax), A >0,

maps a solution to (1.1) to another solution to (1.1), and u and uy have the
same energy (2.2).

It is known that if the initial data up(x) has finite energy, then (1.1)
is locally well-posed (see, for instance, [24]). That is, there exists a unique
local-in-time solution that lies in CYHL N L?Lgd/ (48 and the map from
the initial data to the solution is locally Lipschitz in these norms. If the
energy is small, it is known that the solution exists globally in time and
scattering occurs, that is, there exist solutions uy of the free Schrodinger
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equation (i0; + A)ug = 0 such that
|u(t) —ut(t)|| ;2 — 0  ast — Foo.

However, for initial data with large energy, the local well-posedness argu-
ment does not extend to give global well-posedness, only under the conser-
vation of the energy (2.2), because the time of existence given by the local
theory depends on the profile of the data as well as on ||ug| a1

A large amount of work has been devoted to the theory of scattering for
the Hartree equation: see [4]-[9], [17], [23]-[26], [28] and [29]. In particular,
we have recently obtained global well-posedness in H; for the energy-critical,
defocusing Hartree equation in the case of large finite-energy initial data [25],
[26]. In this paper, we continue this investigation and establish a scattering
result for radial solutions to the energy-critical, focusing Hartree equation
for data with energy and H' norm less than those of the ground state W (z).
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Fig. 1. A description of the solutions with radial data in the energy space, where “FT”
means finite time

The main result of this paper is the following global well-posedness and
blow up result for (1.1) in the energy space.

THEOREM 1.1. Letd > 5, let up € HY(R?%) be radial and let u be the cor-
responding solution to (1.1) in H'(RY) with maximal forward time interval
of existence [0,T). Suppose E(up) < E(W).

(1) If ||Vuollr2 < VW 12, then T = oo and u scatters in H'.
(2) If ||[Vuolrz > [[VW]|| 2, then T < oo, and thus, the solution blows
up in finite time.

Concerning the blow up result, we also have

THEOREM 1.2. Let d > 5, ug € HY(R?) and let u be the corresponding
solution to (1.1) in H'(R?) with mazimal forward time interval of existence
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[0,T). Suppose E(ug) < E(W), ||Vuollzz > ||[VW |12 and |z|ug € L?. Then
T < 00, i.e., the solution blows up in finite time.

Next, we introduce some notations. If X,Y are nonnegative quantities,
we use X <Y or X = O(Y) to denote the estimate X < CY for some C
which may depend on the critical energy F. (see Section 4) but not on
any parameter such as 7, and X ~ Y to denote the estimate X <Y < X.
We use X < Y to mean X < ¢Y for some small constant ¢ which is again
allowed to depend on FEit.

We use C > 1 to denote various large finite constants and 0 < ¢ < 1 to
denote various small constants.

The Fourier transform on R? is defined by

F©) = 2m) ™2 | 7 f(x) da,
R4
giving rise to the fractional differentiation operators |V|*, defined by

VIFE) = €1 F(©).

These define the homogeneous Sobolev norms
1l gz == VI fll 2 ma)-

Let €2 be the free Schrodinger propagator. In the physical space this
is given by the formula

A f ) =

(4rit)?

| ellemvl /it g (y) dy,
Rd
while in the frequency space one can write this as

etAf(€) = e M f(g).
In particular, the propagator preserves the above Sobolev norms and
obeys the dispersive estimate

(1.4) €2 f | oo ray S (172 Fllpr(gay,  VE# 0.
Let d > 5. A pair (q,r) is L*-admissible if
2 1 1 2d
-=d|=-—- h 2<r < ——.
¢ d<2 r) whenever *T*d—Q

For a space-time slab I x R?, we define the Strichartz norm S°(I) by

HUHSO(I) = sup HU”Lng(Ide)-
q,r) L*-admissible

and for some fixed number 0 < gy < 1, define Z1(I) by

lullzi(y == sup |jullq
D7 gmea
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2 11 2d 2
A= —=dl === -1, —<r<-— .
{(q’” q <2 r) d—2-"=4d-4 50}

When d > 5, the spaces (S°(I),]| - HSO(I)) and (ZY(I), || - |z1(1)) are
Banach spaces.

We will occasionally use subscripts to denote spatial derivatives and will
use the summation convention over repeated indices.

We work in the framework of [12], [13] and [16]. In Section 2, we recall
some useful facts. In Section 3, we obtain some variational estimates and
blow-up results (part (2) of Theorem 1.1 and Theorem 1.2). Finally, using a
concentration-compactness argument, we obtain the scattering result (part
(1) of Theorem 1.1) in Sections 4 and 5.

where

2. A review of the Cauchy problem. In this section, we will recall
some basic facts about the Cauchy problem

{iut + Au= f(u), (z,t) e RIxR,d>5,

U(to) € Hl (Rd)7

where f(u) = —(|&| *|u|?)u. It is the H' critical, focusing Hartree equation.
In the above notations, we have the following Strichartz inequalities:
LEMMA 2.1 (Strichartz estimate [11], [31]). Let u be an S° solution to

the Schrédinger equation (2.1). Then

lullgo S lulto)lizs + 1F @ Lo for fay

(2.1)

for any tog € I and any admissible pair (q,r). The implicit constant is inde-
pendent of the choice of the interval I.

From Sobolev embedding, we have
LEMMA 2.2. For any function v on I x R,
6d/(3a-2) + || V|

Vs + [Vl s
+”uHLtooLid/(d—2) + |’uHL?Lgd/(3d—8) 5 ||Vu||507

where all space-time norms are on I x R%.
For convenience, we introduce two abbreviated notations. For a time

interval I, we set

lullxry == lull pg g poar@a-sy,  lullyay = 1Vull jo 1 poas@a-2,,

T

lellwry = IVl oo

We develop a local well-posedness and blow-up criterion for the H!-
critical Hartree equation. First, we have
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PROPOSITION 2.1 (Local well-posedness [25]). Suppose |lu(to)]| ;1 < A,
and let I be a compact time interval that contains ty such that

[U(t —to)u(to)llxy <6

for a sufficiently small absolute constant 6 = 6(A) > 0. Then there exists a
unique solution u € CYH} to (2.1) on I x R? such that

lullwy < oo, lullxy < 26.

Moreover, if ug i — ug in Hl(Rd), the corresponding solutions uy, tend to u
in C(I; HY(R?)).
REMARK 2.1. There exists 6 > 0 such that if lu(to)|| ;1 < 4, the conclu-

sion of Proposition 2.1 applies to any interval I. In fact, by the Strichartz
estimates, we have

=10 (to) || x 1y < Clle™ 0 Au(to) ||y (r) < C3,
and the claim follows.

REMARK 2.2. Given ug € H?, there exists I such that 0 € I and the
hypothesis of Proposition 2.1 is satisfied on I. In fact, by the Strichartz
estimates, we have

le” A uolly (1) < oo,
and the claim follows from the Sobolev inequality and absolute continuity
theorem.

REMARK 2.3 (Energy identity). By the standard limiting argument, if
u is the solution constructed in Proposition 2.1, then
1 1 1
(22)  Bu(t) = 5IVu®)7z = 7)) g u(t,2) Plut, y)[* dz dy
2 4 |z —y|
is constant for ¢t € I.

Now let tg € I. We say that u € C(I; H'(R%) N W(I) is a solution of

(2.1) if

t

u(t) = 108y — i S =94 £ (u) ds

to
with f(u) = —(|z|~* * |u|?)u. Note that if u(!), u(® are solutions of (2.1)
on I, and u(M (o) = u@(tg), then u) = u? on I x RY. In fact, let

A = sup max [[ul (t) | ;.
ter =12

and partition I into a finite collection of subintervals I;. If jo is such that
to € Ij,, then the uniqueness of the fixed point in the proof of Proposition

2.1, combined with Remark 2.2, gives an interval I 3 to such that uD(t) =
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u@(t) for t € I. A continuation argument now easily gives u™(t) = u®(¢)
fort e I.

DEFINITION 2.1. The above analysis allows us to define the maximal
interval (to — T—(ug),to + T+ (ug)), with T (up) > 0, where the solution
is defined. If T7 < t9 + T+(U0), Ty > ty — T_(UQ),_TQ < tg < T4, then u
solves (2.1) in [Ty, T1] x R%, so that u € C([T, T1], H*(RY)) N X ([T2, T1]) N
W ([T, T1]).

PROPOSITION 2.2 (Blow-up criterion [25]). If Ty (ug) < oo, then

[l X (to,t0+71 (uo)) = 0©-
A corresponding result holds for T_(up).

DEFINITION 2.2. Let vy € H*, v(t) = vy and let t, be a sequence
with lim, oo t, =t € [—00,00]. We say that u(t,x) is a nonlinear profile
associated with (v, {¢,}) if there exists an interval I with ¢ € I (if { = oo
then I = [a,00) or (—oo, a]) such that u is a solution of (2.1) in I and

lim ||u(ty, ) — v(tn, )HHI =0.
n—oo
REMARK 2.4. As in [12], there always exists a unique nonlinear profile
u(t) associated to (vg, {ty}), with maximal interval I.

Lastly, in order to meet our needs in Lemma 4.2, we give a stability
theory, which is somewhat different from that in [26], but the proofs are
similar in essence.

PROPOSITION 2.3 (Long-time perturbations). Let I be a compact inter-
val, and let U be a function on I x R® which obeys the bounds

(2.3) lullx iy <M
and
(24) 1 1t < B

for some M, E > 0. Suppose also that u is a near-solution to (2.1) in the
sense that it solves

(2.5) (@0 + A)a = —(Jz|~* * [@]2)T + e

for some function e. Let ty € I, and let u(ty) be close to u(ty) in the sense
that

lu(to) — @(to)l s < E
for some E' > 0. Assume also that we have the smallness conditions
(2.6) 71002 (u(to) — lto)) |l 21 (1) < &,
(2.7) He||L?/2(I;H;’6d/(3d+4>) <e

for some 0 < & < g1, where g1 is some constant 1 = €1(F, £, M) > 0.
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Then there exists a solution u to (2.1) on I x R® with the specified initial
data u(ty) at tg, and
HuHZl(I) < C(M7E7 El)

Moreover,

||VUHSO(I) < C(Ma E7E,)'

REMARK 2.5. Under the assumptions (2.3) and (2.7), the assumption
(2.4) is equivalent to
Vau(to)| 2 < E.

REMARK 2.6. The long time perturbation theorem in [26] yields the
following continuity fact, which will be used later: Let g € H* with ||| 1
< A, and let u be the solution of (2.1) with maximal interval of existence
(T_ (o), Ty (Up)). Let up, — o in H', and let u, be the corresponding
solution of (2.1), with maximal interval of existence (T (uo),T4(uon)).
Then

T_(up) > limsupT_(upy), T4 (up) <liminf Ty (ugy),
n—oo

n—oo

and for each t € (T_ (o), T+ (To)), un(t) — u(t) in H'.

3. Some variational estimates and blow-up result. Let W(x) be
the ground state, i.e. the positive radial H' solution to the elliptic equation
(3.1) AW + (|z| ™ = |[W )W = 0.

The existence and uniqueness of W have been established in [18] and [21].
By invariance of the equation, for 6y € [—, 7], \g > 0, g € R?,

W0 (a) = 352 2w (2520

is still a solution. Now let C'; be the best constant in the Sobolev inequality
in dimension d. That is,

. _ 1/4
(3.2) Vue HY,  |[(J2] ™ s [ul) a5 < Cal Vul| e

In addition, using the concentration-compactness argument [10], [19], [20],
[27], we can obtain the following characterization of W:

If ||(|z|~* * ]u|2)|u|2||1L/14 = Cy4||Vu|r2 and uw # 0, then there exists
(60, Ao, o) such that uw = Wp, 20 2o-
From the above, we have

2
[l W RIW R = Ch (VW2 dz)
On the other hand, from (3.1), we obtain
(= % W PIW P = § VW] da.
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Hence,

1 1 1 1
W2, — = (L_1 W2, —

LEMMA 3.1. Assume that
[Vul 2 < [[VW]| .

Assume moreover that E(u) < (1 — 80)E(W) for some 69 > 0. Set § =
5[1)/2 > 0. Then

2 lu@)Pluy) S0 2
S]Vu\ dx H P dx dy > 2S]Vu\ dx,
\[VuPde < (1-8)\|[VW[dz, E(u)>0.

Proof. Define

From (3.2), we have

(33) (1 80)BOW) > B(u) > 3§ [Vul*de —  C3(§[Vu*dz)” = f(a)
Note that
fla) = 5 — 5Ch.
This implies that
Fl@)=0 & o= (,}3 = | [YW () 2da

On the other hand,
fl(x) >0 forx<1/Cy,
1 1
0) =0, )= = = EW).
F0=0. () = 3 = V)
Together with (3.3) and the fact that a = ||[Vu|[2, € [0,1/C3), these imply
that

_ 1 _ _
IVul2e=a<(1-8) oy = 10| IVWdz, =6

Ci
E(u) = f(a) = 0.
Now define
g(x) =z — Cia®.
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From (3.2), we also have
2 2 2
(3.4) S |Vu|? de — “ W dx dy > S \Vu|? de — C’&l(x |Vu|? dm)
= g(a).
Note that
g(z)=0 & z=0o0rz =
JO) =1, Ja/CH=-1, ¢
Hence, we obtain
1
g(x) > §min(x, 1/C3—x) for0<z<1/C4.

Since [|[Vul|2, = a € [0, (1 — §)/Cj], the above inequality implies that

(LHS) of (3.4) > g(a) > a.

N >

min(a, 1/C§ — a) > %min(a,ga) =

N =

This completes the proof.

COROLLARY 3.1. Assume that u € H'(R?) and ||Vul 2 < |[VW||L2.
Then E(u) > 0.

Proof. If E(u) < E(W), the conclusion follows from Lemma 3.1. If
E(u) > E(W) = 1/4C4%, it is clear.

ProPOSITION 3.1 (Lower bound on the convexity of the variance). Let
u be a solution of (2.1) with tg = 0, uw(0) = ug such that for dg > 0,

V[Vuol? de < VWP dz,  E(ug) < (1— d0) E(W).
Let I 5 0 be the maximal interval of existence given by Definition 2.1. Let
0= 53/2 be as in Lemma 3.1. Then for each t € I,
[u(®)Plu()?
[z —yl*
V[ Vu@)Pde < (1 -6 |[VIWPde, E(u(t) > 0.

VIVu(t)]? dz — || dx dy > gg\vu(t)\de,

Proof. We use a continuity argument. Define
Q={tel:||Vu®)llz <[[VW|lLz, E(u(t)) < (1 —d)EW)}.

It suffices to prove that {2 is both open and closed.

First, we see that tg € 2. Second, §2 is open because of u € CP(I, Hl)
and the conservation of energy. Lastly, to prove that {2 is also closed, pick
any t, € {2 and T € I with t, — T. Then

IVu(tn)llz < [[VW(ir2,  E(u(tn)) < (1 —=do)E(W).
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From Lemma 3.1, we obtain
IVu(tn)l72 < (1= 0)[VWIIZ..

Using the fact that v € C?(I, H') and the conservation of energy again, we
have

IVu(D)|[Z2 < 1= 0)IVWIZ2,  E(u(T)) = Eu(tn)) < (1 - 80)E(W).

This implies that T € 2 and completes the proof.

COROLLARY 3.2 (Comparability of gradient and energy). Let u,uq be as
in Proposition 3.1. Then for all t € I,

E(u(t)) = | |Vu(t)]* dz = | [Vuo|* do
with comparability constants which depend only on dy.

Proof. From Proposition 3.1, we have

SNV de > Bu(r)

u(t, z)*|u 2
! ]Vu(t)|2da:+i(g]VU(t,x)Fdx—SS’ (t, 2)lult, ) dxdy)

N

B
> %S|Vu(t)|2dx Viel.
This together with the conservation of energy implies the claim.

In order to obtain blow up results, we first give the (local) virial identity,
which we can verify by direct computations.

LEMMA 3.2. Let ¢ € C(RY), V(z) = |z|7%, t € [0, T} (up)). Then
d¢, _
(1) £S|ul pdr = 2ImSuVqu0d:r,

d2
(2) e S MQ@ dr = — S AA@MQ dx + 4Re§ PjEtju dx

—Re|\(Vo(2) = Vo) VV (@ — y)|u(y)*|u(z)|® dz dy.
PROPOSITION 3.2. Assume that ug € H'(R%) and
E(ug) < E(W), ||Vuo|*dz > ||VW|* da.

If |xlug € L? or ug is radial, then the mazimal interval I of existence must
be finite.

Proof. Indeed, we can choose a suitable small number dg > 0 such that

E(ug) < (1= 0)EW), ||Vuo|*dz > ||[VW | da.
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Arguing as in Lemma 3.1, we find that there exists § such that

~ 146
[ Va2 dz > (1+3) | |[VW[2 da = ;4 .
d

This shows that

{IVuol? dz - || |uo () |?|uo(y)]

|z —yl*

2
dx dy = 4E(up) — S |Vug|? da

146 1-6 145  d+4
G Ci  Ci G

<4(1—=60)E(W) — < 0.

Now define
Q={tel:||Vu@)llrz > [[VW||z, E(u(t)) < (1 —d0)E(W)}.
Using the continuity argument and arguing as in Proposition 3.1, we obtain
2 = 1. Arguing as in Lemma 3.1 again, we have
IVu®liz > (1+0)[VW|..
Then

Ju(t, @) Plu(t, y)|? 5o+ 3
drxdy = — C;l

VIVu(t,z)? do — || <0, Vtel.

lz —y|*

If |z|ug € L?, then from Lemma 3.2, we have

2
%S’ﬂﬂu(t,x)ﬁ dr = 8(8 \Vul(t, x)‘Q dx—“

This implies that I must be finite.
If wg is radial, then using the local virial identity [2], [3] and [30], we can
also deduce the same result.

lu(t, z)u(t, y)|?
|z — y|*

dx dy> < 0.

4. Existence and compactness of a critical element. Let us con-
sider the statement
(SC)  For all ug € H'(R?) with ||Vug| 2 < |[VW|L2, E(ug) < E(W), if
u is the corresponding solution to (2.1), with maximal interval of
existence I, then I = (—00,00) and [Jul| x(g) < oo.

We say that (SC)(up) holds if whenever ||[Vugl|zz < ||[VW/ 12, E(ug) <
E(W), and u is the corresponding solution to (2.1) with maximal interval
of existence I, then I = (—o00,00) and [lul|xg) < co.

Note that, because of Remark 2.1, if |lugl| ;1 < 8, then (SC)(ug) holds.
Thus, in light of Corollary 3.2, there exists g > 0 such that if ug is as in
(SC) and E(ug) < ng, then (SC)(ug) holds. Moreover, E(ug) > 0 in light of
Proposition 3.1. Thus, there exists a number E, with ny < E, < E(W) such
that if ug is radial with ||Vuo|| 2 < ||[VW]| 12, E(ug) < E., then (SC)(uo)
holds, and E. is optimal with this property. If E. > E(W), then the first
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part of Theorem 1.1 is true. For the rest of this section, we will assume
that E. < E(W) and ultimately deduce a contradiction in Section 5. By
definition of E., we have

(C.1) Ifwgisradial and ||Vugl||z2 < ||[VW| 12, E(uo) < Ec, then (SC)(uo)
holds.

(C.2) There exists a sequence of radial solutions u, to (2.1) with corre-
sponding initial data wu,o such that [[Vunolzz < [[VW]2,
E(uno) \, Ec as n — oo, and (SC)(uy,0) does not hold for any
n.

The goal of this section is to use the above sequence u, to prove the
existence of an H! radial solution ue to (2.1) with initial data u.o such
that ||Vucollzz < [[VW||r2, E(uco) = E. and (SC)(ucp) does not hold
(see Proposition 4.1). Moreover, we will show that this critical solution has
a compactness property up to symmetries of this equation (see Proposi-
tion 4.2).

Before stating and proving Proposition 4.1, we introduce some useful
preliminaries in the spirit of the results of Keraani [14]. First we give the
profile decomposition lemma.

LemMmA 4.1 (Profile decomposition). Let v, be a radial uniformly
bounded sequence in H', i.e. |V, ollz2 < A. Assume that Heimvmon(R) >
d > 0, where § = 0(d) is as in Proposition 2.1. Then for each J, there exists
a subsequence of vy, also denoted vy, and

o for each 1 < j < J, there exists a radial profile Vg ; in H,
o for each 1 < j < J, there exists a sequence of (\jn,tjn) with

(4.1) Ajm Ajrn N Itjn —tj nl

5 — 00 asn — oo forj # 7,
Aitn g Ain

e there exists a sequence of radial remainders w; in H',
such that

J
1 tin T

(4.2) vno(2) =) Y < v A,) +wl(z)

A VEL

]—1 7,n J,m
with
(4.3) Vit ) ="V (x),  Voallg > ao(4) >0,

J

(4.4) IVonollz2 =D IVVoll7> + IVw;l|72 + on(1),

j=1
(49 Blino) = iE(Vj (= 5)) + Bty + o)

J
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(4.6) lim [ lim ||eitAw;{||Lq(R )] =0
J—00 n—00 ’
2 1 2d 2d
whenever i = d(2 — r) -1, 19 <r< T 1
Proof. Here we only give the proof of the energy asymptotic Pythagorean
expansion (4.5), the rest is standard (see [14]).

By the asymptotic Pythagorean expansion of kinetic energy, it suffices
to show that

“|$_1|4!Un,o(x)\2|vn,o(y)|2dmdy
J . .
S )

j=1
1
+1\ s lw! (2)Plwl (y)? dz dy + 0,(1), VJ > 1.

We first claim that if J > 1 is fixed, the orthogonality condition (4.1)
implies that

2
dx dy

yl4

J 2
t; T
4.7 SECE
(4.7) Sﬂ,w_y,4 Z_: @ 2/2 ( /\?,n’Aj,n>
J 2
1 t; Y
X V.l<— I ) dz dy

2
dx dy + on(1).

J 2
)| ()
l ]7” l ]7
- y L Vi Y
253 S s 1
By reindexing, we can arrange that there is Jy < J such that
(1) if 1 <j < Jy, then |tj7n/)\?,n| < Cin n;
(2) if Jo+1<j<J, then |tj7n/>‘§,n‘ — 00 as n — 00.

By passing to a subsequence and adjusting the profile V ;, we may assume
that
VI<j<Jo, tjn/A,=0

From case (2), we have
2
t; tin
j< % ,x) j( )\2 ,y)
J,n
Vlo+1<j53<

Indeed, using the Hardy inequality and the decay estimates for the free
Schrodinger equation (similarly to Lemma 4.1 in [5] and Corollary 2.3.7

1 2

|z — gyt

dxdy =0,

(4.8) nhi%o“
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in [1]), we have for Jy+1 < j < J,
1 i tinm 2lif tim ?
] v (58| (5o
]7n ]7”

yl*
4
tA
< ||v! <_ Jn )

By (4.1),if 1 < j < k < Jp, we have

dx dy

— 0 asn — oo.
L,2d/(d—2)

4.9 IR B 50 asn — 00.
( ) )\k,n )\j,n
This implies that
Jo 2
1 1 T
(410) v (52 )
) |z — yl[4 JZ:; AT/ "\ Ajn
Jo 1 y 2
x| =27z V0 ()\. ) dz dy
j=1 )\]n T

—ZSS Vo @) PIVo, ()2 dr dy + 0n(1).
—yl

Hence, from (4.8) and (4.10), we obtain

]y v (- )|
o=yl & e e
= j?n
i e el
X — 2 dx dy
2 Y.
Al A Aim
Jo
1 1 t; T
= Vi =22
W= ;wn—w (5en)
J 2 J()
t 75'71 )
+ Vl( ’ > Vl( 75 ’>
J tin
l
£ m( ) aea
J=Jo
1 1 x 1 o tim T
z v&g()+ S V(g2 )
SS o = yl* j=1 )‘(d /2 Ajin j=Jo+1 )‘(d 22 Ajin Nim
Jo 2
1 Y tin Y
X Z)\(d 2)/2 VOJ( >+ Z d 2/2 (_AQ. Y ) dx dy
=1 ]’I'L ] J0+1 7,n J,m
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Jo

1 x
()
;A(—d{ 2/2 7\ Ajim
()
t.
l ,n
(‘AJZ- ”)
j=1 Jin
which yields (4.7).

2 .
2 9
"\ X
Second, we claim that

(4.11) lim ||’U)g($)HL2d/(d—2) =0 asJ— oo
n—oo x

Jo

2
S s (5 )| o
2 ‘. 2
le (— )\Jz’n ,y) dx dy + op(1)
o
2

dx dy + on(1),

2

- SS x_ly’4

ZI: “Ix—yl“

i e

—y|*

Indeed, we have

Sl

Hw;{(x)” 2d/(d 2) He “L?(R;Lid/(d_z))’

which together with (4.6) implies the claim.
Note that (4.11) implies that {w;) } is uniformly bounded in L24/(d=2)(Rd);
the uniform boundedness of {v, o} in H'(R?) also implies uniform bound-

edness in [24/(d-2) (Rd). Thus we can choose J; > J and Nj such that for
n > Np, we have

(412) 'SS ‘Un,(](x)|2|vn,0(y)|2 dr dy

|z —yl*
R 2 R 2
- leea) w3 @pnsts) = G,
[z =yl
TN o 20,0 (0 _ ol 2
+‘ i ) — o @Plw0) — il P
|z —y|
T (o210 (012
UGS TG,
|z —y[*
< C(sup an,o(x)Hiw/(d%) +sup ||wr{($)Hi2d/(df2>)er{l (x)HL?d/(d*?)
+ Cllw (2) | 20/ < €
By (4.7), there exists No > Nj such that for n > Na,
. 2 ) 2
VHtjn/ 23 @) PV (—tin/ A3,
_ZSS| ]/]n )|‘]( J/]ny)| dmdyga

|z —y[*
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Using (4.2), we have
4 1 t T
J Jl — l j’n
vl -t = 3 et )
By (4.7), there exists N3 > Ny such that for n > N3,

Ji

‘SS |wiy () — wt () [*|wy) (y) — w;)
\x—y\“
Vi (=tjn/ N )PV (=t /X0 y) P
- Z J§—

2 —y|*

2
O gy

dxdy‘ <e
j=J+1

Combining the above inequality with (4.12), (4.13), we deduce that for
n = N37

’SS'U"D(x)F|U"p(y”2¢ivdy

‘Vl< t]'n«/)‘jrw )|2‘Vl( tjn/ 7,n? )‘
SR :

dx d
st |z — yl* S
J 20,y 2
(R,
rT—Y
2 2
R{ERCIEECI
|x_y| J 2 J 2
[vn0(@) — wy! (@)[*[on0(y) — wp! (y)|
SS P dz dy
[vn,0(z) — wit (2)*|vn,0(y) — wy (y)|?
+SS o= y[? dz dy
I WV (/030 ) PV (<5003 0 9) P
Jin 7,m? 7 Jnl rgno
- SS P dzx dy
=1
J P ] 21,,,J _ a1 2
@) — w @)l w) — vl W)

S J 2 J |m2_ y‘4
S!wn(w)! lwy, ()] d dy
lz —y[4

‘Vl< jn/)‘ ns )‘2“/‘[( JTL/)‘ nay)‘
b 3 M S R oo
j=J+1

@) = w @) Pl () — il
))

|z —y[*

dx dy

2
O g,

< 3e,

which completes the proof.
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LEMMA 4.2. Let {z0,} € H' be radial with
IVzonlle <[IVWlL2  E(z0) — Ee,

and with || 20 || x®) > 0 > 0, where 6 = 6(||[VW/||2) is as in Proposi-
tion 2.1. Let Vg ; be as in Lemma 4.1. Assume that either

lin
(4.14) lim me(Vf (— ;2’ )) < E.,
n— o0 1n

or after passing to a subsequence,

lin
(4.15) liminfE(Vll (— ;2’ )) = F,

n—o00
1,n

itA

with s1, = _tl,n/)‘%,n — 84 € [—00,00], and if Uy is the nonlinear profile
associated to (Vo1,{sin}), then the mazimal interval of existence of Uy is
I = (—00,00) and ||U1]| x(®) < oo

Then, after passing to a subsequence, for n large, if z, is the solution of
(2.1) with data at t =0 equal to 2y, then (SC)(zo,) holds.

Proof. The proof is similar to that of Lemma 4.9 in [12].
Along with the proof in [12], we can obtain a critical element, which has
minimal energy and compactness property modulo scaling symmetry in H'.

PROPOSITION 4.1 (Existence of a minimal energy blow-up solution).
There exists a radial solution u. of (2.1) in H' with data Ue0 and mazimal
interval of existence I such that

[Vucollze <IVWlz2,  E(uco) = Ee,  luclx ) = oo.

PROPOSITION 4.2 (Precompactness of the flow of the critical solution).
Let ue be as in Proposition 4.1, and with ||uc||x (1, ) = 0o, where I, = (0, 00)
NI. Then fort € I, there exists \(t) € RT such that K is precompact in
H' where

K= {U(t,x) ot x) = Wu(;(t, /\?t)> te I+}.

REMARK 4.1. We refer to A(¢) as the frequency scale function for the
solution u, because A(t) measures the frequency scale of the solution at
time ¢ and 1/A(t) measures the spatial scale.

5. Rigidity theorem. In this section, we will prove the main theorem.
THEOREM 5.1. Assume that ug € H' is radial and satisfies
E(up) < EW), [[Vuglz2 <[[VW] 2.

Let u be the solution of (2.1) with maximal interval of existence (—T—(up),
T (up)). Assume that there exists A(t) > 0, for t € [0,T4(up)), with the
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property that

K= {v(t,aﬁ) = )\(t)(cll_2)/2 U(E )\Z)> it e [07T+(uo))}

is precompact in H'. Then T (ug) = oo and ug = 0.

We start out with a special case of the strengthened form of Theorem 5.1.

PROPOSITION 5.1. Assume that u,v, \(t) are as in Theorem 5.1, and
that A(t) > Ag > 0. Then the conclusion of Theorem 5.1 holds.

First we collect some useful facts:
LEMMA 5.1. Let u,v be as in Theorem 5.1.

(1) Let 6o > 0 be such that E(ug) < (1 — do)E(W). Then there exists
0 > 0 such that for all t € [0, T4 (up)),

V[Vu))? dz < (1-6) | |[VIW|* da,

6.1 |IVult,o)P da “Wﬁ:—hyL!‘i I gy 0 §|Vu|2da;

V[Vu(t)]? dze ~ E(u(t)) = E(uo) =~ | |Vuol” da.
(2) For allt € [0, T4 (up)),
lo(t, )25 < C1{[Vu(t, )] da < O | VW (2)]? da.
(3) For each ¢, there exists R(e) > 0 such that for t € [0, T (up)),
(5.2) S (VU(t,:L’)’Q + "U(t,x)’r + W) dx

|z ?
2] > R(e)

t, ) 2lo(t, y)|?
+SS ’U( ,.'13‘)’ |U(47 y)‘ dx dy S ,
o lr=yl

where
Q= {(z,y) € RIxR?: |z| > R(e)}U{(z,y) € RxR?: |y| > R(e)}.
Proof. From the property of K, we can easily verify the above facts.

Proof of Proposition 5.1. We split the proof into two cases, the finite
time blow up for u and the infinite time of existence for u.

CASE 1: T (ug) < +oo. This case corresponds to the finite time blow
up case. The proof is similar to [12].

CASE 2: T'y (ug) = +o00. This case corresponds to a stationary solution or
double low to high frequency cascade case (which means that the frequency
scale function \(¢) goes to infinity as ¢t — oo, see [16]).
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From u(t,z) = A(t)(4=2/2y(t, A(t)z) and Lemma 5.1, we infer that for
each € > 0, there exists R(g) > 0 such that

2
(5.3) | W dr+ | |Vu(t,z)de
j|>R(e) o[> R(e)

u(t, 2ut, 2
S! (&, 2)"|u(t, y)|

+) z —yl*

9]

drxdy < e,

where (2 is as in Lemma 5.1.

On the other hand, from Lemma 5.1 and (5.3), there exists R such that,
for all ¢ € [0, 00),

(54) 8 | |Vu(t,2)?dz—8{| G UG I
(9

lz|<R
> Cs, S \Vaug(x)|? dz,
where
0 ={(z,y) eR' xR : |2 <R, |y| < R}.
Now let ¢ € C§°(R?) be radial, and
z|? for |z| <1,
ple) = {’0 | for :xl ;2.

Set
pr(x) = Ro(x/R),  zr(t) =\er(@)|u(t,2)?dz, te€[0,T}(uo)).
We then have

5.5) |2R()] < CRQS]VUO|2CZ$ for t >0,
5.5
25(t) > Cs, S |Vug|? da for R large enough,t > 0.

In fact, from Lemmas 5.1 and 3.2, we have

|2k ()] < ZRS [u(t,x)Vu(t,z)Ve(x/R)| dx

|ul

||

<CR | |u||Vu|ldz < CR*|Vu(t,z)|
|z|<2R

< CR* ||Vl da.

L2

On the other hand, from Lemma 3.2, (5.3) and (5.4), we have, for sufficiently
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large R,
" 2\ |ul? _
zg(t) = —SAA(p b ﬁda:+4ReS<pjkujuk dx
Ti—yi
—4Re| | (a;(z) - a;(y)) |;7 y|]6 Ju(t, )| ult, y)|* da dy
t,x)[2ult,y)|?
~ 8 S \Vu(t,x)]Z dr — 8 SS |u( ,a:)]_|u(4,y)] dardy
|z|<R 2 |LU y|
Ju(t, z)[? 2
|z|~R |z|~R
t, )| u(t, y)|?
o =yl
> C&;SWUOFCZ&?,
where

O = {(z,y) e R xR?: |z < R, |y| < R};
2 ={(z,y) e REx R : || ~ R} U{(x,y) € R x R?: |y| ~ R}.
From (5.5), we have
Ciot | [Vuo|? do < [25(t) — 2R(0)] < 2CR? || Vug|* da.
We have a contradiction for ¢ large unless ug = 0.

Proof of Theorem 5.1. 1t is analogous to the proofs in [12], [22]. Assume
that ug #Z 0. Then

(5.6) V[Vuol* dz > 0.
From Lemma 5.1, we have
E(ug) > Cs, | [Vuo|* dz > 0.

Because of Proposition 5.1, we only need to consider the case where there
exists {t,}5° 1, t, > 0, such that A(¢,) — 0. We claim that

tn — T+ (UO)
Indeed, if ¢, — to € [0,T4(up)), then for all R > 0 we have

9%

I ot o) de= | 2 @

1 <t : )
d—2)/2 4\ tns
|z|>R |z|>R Altn) =2/ Altn)

= S lu(ty,z)* d.
lz[>R/A(tn)
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Since u € CY([0, T (ug)); H'), we have
| lo(to, ) dz =0, VR>0.
|z|>R
This contradicts the fact that
{[Vo(to, 2)[? do = | |Vu(to, )]* dz > 0.
Now, after possibly redefining {t,,}°° ;, we can assume that

. At,) <2 inf A(t).
(5.7) ()—tﬁm (t)

From the hypothesis, we have

wy(z) = >\(tn)(1¢1—2)/2 u<tn, )\(“;)> —wy in H.
By Proposition 3.1, we have
V[V (@) do = | [Vu(tn, 2)]* dz < (1= 3) | [VW (2)]? da,
E(wn) = E(u(tn)) = E(uo) < E(W).
Hence, we obtain
V[Vwol? de < (1= 08) [ IVW (2)[*dz, 0 < E(wo) = E(ug) < E(W).

Thus wp # 0. Let us now consider solutions wy, (7, ), wo(7, ) of (2.1) with
data wy(z), wo(x) at 7 = 0, defined in maximal intervals 7 € (=T_(wy,), 0]
and 7 € (—T_(wo), 0], respectively.

—T (W)
w,(T)

u(t) -T.(w,)

w, (1)
Fig. 2. A description of the normalization on A(¢)

Since w,, — wp in H', we see from Remark 2.6 that

liminf T (wy,) > T (wy),
(5.8) n—oee .
wp(7,x) — wo(r,2) in H' Vre (=T (wp), 0].
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By the uniqueness of solution of (2.1), we have
1 T z

Atn) @272 “(A(tm hn /\(tn)> for 3@

Now we claim that

(5.9) lim inf t, A(t,)% > T (wp).

n—oo

wp(T,2) =

Indeed, if not, then liminf, ..o t,A(t,)? = 70 < T_(wp), and from (5.8) we
have, as n — oo,

1 T L
wn(~taA(tn)", 2) = Mb)@/ UO(A(tn)) ~un(-m,2) in H

Note that from A(¢,,) — 0, we have, as n — oo,

1 x R
A(ty) (@272 “‘](A(tn)) 0 inHY,

and thus we obtain wg(—79) = 0, which yields a contradiction.
From (5.9), we see that for fixed 7 € (=T (wy), 0] and sufficiently large n,

-
0< ——
~ Atn)?

v(T/Atn)? + tn, ) and A(7/A(t,)? + t,) are defined, and we have

v</\(;)2 —I—tn,x>

1 T x
T ONT A () + b)) @22 u<>\(tn)2 +tn, M7 /A(tn)2 + tn))

+itn < tn,

e ()
= = Wp\Ty=—" |,
Ap (7)(d=2)/2 An(T)

where
~ MT/A(tn)? +t,) _ 1
R (7) = (T/Aln)” +tn) 1
Altn) 2
by (5.7). After passing to a subsequence, we can assume that

An(T) = Xo(7) € [1/2, 0]

Hence,

'U(T +t x) _ w ( - ) vo(r,z) € K
ny — = T = = T :
Nin)? @22 O\ @) T

Now we claim that

)\0(7') < 0.
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If not, then from
1 1

o)~ s (r ) ~ e

we have wo(7) = 0, which yields a contradiction.

So wo(7), vo(7) and Ao(7) satisfy the conditions of Proposition 5.1, and
we deduce that wg = 0, which yields a contradiction. This completes the
proof.
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