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FABIO SCARABOTTI (Roma)

Abstract. We show that the explicit formula of Stanley—Féray—Sniady for the char-
acters of the symmetric group has a natural extension to the generalized characters. These
are the spherical functions of the unbalanced Gel’fand pair (S, X Sn—1, diag Sn—1).

1. Introduction. Recently, two different explicit formulas have been
found for the characters of the symmetric group: the Stanley—Féray formula,
conjectured by R. P. Stanley [10] and proved by V. Féray [5], and the formula
of M. Lassalle [§] (see [3] for an account). Actually, these are formulas for
spherical functions rather than characters. Indeed, these formulas give the
normalized characters obtained by dividing each of them by the dimension
of the corresponding representation. These are the spherical functions of
the Gel'fand pair (S, x Sy, diag Sy ), where diag S,, = {(7,7) : # € Sp}. In
[11] E. Strahov showed that some of the classical results for the characters
of the symmetric group may be extended to the spherical functions of the
unbalanced Gel’'fand pair (S, X S,,—1, diag S,,—1), where diag S,,—1 = {(m, 7) :
m € Sp—1}. This amounts to considering the algebra of all S,,_;-conjugacy
invariant functions on S, rather than the S,,-conjugacy invariant functions.
It is a natural problem to extend a result for the normalized characters
to the generalized characters of the symmetric group. In the present paper
we show that the Stanley—Féray formula, in the form proved by Féray and
P. Sniady in [6], may be naturally extended to the generalized characters.

2. Preliminaries. We recall some basic facts on unbalanced Gel’fand
pairs. We refer to [2), 3, 11, 12] for more details and proofs (but we follow
the notation of our joint monographs with T. Ceccherini-Silberstein and
F. Tolli). If X is a finite set, we denote by L(X) the space of all complex-
valued functions defined on X. Let G be a finite group. We say that H < G
is a multiplicity free subgroup of G when Resga is a multiplicity free rep-
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resentation of H for every irreducible representation o of G. We recall that
the action of G x H on G = (G x H)/diag H is (g,h) - go = ggoh~'. The
subgroup H is multiplicity free if and only if (G x H,diag H) is a Gel’'fand
pair, if and only if the algebra of H-conjugacy invariant functions on G is
commutative.

Let G (resp. H ) be a complete set of pairwise inequivalent (unitary)
irreducible representatlons of G (resp H). For o € G we denote by o’ the
adjoint of o. If ,0 €cHandoe G we write p < ReSH o to indicate that p is
contained in Res 71 0; 0 ® p denotes the tensor product of o and p; x? and
x? are the characters of o and p (they are not normalized: x”(1¢g) is equal
to the dimension d, of p). If H is multiplicity free, the decomposition of the
permutation representation n of G x H on L(G) is the following:

(2.1) @ @ o X p).
oeG pEH :
p<Res§ o’
In particular, for H = G the G x G-irreducible representation o K ¢’ coin-
cides with the o-isotypic component in L(G), that is, the subspace of L(G)
spanned by the matrix coeflicients of o. The spherical function associated
to o ® p has the following expression:

o.p(g ‘H‘Zx (gh)x

heH

Following [11], we call ¢, a generalized character of G.

PROPOSITION 2.1. Suppose that H is a multiplicity free subgroup of G.
With the notation above we have:

(i) @op(h) = (1/dp)x () for all h € H;

(ii) if ¥ € L(G) is H-conjugacy invariant, it belongs to the o-isotypic
component of L(G) and ¥(h) = (1/d,)x”(h) for all h € H, then
1/) = ¢o,p-

Proof. Suppose that Res$; o’ = @I, p; with p1,...,pm € H (pairwise
inequivalent) and p; = p.
(i) For every h € H we have

Pa.p(h ‘H;x (th)x"(t 1) = 0 [(pr) *x] dlxp(h)-

(ii) Since v is H-conjugacy invariant and belongs to the o-isotypic com-
ponent of L(G), we see that ¢ = Y 1" | ¢i¢o,, for suitable complex constants
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C1,...,Cm. Therefore
1 Ui m
X (h) = () = Y cithop,( Z dc— bi(h) forall h € H

dp i=1
implies that ¢; = (51'717 that is, ¢ = ¢U,p~ u

3. Brender’s formula. In this section we give a short proof of the main
result in [I]. It is a formula for the generalized character of the symmetric
group analogous to (8) in [6]. Let S,, be the symmetric group of degree n.
We think of it as the group of all permutations of the set {1,...,n}. We
denote by g’n_l the stabilizer of 1 in S,. Then (see [I} 2] 3] [11]) §n_1 is a
multiplicity free subgroup of S,,. If A - n we denote by S* the corresponding
irreducible S,-representation. We identify A F n with its Young frame; if
AFnand pFn—1we write A\ — u to indicate that p may obtained from
A by removing one box (we denote this box by A\ p); note that Strahov
draws the arrow in the opposite direction. Then the branching rule for the
symmetric group may be written in the form Resgzil S =P pFn—1: Ay Sk,
Therefore, in the present setting, (2.1)) is

=P P =5,

AFn pbFn—1:
A—p
We denote by ¢, , the generalized character associated to S & SH,

We will use the following notation: a function f € L(.S,) will be identified
with the formal sum }° ¢ f(m)7. If t is a A-tableau (an injective filling
of the Young frame of A with the numbers {1,...,n}), we denote by R;
(resp. Ct) the row (resp. the column) stabilizer of ¢. It is well known that

the element
E; = Z Z sign(y)yo
vE€Ct 0E€ERy

belongs to the A-isotypic component of L(S,) [7, O]: it is a multiple of an
idempotent that projects onto a minimal left ideal of L(S,,) isomorphic to
S* (see also Exercise 10.6.7 in [2] for a less standard proof). Denote by x*
the character of S* and by d) the dimension of S,. We have

d
(3.1) = 2 Z nEmt

The proof is immediate: f +— m Y ores, T fn~1is the orthogonal projection
from L(.S;,) onto the subalgebra of S,-conjugacy invariant functions and the
value of E; on 1g, is 1. See again Exercise 10.6.7 in [2] or (VI.6.1) in [9]
(where n!/dr must be replaced by dr/n!) or (8) in [6].
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ProposITION 3.1 ([I]). If A\Fn, uFn—1, A — p and t is a A\-tableau
with 1 in the box A\ u then

(3.2) b=y L B

Proof. The right hand side of is §n_1—conjugacy invariant and be-
longs to the S*-isotypic component of L(S,,). Moreover, following Brender
[1] we may write E; = Ey+&, where t' is the pu-tableau obtained by removing
the box containing 1 and

£ = > sign(y)yo.

wgCt,UERt _
butv¢S,—10ro¢Sn—_1

Neither & nor ﬁ Zwe§n_1 nér~! contains elements of Sp_q: if v € C,

o € Ry but v ¢ S, 4 or o ¢ S, 1 then yo ¢ S, 1. Therefore from (3-1])
applied to S,_1 we get

1 _ 1 1 _
] Z mEym lzaxﬂJri(n—l)! Z mér L.

7T€Sn_1 7T€§n_1

Now invoking Proposition [2.1](ii), we get the desired result. m

4. The Stanley—Féray—Sniady formula for the generalized char-
acters. Let A\, u and ¢ be as in Proposition [3.1] For 7,0 € S,, we set

N = the number of 7 € gn—l such that each cycle of v is contained in
a column of 7wt and each cycle of ¢ is contained in a row of =t.

As in [6], if O is a box of A we denote by r(0O) and ¢(0) respectively the
row and the column to which O belongs. Note also that in our notation,
Sn—1 is the stabilizer of n; more generally, 5; < S, 1 < [ < n, is the
symmetric group on {1,...,l} and we will need to consider elements 7 in .S
but not in S,_1, that is, permutations of {1,...,1} that do not fix 1. Indeed,
Proposition i) tells us that the value of a generalized character ¢, , on
an element 7 € §n_1 is given by the formula for the classical characters. For
v,0 € 51, with 2 <[ < n, we set

]\73’“(% o) = the number of one-to-one maps f : {1,...,l} — X such that

f(1) =X\ p, co f is constant on each cycle of
and r o f is constant on each cycle of o,
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and (removing the injectivity)

NM#(y,0) = the number of functions f : {1,...,l} — X such that
f(1) =X\ p, co fis constant on each cycle of
and r o f is constant on each cycle of o.

Note that if v, 0 € S; then
(4.1) N (y,0) = (n = DING" (v,0).
Indeed, when we compute N (v,0) we need to determine the positions of

1,...,0 in 7t, while the positions of [ + 1,...,n may be chosen arbitrarily.
We recall that () =x(z —1)---(x — [+ 1).

LEmMMA 4.1. If 0 € 5] then

1 . ~
Oau(0) = ———— > sign(y) N (v,0).
(n—1)-1
7706%1:
yo=

Proof. We may rewrite (3.2)) in the form

P = (n—ll)! Z Z Z sign(y)yo.

W€§n71 YECHt o€ Rt

Since
v € Cr¢ < each cycle of 7 is contained in a column of 7t,

o0 € Ryt < each cycle of ¢ is contained in a row of t,

we deduce that

¢>\,,u(0) =

3 ~)\,,le
¥,0€8y:
yo=60
Suppose that 0(i) =i, 0(i) = j and y(j) = 4, with ¢ # j. If ¢, j are contained
in a row of wt then they cannot be contained in a column of 7t and vice
versa. Therefore if N (v,0) # 0 and yo = @ then supp(y), supp(c) C
supp(#). In particular, if 8 € Sj, the sum may be restricted to v,0 € Sj;

keeping in mind (4.1]) we get

1 , ~
oru0) = ———— 3 sign(y)N3*(v,0).
(n — 1)171 l
’Y,UE%Z:
yo=

One can end the proof using the identity

. ~A, . =
> sign(NGH(v,0) = Y sign(y)NM(y,0),
77UESl: ’Y70-esl:
yo=0 yo=60

which has the same proof of (10) in [6]. =
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We denote by C(7) the set of cycles of a permutation m. A coloring of
the cycles of 7,0 is a function h : C(y) U C(o) — N. We set

NM£(5,0) = the number of colorings h of the cycles of v and ¢ such that:
e the color of each cycle of v is a column of A;
e the color of each cycle of ¢ is a row of A;
e the color of the cycle of v containing 1 is ¢(\ \ u);
e the color of the cycle of o containing 1 is r(\\ p);
eif ¢c; € C(7), co € C(0) and ¢1 Ney # O then (h(cr), h(cs))
are the coordinates of a box in A.

Now we can prove the analogue of Theorem 2 in [6] for the generalized
characters.

THEOREM 4.2. If 0 € S; then

— 1 o A?M
¢)\,M(9) - (?’L — 1)l71 E Slgn(V)N (’77 J)'
’y,UESG'l:
yo=

Proof. The assertion follows from Lemma and the identity NV (v, o)
=N ME (v, o). This may be proved by means of the following natural bijection
h — f between the colorings h counted by NM(v,0) and the functions f
counted by N (v, 0):

f(m) = (h(c1),h(c2)) if c1 €C(7),ca€C(oc)and meEciNea. m
EXAMPLE 4.3. Suppose that r(A\ p) = 7 and c(A\ p) = 5. If A =
(A1,-..,Ax) and the conjugate partition is A’ = (A\],..., \}) then j = \; and
i = \’. Moreover,
NM((1)(2),(12)) = A and  NM((12),(1)(2)) = A}.

Therefore ,

Ai— X,
Axu((12)) = L.

n—1

This formula, in a slightly different form and by means of a completely
different method, was found by P. Diaconis [4, (5.10)].
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