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Abstract. Melham discovered the Fibonacci identity
Fos1Fni2Fnie — Friz = (—1)"F,.

He then considered the generalized sequence W, where Wy = a, W1 = b, and W,, =
pWi_1+ qWp_2 and a, b, p and g are integers and ¢ # 0. Letting e = pab — ga® — b%, he
proved the following identity:

Wi WasaWiis — Wois = eq" ' (0°Wigo — ¢ Waia).

There are similar differences of products of Fibonacci numbers, like this one discovered
by Fairgrieve and Gould:

FnFn+4Fn+5 - FS+3 = (*1)n+1Fn+6.
We prove similar identities. For example, a generalization of Fairgrieve and Gould’s iden-
tity is
WoWasaWais = Wits = eq" (0" Wasa — qWass).

1. Introduction and results. Let F,, and L, be the Fibonacci and
Lucas numbers, respectively. Many authors have studied Fibonacci identi-
ties and generalized Fibonacci identities. For example, Fairgrieve and Gould
[FG], Hoggatt and Bergum [HB|, and Horadam [H| stated and proved Fi-
bonacci identities involving differences of products of Fibonacci numbers.
And Melham [M]| found, proved, and generalized the following one:

Foi1FntoFnie — F3+3 = (_1)nFn~

n

We will attempt to prove some more such identities.
The following is the sequence Melham used to generalize his identity
above.

DEFINITION. Let W,, be defined by Wy = a, W7 = b, and W,, = pW,,_1+
qWn—_o for n > 2, where a, b, p and ¢ are integers and ¢ # 0. Let e =
pab — qa® — b.
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Here is a list of some known and some new identities involving differences
of products of generalized Fibonacci numbers:

la Fni1Fni2Fnqie *FS-FS =(-1)"Fa

1b Wos1WaiaWaie — Wiiis = eq" T (p°Way2 — ¢ Waia)
2a FoFoyaFoys — Fiis = (=1)" ' Foyse

2b WoWniaWays — Wiis = eq" (p°Waia — qWhys)

3a FF2 s —F2 o= (—1)""F1

3b WaWeis — Wiio = eq" (pWnis + ¢Wni2)

4a F2Fuis — F3 = (—1)"" Foio

4b WiWois — Wit = eq" (pWn + Wai1)

5a FnFpi5Fnye — FuiaFays = (—1)"" Loy

5b WoWaisWhie — WossWiis = eq™ (pWais + p>qWna)
6a FoF2  — FnpoF2 g = (—1)"" L3

6b W Wiis — WaaWiis = eq" (0°Waga + ¢ Wii2)
Ta FnFn+3Fn+5 - F3+2Fn+4 - (71)n+an+2
7b WaWn3Whys — W7%+2Wn+4 = eqn(pQWn-M + QSWn)

8a FoFiis— FipiFopa = (=1)" ' Ly

8b WoW2i s — W2 1 Whia = eq"(Waia — W)

9a FuFnioFnis — Fuy1Fris = (—1)""'Lnys

9b WiWiit2Wais — Wit Wiiis = eq" (Wats + p°qWni1)
10 FoFrioFnyaFnie — Fiis = (—1)"""L2 4

11 FnFjiy—FlaFnie = (—1)"""Foyalnys

12 F3F3+5 - FS+IF'3+6 = (*1)n+1L§L+3

Identities 1a and 1b were discovered and proved by Melham [M]. Identity
2a was discovered and proved by Fairgrieve and Gould [FG. Identities 3a,
4a, and 8a were discovered and proved by Hoggatt and Bergum [HB]. As far
as we know, the other identities in the table are new. In the next section,
we will prove some of the new identities. The proofs of all the generalized
identities are similar to the proof of 1b by Melham [M].

2. Some proofs
Proof of 2b. We require the identity
WpWhio — Wr%+1 =eq",
proved by Horadam [H, p. 171, eq. (4.3)]. We also need
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Whio = pWhi1 — q¢Wh,
Witz = (0° = Wit — pgWh,
Wisa = (0° = 2p0)Wa1 — (0°q — ¢*)Wa,
Wais = (0" = 3p°q + ¢ )Was1 — (0°q — 2pg*) W
These identities are obtained by the use of the recurrence for W,,. To prove
identity 2b, we write its LHS and RHS in terms of W,,, W41, p and ¢q. The
RHS of 2b is
eq" (0’ Wisa—qWns)
= (Wn Wn+2—W,f+1)(p3Wn+4—an+5)
= (Wa(pWar1—qWa) W2, )
x (0°((0° = 2p0) W1 — (PP — ") W)
—q((0" =3P +*) War1 —(0°q—204" ) W) )
= (" =2+’ +pq3)W5+1Wn+(—2p6q+5p4q2—5p2q3+q4)Wn+1W3
+(=p +3p g =3p" P+ )W + (00— 20° ¢+ 2pg )W
The LHS of 2b is
W W aWiis — Wi 3
= W ((p* = 2pq) Wii1— (> q—*) Wh)
((0* =3p°q+¢*) W1 — (PPa—2pg*)W,,)
((0?— @)W1 —pgWh)®
= (0" =20°q+0° ¢ +p@*) Wi Wi+ (—20°4+5p* ¢ = 5p° ¢ + ¢ Y WA Wy,
+(=0°+3p"q =30’ + )Wy + (0 =207+ 2pg )Wy,
Since the LHS and RHS are equal, the identity is proved. m

X

Proof of 5b. We again require the Horadam identity
WouWaio = Wiy = eq™.
We also need the identities
Whto = pWii1 — ¢Wh,
Whis = (p2 — Q)Whny1 — pgWh,
Waa = (p° = 2p0)Wni1 — (0% — ¢*)Wh,
Wais = (0" = 30%¢ + ¢ ) W1 — (0°0 — 2p4*) W,
(
(

P° —4p3q + 3p*) Wit — (p*q — 3% + &)W,

p’ —6p°q + 10p°¢* — Apg*)Wii1 — (p°q — 5p*¢® + 6p*® — ¢*) W,

n+6

n+8
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obtained by the use of the recurrence for W,,. We write the LHS and RHS
of identity 5b in terms of W,,, W11, p and gq. The RHS of 5b is
eq" (PWys +p°qWaia)
= (Wan+2 - Wg+1)(an+8 + pqun+5)
= (Wa(@Wni1 — qWy) — W3+1)
< (p((p" = 6p°q + 10p°¢* — 4pg®) Wii1 — (p°q — 5p* ¢ + 6p°¢* — ¢ )W)
+0°q¢((p° — 2pQ) Wi — (0Pq — ¢*)Wh))
= W(—pd® +5p°q" — 4p°¢* + p"¢%)
+ WEWoia (5pq* — 13p'® + 9p°¢% — 2p°q)
+ W Wi (=pg* +p°¢* + 4p°* — 4p"q + p°)
+ W2 (4P — 8p* ¢ + 5pPq — p®).
The LHS of 5b is
W WhysWnie — Wn+3W2
W (0" = 30%¢ + ¢*)War1 — (0°q — 2p4*)W,,)
x ((p° = 4p°q + 3p*) W1 — (p'q — 3p°¢* + ¢*)W,)
— (P — W, - paWa) (0 = 2p0) W11 — (0%q — )W)
= Wi(—pg® +5p°¢* — 4p°¢* + p¢?)
+ WiWoia (5pq* — 13p*q® + 9p°¢* — 2p°q)
+ WoWiii (—pg* +0°¢* + 4p°¢* — 4pTq + p°)
+ Wi (4p°¢% — 8p*q® + 5p°q — p°).
Since the LHS and RHS are equal, the identity is proved.
Proof of 10. We require Cassini’s identity
FoFoio — Fg-&-l = (_1)n+1-
We also need
Foyo=Fop+ Fy,
Fry3 =2F,11 + F,
Fopa = 3Fns1 + 2F),
Frte = 8Fny1 + 5Fy,
Luss = 4Fpsy + 35,

which are obtained by the use of the recurrence for F,, and the fact that
Lypys = Fpiq + Fihyo. To prove 10, we write its LHS and RHS in terms of
F,, and F, ;1. The RHS of 10 is
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(—1)HHL721+3 = (Fnq2Fn — FT%H)L?H?;
= (F2 + FyFop1 — ) (4F 0 + 3F,)?
=9F} +33F3F, 11 + 31F2F2, | — 8F,Fa,  — 16F,, ;.
The LHS of 10 is
FoFnioFnialnye — F73+3
= Fo(Fpy1 + Fo)(3Fps1 + 2F,)(8F 41 + 5F,) — (2F, 11 + Fp)?
=9F, + 33F:Fy 1 + 31F2F2, | — 8F,F2, | — 16F, ;.
Since the LHS and RHS are equal, the identity is proved. =
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