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CONFORMAL F-HARMONIC MAPS FOR FINSLER MANIFOLDS

BY

JINTANG LI (Xiamen)

Abstract. By introducing the F-stress energy tensor of maps from an n-dimensional
Finsler manifold to a Finsler manifold and assuming that (n−2)F(t)′−2tF(t)′′ 6= 0 for any
t ∈ [0,∞), we prove that any conformal strongly F-harmonic map must be homothetic.
This assertion generalizes the results by He and Shen for harmonics map and by Ara for
the Riemannian case.

1. Introduction. Let M be an n-dimensional smooth manifold and
π : TM →M be the natural projection from the tangent bundle. Let (x, Y )
be a point of TM with x ∈ M , Y ∈ TxM and let (xi, Y i) be the local
coordinates on TM with Y = Y i ∂

∂xi
. A Finsler metric on M is a function

F : TM → [0,∞) with the following properties:

(i) Regularity: F (x, Y ) is smooth in TM \ {0};
(ii) Positive homogeneity: F (x, λY ) = λF (x, Y ) for λ > 0;
(iii) Strong convexity: the fundamental quadratic form g = gijdx

i⊗ dxj

is positive definite, where gij = ∂2(F 2)
2∂Y i∂Y j

.

Let φ : M → M be a non-degenerate smooth map between Finsler
manifolds, i.e. ker(dφ) = {0}. Harmonic maps between Finsler manifolds
are defined as the critical points of energy functionals. They are impor-
tant in both classical and modern differential geometry. In the last decade,
some results on harmonic maps between Finsler manifolds have been ob-
tained ([4], [5], [7], etc.). In [3], He and Shen introduced the stress energy
tensor for φ and proved that any conformal strongly harmonic map from
an n-dimensional (n > 2) Finsler manifold to a Finsler manifold must be
homothetic.

In this paper, we are concerned with F-harmonic maps between Finsler
manifolds, which is a natural generalization of harmonic maps. Let F :
[0,∞) → [0,∞) be a C2 function such that F ′ > 0 on (0,∞). An F-
harmonic map is a harmonic map, a p-harmonic map and an exponential
harmonic map when F(t) = t, (2t)p/2/p and et, respectively. We deal with
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the F-stress energy tensor of maps between Finsler manifolds and discuss
conformal F-harmonic maps. We prove the following

Main Theorem. Assume that (n − 2)F(t)′ − 2tF(t)′′ 6= 0 for any t ∈
[0,∞). If φ is a conformal strongly F-harmonic map from an n-dimensional
Finsler manifold (M,F ) to a Finsler manifold, then the map φ must be
homothetic.

Remark. This theorem was obtained by He and Shen [3] for strongly
harmonic maps and by Ara [1] in the Riemannian case.

Corollary. Any conformal strongly p-harmonic map from an n-dimen-
sional Finsler manifold to a Finsler manifold must be homothetic (n>p≥2).

2. Preliminaries. We shall use the following convention for index ran-
ges, unless otherwise stated:

1 ≤ i, j, . . . ≤ n; 1 ≤ α, β, . . . ≤ m; 1 ≤ a, b, . . . ≤ n− 1.

Let (M,F ) be an n-dimensional Finsler manifold. Then F determines
the Hilbert form and the Cartan tensor as follows:

ωn=
∂F

∂Y i
dxi, A = Aijkdx

i⊗dxj⊗dxk, Aijk =
F∂gij
2∂Y k

, gij =
∂2F 2

2∂Y i∂Y j
.

It is well known that there exists a unique Chern connection ∇ on π∗TM
with ∇ ∂

∂xi
= ωji

∂
∂xj

and ωji = Γ jikdx
k satisfying d(dxi)− dxj ∧ ωij = −dxj ∧ ωij = 0,

dgij − gikωkj − gjkωki = 2Aijk
δY k

F
,

where δY i = dY i + N i
jdx

j , N i
j = γijkY

k − 1
FA

i
jkγ

k
stY

sY t and γijk are the
formal Christoffel symbols of the second kind for gij .

The curvature 2-forms of the Chern connection ∇ are

dωij − ωkj ∧ ωik = Ωi
j =

1

2
Rijkldx

k ∧ dxl +
1

F
P ijkldx

k ∧ δY l,

where Rijkl and P ijkl are the components of the hh-curvature tensor and the
hv-curvature tensor of the Chern connection, respectively.

Take a g-orthonormal frame
{
ei = uji

∂
∂xj

}
with en = Y i

F
∂
∂xi

for each fibre

of π∗TM and let {ωi} be its dual coframe, where π : TM →M denotes the
natural projection. The collection {ωi, ωin} forms an orthonormal basis for
T ∗(TM \{0}) with respect to the Sasaki-type metric gijdx

i⊗dxj +gijδY
i⊗

δY j . The pull-back of the Sasaki metric from TM \{0} to the sphere bundle
SM is a Riemannian metric ĝ = gijdx

i⊗dxj + δabω
a
n⊗ωbn. Thus the volume

element dVSM of SM may be defined as

dVSM = dv ∧ ω1
n ∧ · · · ∧ ωn−1n = Ω dx ∧ dτ,
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where dv =
√
gij dx, Ω = det(gij/F ), dτ =

∑
i(−1)i−1Y idY 1 ∧ · · · ∧ d̂Y i ∧

· · · ∧ dY n, dx = dx1 ∧ · · · ∧ dxn.

The volume form dVM of an n-dimensional Finsler manifold (M,F ) can
be defined by

dVM = σ(x) dx, σ(x) =
1

Cn−1

�

SxM

Ω dτ,

where SxM = {Y ∈ TxM : F (Y ) = 1} is the fibre of SM at x and Cn−1
denotes the volume of the unit Euclidean sphere Sn−1 .

We quote the following lemmas:

Lemma 2.1 ([7]). For ψ = ψiω
i ∈ Γ (π∗T ∗M) and T = Tijω

i ⊗ ωj ∈
Γ (�2π∗T ∗M), we have

divĝ ψ =
∑
i

(∇eHi ψ)ei +
∑
a,b

ψaPbba,

divĝ T (ei) =
∑
j

∇eHj (T )(ei, ej) +
∑
a,b

TibPaab,

where eHi = uji
δ
δxj

= uji
(
∂
∂xj
−Nk

j
∂

∂Y k

)
denotes the horizontal part of ei and

Pbba = Pnbba.

Let φ : Mn →M
m

be a non-degenerate smooth map, i.e. ker(dφ) = {0},
and ∇̃ be the pullback of the Chern connection on π∗(φ−1TM). We have

Lemma 2.2 ([5]).

X〈dφU, dφV 〉 = 〈∇̃X(dφU), dφV 〉+ 〈dφU, ∇̃X(dφV )〉
+ 2C(dφU, dφV, (∇̃X(dφFen)),

where C = 1
F
A and X,U, V ∈ Γ (π∗TM).

Let F : [0,∞) → [0,∞) be a C2 function such that F ′ > 0 on (0,∞).
The F-energy density of φ is the function eF (φ) : SM → R defined by

eF (φ)(x, Y ) = F
(
1
2 |dφ|

2
)

= F
(
1
2g
ij(x, Y )φαi φ

β
j gαβ(x, Y )

)
,

where dφ( ∂
∂xi

) = φαi
∂
∂xα and Y = Y

α ∂
∂xα = Y iφαi

∂
∂xα .

We define the F-energy functional EF (φ) by

EF (φ) =
1

Cn−1

�

SM

eF (φ) dVSM .

We call φ an F-harmonic map if it is a critical point of the F-energy
functional.



230 J. T. LI

Proposition 2.3 ([6]). φ is an F-harmonic map if and only if�

SM

〈V, τF 〉 dVSM = 0

for any vector V ∈ Γ (φ−1TM), where

τF =
∑
i

(∇̃eHi F
′(12 |dφ|

2)dφ)ei(2.1)

+
∑
i,α

{
2F ′(12 |dφ|

2)C(eα, dφei, ∇̃eHi dφFen)eα

+ (∇̃FeHn F
′(12 |dφ|

2))C(dφei, dφei, eα)eα

+ F ′(12 |dφ|
2)(∇̃FeHn C)(dφei, dφei, eα)eα

+ 2F ′(12 |dφ|
2)C(∇̃FeHn dφei, dφei, eα)eα

}
+
∑
a,b

F ′(12 |dφ|
2)〈eα, dφeb〉eαPaab.

Here τF is called the F-tension field of φ.

Definition 2.4. φ is called a strongly F-harmonic map if τF = 0.

Remark. For Riemannian manifolds any F-harmonic map is actually a
strongly F-harmonic map.

3. The F-stress energy tensor. Let φ be a non-degenerate map from
a Finsler manifold (M,F ) to a Finsler manifold (M,F ). The F-stress energy
tensor SF (φ) is a tensor on SM defined by

SF (φ) = F(12 |dφ|
2)g −F ′(12 |dφ|

2)φ∗g.

Theorem 3.1. Let φ be a non-degenerate map from a Finsler manifold
(M,F ) to a Finsler manifold (M,F ). Then

divĝ SF (φ)(Y ) = −〈τF , dφ(Y )〉.
Remark. This result was obtained by He and Shen [3] for harmonic

maps and by Ara [1] in the Riemannian case.

Proof. From

SF (φ) = Sijω
i ⊗ ωj = {F(12 |dφ|

2)δij −F ′(12 |dφ|
2)〈dφei, dφej〉}ωi ⊗ ωj

and Lemma 2.1, we have, for X = xiei ∈ Γ (π∗TM),

divĝ SF (φ)(X) = (∇eHj SF (φ))(X, ej) +
∑
a,b

xiSibPaab(3.1)

=
∑
k

{
(∇eHj F(12 |dφ|

2))ωk ⊗ ωk

+ F(12 |dφ|
2)[(∇eHj ω

k)⊗ ωk+ωk ⊗ (∇eHj ω
k)]
}

(X, ej)
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−
{

(∇eHj F
′(12 |dφ|

2))〈dφek, dφel〉ωk ⊗ ωl

+ [F ′(12 |dφ|
2)〈(∇eHj dφ)ek, dφel〉+ F ′(12 |dφ|

2)〈dφek, (∇eHj dφ)el〉

+ 2F ′(12 |dφ|
2)C(dφek, dφel, ∇̃eHj dφFen)]ωk ⊗ ωl

}
(X, ej)

+
∑
a

F(12 |dφ|
2)xiPaai −

∑
a,b

F ′(12 |dφ|
2)〈dφX, dφeb〉Paab

=
∑
i

F ′(12 |dφ|
2)〈∇XHdφei, dφei〉

+
∑
i

F ′(12 |dφ|
2)C(dφei, dφei, ∇̃XHdφFen)

−
{

(∇eHj F
′(12 |dφ|

2))〈dφX, dφej〉+ F ′(12 |dφ|
2)〈(∇eHj dφ)X, dφej〉

+ F ′(12 |dφ|
2)〈dφX, (∇eHj dφ)ej〉

+ 2F ′(12 |dφ|
2)C(dφX, dφej , ∇̃eHj dφFen)

}
+
∑
a

F(12 |dφ|
2)xiPaai −

∑
a,b

F ′(12 |dφ|
2)〈dφX, dφeb〉Paab

= −〈dφX, (∇eHj F
′(12 |dφ|

2)dφ)ej〉

+
∑
i

F ′(12 |dφ|
2)C(dφei, dφei, ∇̃XHdφFen)

− 2F ′(12 |dφ|
2)C(dφX, dφej , ∇̃eHj dφFen)

+
∑
a

F(12 |dφ|
2)xiPaai −

∑
a,b

F ′(12 |dφ|
2)〈dφX, dφeb〉Paab.

Let ψ =
∑

j F ′(
1
2 |dφ|

2)C(dφej , dφej , dφX)Fωn, which is a global section
of π∗T ∗M . By Lemma 2.1 and Paan = 0, we know that

divĝ ψ =
∑
j

{
(∇̃FeHn F

′(12 |dφ|
2))C(dφej , dφej , dφX)

+ F ′(12 |dφ|
2)(∇̃FeHn C)(dφej , dφej , dφX)

+ 2F ′(12 |dφ|
2)C((∇̃FeHn dφej), dφej , dφX)

+ F ′(12 |dφ|
2)C(dφej , dφej , (∇̃FeHn dφX))

}
,

which implies that

(3.2)
∑
i

F ′(12 |dφ|
2)C(dφei, dφei, ∇̃XHdφFen)

= divĝ ψ −
∑
j

(∇̃FeHn F
′(12 |dφ|

2))C(dφej , dφej , dφX)
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−
∑
j

F ′(12 |dφ|
2)(∇̃FeHn C)(dφej , dφej , dφX)

−
∑
j

2F ′(12 |dφ|
2)C((∇̃FeHn dφej), dφej , dφX)

−
∑
i

F ′(12 |dφ|
2)C(dφei, dφei, dφ∇FeHn X).

Substituting (3.2) into (3.1), we obtain

(3.3) divĝ SF (φ)(X)

= divĝ ψ −
∑
j

{
(∇̃FeHn F

′(12 |dφ|
2))C(dφej , dφej , dφX)

+ F ′(12 |dφ|
2)(∇̃FeHn C)(dφej , dφej , dφX)

+ 2F ′(12 |dφ|
2)C((∇̃FeHn dφej), dφej , dφX)

+ F ′(12 |dφ|
2)C(dφej , dφej , dφ∇FeHn X)

}
− 〈dφX, (∇eHj F

′(12 |dφ|
2)dφ)ej〉

− 2F ′(12 |dφ|
2)C(dφX, dφej , ∇̃eHj dφFen)

+
∑
a

F(12 |dφ|
2)xiPaai −

∑
a,b

F ′(12 |dφ|
2)〈dφX, dφeb〉Paab

= −〈τF , dφ(X)〉+ divĝ ψ

−
∑
i

F ′(12 |dφ|
2)C(dφei, dφei, dφ∇FeHn X) +

∑
a

F(12 |dφ|
2)xiPaai.

Setting X = Y = Fen in (3.3), using the fact that C(dφY, ·, ·) = 0,
∇eHi Y = 0 and Paan = 0, we get

(3.4) divĝ SF (φ)(Y ) = −〈τF , dφ(Y )〉.
Corollary 3.2. Let φ be a non-degenerate map from a Finsler manifold

(M,F ) to a Finsler manifold (M,F ). Then

divĝ Sp(φ)(Y ) = −〈τp, dφ(Y )〉.
Remark. This result was obtained by Takeuchi [8] in the Riemannian

case.

Definition 3.3. A map φ : (M,F )→ (M,F ) is said to be conformal if
φ∗g = µg, where µ ∈ C(SM) and µ > 0.

It is well known from [3] that µ must be independent of Y , that is,
µ = µ(x).

Definition 3.4. A map φ is called homothetic if µ is a positive constant.

Next we have
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Proposition 3.5. Let φ be a non-degenerate map from an n-dimen-
sional Finsler manifold (M,F ) to (M,F ). Then SF (φ) = 0 if and only if φ
is conformal. In this case the conformal factor µ of φ satisfies F(nµ/2) −
µF(nµ/2)′ = 0.

Proof. (1) If F(t)− 2t
nF(t)′ = 0 and φ is conformal, then we have |dφ|2 =∑

i〈dφei, dφei〉 = nµ, which implies that

SF (φ) = (F(nµ/2)− µF ′(nµ/2))g =

(
F(t)− 2t

n
F(t)′

)
g = 0.

(2) If SF (φ) = 0, we have F(12 |dφ|
2)g = F ′(12 |dφ|

2)φ∗g, i.e. φ∗g = µg,

where µ = F(12 |dφ|
2)/F ′(12 |dφ|

2). Then φ is conformal and F(nµ/2) =
µF ′(nµ/2).

Corollary 3.6. Let φ be a non-degenerate map from an n-dimensional
Finsler manifold (M,F ) to (M,F ). Then Sp(φ) = 0 if and only if n = p
and φ is conformal.

Remark. This result was obtained by He–Shen [3] for harmonic maps.

Main Theorem. Assume that (n − 2)F(t)′ − 2tF(t)′′ 6= 0 for any t ∈
[0,∞). If φ is a conformal strongly F-harmonic map from an n-dimensional
Finsler manifold (M,F ) to a Finsler manifold, then φ must be homothetic.

Proof. Since φ is conformal, we have SF (φ) = (F(nµ/2)−µF ′(nµ/2))g;
from this, together with Lemma 2.1 and Theorem 3.1, it can be seen that

0 = divSF (φ)(Y )

= ∇eHk {(F(nµ/2)− µF ′(nµ/2))δijω
i ⊗ ωj}(Y, ek) +

∑
a,b

SF (φ)(Y, eb)Paab

= ∇Y H (F(nµ/2)− µF ′(nµ/2))

−
∑
i

(F(nµ/2)− µF ′(nµ/2))[(∇eHk ω
i)⊗ ωi + ωi ⊗ (∇eHk ω

i)](Y, ek)

= (n/2)F ′(nµ/2)Y (µ)−F ′(nµ/2)Y (µ)− (nµ/2)F ′′(nµ/2)Y (µ)

= 1
2{(n− 2)F(t)′ − 2tF(t)′′}Y (µ).

It is obvious that µ is constant, which finishes the proof of the theorem.

For a p-harmonic map φ, i.e. F(t) = (2t)p/2/p, we have

(n− 2)F(t)′ − 2tF(t)′′ = (n− p)|dφ|p−2.
Thus we obtain immediately

Corollary 3.7. Any conformal strongly p-harmonic map from an
n-dimensional Finsler manifold to a Finsler manifold must be homothetic
(n > p ≥ 2).
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