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ON TERMS OF LINEAR RECURRENCE SEQUENCES
WITH ONLY ONE DISTINCT BLOCK OF DIGITS

BY

DIEGO MARQUES (Brasilia) and ALAIN TOGBE (Westville, IN)

Abstract. In 2000, Florian Luca proved that Fiop = 55 and Ls = 11 are the largest
numbers with only one distinct digit in the Fibonacci and Lucas sequences, respectively.
In this paper, we find terms of a linear recurrence sequence with only one block of digits
in its expansion in base g > 2. As an application, we generalize Luca’s result by finding
the Fibonacci and Lucas numbers with only one distinct block of digits of length up to 10
in its decimal expansion.

1. Introduction. A sequence (G,),>1 is a linear recurrence sequence
with coefficients c¢g, ¢, ..., cx_1, With ¢g # 0, if

(11) Gn—l—k = Ck—lGn+k—1 +-+ chn-‘rl +coGh,

for all positive integers n. A recurrence sequence is therefore completely de-
termined by the initial values Gy, ..., Gr_1, and by the coefficients cg, c1, . . .
...,ck_1. The integer k is called the order of the linear recurrence. The char-
acteristic polynomial of the sequence (Gy)n>0 is given by

k—1

G(x) =2k —cp 1z s — 1T — C.

It is well-known that for all n,
Gn = gi(n)rf + -+ q(n)r,

where r; is a root of G(x) and g;(x) is a polynomial over a certain num-
ber field, for j = 1,...,l. A root r; of the recurrence is called a dominant
root if |rj| > |ry| for all j # i € {1,...,1}. The corresponding polynomial
gj(n) is named the dominant polynomial of the recurrence. In this paper, we
consider only integer recurrence sequences, i.e. recurrence sequences whose
coefficients and initial values are integers. Hence, g;(n) is an algebraic num-
ber for all j =1,...,l and n € Z.

A general Lucas sequence (Cy,)p>1 given by Cp 40 = Cry1+C)p, forn > 1,
where the values Cy and C are previously fixed, is an example of a linear
recurrence of order 2 (also called binary). For instance, if Cp = 0 and C; = 1,
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then (Cp)n>1 = (Fp)n>1 is the well-known Fibonacci sequence:
0,1,1,2,3,5,8,13,21,34,55,89,144, . ...

Also, if Cy = 2 and C7 = 1, the sequence C,, = L,, gives the Lucas numbers:
2,1,3,4,7,11,18,29,47, 76,123,199, . . ..

In 2000, F. Luca [2] proved that Fjg = 55 and L5 = 11 are the largest
numbers with only one distinct digit in the Fibonacci and Lucas sequences,
respectively. A question arises: is there any Fibonacci or Lucas number of
the form 1212...127 And of the form 175175...1757 And so on? More
generally, let B be a natural number with [ digits. One can think of a string
of B’s, that is,

10m -1
10— 1
In particular, Luca’s result concerns the case [ = 1. Moreover, it seems to
be harder to answer the previous questions when we replace Fibonacci and
Lucas numbers by a term of a general linear recurrence sequence.

B =B---B (m times).

The aim of this paper is to determine terms of an integer linear recurrence
sequence with only B in its expansion in a base g > 2. More precisely, our
main result is the following.

THEOREM 1. Let (Gy)n>1 be an integer linear recurrence sequence whose
characteristic polynomial has a positive dominant root. Let g > 2 and [ > 1
be integers. Then there exists an effectively computable constant C' such that
if n,m, B are solutions of the Diophantine equation

glm_l
g —1

such that 0 < B < ¢!, then n,m < C. The constant C' depends only on g, |
and the parameters of G,.

(1.2) Gn=B-

As an application, we use our method to find Fibonacci and Lucas num-
bers with only B in their decimal expansion, where the number B has at
most 10 digits.

THEOREM 2. Let B be a natural number with | digits. The only solutions

of the Diophantine equations

10m —1 10m —1
— d L,=B - ————

-1 M 100—1"
i positive integer numbers m, n and I, with m > 1 and 1 <1 < 10, are
(m,n,l) = (2,10,1) and (m,n,l) = (2,5,1) in the Fibonacci and Lucas
cases, respectively.

(1.3) F,=B
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We organize this paper as follows. In Section [2] we recall some useful
properties such as a result of Matveev on linear forms in three logarithms
and the reduction method of Baker—Davenport that we use to prove The-
orems [I] and 2] The third section is devoted to the proof of Theorem [I] In
the last section, for each particular case (Fibonacci and Lucas), we first use
Baker’s method to obtain a bound for n, then we completely solve the prob-
lem by means of the Baker—Davenport reduction method. Thus, we prove
Theorem [2

2. Auxiliary results. In this section, we recall some results that will
be useful for the proof of the above theorems. Let G(x) be the characteristic
polynomial of a linear recurrence G,,. One can factor G(z) over the set of
complex numbers as

Gx)=(zx—r)™ (x—re)"2 - (x —r)™,

where r1,...,7 are distinct non-zero complex numbers (called the roots of
the recurrence) and my, ..., m; are positive integers. A fundamental result
in the theory of recurrence sequences asserts that there exist uniquely de-
termined polynomials gi,...,q; € @({Tj}é-zo)[:c], with degg; < m; — 1 for
7 =1,...,1, such that
(2.1) Gn=qg(n)ri +---+g(n)r for all n.
For more details, one can refer to [4, Theorem C.1].

In the case of Fibonacci and Lucas sequences, the above formula is known
as Binet’s formulas:
am — /Bn

a—p

where a = (1 ++/5)/2 (the golden number) and 3 = (1 — v/5)/2 = —1/a.

Moreover, one can easily prove by induction that

an—Z S Fn S an—l’ an—l S Ln S 2an

F, = and L, =a"+ 3",

for all n > 1.
The first lemma will be useful in the proof of Theorem 1.

LEMMA 1. Let (Gy)n>1 be a linear recurrence having a dominant root r
and an infinite subsequence of positive terms. Denote by g1(n) the dominant
polynomial of (Gp)n>1. Then gi(n) is a non-zero constant. Moreover, if
t €{0,1} and Gopit > 0 for infinitely many integers n, then gi(n)rt > 0.

Proof. We know that

Gn=gi(n)r{ + -+ ag(n)r’,
where each r; is a root of the characteristic polynomial of G, with mul-
tiplicity m;, and each g;(n) is a non-zero polynomial of degree < m; — 1.
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Suppose that r1 is the dominant root; then we immediately see that r; # r;
for all j # 4. Thus m; = 1 and then the degree of the dominant polynomial
is at most m; —1 = 0, so it is a constant, say g;. Now, dividing G,, by r7,
we get

!
G gi(n
On _ g4 %)
] — R
Jj=2 J

where k; = r1/r;. Since |k;| > 1, we have

tim 9 _ o fora2<j<l,
n— oo /{j

and so

G
lim —::glyéo.

n—oo 1
Now, if t € {0,1} and Gay4+¢ > 0 for infinitely many integers n, then
Gontt 4

=17 -
r%”

0 < lim sup

n—oo

Therefore, g1t > 0 as g1} # 0 and the result follows by distinguishing the
casest=0and t=1. u

In order to prove Theorems [I] and [2| we will need to use a lower bound
for a linear form in three logarithms a la Baker, and such a bound was given
by the following result of Matveev [3].

LEMMA 2. Let aq, ag, a3 be non-zero algebraic numbers and let by, ba, b3
be non-zero integer rational numbers. Define

A = b1logay + balog ag + b3 log as.
Let D be the degree of the number field Q(a1, ag, a3) over Q. Put
X = [R(a, a9, a3) : R].
Let Ay, Ao, A3 be real numbers which satisfy
A; > max{Dh(a;),|loga;|,0.16}  for j =1,2,3.
Assume that
B’ > max{1, max{|b;j|A;/A; : 1 < j < 3}}.
Define also
_5-16°

C1 = 25 7 - (7 4 20)(20.2 + 1og(87 D log(eD))).

If A # 0, then
log|A| > —C1D*A; Ay Azlog(1.5e DB’ log(eD)).
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As usual, in the above statement, the logarithmic height of an s-degree
algebraic number « is defined as

1 - :
h(a :f<loga + log max{1, o) ),
(@) = (togla + 3 logamax{1. o)
where a is the leading coefficient of the minimal polynomial of « (over Z),
(a1))1<j<s are the conjugates of o and, as usual, the absolute value of the
complex number z = a + bi is |z| = Va? + b2.

After finding an upper bound on n which is in general too large, the
next step is to reduce it. For that, we need a variant of the famous Baker—
Davenport lemma, which is due to Dujella and Peth$ [1, Lemma 5, a)]. For
a real number x, we use ||z|| = min{|z — n| : n € N} for the distance from z
to the nearest integer.

LEMMA 3. Suppose that M is a positive integer. Let p/q be a convergent
of the continued fraction expansion of v such that ¢ > 6M and let € =
lpeq|| — M||vqll, where p is a real number. If € > 0, then there is no solution
to the inequality

O<my—n+u<AB™™

in positive integers m,n with
log(Aqg/e)
log B
Now, we are ready to prove our results.

<m< M.

3. The proof of Theorem |1} Equations (1.2) and (2.1) give

glm -1
(3.1) Gn=qn)r! +---+gs(n)ry :B-gli,
where g1(n), ..., gs(n) are polynomials of degree at most k— 1. Without loss
of generality, we may suppose that |ri| > |r;| := maxo<j<s|7;|. So ry is the

dominant root.
Suppose that G, has only finitely many positive numbers. So there exists
a positive integer ng such that G,, < 0 for all n > ng. Applying the absolute
value, the triangular inequality and the fact that B > 1, from equation
we deduce
(9" =1)/(g" = 1) <lgr()| [ra]" + - -~ + |gs ()] |rs[™

Since 71 is the dominant root, we have
("™ =1/(¢" = 1) < (lgr()] + - - + gs(n)]r1 |-
Now, |r1]| > 1 and n < ng, hence |r1|" < |ri|", yielding
(g™ = 1)/(g" = 1) < K|ry|™,
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where K = maXi<n<ny ;- [gj(n)|- Thus,
g™ < Klril™(gt — 1) + 1,
and by applying the log function, we finally conclude that
m < log(K|ri|™(g" — 1) 4+ 1)/llog g =: M.

Thus, n < ng and m < M, hence n, m < max{ng, M'} = C and the theorem
is proved in this case.

Now, we suppose that G, has infinitely many positive numbers. By
Lemma (1| the dominant polynomial g;(n) is a constant, say g;. Thus, we

obtain
Im S

B g
e Rl LIS
g—-1 q =

gj(")‘ﬂ.
1

For all sufficiently large n, say n > ni, we have

B Im
= A |re|™ (s — 1)nk
9g—-1 ¢
and so l
B My =1
‘1— ; R < k(s —1)nF,
g —1 g1

where k = |ri/r¢| > 1. Observe that
1 (S - 1)7”Lk < ,i_”/2

k(s —1)n* =

T kn/2 ' Kn/2
for all sufficiently large n, say n > ny > n;. Therefore,
(3.2) I1—et| < k™2,
where
3.3 A =log| ——=— | +Imlogg — nlogr;.
(3.3) g<(gl_1)gl> g9 g1

Now, we claim that A # 0. Suppose A = 0. Thus, Bg'™/(g' — 1) = g1}
and then equation leads to an absurdity as 3 7_, gj(n)r} = —B/(¢'—1)
for all n € N. Hence A # 0 as desired.

Note that according to the signs of g; and 71, the number A can be
real or complex. In order to deal with this problem, we will split our proof
according to the positivity of G,,.

Caske 1. If G, < 0 for all sufficiently large n, then we repeat the above
argument in order to find a constant C' such that if

glm_l

gl -1

Gop =B -

then m,2n < C.
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Thus, we only need to consider the odd indices (as the even ones are
already bounded). Therefore, we replace n by 2n+ 1 in equation ({3.1)) to get

glm -1
g —1"
Note that Gap41 > 0 for infinitely many n (since G, > 0 for infinitely

many n). Therefore, by Lemma [I| we have r1g7 > 0. Thus, equation (3.3
becomes

G2n+1 =B-

Aozlog< >+lmlogg—nlogr%,

(9" = Dgir
which is a real number as r1g; and 7% are positive numbers.

CASE 2. If G, > 0 for infinitely many n (note that g; > 0 by Lemmall]),
then we consider two subcases:

CASE 2.1. If Gop1 > 0 for infinitely many n, then again Lemma

yields r1g1 > 0. So r1 > 0 as g1 > 0. Therefore, the linear form A given by
equation (3.3]) is a real number.

CASE 2.2. If Gopy1 <0, for all sufficiently large n, then we proceed as
before to get a bound C for the Go,41 > 0, such that if
glm -1
g -1’
then m,2n+1 < C. So, we must bound only the even indices, by considering
the equation

Gony1 =B -

glm_l

G2n:B' gl—l .

Thus, (3.3) becomes
B
A = 10g<l> + Imlog g — 2nlogry,
(9" = Do

which is also a real number.

Summarizing all the above cases, we take the real linear form

At:10g< t)—i—lmlogg—nlogr%, t € {0,1}.

(9" = Dgrrf
If A; > 0, then A; < e —1 < k™2, In the case of A; < 0, we get
1—e Ml = et 1) < /2,

Therefore,

—n/2
[Ae] _ 1< 1,€7 < H_n/2+1

|At| <e Ep—
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—n/2+1
)

for all sufficiently large n > nz > ny. Hence, |Ai] < K ie.
(3.4) —log |Ay| > (Z - 1> log K.
To apply Lemma [2] we take
B 2
[ m, g = (g, a3z =717, bl :1, bgzlm, b3=—n.

Then, we can choose
D=k, Ay = khy 4+ 0.16, As =klogyg, As = khsz + 0.16,
where k is the degree of the number field Q(gl,r%) over Q, and h; and hg
are the logarithmic height of oy and ag, respectively. Moreover, we have

Imklogg n(khs+0.16)
"khy +0.16" khy+0.16 J°

B = max{l

Since xy = 1, we obtain
(3.5) —log|A] < 1.6 -108(20.2 + log(3°°k? log(ek)))
- k?(max{hy,log g, h3})® log(1.5¢k B log(ek)).

Combining estimates (3.4) and (3.5)), we get a constant C' > 0, which de-
pends only on g,[, and the parameters of G,,, such that m,n < C. n

4. The proof of Theorem The aim of this section is to prove
Theorem [2| which is an application of Theorem [I]to the Fibonacci and Lucas
sequences. Note that the dominant root for Fibonacci and Lucas sequences
is @ = (14 +/5)/2. The dominant polynomials are respectively g(n) = 1/v/5
and g(n) = 1. Since a™ is irrational for all non-zero integer number n, we
can apply Theorem [1|to conclude that the Diophantine equations have
only finitely many solutions. So our goal in this section is to improve our
estimates in Section [3| and therefore to completely solve these equations.
First, we prove Theorem [2] in the Fibonacci case. The proof of the Lucas
case will be handled in a similar way.

4.1. The Fibonacci case

4.1.1. Finding a bound on n. We assume that n > 47. By Binet’s for-
mula and equation (|1.3]), we have

_ VBB
10t -1

a — " (10™ —1);

that is,

(4.1) o~ V5B gmi _ B — BV5

108 — 1 100 — 1’
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and hence

a’ — L
100 — 1

Define Ar = log(v/5B/(10' — 1)) — nloga + mllog 10. Then (4.2) becomes

(4.2) 10M < a4 VB < 2.4,

2.4
(4.3) e — 1] < == < a2,
an

We also claim that Ap > 0. In fact, from equation (4.1]), we deduce that
1 B 1
1_€AF:n<ﬁn_ \/5)<<OZ_47_\/5><0,
o

1000 —-1/) — an 1010 — 1
so Ap > 0. Thus Ap < e'" — 1 < a2 (see ([4.3)). Therefore,
(4.4) log |[Ap| < —(n — 2)log a.

Now, we will apply Lemma [2, but first we must be sure that Ap # 0.
Indeed, if (v/5B/(10" — 1))10™a ™" = 1 then a®" € Q, which is absurd. So
Ap # 0. To apply Lemma [2] we take

a1 = \/53/(10l—1), g = a3 — 10, b1 == 1, bg = —n, bg = ml.
Observe that Q(ay, a9, a3) = Q(v/5) and then D = 2. The conjugates of

a1, a2, a3 are &) = —ay, o = (3, af = ag, respectively. Surely, as and as
are algebraic integers, while the minimal polynomial of a; is
5B?

(X —o)(X —a)) = X? - o1

Thus, the minimal polynomial of a; is a divisor of (10! — 1)2X? — 582,
Therefore,

1
hlon) < 5(210g(101 —1) +2log V5) < 23.84.

Also, h(a2) = loga/2 < 0.25 and h(az) = log10 < 2.31. We take 4; =
47.68, Ay = 0.5 and A3 = 4.62. Since n > 47, we have

max{1, max{|b;j|A4;/A1 : 1 < j < 3}} = max{n/12,5ml/48},

and so it suffices to choose B’ = 5n/48 as n > ml. Since C7 < 4.45 - 10,
Lemma [2 yields

(4.5) log |Ap| > —1.97 - 10" 1og(1.439n).
Combining the estimates and , we get

1.97 - 10" log(1.439n) > (n — 2)log a,
and this inequality implies n < 1.4 - 1014
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Now, let us determine some estimates for m in terms of n that will be

useful later. Equation (|1.3)) yields
log F;
ml = 08 “n +1
log 10
log log
log 10 log 10

Thus, we deduce from the estimate on n that m < 3 - 10'3.

4.1.2. Reducing the bound. We know that 0 < Ap < o~ "*2. Since m > 2
and af = 10, where ¢ = log 10/log v, we have

an—Q > acml—ﬁ > (ac)m10—6 — 10m—6.

Hence

(4.6) (n—2)

<ml<(n-1) +1

Therefore,
0 < mllog az — nlogas + logag < 107™ 6,
Dividing by log a2, we get
(4.7) 0<mly—n+p<3-10°.107™,
with v = log a3 /log ag and p = log oy /log avs.
Surely, v is an irrational number @ (because v and 10 are multiplica-
tively independent). So, let p, /¢, denote the nth convergent of its continued

fraction. In order to reduce our bound on m (which is too large!), we will
use Lemma 3| For that, taking M = 3-10'3, we have

P34 9146274886090674

qza  1911458405521733’
then g4 > 1911458405521733 > 1.9 - 10® > 6M. Moreover, we get
M||gsay]| = 0.00736166.. .. < 0.0075,
and the minimal value of ||g34p is at least 0.008. Hence
e = |lug| — M|vg| > 0.008 — 0.0075 = 0.0005.

Thus all the hypotheses of Lemma 3| are satisfied and we take A = 3 - 10°
and B = 10. It follows from Lemma [3| that there is no solution of inequality
(4.7) (and hence of the Diophantine equation (1.3])) in the range

HWJ +17M] = [26,3-10"].

Therefore m < 26 and then inequality (4.6) tells us that n < 1246. To
finish, we use Mathematica to print the values of all Fibonacci numbers in

(*) Actually, this number is transcendental by the Gelfond-Schneider theorem: if o
and f are algebraic numbers, with o # 0 or 1, and 3 irrational, then ? is transcendental.
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the range 47 < n < 1246 and find that there are no Fibonacci numbers as
desired in the theorem. This completes the proof.

4.2. The Lucas case. From Binet’s formula L, = o™ + 3", we take
A =log(B/(10" — 1)) — nlog o + ml log 10.

Since B/(10" — 1) < v/5B/(10" — 1), we get the same estimates as in
and , so the possible solutions appear when n < 1.4 - 10'4. Therefore,
m < 3-10". Then the Baker-Davenport reduction method can be applied
to prove that actually n < 1245. Finally, we again use Mathematica to
complete the proof of Theorem
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