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FKN THEOREM ON THE BIASED CUBE

BY

PIOTR NAYAR (Warszawa)

Abstract. We consider Boolean functions defined on the discrete cube {—v,7y~*}"
equipped with a product probability measure u®™, where pu = 86—~ + ad,-1 and v =
v/a/B. This normalization ensures that the coordinate functions (z;)i=1,...,» are orthonor-
mal in La({—7,7~'}", u®"). We prove that if the spectrum of a Boolean function is con-
centrated on the first two Fourier levels, then the function is close to a certain function of
one variable. Our theorem strengthens the non-symmetric FKN Theorem due to Jendrej,
Oleszkiewicz and Wojtaszczyk.

Moreover, in the symmetric case & = 8 = 1/2 we prove that if a [—1, 1]-valued function
defined on the discrete cube is close to a certain affine function, then it is also close to a
[—1, 1]-valued affine function.

1. Introduction and notation. Let o, > 0 with a4+ 8 = 1 and
a € (0,1/2). We consider the discrete cube {—v,7 *}" equipped with the
Lo structure given by the product probability measure p,, = u®", where
p=B0_y+ad,—1 and v = \/a/B. For f,g: {—y,7 '} = R let us define
the expectation E f = Sfdun, the standard scalar product (f,g) = E fg
and the induced norm || f|| = /(f, f). We also define the L, norm, | fl|, =
(E|fIP)V7.

Let [n] = {1,...,n}. For T C [n] and = = (z1,...,2y,) let wp(z) =
HieT xz; and wy = 1. Note that we have Ex; = 0 and Ex;x; = 6.
It follows that (wr)pcp, is an orthonormal basis of Lo({—v,y 1}", un).
Therefore, every function f : {—7,77!}" — R admits a unique expan-
sion f = ZTg[n] arwr. The functions wr are sometimes called the Walsh—
Fourier functions. If a function f is {—1, 1}-valued then it is called Boolean.

The Fourier analysis of Boolean functions plays an important role in
many areas of research, including learning theory, social choice, complexity
theory and random graphs (see e.g. [O1] and [O2]). One of the most impor-
tant analytic tools in this theory is the so-called hypercontractive Bonami—
Beckner—Gross inequality (see [Bo|, [Bel, [G1] and [G2] for a survey on this
topic). This inequality has been used in the celebrated papers by J. Kahn,
G. Kalai and N. Linial [KKL] and E. Friedgut [F]. It can be stated as follows.
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Take @« = f =1/2 and ¢ € [1,2]. Then we have
1) | 3 ta= 0™ 2agwn|, < || 3 arwr|
TC[n]

TC[n]

for every choice of ar € R. This inequality has been generalized in [Ol1] to
the non-symmetric case. Namely, the following inequality holds true:

(2) Z Cq(avﬁ)|T|aTwTH2 < ’ Z aTwT‘
TCln)

TCn)

52*2/q — 042*2/61
Cq(a,ﬂ) = \/aﬁ(aQ/q — 572/(1).

One can easily check that is a special case of (2)), namely \/g—1 =
lim. ;0 ¢q(1/2 —€,1/2 4 €). Moreover, it is easy to see that ¢(c, 5) € [0, 1].

In [FKN] the authors proved the following result, which is now called
the FKN Theorem. Suppose that « = f = 1/2 and we have a Boolean
function f whose Fourier spectrum is concentrated on the first two levels,
say > i7>1 az < €% Then f is Ce-close in the Ly norm to the constant
function or to one of the functions +z;. Here and in what follows, C is a
universal constant that may vary from one line to another. The authors gave
two proofs of this theorem. One of them contained an omission which was
fixed by G. Kindler and S. Safra in their unpublished paper [KS] (see also [K]).

The FKN Theorem was originally devised for applications in discrete
combinatorics and social choice theory. It is useful in the proof of the robust
version of Arrow’s famous theorem on Condorcet’s voting paradox (see [A]
and [KG]). It was also applied in theoretical computer science, e.g., it is
useful in analyzing the Long Code Test in the proof of the PCP theorem
by I. Dinur [D]. Also the FKN Theorem in the biased case is worthy of
attention, e.g., p-biased long code was used by I. Dinur and S. Safra in their
PCP proof of NP-hardness of approximation of the Vertex Cover problem
(see [DS]).

In [JOW] the authors gave a proof of the following version of the FKN
Theorem.

THEOREM 1 ([JOW| Theorems 5.3 and 5.8]). Let f = Y ,apwr be
the Walsh—Fourier expansion of a function f : {-1,1}" — {=1,1} and
let p = (X711 a2)'/2. Then there exists B C [n] with |B| < 1 such that
D|T|<1, T#B az < Cp*In(2/p) and lap|? > 1—p*—Cp*In(2/p). In particular,

(3) distz, (f,wp) < p+ Cp*In(2/p).

Moreover, in the non-symmetric case, f : {—v,7 1} — {—1,1}, there
ezists k € [n] such that ||f — (ap + ageywpry)|| < 8y/p-

)

q

where




FKN THEOREM ON THE BIASED CUBE 255

The inequality is sharp, up to a universal constant. In the proof the
inequality has been used. However, in the non-symmetric case one can
ask for a better bound involving the bias parameter «. In this note we use
inequality to prove such an extension of the FKN Theorem:

THEOREM 2. Let f = Y parwr be the Walsh-Fourier expansion of a
function f : {—v,y7 11" — {=1,1} and let p = (X ir>1 a2)'/2. Then there
exists k € [n] such that for pln(e?/p) < ﬁa we have

(4) |f = (ag + agywiy)|l < 2p,
(5) |f —sgn(ag + apgyw)l| < 4p.

In this paper we use the {—1, 1}-valued function sgn(x) = —1(_ o) (x)+
10,00y ()-

Our proof of Theorem [2], which is given in Section [2], is an application of
the ideas used in the proof of Theorem 5.3 in [JOW]. Our inequality is closely
related to the inequality of A. Rubinstein [Rl Corollary 10]. Rubinstein’s
inequality states that for every function f : {—v,7~'}* — {-1,1} with
2oiT>1 a% = p* we have

Kp
(6) If = (ag + agywpy) | < W, K =13104.

However, our inequality (4)) is a better bound in the regime pln(e/p) < cpa.
To see this consider the case when fy = sgn(ag + agrywyry) is constant and
equal to ¢ € {—1,1}. Then from (f]) we have || f —¢||? < 16p%. It follows that
1- a% = ||f —Ef||? < ||f —¢|/* < 16p% Thus, the right hand side of @
is greater than K /4, which gives no information. In the case when fj is not
constant we have |E fo| = |1 — 2a. Thus,

llag| = [1 = 2al| = [|[E ] — |E fol| < |E(f — fo)l < |If = foll < 4p.
It follows that 1 — a% <2(1—|ap|) < 2(2a+4p) < 12a. Therefore, the right

hand side in the Rubinstein bound is in this case K p/+/12a, which is much
greater than p when a — 0.

In Section[3|we consider the case v = 1 and we deal with the problem con-
cerning [—1, 1]-valued functions defined on the cube {—1,1}" with uniform
product probability measure. A function f: {—1,1}" — R is called affine if
f(x) = ao + > a;z;, where ag,ai,...,a, € Rand z = (z1,...,2,). We
will denote the set of all affine functions by A. Moreover, let A_;;; € A
stand for the set of all affine functions satisfying |f(z)] < 1 for every
r € {—1,1}". Note that f € Aj_yq if and only if }7 ;|a;| < 1. The
function f(x) = z; will be denoted by r;, i = 1,...,n. Let us also notice
that if f is [—1, 1]-valued then |ar| = |[Ewrf| < E|wrf| < 1.
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In [JOW] the authors gave the following example. Take g : {—1,1}"
— R given by g(z) = s~ n~1/2 >, ;. Note that g € A. Define ¢(z) =
—1(—oo—1) (@) + 2Ly 17(2) + 1(1,00) (7) and take f = ¢og. Clearly, f is [-1, 1]-
valued but may not be affine. The authors proved that lim,,_,o, dist;2(f,.A) =
O(e=*/*) and limy,_,o dist 2 (f, A1) =6(s7h).

Here we prove that this is the worst case as far as the dependence of
these two quantities is concerned. Namely, we have the following theorem,
which is the analogue of in the case of [—1, 1]-valued functions.

THEOREM 3. Let f : {—1,1}" — [—1,1] and define p = distz2(f,A).

Then
18

Vin(1/p)’

2. Proof of Theorem We begin with a simple lemma.

distr, (f, Ai—1,1)) <

LEMMA 1. Let 0 < a < B <1 witha+ =1 and let v € (0,1]. Then
a2t — 6—2+’y < 2 — v a2t
Fa  ~ y B
Proof. Let z € (0,1) and p > 1. From the mean value theorem we have

1=2% < ;. Applying this with p = 2—% and = = (a/B)" yields an equivalent

11—z
version of the statement. m

Proof of Theoreml?r Let k be given by Theorem h = f—(ap+agvr)
and h = f — sgn(agp + agxyrk). Moreover, let § = [|h|. It follows that ¢ < 1.
Note that for every v € R and € € {—1,1} we have |u — sgn(u)| < |u —¢|.
Therefore,

(7) le —sgn(u)| < |e —u| + |u—sgn(u)| < 2Ju—c¢.

It follows that |h| < 2|h|. Thus, using the fact that h is {—2,0,2}-valued,
we have

N 1 -
P(h#0) = lehll2 < ||n)* = &2

Consider the expansion h = > parwr. Clearly, ar = ar for T # 0, {k}.
Using we obtain

16%9 > ap( £ 01 = )2 = 3 aTwTHz > Hch(a,ﬁ)\T‘aTwTHz
T T

= cale, 8" 2 (0,8 Y @,
T

ITI<1

where ¢ € [1,2]. Using Lemma with v = 2 — 2/q we obtain
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46 4/q . a~2/1 _ g2/
/44,
Z T= Z ﬁ) =40 652—2@ — a2-2/q

|T|s1,T¢w,{k} ITI<1

4549 [ o 1-2/q
: <> ~
qg—1\p

Take 1/q¢ = 1 — 1/In(e?/8) € [1/2,1]. Note that (a/B)!72/1 < ol=%/4
< a1 Tt follows that

41n(1/6)
Y ap <46 em @9 In(e?/6) < de'sta ! In(e?/6).
|T|<1, T#£0,{k}
From Theorem [I| we have p < ¢ < 8,/p. Thus,

4etstatIn(e?/6) < 28era 6% pIn(e?/p) < %(52.
Note that a% + a%k} =1—6%. We deduce

3 1
1—p2:Za%:a%—|—a%k}—|— Z a%§1—52+152:1—152.
IT|<1 ITI<1,T#0,{k}
Therefore, § < 2p.
The inequality follows from . "
REMARK. The condition pln(e?/p) < 291 7o cannot be significantly im-
proved. Indeed, if we take f : {—v,y 1}? — {—1,1} given by

flx1,22) = 2(8 — V/Baz)(8 — /Bazs) —1

(see [JOW] remark after the proof of Theorem 5.8], then we obtain p =
20 < 2o and § = 23%/2a'/2. Thus, § = /2pB > /p/2.

One can easily see that if we replace our assumption pln(e?/p) < ﬁa
by a slightly stronger condition, say pln?(e?/p) < «, then we obtain § <
p + o(p), which means that > <1 749 1} a? = o(p?) and a% + a%k} >

1—p* = o(p).

3. Proof of Theorem 3. We need the following lemma due to P. Hit-
czenko, S. Kwapieni and K. Oleszkiewicz.

LeMMA 2 ([HK|, Theorem 1] and [Ol2, Theorem 1]). Let a; > --- > a,
>0 and define S : {—1,1}" - R by S =" | ajri. Then fort>1 we have

(8) PASI 2 1151) > 15

©) Il = svi( Y a?)

>t
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Proof of Theorem @ STEP 1. If f = ) ,arwr then distr,(f, A)
If =S|I, where S = 3,7 < arwy. For every u € [~1,1] we have |z — ul
|z — ¢(x)| for all x € R. Taking 2 = S and u = f we obtain

E(IS| - D% =15 = oS> < IS = fI* < p*.

vVl

For all g € A[_y 1) we have

lg = fll <llg=SI+1S=fl <llg—=5l+p
Therefore,
(10) distr, (f, Aj—1,1)) < distr, (S, Aj—1,1) + p-

It suffices to prove that E(|S| — 1)2 < p? implies an appropriate bound on
distr, (S, Aj—1,1]), whenever S = ag + Y_i"; a;r;, where ag, ay, ..., a, € R.

STEP 2. Suppose that for all n > 1 we can prove that E(|S| —1)2 < p?
implies dist, (S, A—1,1]) < M for some M > 0, assuming that agp = 0. Then
we can deal with the case ap # 0 as follows. Define S:{-1,1} x {~1,1}"
— R by S =aozo+ > i a;z;. Clearly, E(|S| —1)2 = E(|S| — 1)2 < p?. We
can find a [—1, 1]-valued function Sy = bowo + 3.1, bix; such that ||.S — S|
< M. Take Sy = bo+ Y ., biz;. Now it suffices to observe that the function
So is [—1,1]-valued and ||S — Sp|| = ||S — So|.

STEP 3. Set S = > ; a;r;. Without loss of generality we can assume
that 1 > a3 > -+ > a, > 0. Let 7 = max{t > 1: 25:1 a; < 1}. Clearly,
7 > 1. If f is already in A|_; 1j then there is nothing to prove. Therefore we
can assume that 7 < n. We can also assume that p < 1/3, since otherwise
we have

. . 18
distr, (f, Aj—1,17) S distr, (f,0) = [ f| €1 < ———=

Vin(i/p)

Let A= {|S| > 1|5} For t > 1 we have
1
B[S  =E|S|'14s +E|S|'14c < VE|S|2t /P(A) + 5 E |S|".

Since by the Khinchin inequality we have (E|S|*)Y/% <, /2=L(E |S|HUY,

we arrive at

1 IN*E[SH2 _ 1 (E[SH2 _1/t—1\"
P > — >1—-—= > — > - — .
<’S|—2‘S”t)—( 2t> E[S[2 = 4 E[S[? _4<2t—1>

By the Chebyshev inequality we obtain

E(S| -1 _ p?
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for all £ > 0. Let ¢ > 1 and assume that ||S||; > 2. Take e = 3||S||; — 1 > 0.

We get
1/t—1Y\" 1 02
4<2t—1> < <|S| > ’S”t> < Aian an2°
(zlISlle = 1)

It follows that "
2% — 1
Iste<2+p( 31 )

1
which is also true in the case || S|y < 2. From inequality (9) we obtain
1 N 2t — 1\ "2
(12) 4ﬂ(§ai) < ISl <2+4p<1> |
(2

STEP 4. We consider the case 7 > Z;In(1/p) > 1. Let us now take
t=21In(1/p) > 2> 1 and define

Sl = Z a;T;.

<25 In(1/p)

Z aiézaiél-

<25 In(1/p) isT

Notice that

Thus, S; € A[—l,l Moreover since t > 2, we have p(gt 1)t/2 < p3t2 =1
and therefore by ((12) we deduce

. 1/2 24
distr, (S, A1) < |5 — Suf| = ( 3 af) <
i> 2 1n(1/p) 3 n(1/p)
In this case yields
) 24 18
distr, (£, A1) £ et p < e
Z1n(1/p) n(1/p)
STEP 5. We deal with the case 7 < 23 In(1/p). Set
Sp= Y ar;
i>T42
From inequality we have
1 1 1 2m2
P(1S12 3 ait1Sal) 2 5o (1S 2 1820) 2 5y 15 2 500

i<T+1
Note that ), ; a; > 1. Therefore, from inequality we obtain
2

p
P<|5‘ < Z @i+ H52||) T Cicrpr @i+ 1S - 1)

i<7+1
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It follows that N
ST a4 1] — 1< V2001

i<T4+1

Take S1 = 22:1 air;i + (1 — (a1 + -+ + a;))ry41. Clearly, 57 € A[fl,l]-
Moreover,

15 = Sill = (1= (a1 + - +ar) — ars1)® +[152]%)
In
<oy +--+ar+arpy — 1+ Sl < V205
Therefore, from we have

distr, (f, Aj_11]) < V200" 15 4 p <

1/2

18

— .
Vin(i/7)

REMARK. If we perform our calculation with In(2.03) instead of In 3 we
will obtain the conclusion with a constant 14.5 instead of 18.

Acknowledgements. I would like to thank Prof. Krzysztof Oleszkie-
wicz for his useful comments. I would also like to thank the anonymous
referee for his comment regarding the statement of Lemma

Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.

REFERENCES
[A] K. J. Arrow, A difficulty in the concept of social welfare, J. Polit. Econ. 58 (1950),
328-346.
[Be] W. Beckner, Inequalities in Fourier analysis, Ann. of Math. 102 (1975), 159-182.

[Bo] A. Bonami, Etude des coefficients de Fourier des fonctions de LP(G), Ann. Inst.
Fourier (Grenoble) 20 (1970), no. 2, 335-402.

[D] 1. Dinur, The PCP theorem by gap amplification, J. ACM 54 (2007), no. 3, art. 12.

[DS] I. Dinur and S. Safra, On the hardness of approximating minimum vertex cover,
Ann. of Math. 162 (2005), 439-485.

[F] E. Friedgut, Boolean functions with low average sensitivity depend on few coor-

dinates, Combinatorica 18 (1998), 27-35.

[FKN] E. Friedgut, G. Kalai and A. Naor, Boolean functions whose Fourier transform
is concentrated on the first two levels, Adv. Appl. Math. 29 (2002), 427-437.

[G1] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), 1061-1083.

[G2] L. Gross, Hypercontractivity, logarithmic Sobolev inequalities, and applications:
a survey of surveys, in: Diffusion, Quantum Theory, and Radically Elementary
Mathematics, Math. Notes 47, Princeton Univ. Press, Princeton, NJ, 2006, 45-73.

[HK] P. Hitczenko and S. Kwapieni, On the Rademacher series, in: Probability in Ba-
nach Spaces, 9 (Sandjberg, 1993), Progr. Probab. 35, Birkh&user Boston, Boston,
MA, 1994, 31-36.

[JOW] J. Jendrej, K. Oleszkiewicz and J. O. Wojtaszczyk, On some extensions of the
FKN Theorem, preprint.

[KKL] J.Kahn, G. Kalai and N. Linial, The influence of variables on Boolean functions,
in: Proc. 29th Annual Sympos. on Foundations of Computer Science (FOCS),
Computer Soc. Press, 1988, 68-80.


http://dx.doi.org/10.1086/256963
http://dx.doi.org/10.2307/1970980
http://dx.doi.org/10.5802/aif.357
http://dx.doi.org/10.4007/annals.2005.162.439
http://dx.doi.org/10.1007/PL00009809
http://dx.doi.org/10.1016/S0196-8858(02)00024-6
http://dx.doi.org/10.2307/2373688

FKN THEOREM ON THE BIASED CUBE 261

[KG] G. Kalai, A Fourier-theoretic perspective on the Condorcet paradox and Arrow’s
theorem, Adv. Appl. Math. 29 (2002), 412-426.

K] G. Kindler, Property testing, PCP and juntas, PhD thesis, Tel Aviv Univ., 2002.

[KS] G. Kindler and S. Safra, Noise-resistant Boolean functions are juntas, preprint,
2002.

[01] R. O’Donnell, Analysis of Boolean Functions,
http: //analysisofbooleanfunctions.org, 2013.

[02] R. O’Donnell, Some topics in analysis of boolean functions, in: STOC’08, Proc.
40th Ann. ACM Symposium on Theory of Computing, Assoc. Comput. Machin-
ery, New York, 2008, 569-578.

[O11] K. Oleszkiewicz, On a nonsymmetric version of the Khinchine—Kahane inequal-
ity, in: Stochastic Inequalities and Applications, Progr. Probab. 56, Birkh&user,
Basel, 2003, 157-168.

[012] K. Oleszkiewicz, On the Stein property of Rademacher sequences, Probab. Math.
Statist. 16 (1996), 127-130.

[R] A. Rubinstein, Boolean functions whose Fourier transform is concentrated on
pair-wise disjoint subsets of the inputs, MSc thesis, Tel Aviv Univ., 2012.

Piotr Nayar

Institute of Mathematics
University of Warsaw

Banacha 2

02-097 Warszawa, Poland

and

Institute for Mathematics and its Applications
College of Science and Engineering
University of Minnesota

207 Church Street SE

306 Lind Hall

Minneapolis, MN 55455, U.S.A.
E-mail: nayar@mimuw.edu.pl

Received 31 January 2014;
revised 9 August 201} (6153)


http://dx.doi.org/10.1016/S0196-8858(02)00023-4
http://analysisofbooleanfunctions.org




	1 Introduction and notation
	2 Proof of Theorem 2
	3 Proof of Theorem 3
	REFERENCES

