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AN UNCOUNTABLE PARTITION CONTAINED
IN THE ATOMLESS o-FIELD

BY

RADOSEAW DRABINSKI (Gdansk)

Abstract. This short note considers the question of whether every atomless o-field
contains an uncountable partition. The paper comments the situation for a couple of
known o-fields. A negative answer to the question is the main result.

Definitions and basic facts. Throughout the note the very basic set-
theoretical notation is used. A natural number 7 is understood to be equal to
{0,1,...,i—1}. The set of finite sequences of natural numbers is denoted by
N<®o_If s,k € N<M then s < k means that there exists i € N such that kJ; =s
(simply, k is extension of s). The predecessor of s € N<®o is denoted by §.

If G C P(X) then o(G) stands for the smallest o-field on X containing
G (called the o-field generated by G). If G is countable then o(G) is said to
be countably generated.

Let A be a o-field on X. A nonempty set A € A is an atom of Aif AC B
or AN B = () for any B € A. If no element of A is an atom of A then A is
said to be atomless. If all the atoms of A form a partition of X, then A is
atomic. For a reference on o-fields see [I] and [2].

1. The problem. It is well known that every atomless o-field contains
an uncountable subfamily of nonempty and pairwise disjoint sets. A simple
construction of such a subfamily can be found in [I]. The family constructed
there does not, however, cover the whole space. The following question ap-
peared during the Set Theory seminar at IM UG and was open for some
time: Does every atomless o-field contain an uncountable subfamily which is
a partition of the space? The answer turns out to be negative (see Section.
The next section exhibits complicated atomless o-fields that do contain an
uncountable partition, which contrasts with the final result.
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2. Examples of o-fields

EXAMPLE 1. F CP(X) is a o-independent family if for distinct Fy, F1, . ..
€ F and disjoint I,J C N (not both empty) the intersection ([;c; Fi) N
(ﬂje ;X \ Fj) is not empty. The o-field generated by an uncountable o-
independent family is the simplest and most common example of an atomless

o-field ([1]).
LEMMA 2.1. If A C P(X) is a o-field that contains an infinite o-indepen-

dent family F then A also contains an uncountable partition of X .

Proof. Let Fy, F1,... be distinct members of F. For I C N, define Aj
as (Nier F1) N (Njemyy X \ Fj). Of course, every Ay is in A. Note that Ay
and A are disjoint if I, J C N are different. Indeed, if ¢ € I and ¢ ¢ J then
Ar € Fy and Ay C X \ F;. One can also see that for every z € X, there
exists I (defined as {i € N : x € F;}) such that = € A;. These two facts
mean that {A; : I C N} is an uncountable partition of X. m

EXAMPLE 2 (CH). Let
X ={a€[0,1]*: |aw]| < No}.

Define A; = {a € X :t € afw]} for t € [0,1]. It is shown in [I] that
A = o({At}ie),1)) is an atomless o-field that does not contain an infinite
o-independent family. If the Continuum Hypothesis is assumed, [0, 1] may
be represented as {to : & € wi}. Set Bo = At, \ Up,, A, for a € wy. It is
evident that {By, : o € w1} is a partition of X and is contained in A.

ExAMPLE 3. The previous example can be generalized as follows. Let &
be any cardinal. Define

Z={z€P(k):0<|z] <N}
Define G, ={z € Z: v € z} for a € k. Let C = 0({Gq : @ € K}). We now
recall some known general properties of o-fields.
LEMMA 2.2. Let G C P(X) and A= o(G). For any A € A:

(1) There exists a countable Go C G such that A € o(Gp).
(ii) For Gy as above, A is a union of sets of the form

Nen )6
icl JEN\I
for Go,G1, ... being all elements of Gg and I C N.

Proof. Let Z be the subfamily of A consisting of all elements satisfy-
ing (i). Note that G C Z, since G € o({G}) for every G € G. It is easy to
check that Z is closed under complements and countable unions. Hence Z
is a o-field. Since A is the smallest o-field that contains G, we have Z = A,
which proves (i).
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Similarly, to prove (ii), define W as the subfamily of A of all elements
satisfying (ii). Again, one can easily prove that G C W and W is a o-field,
which means W = A. u

We will now show that the above o-field C has the same properties as A
in the previous example. The proof of the fact below is similar to the proof

for A in [1].

PROPOSITION 2.3. C does not contain an infinite o-independent family.
If Kk is uncountable, then C is atomless.

Proof. Suppose that there exists an infinite, countable o-independent
family F = {Fy, F,...} contained in C. By Lemma for every n € N,
there exists a countable G, C {G, : a € k} such that F,, € 0(Gy,). Clearly,
G = Upnen Gn is countable and F C 0(G). By Lemma o(G) contains an
uncountable family R with pairwise disjoint elements.

By Lemma (ii), all elements of R are unions of sets of the form A; =
MNier Gai NNjemy s Ga,» where Gog, Ga, ;- . . are all elements of G and I C N.
Note that if I is infinite then Aj is empty since each of its elements has to
be infinite and so cannot be in Z. Thus |[{A; : I € N}| is not greater than
IN<Xo| = V. It is not possible to write each element of the uncountable R
as a union of some subfamily of {A; : I € N} because the elements of R
are pairwise disjoint. This contradiction means that C does not contain any
infinite o-independent family.

Assume that k is uncountable. Suppose A is an atom of C. By Lemma/2.2
A equals (;c; Ga; N ﬂjeN\I Gy, for some ag, 1, ... € k and I C N. There
exists § € k that is not in {«ag, a1, ...} because k is uncountable. Note that
Gp and A are not disjoint since {a; : 4 € I} U {8} is in both of these sets.
The element {c; : i € I} is in A but not in G, so Gg does not contain A.
Hence, A is not an atom of C, and C is an atomless o-field.

If £ = wy then, as in Example 2, the family {G, \ U, Gt;}acw, s
an uncountable partition of Z. Note that this example works without the
Continuum Hypothesis. We do not know if such a partition exists for £ > wy.

3. The counter-example. For an uncountable cardinal k let us define

X ={f €27 :supp(f) < Ro};
supp(f) stands for {a € k : f(a) # 0}, the support of f. For a € k define
Go={f € X : fla)=1}. Let G = {Gy : @ € k} and A = 0(G). It is
shown in [I] that A is an atomless o-field that does not contain any infinite

o-independent family.
For E C F € [k]=0 define

A(E,F) ={f e X: fIE] = {1} A f[F\ E] = {0}}.
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If Gay,Gayy--- € G and I CN, the set ();c; Ga, N[jen s G, can be repre-
sented as A({ai}ier, {o;}jen). Using Lemma [2.2{ii) one can conclude that
every set in A is a union of some A(-,-) sets. Note that, by the definition
of X, if F is infinite then A(F,-) is empty.

THEOREM 3.1. For every family F C A which covers X there exists a
countable Fo C F that also covers X.

Proof. Without losing generality it can be assumed that every set in F
is an A(-,-) set. By induction we now construct countable set By, Ds C wy
and finite Ay, Cgg, Cs~1, ... C wy for every s € N<Ro,

Define Cy = ). There exists By € [w1]=Y° such that A(), By) € F and
the constant zero function is in A(0), By). Let C(g),C1y, ... be all the finite
subsets of Dy = By. Define Ay = ().

Assume that the following sets are defined for given s € N<Xo: finite Cj
and for every k < s, countable By, Dy, and finite C, Ag.

Let as € 2“1 be such that supp(as) = U<, Ck. The set supp(ay) is finite
so as € X. Thus, there exists a countable B, C w; and finite Ay C wy
such that as € A(Ay, Bs) € F. Define Dy = B, \ -, Di- The set D, is
countable. Let {Cs~y, }nen be all the finite subsets of Dgs. The construction
is finished.

To sum up, the constructed sets have the following properties for any
s € N<Ro:

(i) As C Bs € [wi1]=™ are such that A(As, Bs) € F, the set D, =
By \ Uj<s D is countable and {Cs~y,}nen is the set of all finite
subsets of Dq.

(ii) D,NDs=0for k < s.

(iii) As = (Ug<s Ck) N Bs.

Properties (i) and (ii) are immediate consequences of the construction.
Each a, is in A(As, By), so As = supp(as) N Bs = (U<, Ck) N Bs. Hence,
(iii) is true. -

Note that R = {A(As, Bs) : s € N<M} is countable, being indexed by
finite sequences of natural numbers. All of its nonempty elements are in F.
It is sufficient to show that R covers X.

Suppose that z € X is not in [JR. We will now construct by induction
two sequences, ig,11,... € N and ag,aq,... € K.

x ¢ |JR means that x ¢ A(Ap, By). There exists ag € Dy = By for which
z(ap) = 1 because Ay = (). Let ig € N be such that supp(z[p,) = C;

Assume that s = (ig,i1,...,%—_1) is such that

(%) supp(z) N () Dk = | Cs-

k<s k=<s

i0)"
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Since x ¢ [JR, we have x ¢ A(As, Bs), so supp(z) N Bs # A,. By (iii),
Ag = Up<s Ck N By and hence supp(z) N By # U< Ck N Bs. Together
with (x), this yields -

supp(xz) N Dy # U Ck N Dg.
k=<s

By (%) and (ii), the right hand side above is an empty set. Therefore,
supp(z) N Dy # 0. There exists oy € Dy such that z(oy) = 1. Let ¢; € N be
such that supp(z) N Dy = Cs~;,. This ends the construction.

Qp, 0, ... € Kk are distinct because they are in Dy, Dy, Dig i) - - - T€-
spectively and these sets are pairwise disjoint. We have x(a,,) = 1 for all
n € N, hence supp(z) is infinite, which contradicts x € X. =

This implies that every partition contained in A has to be countable,
which gives a negative answer to the question considered in this note. The
theorem is equivalent to the statement that X with the topology generated
by the A(-,-) sets is a Lindel6f space. Andrzej Nowik has recently given a
topological proof of the above fact for x = wy using Fodor’s lemma.
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