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ON MINIMAL GENERIC SUBMANIFOLDS IMMERSED IN S2m+1

BY

MASAHIRO KON (Hirosaki)

Abstract. We give a pinching theorem for a compact minimal generic submani-
fold with flat normal connection immersed in an odd-dimensional sphere with standard
Sasakian structure.

1. Introduction. Let M be an (n+1)-dimensional submanifold of the
unit sphere S2m+1 with standard Sasakian structure (φ, ξ, η, g).We assume
that M is tangent to the structure vector field ξ. If the normal space ofM is
mapped by φ into the tangent space ofM at each point, that is, φTx(M)

⊥ ⊂
Tx(M) for any point x of M , then M is called a generic submanifold of
S2m+1. Any hypersurface of S2m+1 is a generic submanifold. We denote
by Kts the sectional curvature of M spanned by et and es orthogonal to
the structure vector ξ. The sectional curvature of a generic submanifold M
spanned by ξ and et is always zero. So, we consider the sectional curvatures
Kts only.
In [1] we proved that a compact minimal hypersurface of S2m+1 with

Kts + 3g(Pet, es)
2 ≥ 1/n is congruent to S2m−1(r1) × S

1(r2), where P
is defined by φX = PX + FX, PX and FX being the tangential and
normal parts of φX. The purpose of the present paper is to prove that if the
normal connection of a compact minimal generic submanifold M is flat and
if Kts + 3g(Pet, es)

2 ≥ 1/n, then M is a hypersurface and, consequently, it
is congruent to S2m−1(r1)× S

1(r2).

2. Preliminaries. Let S2m+1 be the (2m+1)-dimensional unit sphere
and let (φ, ξ, η, g) be the standard Sasakian structure on S2m+1. Then we
have

φ2X = −X + η(X)ξ, φξ = 0, η(ξ) = 1, η(φX) = 0,

g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ),

∇Xξ = φX, (∇Xφ)Y = −g(X,Y )ξ + η(Y )X

for any vector fields X and Y on S2m+1, where ∇ denotes the operator of
covariant differentiation with respect to the Levi-Civita connection.
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Let M be an (n+1)-dimensional submanifold of S2m+1. Throughout this
paper, we assume that the submanifold M is tangent to the structure vector
field ξ of S2m+1. We denote by the same g the Riemannian metric tensor
field induced on M from that of S2m+1. The operator of covariant differen-
tiation with respect to the induced connection on M will be denoted by ∇.
Then the Gauss and Weingarten formulas are respectively given by

∇XY = ∇XY +B(X,Y ) and ∇XV = −AVX +DXV

for any vector fields X,Y tangent toM and any vector field V normal toM ,
where D denotes the operator of covariant differentiation with respect to
the linear connection induced in the normal bundle T (M)⊥ of M . Both A
and B are called the second fundamental forms of M , and are related by
g(B(X,Y ), V ) = g(AVX,Y ). For the second fundamental form A we define
its covariant derivative ∇XA by

(∇XA)V Y = ∇X(AV Y )−ADXV Y −AV∇XY.

If TrAV = 0 for any vector field V normal to M , then M is said to be min-
imal , where Tr denotes the trace of an operator. If the second fundamental
form of M vanishes, then M is said to be totally geodesic.

For any vector field X tangent to M , we put

φX = PX + FX,

where PX is the tangential part of φX and FX the normal part of φX.
Then P is an endomorphism of the tangent bundle T (M), and F is a normal
bundle valued 1-form on the tangent bundle T (M). LetR be the Riemannian
curvature tensor of M . Then the Gauss equation is given by

R(X,Y )Z = g(Y, Z)X − g(X,Z)Y + g(PY,Z)PX − g(PX,Z)PY

+ 2g(X,PY )PZ +AB(Y,Z)X −AB(X,Z)Y.

The Codazzi equation of M is given by

g((∇XA)V Y, Z)− g((∇YA)VX,Z) = 0

for any vector fields X, Y tangent toM and any vector field V normal toM .
We now define the curvature tensor R⊥ of the normal bundle of M by

R⊥(X,Y ) = DXDY −DYDX −D[X,Y ].

Then we have the equation of Ricci

g(R⊥(X,Y )U, V ) = g([AU , AV ]X,Y ),

where [AU , AV ] = AUAV −AV AU . If R
⊥ = 0, the normal connection of M

is said to be flat . The normal connection of M is flat if and only if AUAV =
AV AU .
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If φTx(M)
⊥ ⊂ Tx(M) for any point x of M , then M is called a generic

submanifold of S2m+1. Let M be a generic submanifold of S2m+1. For any
vector field V normal to M we put

φV = tV,

where tV is a tangent vector and t is a tangent bundle valued 1-form on
the normal bundle. Since ξ is tangent to M , for any vector field X tangent
to M , we have

∇Xξ = φX = ∇Xξ +B(X, ξ),

from which it follows that

PX = ∇Xξ, B(X, ξ) = FX, AV ξ = −tV.

Moreover, we obtain

∇XtV = −PAVX + tDXV.

We also have

AV tU = AU tV.

We define the covariant derivatives of P , F and t by

(∇XP )Y = ∇X(PY )− P∇XY, (∇XF )Y = DX(FY )− F∇XY,

(∇Xt)V = ∇X(tV )− tDXV.

We then have

(∇XP )Y = AFYX + tB(X,Y ), (∇XF )Y = −B(X,PY ),

(∇Xt)V = −PAVX.

3. Pinching theorem. LetM be an (n+1)-dimensional minimal gene-
ric submanifold of S2m+1. We take an orthonormal basis e0 = ξ, e1, . . . , en
of the tangent bundle ofM . We use the convention that the ranges of indices
are

i, j, k = 0, 1, . . . , n; r, s, t = 1, . . . , n.

In what follows we assume that the normal connection ofM is flat. Then
we can choose an orthonormal basis v1, . . . , vp in the normal bundle of M
such that Dva = 0, a = 1, . . . , p, p = 2m− n. Hence

∇Xtva = −PAaX

for all a, where we have put Aa = Ava to simplify the notation. We also
have
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∑

i

(∇iP )ei = −nξ −
∑

b

Abtvb, (∇it)va = −PAaei,

where we have put ∇i = ∇ei . From these equations we get

−div(PAatva) = −
∑

i

g(∇ei(PAatva), ei)

= −
∑

i

[g((∇iP )Aatva, ei)

+ g(P (∇iA)atva, ei) + g(PAa(∇it)va, ei)]

=
∑

i

[g(Aatva, (∇iP )ei) + g((∇it)va, AaPei)]

= − ng(Aatva, ξ)

−
∑

b

g(Aatva, Abtva)−
∑

i

g(PAaei, AaPei)

= (n+ 1)− TrA2a +
1

2
|[P,Aa]|

2.

Consequently, we obtain

div(∇tvatva) = (n+ 1)− TrA
2
a +
1

2
|[P,Aa]|

2.

Generally we have (cf. [3])

g(∇2A,A) =
∑

a,i,j

g((R(ei, ej)Aa)ei, Aaej)

=
∑

a,i,j

g(R(ei, ej)Aaei, Aaej)−
∑

a,i,j

g(AaR(ei, ej)ei, Aaej).

For a fixed a, we choose an orthonormal basis e0 = ξ, e1, . . . , en such that

Aaet = λtet + u(et)ξ, t = 1, . . . , n,

where u(et) = g(Aaet, ξ) = −g(et, tva). Then we have
∑

i,j

g(R(ei, ej)Aaei, Aaej)

= 2
∑

t

g(R(ξ, et)Aaξ, Aaet) +
∑

t,s

g(R(et, es)Aaet, Aaes)

= −
∑

t,s

λtλsKt,s + 4
∑

a,b

[g(Aatvb, Aatvb)− g(Aaet, Aaet)],

where Kt,s denotes the sectional curvature spanned by et and es, and
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−
∑

i,j

g(AaR(ei, ej)ei, Aaej)

= −
∑

t

g(R(ξ, et)ξ, A
2
aet)

−
∑

t,s

g(AaR(et, es)et, Aaes)−
∑

t

g(R(et, ξ)et, A
2
aξ)

=
∑

t,s

λ2tKts + (2n+ p) +
∑

a,t

g(Aaet, Aaet)− 4
∑

a,b

g(Aatvb, Aatvb),

where we have used the fact that AaAb = AbAa by the assumption R
⊥ = 0.

Consequently, we obtain
∑

i,j

g((R(ei, ej)Aa)ei, Aaej) = −
∑

t,s

λtλsKt,s +
∑

t,s

λ2tKts

+ (2n+ p)− 3
∑

t

g(Aaet, Aaet),

from which

−
∑

i,j

g((R(ei, ej)Aa)ei, Aaej) = −
1

2

∑

t,s

(λt − λs)
2(Kts + 3g(Pet, es)

2)

+
3

2
|[P,Aa]|

2 + 3(TrA2a − 1)− (2n+ p).

Suppose that

Kts + 3g(Pet, es)
2 ≥
1

n
.

Then

−
∑

i,j

g((R(ei, ej)Aa)ei, Aaej)− 3|[P,Aa]|
2

≤ − TrA2a + 2−
3

2
|[P,Aa]|

2 + 3TrA2a − 3(n+ 1) + (n− p)

= − 2 div(∇tvatva)− (p− 1)−
1

2
|[P,Aa]|

2.

On the other hand, we have

−
1

2
△
(

∑

a

TrA2a

)

+ g(∇A,∇A) = −g(∇2A,A)

= −
∑

a,i,j

g((R(ei, ej)Aa)ei, Aaej)

and
g(∇A,∇A) =

∑

a,t,s

g((∇tAa)es, er)
2 + 3

∑

a

|[P,Aa]|
2.

Hence
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−
1

2
△
(

∑

a

TrA2a

)

+
∑

a,t,s

g((∇tAa)es, er)
2

= −
∑

a,i,j

g((R(ei, ej)Aa)ei, Aaej)− 3
∑

a

|[P,Aa]|
2

≤ − 2 div
∑

a

(∇tvatva)− p(p− 1)−
1

2

∑

a

|[P,Aa]|
2.

If M is compact, we have\
M

∑

a,t,s

g((∇tAa)es, er)
2 ∗ 1 ≤ −

\
M

[

p(p− 1) +
1

2

∑

a

|[P,Aa]|
2

]

∗ 1.

This implies that g((∇tAa)es, er) = 0 for all t, s, r and a, and PAa = AaP
for all a. Thus we also have p = 1. Consequently, M is a hypersurface
of S2m+1. Combining this fact with a theorem of [1], we obtain the following

Theorem. Let M be an (n+ 1)-dimensional compact minimal generic
submanifold of S2m+1 with flat normal connection. If the sectional curvature
K of M satisfies

Kts + 3g(Pet, es)
2 ≥ 1/n,

then M is a hypersurface of Sm+1 and M is congruent to S2m−1(r1) ×
S1(r2), where

r1 =

(

2m− 1

2m

)1/2

, r2 =

(

1

2m

)1/2

.
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