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Abstract. Starting from an arbitrary ring R we provide a systematic construction
of Z/nZ-graded rings A which are Frobenius extensions of R, and show that under mild
assumptions, A is an Auslander—Gorenstein local ring if and only if so is R.

1. Introduction. Although commutative Gorenstein local rings have
been studied extensively (see e.g. [Mal), there is a lack of study of Auslander—
Gorenstein local rings, the class of which contains commutative Gorenstein
local rings. This is because we know very few examples of Auslander—
Gorenstein local rings which are not commutative, despite the fact that
Auslander—Gorenstein rings appear in various fields of current research in
mathematics. For instance, regular 3-dimensional algebras of type A in the
sense of Artin and Schelter, Weyl algebras over fields of characteristic zero,
enveloping algebras of finite-dimensional Lie algebras and Sklyanin algebras
are Auslander—Gorenstein rings (see [ATV], [Bjl], [Bj2] and [TV], respec-
tively).

In this note, starting from an arbitrary Auslander—Gorenstein local ring
we will provide a systematic construction of Auslander—Gorenstein local
rings as Frobenius extensions, a notion we recall in Section 1.

We fix a set of integers I = {0,1,...,n — 1} with n > 2, and a cyclic

permutation
(0 1 .- n—1>
m =
1 2 ... 0

of I. Note that the law of composition I x I — I, (i,5) = 7/(i), makes I
into a cyclic group with 0 the unit element. Note also that if A = F[X]
is the polynomial ring in one variable X over a ring F, and R = F[X"]
is a subring of A, then A can be considered as an I-graded ring over R.
In this note, starting from an arbitrary ring R, we provide a systematic
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way to construct I-graded rings A so that the ring extensions A/R are split
Frobenius extensions of second kind. Namely, we will define an appropriate
multiplication on a free right R-module A with a basis {e;};c; using the
following two data: certain pairs (g, x) of an integer ¢ and a mapping Y :
I — Z; and certain triples (o,c,t) of 0 € Aut(R) and ¢,t € R. Our main
results state that if either ¢ € rad(R), or ¢ € rad(R) and nyx(i) > iq for all
i # 0, then A is an Auslander—Gorenstein local ring if and only if so is R
(Theorems [3.6] and [3.7]). Also, in the final section, we will provide a way to
obtain every pair (g, x) mentioned above.

2. Preliminaries. For a ring R we denote by rad(R) the Jacobson
radical of R, by R* the set of units in R, by Z(R) the center of R, by
Aut(R) the group of ring automorphisms of R, for 0 € Aut(R) by R the
subring of R consisting of all x € R with o(z) = z, and for n > 2 by M, (R)
the ring of n x n matrices over R. We denote by Mod-R the category of right
R-modules. Left R-modules are considered as right R°P-modules, where R°P
denotes the opposite ring of R. In particular, we denote by injdim R (resp.,
inj dim R°P) the injective dimension of R as a right (resp., left) R-module,
and by Homp(—, —) (resp., Hompgopr(—, —)) the set of homomorphisms in
Mod-R (resp., Mod-R°P).

We start by recalling the notion of Auslander—Gorenstein ring.

PROPOSITION 2.1 (Auslander; see e.g. [FGR), Theorem 3.7]). Let R be
a right and left noetherian ring. Then for any n > 0 the following are
equivalent:

(1) In a minimal injective resolution I® of R in Mod-R, flat dim I’ < i
for all 0 <7 <n.

(2) In a minimal injective resolution J* of R in Mod-R°P, flat dim J* < i
for all 0 < i <mn.

(3) For any 1 <i<mn+1, any M € mod-R and any submodule X of
Ext% (M, R) € mod-R° we have Ext{%op (X,R) =0 forall0 < j <i.

(4) Forany1<i<mn+1, any X € mod-R°? and any submodule M of
Exthop (X, R) € mod-R we have Ext},(M, R) =0 for all 0 < j < i.

DEFINITION 2.2 ([Bj2]). A right and left noetherian ring R is said to
satisfy the Auslander condition if it satisfies the equivalent conditions in
Proposition for all n > 0, and to be an Auslander—Gorenstein ring if it
satisfies the Auslander condition and injdim R = inj dim R°P < oo.

It should be noted that for a right and left noetherian ring R we have
inj dim R = inj dim R°? whenever injdim R < oo and injdim R°P < oo (see
[Za, Lemma A]).
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Next, we recall the notion of Frobenius extensions of rings due to Naka-
yama and Tsuzuku [NTT],[NT2], which we modify as follows (cf. [AH, HKK]).

DEerINITION 2.3 ([HKK]). A ring A is said to be an extension of a ring
R if A contains R as a subring, and the notation A/R is used to denote that
A is an extension ring of R. A ring extension A/R is said to be Frobenius if
the following conditions are satisfied:

(F1) A is finitely generated as a left R-module;
(F2) A is finitely generated projective as a right R-module;
(F3) A= Hompg(A, R) as right A-modules.

ProrosiTiON 2.4 ([HKK]). Let A/R be a ring extension, and let ¢ :
A 5 Homp(A, R) be an isomorphism in Mod-A. Then:

(1) There exists a unique ring homomorphism 6 : R — A such that
x¢(1l) = ¢(1)0(x) for all x € R.

(2) Let ¢' : A = Homp(A, R) be another isomorphism in Mod-A, and
let ¢ : R — A be the associated ring homomorphism such that
xp(1) = ¢(1)0'(x) for all x € R. Then there exists u € A* such
that ¢'(1) = ¢()u and 0'(z) = u=0(x)u for all z € R.

(3) ¢ is an isomorphism of R-A-bimodules if and only if 0(x) = x for
allz € R.

DEFINITION 2.5 (cf. [NTI, INT2]). A Frobenius extension A/R is said
to be of first kind if A = Hompg(A, R) as R-A-bimodules, and to be of
second kind if there exists an isomorphism ¢ : A = Hompg(A, R) in Mod-A
such that the associated ring homomorphism 6 : R — A induces a ring
automorphism 6 : R = R. Note that a Frobenius extension of first kind is a
special case of a Frobenius extension of second kind.

ProrosiTIiON 2.6 ([HKK, Proposition 1.6]). If A/R is a Frobenius ex-
tension of second kind, then A is projective as a left R-module.

ProrosiTiON 2.7 ([HKK, Proposition 1.7]). For any Frobenius exten-
sions AJA, A/R the following hold:

(1) A/R is a Frobenius extension.
(2) Assume A/A is of first kind. If A/R is of second (resp., first) kind,
then so is A/R.

DEFINITION 2.8 ([AH]). A ring extension A/R is said to be split if the
inclusion R — A is a split monomorphism of R-R-bimodules.

ProrosiTiON 2.9 ([HKK, Proposition 1.9]). For any Frobenius exten-
sion A/R the following hold:

(1) If R is an Auslander—Gorenstein ring, then so is A with injdim A <
inj dim R.
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(2) Assume A is projective as a left R-module and A/ R is split. If A is an
Auslander—Gorenstein ring, then so is R with injdim R = injdim A.

3. Construction. Throughout the rest of this note, we fix a set of
integers I = {0,1,...,n — 1} with n > 2, and a cyclic permutation

(0 1 - n- 1)

T =

12 -+ 0

of I. Note that the law of composition I x I — I, (i,5) — 7/(i), makes
I a cyclic group with 0 the unit element. Note also that if A = F[X] is
the polynomial ring in one variable X over a ring F', and R = F[X"] is a
subring of A, then A can be considered as an I-graded ring over R. In the
following, we will provide a systematic construction of I-graded local rings
starting from an arbitrary local ring.

Throughout this section, we fix a pair (g, x) of an integer ¢ and a mapping
X : I — Z satisfying the following conditions:

(X1) g—x(n—j+1i) < x(j) —x(i) < x(j —i) forall i,j € I with i < j;
(X2) x(i) +x(n—i—1)=x(n—1) forallie .
These are obviously satisfied if ¢ < n and x(i) = ¢ for all i € I. We set
i) = {x(i)+x(j)—x(ﬂj(i)) ifi+j<n,
’ X(@) +x(7) = x(77(i)) =g ifi+j>n,
fori,j € 1.
LEMMA 3.1. The following hold:
(1) w(i,j) >0 foralli,jel.
(2) w(0,7) =w(i,0) = x(0) =0 for alli € I.
(3) wi,n—i—1)=0 foralli e I.
Proof. (1) If i + j < n, then setting ;' = i + j we have 4,5 € I with
i < j' and
w(i, j) = x(" = 1) = {x () = x(0)}-
If i + j > n, then setting i’ =i+ j —n we have ¢/, j € I with i < j and
w(iyj) = {x() = x()} = {g = x(n —j + )}
Consequently, the assertion follows from (X1).
(2) By definition we have w(0,7) = w(i,0) = x(0), and by (X2), x(0) = 0.
(3) Immediate by (X2). m

In the following, we fix a ring R together with a triple (o,¢,t) of o €
Aut(R) and ¢,t € R satisfying the following condition:

(%) c,t € R and xc=co(x),zt =to?(x) for all z € R.
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This is obviously satisfied if either 0 = idg and ¢,t € Z(R), or o is arbitrary
and ¢ = t = 0. Note also that ¢t = tc. As usual, we require ¥ = 1 even if
c=0.

Let A be a free right R-module with a basis {e; }icr, and {d; }ics the dual
basis of {e;}ics for the free left R-module Hompg(A, R),i.e.,a =), ;eidi(a)
for all a € A. According to Lemma [3.1)(1), we can define a multiplication on
A subject to the following axioms:

(M1) ejej = eﬂj(i)cw(i’j) if i4+j <n, and e;e; = eﬂj(i)tcw(ivj) if i +j > n;
(M2) ze; = e;oX®(z) for all z € R and i € I.
We will see that A is an associative ring with 1 = ey, and the mapping
¢: A— Hompg(A,R), ar> 0yp_1a,
is an isomorphism in Mod-A with oX("=1(2)$(1) = ¢(1)z for all x € R.
LEMMA 3.2. The following hold:
(1) For any a,b € A we have
ab=Y" ey ox0)(5,(a))s;(b)
i+j<n
+ Y enipte? o9 (6,(a))3;(b)
i+j>n
and do(ab) = do(a)do(b) + ;40 te@ (=0 gX(=1)(5:(a))5,_; (D).
(2) For any a € A andi,j € I we have
DD G,y (@) i 0 G,
51'(&6]‘) = —G(\ g : e .
te(m (Z)’])O'X(J)((Sﬂfj(i) (@)) if i<j.
Proof. (1) Straightforward.
(2) Obviously, the equality holds for j = 0. Let j # 0. For any a € A

and k € I we have
exde(a) - ) { 671.]'(k)cw(k’j)‘UX(j)K(Sk(a)) %f k —i—]: <n,
Cﬂ.j(k)tcw(k’])O'X(j)((5].;;(&)) ifk+j5>n.
If kK + j < n, then setting ¢ = k + j we have
ei—jdi—j(a)-ej = eicw(i_j’j)UX(j)(éi,j (a))

and J;(ae;) = 03D gX0)(§;_i(a)). If k + j > n, then setting i =k +j —n
we have

€i—j4ndi—jin(a) - €j = eitcw(i_j—i_n’j)axm(5i*j+n(a))
and 6;(aej) = te I gX0)(§; iy, (a)). w
In the following, we write

Civkn = eit® and  x,(i + kn) = x(i) + kq
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for ¢ € I and k € Z,, the set of non-negative integers, and define

wq(k, 1) = xq(k) + xq(1) — xq(k +1)

for k,1 € Z. Obviously, x4|r = x and wy|rx; = w. Also, it is not difficult to
check the following:

(a) eiej = eiy;c?a®) for all 4, j € T;

(b) zep = epoXa®)(z) for all z € R and k € Z;

() wq(i,J) = xq(2) + Xq(J) — Xq(i +j) for all ¢, j € I

(d) wq(i+ 4, k:) +wq(i,j) =wy(t,7 + k) +wye(j, k) for all 4,5,k € 1.

PRroOPOSITION 3.3. The following hold:

(1) A is an associative ring with 1 = eg, and contains R as a subring
via the injective ring homomorphism R — A, x — egx, i.e., setting
Ai=eR foriel, A=@,.; Ai is an I-graded ring with Ag = R.

(2) ¢ is an isomorphism in Mod-A with oX"=Y(2)¢(1) = ¢(1)x for all
x € R, i.e., A/R is a split Frobenius extension of second kind.

Proof. (1) It follows from Lemma (2) that eg - e;x = e;x = e;x - g for
alli eI and x € R. Let i,j,k € I and x,y,z € R. By (a), (b) we have

(eiz . ejy) . ekz — 6i+jcwq(i7j)o-XQ(j) (x)y . ekz

— ei+j+kcwq(i+j7k)gxq(k)( wq(i,j)UXq(j)(x)y)Z

= it jprC wa(i47.K) (wa (0:7) 5 Xa (k) +Xa (D) () g Xa(F) (4))

= eipjrrc wq (i) (17) g Xa(R)+Xa () () g Xa (R) () 2
eix . (ejy . ekz) — eix . ej+k_cwq(jyk)o—xq(k) (y)z

=eitjt Wq(iaj+k)0-Xq(j+k) (x)cwq(jvk)O-Xq(k) (y)z
= €ipjrrC wq (i,5+k) (wq (4, k)awq(j,k)(qu(j+k)($))axq(k) (y)z
— ei+j+kc"-’q(Z:J+k)+WQ(Jvk)O-Wq(jvk)+Xq(j+k) (z)oXa k) (y))z.
It then follows from (c), (d) that (e;z - ejy) - exz = e;x - (e;y - exz). The last
assertion is obvious.

(2) Tt follows from (M2) that §;z = oX(®)(x); for all z € R and i € I. In
particular, {J;}ics is a basis for the right R-module Hompg(A, R). Also, for
any ¢ € I, by Lemma (3), €ien—i—1 = en—1 and hence 6,_1e; = 8,—;—1. It
follows that ¢ : A = Hompg(A, R), a — 6,_1a, in Mod-A. Obviously, A is a
free left R-module with a basis {e;};c;. Thus, since §,,_1z = UX(”_l)(x)én_l
for all z € R, the associated ring homomorphism is just o~X"~1) : R 5 R,
and hence A/R is a Frobenius extension of second kind. Also, by (1), A/R
is split. =
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In the following, we set

n—1
e(i) =) wyli, ki)
k=1

for i € I. By Lemma [3.1(1), (i) > 0 for all i € I. Also, for any i € I we
have xq4(in) = ig, and hence

Z{Xq + Xq(ki) = Xq((k + 1))}

= an( i) — Xq(ni) = nx(i) —iq.

LEmMA 3.4. The following hold:

(1) eje; =eje; foralli,j €I, and e = eot'c®) for alli e 1.

(2) Ift € rad(R), then do(a) € R* for alla € A*.

Proof. (1) For any i,j € I, by (a) we have wy(%,j) = wq(j, i) and e;e; =
eje;. Next, by induction we see that ef = e;.c? i)+ Fwq(i,(r=1)i) for g]]
r > 2, so that e' = einct) = egt’ce(’).

(2) Let a € A*. By Lemma (1) we have

do(aa™) = dy(a )+ Ztc in=0) X (=0 (5, (a))6p—i(a™ ).
1#0
Since tc¢*(»" =9 ¢ rad(R) for all i # 0, and since dp(aa~") = 1, it follows that

do(a)do(a™t) € R* and dp(a) has a right inverse. Similarly, dp(a) has a left
inverse. m

PROPOSITION 3.5. Ift € rad(R), then R/rad(R) = A/rad(A) canoni-
cally.

Proof. Setting m = rad(R), we will see that rad(A) = eom & P, .o e;: R
We divide the proof into several steps.

CLAM 1. There exists an injective ring homomorphism
p:A—=My(R), a— (di(aej))ijer,

such that for any a € A if p(a) € M,,(R)* then a € A*.

Proof. We have an injective ring homomorphism A — Endg(A4), a —
(b +— ab), and a ring isomorphism ¢ : Endg(A) = Mu(R), f
(0i(f(ej)))ijer, so that their composite yields an injective ring homomor-
phism p : A — M, (R) such that p(a) = (0;(ae;))i jer for all a € A. Next, for
any a € A with p(a) € M, (R)*, since (b — ab) = ¢~ !(p(a)) € Endg(A)*,
we have A 5 A, b ab, and hence a € AX. u

CLAmM 2. Am = @, ;eim is a two-sided ideal of A with Am C rad(A).
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Proof. Obviously, Am is a left ideal. Since Am consists of all a € A
with §;(a) € m for all i € I, and since o(m) = m, it follows from Lemma
3.2(1) that Am is a two-sided ideal. Let a € Am. We claim that a € rad(A).
Since 6;(1 — a) = —d;(a) € m for i # 0 and 6p(1 —a) = 1 — §p(a) € R*,
it follows from Lemmas [3.1[2) and [3.2|2) that p(1 — a); € R* for all i,
and p(1 — a);; € m unless ¢ = j. Note that rad(M,(R)) consists of all

matrices with the entries in m (see e.g. [Ka, Chapter 1, Proposition 7.22)).
Thus p(1 —a) € M,(R)*, and by Claim 1 we have 1 —a € A%, so that
a €rad(A). =

CLAIM 3. n = eom® €D, 4o € is a two-sided ideal of A withn C rad(A).

Proof. Obviously, n is a subgroup of A. It then follows from Lemma
(1) that n is a two-sided ideal of A. Next, since t'c¢*() € m for all i # 0,
by Lemma [3.4{(1) there exists m > 1 such that a™ € Am for all a € n, i.e.,
n/Am is a two-sided ideal of A/Am consisting only of nilpotent elements.
Thus n/Am C rad(A/Am). It follows from Claim 2 that n C rad(A). =

CrLAamM 4. rad(A4) Cn.

Proof. Let a € rad(A). For any © € R we have 1 — a(epx) € A*, and
by Lemma [3.4(2), 1 — do(a)z = do(1 — a(egx)) € R*. Thus dp(a) € m and
aEn m

This finishes the proof of Proposition .

Now, by Propositions and [3.5] we have the following.

THEOREM 3.6. Assumet € rad(R). Then A is an Auslander—Gorenstein
local Ting if and only if so is R.

In Lemma [3.4(2) the assumption ¢ € rad(R) can be replaced by the
condition that ¢ € rad(R) and w(i,n — i) > 0 for all ¢ # 0. Similarly, in
Claim 3 in the proof of Proposition the assumption ¢ € rad(R) can be
replaced by the condition that ¢ € rad(R) and (i) > 0 for all i # 0. Note
also that

e(i) +e(n—1i) =nw(i,n —1)
for all 7 # 0. Consequently, we have the following.

THEOREM 3.7. Assume ¢ € rad(R) and nx(i) > iq for all i # 0. Then
A is an Auslander—Gorenstein local ring if and only if so is R.

4. Classification. In this section, we will provide a way to obtain every
pair (g, x) satisfying conditions (X1) and (X2).

Let ¢ be an integer and x : [ — Z a mapping satisfying condition (X2).

LEMMA 4.1. The following hold:

(1) x(9) = x(i—1)=x(n—i)—x(n—i—1) forall1 <i<n-—1.
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(2) If n =2m with m > 1, then there exist p1,...,pm+1 € Z such that
0 if i=0,
X(@)=q pr+-+p if 1<i<m,
PL+ -+ Pm A Pm1 AP f mA1<i<n—1,
and ¢ =2{p1 + - + Pm—1} + Pm + Pm+1.
(3) If n = 2m + 1 with m > 1, then there exist p1,...,pm+1 € Z such
that
0 if i=0,
x(i)=1{ pr+-+p if1<i<m,
pr+-+PmtPm s if m+1<i<n—1,
and ¢ =2{p1 + -+ pm} + Dm+1-
Proof. (1) For any 1 <i<n—1, x(i)) +x(n—i—1) = x(n—1) =
x(i — 1) + x(n — i), and hence x(i) — x(i — 1) = x(n —14) — x(n —i —1).
(2)&(3) Since x(0) = 0, we have x(i) = > ;_;{x(k) — x(k — 1)} for all
1 <4 < n—1. Thus, on setting p; = x(i) — x(i — 1) for 1 < i < m and
Pm+1 = ¢ — X(n — 1), the assertions follow by (1). m

PROPOSITION 4.2. Let n = 2m with m > 1. Then (q,x) satisfies condi-
tion (X1) if and only if:
(1) pi = pms1 for all1 <i<m.
(2) Ifm>2,1<r<m/2and1<s<m-—2r+1, then
(pr+ -+ pr) = Pstr + -+ Psgar—1) 2 0.
(3) Ifm>5,3<r<(2m-—-1)/3 and1<s<(r—1)/2, then
(Pr+- - +p) = (Pm—s+ - +Pm+Pm1+ -+ Pmps—ri1) 20,
4) Ifm>3,1<r<(m-—1)/2 and 1 <s<m—2r, then
—(p1 4+ pr) + Pstr + -+ Pstar) = Pt
(5) Ifm>4,2<r<(2m-—2)/3 and 1 < s <r/2, then
—(prt+ o)+ (Pmes o Pt Pt Pmgs—r) 2 P

Proof. For convenience, we set x(n) = g. Then condition (X1) is equiv-
alent to

x(G—1) —{x() —x(@)} >0 and {x(j) —x()}—{x(n) —x(n—j+i)} >0
for all 0 <i < j <n—1.In the case i = 0, the first inequality is trivial and
x(7) — {x(n) — x(n —4)} = x(F) + x(n — j) — x(n)
=x(j) +{x(n—1) = x(G — 1} — x(n)
={x(j) —x(U =D} —{x(n) = x(n - 1)}
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for

alll1<j<n—1.Let 1 <i<j<n-—1. Settingr =7 —17 and s =1, we

have r,s > 1 with r+s <n —1 and

T+s
X0 = 1) = {x(j) — x(i)} = Z{x X(k=1}= Y {x(0) = x(-1)},
l=s+1
{x() —x()} —{a - x(n —j+i)}
r+s n
Yok —xk-DY= > {x()—x(-D}.
k=s+1 l=n—r+1

Consequently, canceling common terms yields the assertion. m

PROPOSITION 4.3. Let n = 2m + 1 with m > 1. Then (q,x) satisfies

condition (X1) if and only if:

(1) pi = pmy1 foralll <i<m.
(2) Ifm>2,1<r<m/2and1<s<m-—2r+1, then

(pl + - +pr) - (ps—l—r + - +ps+2r—1) > 0.
3) Ifm>3,2<r<2m/3 and 1 < s <r/2, then
(P14 +0r) = Pm—st1+ -+ P+ Pm + -+ Pmts—rt1) > 0.
(4) Ifm>3,1<r<(m-—1)/2 and 1 <s<m—2r, then
_(pl + +pT) + (ps+r + - +ps+2r) > Dm+1-
(5) Ifm>2,1<r<(2m-1)/3 and 1 <s<(r+1)/2, then
_(pl+"'+pr)+(pmfs+l+"'+pm +pm+"’+pm+sfr) > Dm+t1-
Proof. Similar to Proposition [£.2] =
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