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Abstract. We note that every positive integer N has a representation as a sum of
distinct members of the sequence {d(n!)},>1, where d(m) is the number of divisors of m.
When N is a member of a binary recurrence u = {u, }»>1 satisfying some mild technical
conditions, we show that the number of such summands tends to infinity with n at a rate of
at least ¢1 log n/loglogn for some positive constant ¢1. We also compute all the Fibonacci
numbers of the form d(m!) and d(m1!) + d(mz)! for some positive integers m,mi, ms.

1. Introduction. Let d(m) be the number of divisors of the positive
integer m. There are a few papers in the literature addressing the function
d(n!). For example, several results about this function can be found in [2].
In the more recent paper [6], it was shown that d(n!) is a divisor of n! for
all n > 6.

For simplicity, put a,, = d(n!). The sequence {a,},>1 starts as
1,2,4,8,16, 30,60, 96, 160, 270, 540, 792, . . ..

It would seem that a,, < 2a,_1 with several cases of equality. This is our
first result.

ProrosiTION 1.1. The inequality a, < 2a,—1 holds for all n > 2.

Since a, < 2a,-1 for all n > 1 and a; = 1, it then follows, by the
greedy algorithm, that for every positive integer N there exist k > 1 and
my > - > mq > 1 such that

N =ty + -+ .-

There might be several such representations of a given N, but we shall pick
the one with a minimal k. For example,

95 =30+16+8+1=ap +as+as+as.
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In this paper, we take a binary recurrent sequence u = {u, }n>0 where ug, u1
are integers
Up+2 = MUp41 + Su, for all n > 0,

and r and s are fixed nonzero integers. Assuming that A = 72 4 4s # 0 and
writing o, 8 for the two roots of the quadratic equation 22 — rz — s = 0, we
see that there exist ¢ and d in Q(«) with

(1.1) up = ca’ +dp"  for all n > 0.

The sequence u is called nondegenerate if cd # 0 and «/f is not a root of 1.
Since a/f is not a root of 1, the sequence wu, has at most one zero. That is,
up # 0 for all n > 0 with at most one exception.

We study the representation

(1.2) |un| = am,, + -+ am, withmg >--->mg > 1.

Under mild assumptions on the sequence u, we show that the number of
terms k in the above representation grows with n.

THEOREM 1.2. Assume that u is nondegenerate and has ged(r,s) = 1.
Then there exist positive constants ng and cg > 0 depending on u which are
computable such that in the representation (1.2|) we have

Colﬂ whenever n > ny.
loglogn

Perhaps the condition ged(r,s) = 1 can be removed but we have not
succeeded in doing so. Representation problems similar to the above one in-
volving members of binary recurrences, factorials or both have been studied
in the literature. For example, it was shown in [I1] and [4] that if b > 2 is
an integer and

|up| = dib™ 4+ -+ -+ dib™  where d; € {1,...,b—1} (1 <i<k),

and my > --- > mq > 1, then k > ¢; log n/loglogn whenever n > ng, where
c1 > 0 is a computable constant depending on u and b. If we write

nl=db™ + -+ dib™  where d; € {1,...,b—1} (1 <i<k),

where again myg > --- > mj1 > 1, then k > cologn, where ca > 0 depends
only on b (see [5]). Finally, in [3], it was shown that if

(1.3) \un]:m1!+~~-+mk! with mg > -+ > mq > 1,

and k is fixed, then n is bounded by some computable number depend-
ing on u and k. In particular, in any representation with large n,
the parameter k tends to infinity with n. Although this is not explicitly
stated in [3], from the proof of the main result in that paper one can deduce
k > c3logn/loglogn, whenever n > ng, where cg > 0 is some computable
constant depending on u.
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When r =s =1, up = 0 and u; = 1 the sequence u becomes the famous
sequence F = {F), },,>0 of Fibonacci numbers. We prove the following result.

THEOREM 1.3. If F,, = an, thenn € {1,2,3,6}. If F, = am, + am,
with ma > mq > 1, then n € {4,5,9}.

2. Proof of Proposition The fact that the stated inequality is
an equality when n is prime is a consequence of the multiplicativity of the
function “number of divisors”. The stated inequality also holds for n = 4, 8.
Assume now that n ¢ {4,8} is composite.

Inequality (5) in [2] shows that

(2.1) @ o 5.
Ap—1 n
where
S(n) = Z Qapp
pP|In

is the sum of the prime factors of n with multiplicity. Note that

opp oy 2

prS]- (ap217p22) a‘nd papfl <§ (ap227p23)
Put w(n) = k. If k = 1, then n = p®» for some prime p and a;, > 2. If p = 2,
then a, > 4, therefore S(n)/n = «,/2%~1 < 1/2, while if p > 3, then
S(n)/n < 2/3 by the above inequality. If w(n) =k > 3 and p; < -+ < pg
are all the distinct prime factors of n, then

22 Wy 1 LI R

noo = [Lizjpi = preope—1 ™ ko (k—1)!

A

<

N =

If K = 2 and n is divisible by some prime p > 7, then
S(n) < 1 1 9

If n = 3% 5% then

Stn) 1 1 8
2.4 < —4-=—.
(24) n 3 + 5 15

Finally, if n = 2%-3% or n = 2% . 5%, then
S(n) S2a—|—3b and S(n) < 2a+5b’
n 2a3b n 2a5b
respectively. Unless n = 6,10, we have either a > 2 or b > 2, so
S(n) 74 9 6 7
2. —~ L - = V-2
(25) —max{12’9’20’25} 12

n
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In conclusion, collecting all the above inequalities (2.2)—(2.5)), we find that
if n is composite, then, unless n € {6,10}, we have

S(n) 129 8 7 2
7§max aY o) 1421 10 = o
n 2°3°14715" 12 3
SO 9
n <exp- <2
Anp—1 3

by (2.1). One can check that the inequality a, < 2a,—; holds also for the
values n = 6, 10.

3. Preliminary results for the proofs of Theorems and

We write m(z) for the counting function of the primes p < x.

LEMMA 3.1. The following inequalities hold:

(i)

m(x) > lozzc for all x > 17,
m(x) < 4150:;m for all z > 114,
m(x) > logaz+0.5 for all x > 67,
m(x) < logﬂz+l.5 for all x > 5.

(i)

T 3z
-7l = > 41.
m(x) 7r<2> > 0logz for all x >

(iii) For each prime number q, there exists xo depending on q such that
x x x
-l = > —— x> xg.
7T<qu> W(Q) 2¢*logx foratl x> o

log a,, > o for alln > 17,
logn

(iv)

3
loga, < on for all n > 286.
logn

Proof. Parts (i) and (ii) follow from inequalities (3.3), (3.4), (3.5), (3.7)
and (3.8) in [7]. Part (iii) follows from the last two inequalities in (i). For
part (iv), we start with the lower bound and assume that n > 17. Recall
that

ap = d(nl) = H(ozp(n) +1), where op(n)= VLJ + L:;J +--e

p<n p
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Thus,
n n
ap(n)+12> \‘J+1>
p(12) » p
leading to
logan2logHE:Z(logn—logp):ﬂ(n)logn—ZIng
p<n p<n p<n
()
=m(n)logn — ﬂ(n)logn—STdt
2
n n 17
t t t
:Smdt: | Mdt+§@dt
! i ! > !
>§ dt t " § dt
2\ —ta=— 5 T
17logt logt|,_q7 o (logt)?
n + (1 —c2) > o
logn L2 Jogn’
where
17
t 1
q:SWihﬁz&%%&“>0y:b;7:6UM%““

2
and where in the above chain of inequalities we also used integration by
parts, the Abel summation formula, as well as (i).

For the upper bound, we assume that n > 286 and use the fact that

()<n+n+ n
o n < — J— e e — s
? p o p? p—1
to get
p—1
1 <1 — +1 1
og ay ogH<p + > ogH < - >
p<n p<n
—Zlogn—logp +Zlog + Zp S1+ 52+ S5.
p<n p<n p<n

We have already seen that
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114

5 (m(t)/t)dt. Integrating by parts, we get

where ¢z = |

n n

n vodt n 1 dt

dt t < n S
ST S WL
(logt)2 ~ logn " log114 " logt’

4 logt logt

t=114 114
where ¢4 = 114/log 114. Thus,

n

114logt_l—l/logllél logn 1)

Hence,

g < 5 n + 5ey < &n
3 — _
b= 4(1 —1/log114) ) logn K 4(1 —1/log114) 5logn

where we used the facts that

5cy
= 35.0161... 1404 ... =
c3 = 35.016 < 38.140 11 =1/log 114)

and
5 8

= 1.58456... < —.
4(1=1/log 114) <5
By (3.29) in [7], which holds under the assumption that n > 286, we have

1 1
S log1 log( 1+ —+——5 log1 —_—
2 < ¢5 + loglogn + 0g< + 2(logn)2> < loglogn + <C5+ 2(10g286)2>
< loglogn + 1,

where ¢5 = 0.57721 ... is the Euler constant. For S3, we have

1 5%23
Sa = — < < .
3 an_nw(n)_4logn
p<n

Thus,

5 4)logn logn’
where for the last inequality we used the fact that
0.15n
logn

8 5\ n 3n
loga, < |-+ - |—— +loglogn+1< ——

> loglogn+1 for all n > 70.

This completes the proof of Lemma 3.1. =

4. Proof of Theorem Throughout this section, we label positive
constants ci, cg, ... in the order of appearance in our arguments. We need a
result from the theory of linear forms in p-adic logarithms. For an algebraic
number 7 with minimal polynomial

f(X)=apX%4+ a1 X¥ ... 4 aq€Z[X] with ged(ag, a1, ...,aq) =1,
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we put H(n) = max{|a;| : ¢ = 0,1,...,d}. For example, if n = m/n is a
rational number written in reduced form, i.e., with coprime integers m and
n > 0, then H(n) = max{|m|,n}. Given a number field K, a prime ideal
7 of its ring of algebraic integers Og and n € K*, we write ord,(n) for
the exponent with which m appears in the prime ideal factorization of the
principal fractional ideal 7Ok generated by 7 inside K. The following result
is due to Kunrui Yu [12].

LEMMA 4.1. Let K be an algebraic number field, m a prime ideal of Ok
and let m,n2 € K*. Let Hy,Hy be real numbers, H; > max{H (n;),3},
i = 1,2. Let my,ma be integers and put M = max{|m;|, |mz|,3}. Assume
ni'tng? —1#0. Then

ord;(n"'ny"* — 1) < ¢1 log Hy log Hy log M,
where ¢ = ¢1(K, 7) is a positive constant depending on K and 7.

We work with the nondegenerate binary recurrent sequence u = {uy, }n>0

whose Binet formula for its general term is given by ([1.1]). We label the roots

a, f in such a way that |a| > |3|. Clearly, |o| > 1. The following result is
due to Stewart [10] (see also [9, Theorem 3.1]).

LEMMA 4.2. There exist computable constants ng and co such that
[un| > |o|"2108"  for all n > ny.

Proof of Theorem[1.4 Throughout this proof, ng > 286 and my are large
numbers not necessarily the same at each occurrence. Consider the equation
. Assume that n > ng so u, # 0. We only consider the case of positive
Uy since the case of negative u, can be treated in a similar way. Clearly,

mg
logmy,’
with ¢35 = log|a| and ¢4 = logmax{|c| + |d|, 1}, while by Lemma we
have

(4.1) c3n + ¢4 > loguy, > log ay, >

m

(4.2) c3n — cslogn < loguy, <log(kap, ) < + log k
log my,
3my
< + logmy,
log my,
where ¢5 = cac3. The combination of (4.1)) and (4.2)) shows that
(4.3) cgnlogn < mp < cynlogn  whenever n > ng,

where we can take cg = ¢3/2 and c¢7 = 2c3. Let ¢ be the smallest prime
exceeding s and let m be a prime ideal dividing ¢ in K = Q(«).
Note that since ¢ 1 s, it follows that 7 divides neither « nor §. Then
ordg(uy) < ord;(ca™ + dp") = ord.(dS") + ord,((—c/d)(a/B)" — 1)

< cglogn + cg;



200 F. LUCA AND A. O. MUNAGI

here cg = max{ord;(d), 1} and for the right-most inequality above we used
Lemma with 171 = —¢/d and 12 = a/3. Observe that if m > ¢ and p is
a prime in (m/q,m/(q — 1)], then p? > (m/q)? > m, therefore

aplm) = ord ) = | | - 1.

Hence, ap(m) + 1 = ¢ for all primes p € (m/q, m/(q — 1)]. Lemma [3.1{iii)
now shows that if m > mg, then the interval (m/q,m/(q — 1)] contains at
least c19m/logm primes p, where cip = 1/(2¢?).

In particular, for such m we have ordg(a,m,) > cigm/log m. Thus, assum-
ing m; > myg, we see that

cglogn + cg > ordy(uy) = ordg(am, + -+ + am,;) > 1ri1ii£1k{ordq(ami)}

> ciom1/logma,
giving
(4.4) my < cpi(logn)?  for n > nyg.
We further assume c17 > mg so that the above inequality includes also the
case when m; < mg. Comparing (4.3) with (4.4) tells us that k& > 2 once
n > ny, for if not we would get cgnlogn < my < c11(logn)?, so n < ng. We

also assume that c11(logn)? < n for n > ng.
We will show, recursively, that the following holds:

CrAM. There ezists a constant cio > 1 such that if j < k and

(4.5) m; < (ci2logn)® and (cialogn)¥*? < n,
then
(4.6) mjt1 < (c12logn)® T2,

Let us see that once we have proved the above implication, we are
through. Indeed, let j < k be maximal such that inequalities (4.5)) hold.
If j =k, then

(4.7) cenlogn < my < (c12logn)?.
If j < k, then (4.6)) holds. By the maximality of j, we must have
(4.8) (c12logn)?* > (c19logn)¥+2 > n.

Inequalities and together show k& > cglogn/loglogn for n > ny,
which is the desired conclusion.

To prove the Claim, notice that we have already proved it with c12 = c}{z
for the case when j = 1. Assume now that holds for some j < k with
some c12 to be determined later. We distinguish two cases.

CASE 1: s # +1. In this case, there exists a prime ideal p € O divid-
ing . Indeed, if this were not true, then o would be a unit. Since |a| > 1,
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this unit cannot be rational because the only rational units are +1. Hence,
« is a quadratic unit, 3 is its conjugate and s = —«a8 = 1, which is not the
case we are treating. Further, since p divides «, and r and s are coprime,
it follows that p does not divide 5. Moreover, it is clear that p sits above a
rational prime p dividing s. We write

(4.9) Nj=am; + -+ am,.

Rewrite ([1.2)) as

(4.10) ca + (dB" — Nj) = amy, + -+ amy ;-
Suppose that

(4.11) g™ — N; # 0.

We then compute an upper bound for the p-adic order of the above nonzero
number using Lemma For this, note first that if m; < 286, then

(412) logNj < C13.
Assume next that m; > 286. Then

3m; |
(413)  logN; < log(jam,) < - T 4 Jogm; < 2m; < 2(cizlogn)¥
ogm;

because logm; > 3 when m; > 286. We assume that ng is such that

cizlogn > c13, so (4.13) incorporates the case of (4.12) when m; < 286
as well. Thus,

(4.14)  ordp(dB™ — N;) = ordp(dB™) + ordp (B~ ™(N;jd 1) — 1)

< 14 + c15(crzlogn) T < 2¢15(c1zlogn
for n > ng, where ¢;4 = max{ordp(d),1} and we applied Lemma with
m=7p0,n= de_l, m1 = —n, ms = 1, and we also used the fact that
log max{H (n2),3} < c16log max{H(d), 3} log max{N;,3} < ci7(c12logn)*
(see (4.13)); here cy6 is absolute (see [9, Lemma A.3]), ¢15 depends also on

p and 3, and c¢17 = 2¢16logmax{H (d),3}. Assume that ng is such that the
inequality logn > 4c¢15/c12 holds for n > ng. Then (4.14) implies

ordp (dB™ — N;) < (c12logn)¥ 12 /2 < n/2 < ordp(ca™)
for n > ng, which shows that

(4.15)  ordp(un — Nj) = ordp(ca™ + (df"™ — N;)) = ordp(dB™ — Nj)
2j+1

)2+

< 2¢15(c12logn)
However, if mjy1 > mo, we have ordp(am,,,) > cigm;y1/logm;iq, where
c1s = 1/(2p?) plays the same role for the rational prime p sitting above p
as c10 = 1/(2¢%) played for q. So, assuming that mj41 > mg, we have

. ULVER!
(4.16)  ordp(am, ++ -+ am,,,) > min_ {ordp(an,)} > Clsm-



202 F. LUCA AND A. O. MUNAGI

Comparing the bounds (4.15)) and (4.16), we get

mi+1
018]7 S 2615(012 log n)

2j+1
)
log m;j 41

SO
Mj+1

2j+1
)
logmyjt1

< ci9(c12logn)
where ¢19 = 2¢15/¢15.

If A > 10, then the inequality z/logx < A implies = < 2Alog A. Taking
A = cr9(c12logn)?*1 and assuming that ng is such that A > 10 for n > no,
we get

(417)  myp < 2ci9(logn)® ! (log crg + (25 + 1) log(ci2 logn))
< 4cyg(cep2 log n)2j+2

for n > ng, because (2j + 1)log(cialogn) < log((cizlogn)?*2) < logn,
and for n > ng we have log cig < logn. We enlarge c19 by replacing it with
max{ci9, mo} so that the last inequality above incorporates the case when
mj+1 < mg as well. Comparing (4.17) with (4.6), we see that it is sufficient
to choose c19 such that 6%2 > 4c1g and then indeed inequality (4.6) is a
consequence of inequalities (4.5)).

This was however under the assumption (4.11)). Let us see what happens
if on the contrary N; = df". Then d € Q* and § € Z. If || > 2, we then
have

25 —2 N

nlog2 +log|d| <log|df"| =log N; < 2(ci2logn)™ < 2¢cy; (logn)?’
which is not possible for n > ng. Thus, § = £1. Treating separately the cases
when n is even and when n is odd, i.e., replacing the sequence {uy,}n,>0 by
the two sequences {ugp }n>0 and {ugn+1}n>0, which results in replacing the
pair of roots (c, 3) by the pair of roots (a?, 3?), we may assume that 3 = 1.
Then d = Nj, and so j = jo < cg09. We fix jp and work with the relation

n
ao :amk—l—--'—i—amjoﬂ.

Relabeling the indices on the right-hand side above, we may assume that
they are my > --- > mj1 > 1. We let ¢ be the smallest prime not dividing a.
Then my < co1. We rewrite our equation as

ac™ — Gy = Gy, + 0+ Ay

We apply Lemma to bound the g-adic valuation of the the left-hand side
above getting ord,(aa”™ — am,) < cezlogn. This implies, by an argument
similar to the one used before, that me < co3logn. From now on, the proof
proceeds in the same way as before and shows that implies with
some appropriate constant cjo > ca3.
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CASE 2: s = +1. Here, @ and  are quadratic units. As we already
mentioned before, treating separately the cases n even and n odd amounts
to replacing {uy }n>0 by the two sequences {ugp }n>0 and {ugn41}n>0. Thus,
we replace (o, 3) by (a?, 3?), and therefore we may assume that s = —1 and
B =a~!. We write

Uy, — Ny = ca™ + dB™ — N; = c¢f™(a®” — ¢ I Nja" + de™ )

=cf"(a" — z15)(a" — 22,5),

¢ IN; £ /¢ 2N? — 4dc!
J )
fori=1,2
2
are the roots of the quadratic equation z? — c‘lex +dc! = 0. We let
L; =K(z1,;) and let p be some prime ideal of L sitting above the prime 2

(which is the smallest prime that does not divide s=1). Then, by Lemma 4.2,
we have

orda(u,—N;) < ordp(up—N;) = ordp(ca™)4ordp(a” —z1 j)+ordp(a” —22 ;).

where

Ziyj =

Since L; is of degree at most 4 and « is a unit, ordp(ca™) = ordp(c) < caq,
where we can take coy = 4 max{ords(c),1}. The other two quantities can be
bounded as
mzl%({ordp(oc” —2j)} < coslog H(z; j) logn < cag(c1alogn) @t
=1,

where we used (4.13]), as well as the fact that
log H(z; ;) < corlogN;  fori=1,2
(see again [9, Lemma A.3]). Hence,

(4.18) orda(un, — Nj) < cas + 2¢o6(ci2 logn) ™!

< 3egg(logn)@Tt for n > ng.

From now on the argument continues as in the preceding case, by writ-
ing a lower bound for ords(u, — N;) = orda(am, + - -+ + am,,,) of the form
cagmjt1/log mjt1, where, by Lemma (iii), we can take cog = 3/10 pro-
vided that mj; 1 > mg = 41, and by comparing this lower bound with the

upper bound (4.18)) to get
M < 10626(612 log n)2j+1.
logmj 1
This leads to
(4.19) mjt1 < 20ca6(c12 logn) 2+t (log(10c26) + (25 + 1) log(ci2logn))

< 40c¢96(c12 log n)2j+2

for n > ng. We assume that ng is sufficiently large such that the inequality
40ca6(c12logn)? > 41 holds, so that the case mji1 < 41 is also incorpo-
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rated in (4.19). Thus, we deduce that also in this case inequality (4.6]) is
a consequence of inequalities (4.5)) provided that we choose c¢j2 such that
¢35 > 40c96. Theorem 1.2 is therefore proved. m

5. Proof of Theorem [1.3} Here, we need the following result from [I].

LEMMA 5.1. Let N be a positive integer not of the form F,, for some
positive integer m. Then for all positive integers n > 3 one has

(5.1) ordy(F,, — N) < 1730log(6N?) max{10,log n}>.

Let v = (14++/5)/2 be the golden section. We also need the following well-
known facts about the size and 2-adic valuation of the Fibonacci numbers.

LEMMA 5.2.

(i) We have
YRS F, <A™ forallm > 1.
(ii) F, is even if and only if 3|n. If n = 3m and m is odd, then 2 || F,,
while if m is even, then ords(F),) = orda(n) 4+ 2. In particular,

log(n/3)

da(Fp,) <
ords(Fn) log 2

+ 2.

We use {Ly}n>0 for the Lucas companion of the Fibonacci sequence
which is given by Lo = 2, L4 = 1 and Ly49 = Ly + Ly, for all n > 0.
Furthermore

(5.2) Fo — Fy = Flazxb) 2 L(azb) /2

whenever a = b (mod 2). For a positive integer m we let z(m) be the minimal
positive integer k such that m | Fj. This exists for all m. Moreover, m | F,,
if and only if z(m) | n. With this notation, Lemma [5.2(ii) can be formulated
as 2(2%) =3-2°72 for all s > 3.

Proof of Theorem|[1.5 (I) Assume that F,, = ap,. By Lemma [5.2{i), we
have
(5.3) (n—2)logy <logF, < (n—1)log~.
Assume that m > 286. Then, by Lemma [3.1](iv),

(5.4) log a,, < 37m
logm

Further, by Lemma [3.1](ii), we see that

3m
> — — .
orda(an,,) > m(m) — n(m/2) > 10logm
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The left-hand side is 15.1698... at m = 286, so that ordy(F,,) > 16. By
Lemma [5.2{ii), we have

log(n/3)
do(F,) < —12 4 2.
ordy(Fn) < log 2 +
So, we get
3m log(n/3)
5.5 —_— da(am,) = orda(F),) < ————— + 2.
(5:5) 10logm < ordz(am) = ords(Fy) log 2 +
From (5.3)—(5.5)), we obtain
3 101 3
(n—2)logy < oo og(n/3) + 20,

logm log 2
which gives n < 163. Thus, we have showed that either m < 286 or n < 163.
Since Figg > asgg, we deduce that n < 187 and a quick computer calculation
shows that (n,m) = (1,1),(2,1),(3,2) and (6,4) are the only solutions of
this equation.

(IT) Assume that F,, = a;, + am, with mg > mq > 1. Assume first that
n < 1000. By Lemmas i) and [3.1)(iv) we find, assuming mo > 17, that

ma2
(n—1)log~y > log F,, = log(am, + am,) > 1og am, > logmy’
giving my < 3985. If my > 41, then by Lemmas [5.2)(ii) and [3.1](ii), we have
log(n/3
(5.6) iﬁgé) 42> ords(Fp) = orda(am, + amg)
. 3m
> min{ords(am, ), ords(am,)} > ZlOTglml’

giving m; < 179. We wrote a Mathematica code that searched among all
n <1000, 1 < m; <179 and m; < mo < 3985, and gave only the solutions
indicated in the statement of the theorem. We now prove that there are no
others.

We may assume that n > 1000. One checks that mo > 286 just because
2a2s6 < Fioo0. In particular, by Lemmas [3.1f(iv) and [5.2{i), we have

3
(5.7)  (n—2)logy < log F,, = log(am, +am,) < log(2am,) < log2+ m2

log ms’

and since n > 1000, we get mo > 1123. Further,

m2

5.8 d >
(5-8) orda(am,) > 101log mo

>47.9658... for mg > 1123,

so that 248 | a,,. If @, is a Fibonacci number, then, by (1), a,,, € {1,2,8}.
Since
F, =1,2,8 (mod 2%),
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it follows that n = 3 (mod 6) if a,,, = 2 and n = 0 (mod 6) if a,,, = 8.
Using formula (5.2]), we get

Ay = F, — Ay = F(n:l:k)/QL(n:Fk)/Q for some k € {1, 2,3, 6},
where, of course, n = k (mod 2). Since L, is never a multiple of 8 for any
positive integer m, we deduce, by Lemmas ii) and [5.2[(ii), that

3m
2 < orda(am,) = orda(Finty /2) + orda(Lingry/2)

< log((n +6)/6)
log 2

10log mso
+4.
Thus, by (5.7)), we get

101
(n—2)log~vy <log2+ Sma <log2+ Olog((n +6)/6)
log ms log 2

+ 40,

giving n < 192, a contradiction. Thus, a,,, is not a Fibonacci number.
We next find an upper bound for my. Assume that mq > 286. We rewrite
our equation as
Fyp—am, =am,-
We compute the 2-adic valuation of the left-hand side. By Lemma [5.1] we
see, assuming n > 23000 > e'°, that

(5.9) ord(Fy, — @, ) < 1730(logn)? log(6a72m).
Now, by Lemma (iv) and inequality ([5.6)), we have
6 201 3
log(6a2, ) = log 6 + 2log ay,, < log6 + ™o log 6 + 20log(n/3) + 40.
! log my log 2
However, Lemma [3.1fii) shows that
3m
orde(F,, — am,) = orda(am,) > W;m,

which together with (5.9) gives
17300
T < (logn)?( log 6 +
log meo 3
Inserting ([5.10]) into (5.7), we get

201
(n —2)logy < log2 + 17300(log n)? <log6 + Oi)fg(;l/g) + 40),

which leads to n < 1.4-10'. In particular, ordy(F,) < 34. This implies that
orda(am, ) < 34, so, by Lemma [3.1](ii), we have

3m1

(5.10) L) o)

log 2

_— d < 34
10log mq < orda(am,) < 34,
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giving m; < 750. Computations show that in fact m; < 202, so the as-
sumption that mq > 286 does not hold. Hence, m; < 285, and therefore
log(6a2, ) < log(6a3s;) < 181. Thus, by Lemmas (ii) and assuming
still that n > 23000 > !9, we have

mi:?m < ordy(am,) = ords(Fy, — am,) < 1730(log n)? log(6a,2m)
< 1730 - 181(log n)?,
and consequently

mo
log mo
The above inequality together with gives
(n—2)logy < log2 + 3.15 - 105(log n)?,

which implies that n < 3.2 - 10°. This shows that ords(F,) < 31, therefore
orda(am, ) < 31, which gives m; < 181.

Next, we split the remaining range in two according to the value of mo.
For g € {11,13,17,19, 23}, assume that the interval (ms/q, m2/(q¢—1)] does
not contain a prime number. Put x = my/q, and let k be the largest positive
integer such that py < mgy/q, where 2 = p; < py < --- is the sequence of all
prime numbers. Then, since the interval (x,z + x/q(¢ — 1)] does not contain
a prime, it follows that pgi1 > (1 + 1/506)pg. A result of Schoenfeld [§]
(even with the number 16597 instead of 506) shows that x < 2010760, so
kE < 7(2010760) = 149689. We checked numerically that in fact the largest
such k is k = 3385, so mo < qp33ge = 23 - 31469 = 723787. Thus, assume
that me < 750000. Then

log(2am,,) <log2 + Z log<
p<750000

< 1.05 - 10%(log n)?.

750020 + 1) < 90000,

which yields
(n —2)log~y < log Fy, = log(am, + am,) < log(2ay,) < 90000,
giving n < 190000. Next we computed

{F, (mod 2*°)}1<<190000 and  {am, (mod 2*°)}1<m, <200,

and we intersected the above two lists. Unsurprisingly, the only common
values were found for (n,m1) = (1,1),(2,1), (3,2), (6,4), which are the cases
for which a,,, € {1,2,8} is a Fibonacci number; we have already treated
these.

Thus, from now on, we assume ms > 750000. We next prove that

218 .328 .59 . 711113 -17-19 - 23| ap,.

The fact that 2%® divides a,,, has been shown in (5.8) and the fact that
each of the primes ¢ € {11,13,17,19, 23} divides a,,, follows from the above
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arguments because we are in the case when mo > 750000. For the exponents
of the primes 3, 5 and 7, we used Lemma ii) in the following way. For
the power of 3, we checked first that

meo / 2 mo / 3
— > 28
log(mz/2) — 0.5  log(mga/3) — 1.5
for all mg > 2500. In light of Lemma this shows that the interval
(mga/3,me/2] contains at least 28 primes for mgy > 2500, which is acceptable
for us. Similar arguments work for the other two primes. For example, the
inequality

m2/4 o m2/5 =9
log(ma/4) — 0.5  log(ma/5) — 1.5
holds for all mo > 8000, and the inequality
m2/6 m2/7 -4

log(msa/6) — 0.5  log(ma/7) — 1.5
holds for all mo > 41000.
From now on, we start eliminating some values of m;:

e Assume that 4 || ay,,. Then 4 || F},, which is impossible.

e Assume that 11|a,,, but 51 am,,. Then 10 = z(11) |n, so 5| Fig | F,
and 5 | an,, but 51 am,,, a contradiction.

e Assume that 15|ay,, but 11 { an,. Then 20 = 2(15)|n, so that
11| Fio | F, and 11| ay,, but 111 @y, , a contradiction.

o Assume that 16| ay,, but 9t ap,. Then 12 = 2(16) |n, so 9| Fia | F,
and 9 | am,, but 91 a.,,, a contradiction.

e Assume that 27| ay,, but 171 ay,,. Then 9|36 =2(27) | n,so 17| Fy | F,,,
and 17 | am,, but 17t a;,,, a contradiction.

e Assume that 27|ap,, but 19 { a,,,. Then 18|36 = z(27)|n, so that
19| Fig | Fy, and 19| ay,, but 191 ayy,,, a contradiction.

e Assume that 32| ay,, but 71 ay,,. Then 8 = 2(32) |n, so 7| F3 | F},, and
7| amy, but 71 am,, a contradiction.

e Assume that 32| ay,,, but 23 1 a,,,. Then 24 = 2(32) | n, so 23| F,, and
23| m,, but 23 { ap,, a contradiction.

o Assume that 40 |a,,, but 11 1 ap,,. Then 30 = 2(40) | n, so z(40) | n,
therefore 11| F5g | F},, and 11 | ay,,, but 111 ay,,, a contradiction.

After all the above tests, no my € [1,181]\ {1, 2,4} survived. This com-
pletes the proof of Theorem 1.3. »

Acknowledgements. F.L. was supported in part by Projects PAPIIT
IN104512, CONACyT Mexico—France 193539, CONACyT Mexico—India
163787 and a Marcos Moshinsky Fellowship.



EXPANSIONS OF BINARY RECURRENCES 209

REFERENCES

[1] M. Bollman, S. H. Herndndez and F. Luca, Fibonacci numbers which are sums of
three factorials, Publ. Math. Debrecen 77 (2010), 211-224.

[2] P. Erdés, S. W. Graham, A. Ivi¢ and C. Pomerance, On the number of divisors of
n!, in: Analytic Number Theory, Vol. 1 (Allerton Park, IL, 1995), Progr. Math. 138,
Birkh&user, Boston, 1996, 337-355.

[3] G. Grossman and F. Luca, Sums of factorials in binary recurrence sequences,
J. Number Theory 93 (2002), 87-107.

[4] F. Luca, Distinct digits in base b expansions of linear recurrence sequences, Quaest.
Math. 23 (2000), 389-404.

[5] F.Luca, The number of non-zero digits of n!, Canad. Math. Bull. 45 (2002), 115-118.

[6] F. Luca and P. T. Young, On the number of divisors of n! and of the Fibonacci
numbers, Glas. Mat. Ser. IIT 47 (2012), 285-293.

[7] J. B. Rosser and L. Schoenfeld, Approzimate formulas for some functions of prime
numbers, llinois J. Math. 6 (1962), 64-94.

[8] L. Schoenfeld, Sharper bounds for the Chebyshev functions 6(x) and 1 (z). II, Math.
Comp. 30 (1976), 337-360; Corrigendum, ibid., 900.

[9] T. N. Shorey and R. Tijdeman, Ezponential Diophantine Equations, Cambridge
Univ. Press, Cambridge, 1986.

[10] C. L. Stewart, Divisor Properties of Arithmetical Sequences, Ph.D. thesis, Univ. of
Cambridge, 1976.

[11] C. L. Stewart, On the representation of an integer in two different bases, J. Reine
Angew. Math. 319 (1986), 63-72.

[12] K. Yu, p-adic logarithmic forms and group varieties. II, Acta Arith. 89 (1999),
337-378.

Florian Luca Augustine O. Munagi

Mathematical Institute The John Knopfmacher Centre

UNAM Juriquilla for Applicable Analysis and Number Theory

Juriquilla, 76230 Santiago de Querétaro University of the Witwatersrand

Querétaro de Arteaga, México P.O. Box Wits 2050

and Johannesburg, South Africa

School of Mathematics E-mail: Augustine.Munagi@wits.ac.za

University of the Witwatersrand
P.O. Box Wits 2050
Johannesburg, South Africa
E-mail: fluca@matmor.unam.mx

Received 8 November 2013 (6069)


http://dx.doi.org/10.1006/jnth.2001.2718
http://dx.doi.org/10.2989/16073600009485986
http://dx.doi.org/10.4153/CMB-2002-013-9
http://dx.doi.org/10.3336/gm.47.2.05




	1 Introduction
	2 Proof of Proposition 1.1
	3 Preliminary results for the proofs of Theorems 1.2 and 1.3
	4 Proof of Theorem 1.2
	5 Proof of Theorem 1.3
	REFERENCES

