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ORLICZ SEQUENCE SPACES THAT ARE UNIFORMLY ROTUNDIN A WEAKLY COMPACT SET OF DIRECTIONSBYZHONGRUI SHI, YUANDI WANG and GE DONG (ShangHai)Abstrat. Neessary and su�ient onditions are given for Orliz sequene spaesequipped with the Orliz norm to be uniformly rotund in a weakly ompat set of dire-tions, using only onditions on the generating funtion of the spae.Let X be a Banah spae and let S(X) and B(X) be the unit sphere andunit ball of X. Then X is said to be:
• uniformly rotund in a weakly ompat set of diretions (URWC) if
‖xn‖ → 1, ‖yn‖ → 1, ‖xn + yn‖ → 2, and xn − yn

w
→ z (in theweak topology) imply that z = 0 (see [10℄);

• uniformly rotund in every diretion (URED) if ‖xn‖ → 1, ‖yn‖ → 1,
‖xn + yn‖ → 2, and xn − yn → z (in the norm topology) imply that
z = 0;

• uniformly weak∗ rotund (W∗UR) if ‖xn‖ → 1, ‖yn‖ → 1, and ‖xn +

yn‖ → 2 imply that xn − yn
w
→ 0;

• rotund (R) if ‖x‖ = 1, ‖y‖ = 1, and ‖x + y‖ = 2 imply that x = y.Clearly, W∗UR ⇒ URWC⇒ URED⇒ R.Banah spaes with these types of rotundity were studied in [2, 4, 5, 10,11℄ and have been applied to �xed point theory. For Orliz spaes with theLuxemburg norm, W∗UR is equivalent to R. But for Orliz spaes with theOrliz norm, W∗UR and URED have rather di�erent riteria [8, 15, 16℄. Allknown haraterizations of URWC for Orliz spaes with the Orliz norminvolve both elements of the Orliz spae and the generating funtion M[3, 13, 17℄. Up to now, no haraterization of URWC by using only onditionson the generating funtion M has been given for Orliz sequene spaes. As2000 Mathematis Subjet Classi�ation: 46B20, 46E30.Key words and phrases: uniform rotundity in a weakly ompat set of diretions,Orliz sequene spae, Orliz norm.Researh supported in part by NSFC and FSEC.Z. R. Shi partiipated in the NSF Workshop in Linear Analysis and Probability, TexasA&M University. [21℄
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stated in [12℄, �some new methods and tehniques are needed to solve thiskind of di�ult problem�.In this paper, we give a haraterization of URWC by using only ondi-tions on the generating funtion M for Orliz sequene spaes, following thesolution of this problem for Orliz funtion spaes in [9℄. The proof of ourresult is fairly ompliated.A funtion M : R → R+ is alled an N-funtion if M is onvex andeven, limu→0 M(u)/u = 0, and limu→∞ M(u)/u = ∞. The omplementaryfuntion N of M in the sense of Young is de�ned by

N(v) = sup
u∈R

{uv −M(u)}.It is known that if M is an N-funtion, then so also is N . Let p and q be theright-hand derivatives of M and N , respetively. Then M is said to be:
• stritly onvex (SC) if

M

(
u + v

2

)
<

M(u) + M(v)

2
for u 6= v;

• uniformly onvex if for every ε > 0, there exists δ > 0 suh that if
|u− v| ≥ εmax(|u|, |v|), then

M

(
u + v

2

)
< (1− δ)

M(u) + M(v)

2
.Moreover, M is said to satisfy the δ2 ondition for small u (M ∈ δ2) if forsome u0 > 0 there exists K > 0 suh that M(u0) > 0 and M(2u) ≤ KM(u)for all u ≤ u0.For a real salar sequene x = {x(i)}, let ̺M (x) =

∑∞
i=1 M(x(i)), alledthemodular of x. TheOrliz sequene spae lM generated by M is the Banahspae

lM = {x = {x(i)} : ̺M (λx) <∞ for some λ},equipped with the Orliz norm
‖x‖M = sup

̺N (y)≤1

∞∑

i=1

x(i)y(i) = inf
k>0

1

k
(1 + ̺M (kx)).

See [2, 7℄ for referenes on Orliz spaes.We �rst state several lemmas.Lemma 1 ([14℄). For x ∈ lM , if ̺M (p(kx)) = 1, then
‖x‖M =

∞∑

i=1

|x(i)|p(k|x(i)|) =
1

k
(1 + ̺M (kx)).
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Lemma 2 ([14℄). For x ∈ lM , there exists k > 0 suh that
‖x‖M =

1

k
(1 + ̺M (kx)).Lemma 3 ([14℄). Let

‖xn‖M =
1

kn
(1 + ̺M (knxn)) ≤ 2 (n = 1, 2, . . .).If kn →∞, then xn(i)→ 0 for all i.Lemma 4 ([14℄). In a rotund Orliz sequene spae lM , let

‖xn‖M =
1

kn
(1 + ̺M (knxn))→ 1, ‖yn‖M =

1

hn
(1 + ̺M (hnyn))→ 1as n → ∞, where {kn} and {hn} are bounded. If ‖xn + yn‖M → 2, then

knxn(i)− hnyn(i)→ 0 for all i.Lemma 5 ([14℄). Let {xn}, {yn}, {kn} and {hn} be as in Lemma 4. If
vn ∈ lN , ̺N (vn) ≤ 1 and ∑∞

i=1(xn(i) + yn(i))vn(i)→ 2, then for all subsets
In of positive integers, we have uniformly

lim
n→∞

∑

i∈In

(knxn(i)− hnyn(i))vn(i) = lim
n→∞

∑

i∈In

(M(knxn(i))−M(hnyn(i))).Lemma 6 ([6, 9℄). For 0 < λ < 1, the funtion
φ(t) =

M(λu + (1− λ)t)

λM(u) + (1− λ)M(t)is inreasing in [0, u].Lemma 7 ([9℄). For given ε ∈ (0, 1) and [α, β] ⊂ (0, 1),
lim
X→1

Y = 1where
X = X1/2(u) =

M
(u+(1−ε)u

2

)

M(u)+M((1−ε)u)
2

,

Y = Yα,β(u) = inf
λ∈[α,β]

M(λu + (1− λ)(1− ε)u)

λM(u) + (1− λ)M((1− ε)u)
.Lemma 8 ([9℄). For u > 0, if

M(u)+M((1−ε)u)
2

M
(u+(1−ε)u

2

) ≤ 1 + η,then there exists (1− ε/2)u ≤ t ≤ u with
p

((
1−

ε

2

)
t

)
≥

(
1− 2η

2− ε

ε

)
p(t).
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Lemma 9 ([14℄). Let lM be an Orliz sequene spae equipped with theOrliz norm. Then lM is URED if and only if(i) M ∈ SC[0, πM ], where πM = inf{t : N(p(t)) ≥ 1};(ii) for [α, β] ⊂ (0, 1) and for ε, ε′ ∈ (0, 1), there exist u0 > 0, D =

D(ε, ε′) > 0, and γ = γ(ε, ε′) > 0 suh that for all λ ∈ [α, β] and all
u, v with max{|u|, |v|} ≤ u0, |u − v| ≥ εmax{|u|, |v|} and λM(u) +
(1− λ)M(v) ≤ (1 + γ)M(λu + (1− λ)v) we have

M(u) ≤ D(ε, ε′)
M(ε′u)

ε′
.Moreover , λM(u) + (1− λ)M((1− ε)u) ≤ (1 + γ)M(λu + (1− λ)(1− ε)u),so

M(u) ≤ D(ε, ε′)
M(ε′u)

ε′
.Proof. First, we show that URED implies (ii). In fat, if we suppose (ii)is not true then for some ε > 0 (assume ε = min{ε, ε′}) there exist un ց 0and λn ∈ [α, β] suh that

λnM(un) + (1− λn)M((1− ε)un) ≤

(
1 +

1

n

)
M(λnun + (1− λn)(1− ε)un),and

M(un) ≥ 2nn
M(εun)

ε
.By Lemma 8 there exists (1− ε/2)un ≤ tn ≤ un with

p

((
1−

ε

2

)
tn

)
≥

(
1− 2η

2− ε

ε

)
p(tn),and

M(εtn)

εM(tn)
→ 0.Indeed, referring to the argument of �1 of Chapter 1 in [7℄, we get

M(εtn)−
εtn
un

M(un) ≤
εtn
εun

(M(εun)− εM(un)),

un

tn

M(tn)

M(un)

M(εtn)

εM(tn)
− 1 ≤

M(εun)

εM(un)
− 1→ −1,and so

un

tn

M(tn)

M(un)

M(εtn)

εM(tn)
→ 0.Notiing that 1 ≤ |un/tn| ≤ 1/(1− ε/2) and

2 ≥
M(tn)
M(un)

2

≥
M((1− ε/2)un)

M(un)
2

≥
M((1− ε/2)un)
M(un)+M((1−ε)un)

2

→ 1,we have M(εtn)/εM(tn)→ 0.
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Without loss of generality, passing to a subsequene if neessary, assumethat
M(tn) > 2nn

M(εtn)

ε
.Then

tnp(tn) ≥M(tn) > 2nn
M(εtn)

ε
≥ 2nnp

(
εtn
2

)
εtn
2εi.e.,

p(tn) ≥ 2n−1np(εtn/2).From the proof of the neessity in the Theorem of [14℄, we an see that lMis not URED, a ontradition.On the other hand, by the proof of the su�ieny in the Theorem of [14℄,(i) and (ii) imply URED.From Lemma 7, we dedue the followingRemark 1. lM is URED if and only if(i) M ∈ SC[0, πM ];(ii) for 0 < ε, ε′ < 1 there exist D(ε, ε′) and u0 > 0 and γ = γ(ε′) > 0 sothat for all |u| ≤ u0 with M(u)+M((1−ε)u) ≤ (1+γ)2M((1−ε/2)u),we have
M(u) ≤ D(ε, ε′)

M(ε′u)

ε′
.For onveniene, we will understand D(ε, ε′) to be the smallest one as in theabove inequality.Lemma 10. Let lM be an Orliz sequene spae equipped with the Orliznorm. If lM is URWC , then for any 0 < ε < 1 there exists D(ε) > 0 suhthat

D(ε, ε′) ≤ D(ε)for all 0 < ε′ < 1, where D(ε, ε′) is de�ned as in (ii) of Remark 1.Proof. De�ne D(ε) = supε′∈(0,1) D(ε, ε′). It is lear that D(ε, ε′) is de-reasing with respet to ε′. Suppose that D(ε) =∞. Then there exist εn ց 0with D(ε, ε1) < D(ε, ε2) < · · · < D(ε, εn)ր∞. Let
ℜn =

{
u > 0 : u ≤

1

2n+1
,

M(u)+M((1−ε)u)
2

M
(u+(1−ε)u

2

) < 1 +
1

n
,

M(u) > D(ε, εn−1)
M(εnu)

εn

}

where D(ε, ε0) = 0. We now show that for all m,
ℜ1 ∩ · · · ∩ ℜm 6= ∅.
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In fat, suppose �rst that ℜ1 ∩ ℜ2 = ∅, i.e., ℜc

1 ∪ ℜ
c
2 = R. Then for all

u ≤ 1/23 with
M(u)+M((1−ε)u)

2

M
(u+(1−ε)u

2

) < 1 +
1

2
,we get

M(u) ≤ D(ε, ε0)
M(ε1u)

ε1
= 0,or

M(u) ≤ D(ε, ε1)
M(ε2u)

ε2
.Thus for all suh u, we get

M(u) ≤ D(ε, ε1)
M(ε2u)

ε2
,so D(ε, ε2) ≤ D(ε, ε1), ontrary to D(ε, ε1) < D(ε, ε2). Proeeding indu-tively, assume that ℜ1 ∩ · · · ∩ℜn 6= ∅, and suppose that ℜ1 ∩ · · · ∩ℜn+1 = ∅,i.e., ℜc

1 ∪ · · · ∪ ℜ
c
n+1 = ℜ. Then for all u ≤ 1/2n+1 with

M(u)+M((1−ε)u)
2

M
(u+(1−ε)u

2

) < 1 +
1

nat least one of the following onditions holds:
M(u) ≤ D(ε, ε1)

M(ε2u)

ε2
,

M(u) ≤ D(ε, ε2)
M(ε3u)

ε3
, . . . ,

M(u) ≤ D(ε, εn)
M(εn+1u)

εn+1
,so we have at least one of the following ontraditions:

D(ε, ε2) < D(ε, ε1) ≤ D(ε, ε2),

D(ε, ε3) < D(ε, ε2) ≤ D(ε, ε3), . . . ,

D(ε, εn+1) < D(ε, εn) ≤ D(ε, ε(n+1)).Hene ℜ1 ∩ · · · ∩ ℜm 6= ∅ for all m ∈ N by the indution priniple. Take
un ∈ ℜ1 ∩ · · · ∩ ℜn. Then un ≤ 1/2n+1,

M(un)+M((1−ε)un)
2

M
(un+(1−ε)un

2

) < 1 +
1

n
,and(1) M(un) > D(ε, εk−1)

M(εkun)

εk
, 0 ≤ k ≤ n.
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By Lemma 8, there exists (1− ε/2)un ≤ tn ≤ un with(2) p

((
1−

ε

2

)
tn

)
≥

(
1−

2

n

2− ε

ε

)
p(tn).Without loss of generality, assume that p(u1) ≤ 1. Take c > 0 with 1/2 ≥

N(p(c)) > 0 and take a positive integer mn so that
1

2
−

1

2n
≤ mn

(
1−

ε

2

)
tnp

((
1−

ε

2

)
tn

)
≤

1

2
.De�ne

dn = inf{s > 0 : N(p(s)) + N(p(c)) + mnN(p(tn)) ≥ 1},

d⋆
n = inf{s > 0 : N(p(s)) + N(p(c)) + mnN(p((1− ε/2)tn)) ≥ 1}.Then dn ≤ d⋆

n ≤ b where N(p(b)) ≥ 1, and by (i), we have
N

(
p

(
n

1 + n
d⋆

n

))
−N(p(dn))

≤ [1−N(p(c))−mnN(p((1− ε/2)tn))]− [1−N(p(c))−mnN(p(tn))]

= mn[N(p(tn))−N(p((1− ε/2)tn))]

= mn

p(tn)\
p((1−ε/2)tn)

q(s) ds ≤ mn[p(tn)− p((1− ε/2)tn)]q(p(tn))

≤ mn
2

n

2− ε

ε
p(tn)tn

≤
2

n

2− ε

ε

2

2− ε
(1− ε/2)tn

1

1− 2
n

2−ε
ε

p((1− ε/2)tn)mn

≤
2

n

2

ε

1

1− 2
n

2−ε
ε

1

2
→ 0.Also by (i), we have n

1+nd⋆
n − dn → 0, so d⋆

n − dn → 0. Take p−(d⋆
n) ≤ θn ≤

p(d⋆
n) suh that

N(θn) + N(p(c)) + mnN(p((1− ε/2)tn)) = 1where p−(s) = limt→0− p(s + t). Next de�ne
kn = 1 + M(dn) + M(c) + mnM(tn),

hn = 1 + M(d⋆
n)) + M(c) + mnM((1− ε/2)tn),

xn =
1

kn
(dn, c, . . . ,

mn︷ ︸︸ ︷
tn, . . . , tn, 0, . . . ),

yn =
1

hn
(d⋆

n, c, . . . ,

mn︷ ︸︸ ︷
(1− ε/2)tn, . . . , (1− ε/2)tn, 0, . . . ),
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vn = (θn, p(c),

mn︷ ︸︸ ︷
p((1− ε/2)tn), . . . , p((1− ε/2)tn), 0, . . . ).Then

̺n(vn) = 1,

hn ≤ kn ≤ 1 + M(c) + M(b) + tnp(tnmn)

≤ 1 + M(c) + M(b) +
2

2− ε

1

1− 2
n

2−ε
ε

1

2
,

kn − hn ≥
ε

2
tnp((1− ε/2)tn)mn ≥

ε

8
.On the other hand, by the Hölder inequality,

‖yn‖M = 〈vn, yn〉 = 1.From
‖xn‖M ≤

1

kn
(1 + ̺M (knxn)) = 1,and by the uniform ontinuity of M on bounded losed intervals, we get

〈vn, knxn〉 = dn[θn] + cp(c) + mntnp((1− ε/2)tn)

≤ (d⋆
n − dn)p(b) + d⋆

nθn + cp(c) +
1

1− 2
n

2−ε
ε

mntnp(tn)

≤ (d⋆
n − dn)p(b) +

1

1− 2
n

2−ε
ε

[1 + M(d⋆
n) + M(c) + mnM(tn)]

≤ (d⋆
n − dn)p(b) +

1

1− 2
n

2−ε
ε

[M(d⋆
n)−M(dn)]

+
1

1− 2
n

2−ε
ε

[1 + M(dn) + M(c) + mnM(tn)]

≤ (d⋆
n − dn)p(b) +

1

1− 2
n

2−ε
ε

[M(d⋆
n)−M(dn)] +

1

1− 2
n

2−ε
ε

kn

→ kn,hene 〈vn, xn〉 → 1, and onsequently ‖xn + yn‖M → 2. Notiing that
M(un)mn ≤ D(ε, ε)

M(εun)

ε
mn ≤ D(ε, ε)

M((1− ε/2)tn)

ε
mn ≤

D(ε, ε)

2ε
,without loss of generality, we assume ε > ε1. So for arbitrary τ > 0, take Iwith 1/D(ε, εI) < τ · 2ε/D(ε, ε), and take k0 suh that for all k ≥ k0 with

sup1≤i≤I M(εkui)mi/εk < τ , we have
sup
i≥1

M(εkui)mi

εk

= max

{
sup

1≤i≤I

M(εkui)mi

εk
, sup
I<i<k

M(εkui)mi

εk
, sup

i≥k

M(εkui)mi

εk

}
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≤ max

{
sup

1≤i≤I

M(εkui)mi

εk
, sup
I<i<k

M(εiui)mi

εi
, sup

i≥k

M(ui)mi

D(ε, εk−1)

}

≤ max

{
sup

1≤i≤I

M(εkui)mi

εk
, sup
I<i<k

M(ui)mi

D(ε, εi−1)
, sup

i≥k

M(ui)mi

D(ε, εk−1)

}
< τ.

By [1℄, {ũn}
∞
n=1 is relatively weakly ompat, where ũn = (0, 0,

mn︷ ︸︸ ︷
un, . . . , un,

0, . . . ). But, for χe2
= (0, 1, 0, . . . ),

〈χe2
, xn − yn〉 =

(
1

kn
−

1

hn

)
c 9 0 (n→∞),a ontradition with URWC of lM .Theorem 1. Let lM be an Orliz sequene spae equipped with the Orliznorm. Then lM is URWC if and only if(i) M ∈ SC[0, πM ];(ii) for [α, β] ⊂ (0, 1) and 0 < ε < 1 there exist D = D(ε) and u0 > 0suh that for all 0 < ε′ < 1, we an �nd γ = γ(ε′) > 0 so that forall λ ∈ [α, β] and all u, v satisfying max{|u|, |v|} ≤ u0, |u − v| ≥

εmax{|u|, |v|}, λM(u) + (1 − λ)M(v) ≤ (1 + γ)M(λu + (1 − λ)v),we have
M(u) ≤ D

M(ε′u)

ε′
.Proof. Neessity. Sine URWC implies rotundity, we get (i) (see [2℄). ByLemma 10, (ii) follows.Su�ieny. If we suppose that lM is not URWC, there exist sequenes

{xn} and {yn} satisfying ‖xn‖M = 1
kn

(1+ ̺M (knxn))→ 1, ‖yn‖M = 1
hn

(1+

̺M (hnyn))→ 1 (n→∞), ‖xn + yn‖M → 2 but xn− yn
.
= zn

x
→ z 6= 0. If forall i, xn(i)→ 0 and yn(i)→ 0, set x′

n = xn−zn/4, y′n = xn−3zn/4. It is easyto see that ‖x′
n‖M → 1, ‖y′n‖M → 1, ‖x′

n + y′n‖M → 2 and x′
n(i)− y′n(i)

.
=

z′n(i) = (zn/2)(i) → (z/2)(i) 6= 0. Thus z′n = zn/2
w
→ z/2 6= 0 (n → ∞).Clearly x′

n(i)
w
9 0. So we assume that xn

w
9 0 and yn

w
9 0 if neessaryreplaing {xn} and {yn} by {x′

n} and {y′n}. By Lemma 3, {kn} and {hn} arebounded, and we may assume that kn → k, hn → h, passing to a subsequeneif neessary. By Lemma 4, this implies that for all i, knxn(i)− hnyn(i)→ 0,i.e. (kn − hn)xn(i) − hnzn(i) → 0. If k = h, it follows that zn(i) → 0, so
zn

w∗

→ 0, ontraditing z 6= 0. Hene k 6= h; we assume that k > h and
kn > hn, passing to a subsequene if neessary. We an do the same in thease of k < h. De�ne λn = hn/(kn + hn) ≤ 1/2. Sine {kn} and {hn} arebounded we dedue that λn ∈ [α, β] for some [α, β] ⊂ (0, 1).Sine z 6= 0, take a subset I0 = {1, 2, . . . , I} suh that(3) z|I0 6= 0.
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Take an arbitrary ε > 0. Sine {zn} is weakly ompat, by [1℄, {zn} is
lN -weakly ompat. Take 0 < ε′ < 1 suh that(4) ̺M (ε′2kzn)

ε′
<

ε2

4D
.By (ii), there is γ > 0 suh that for all λ ∈ [α, β] and all u, v satisfying

max(|u|, |v|) ≥ u0, |u − v| ≥ εmax(|u|, |v|) with λM(u) + (1 − λ)M(v) ≤
(1 + γ)M(λu + (1− λ)v) we have(5) M(u) ≤ D

M(ε′εu)

ε′ε
.By (3),(6) ̺M

(
hz

k − h

∣∣∣∣
I0

)
> 0.For eah n, we split the set N into the following parts:

An = {i ∈ N \ I0 : max(|knxn(i)|, |hnyn(i)|) < ε},

Bn = {i ∈ N \ I0 \ An : |knxn(i)− hny(i)| < εmax(|knxn(i)|, |hnyn(i)|)},

Hn =

{
i ∈ N \ I0 \An \Bn : (1 + γ)M

(
knhn

kn + hn
(xn(i) + yn(i))

)

<
hn

kn + hn
M(knxn(i)) +

kn

kn + hn
M(hnxn(i))

}
,

In = {i ∈ N \ I0 \ An \Bn \Hn : |xn(i)| < |yn(i)|},

Qn = {i ∈ N \ I0 \ An \Bn \Hn \ In : |zn(i)| < ε|xn(i)|},

Tn = N \ I0 \ An \Bn \Hn \ In \Qn

=

{
i ∈ N \ I0 : max(|knxn(i)|, |hnyn(i)|) ≥ ε,

|knxn(i)− hny(i)| ≥ εmax(|knxn(i)|, |hnyn(i)|),

(1 + γ)M

(
knhn

kn + hn
(xn(i) + yn(i))

)

≥
hn

kn + hn
M(knxn(i)) +

kn

kn + hn
M(hnxn(i))

|zn(i)| ≥ ε|xn(i)| and |xn(i)| ≥ |yn(i)|

}
.Pik vn ∈ B(lN ) suh that [xn(i) + yn(i)]vn(i) ≥ 0 and

〈vn, xn + yn〉 → 2.Then
〈vn, xn〉 → 1, 〈vn, yn〉 → 1.
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Thus
k − h = lim

n
(kn − hn) = lim

n

∞∑

i=1

[knxn(i)− hnyn(i)]vn(i).In the following, we estimate the sums over the above subsets.(a) Sine knxn(i)− hnyn(i)→ 0 uniformly on I0, for n large enough, weget ∑

i∈I0

|(knxn(i)− hnyn(i))vn(i)| < ε.

(b) Clearly, by Hölder's inequality,
∑

i∈An

|(knxn(i)− hnyn(i))vn(i)| < 2ε.

() We also have
∑

i∈Bn

|(knxn(i)− hnyn(i))vn(i)| ≤ ε
∑

i∈Bn

(|knxn(i)|+ |hnyn(i)|)|vn(i)|

≤ ε(kn + hn).(d) Notiing that
γ

1 + γ

[
hn

kn + hn
̺M (knxn|Hn

) +
kn

kn + hn
̺M (hnyn|Hn

)]

≤ 2− ‖xn + yn‖M → 0,by Lemma 5, we see that for n large enough,
∑

i∈Hn

|(knxn(i)− hnyn(i))vn(i)| < ε.

(e) Let i ∈ In, that is, |xn(i)| < |yn(i)|.If xn(i)yn(i) ≥ 0, as [xn(i) + yn(i)]vn(i) ≥ 0, we have xn(i)vn(i) ≥ 0 and
yn(i)vn(i) ≥ 0, so xn(i)zn(i) = xn(i)[xn(i)− yn(i)] < 0, thus zn(i)vn(i) ≤ 0.Hene

[knxn(i)− hnyn(i)]vn(i) = (kn − hn)xn(i)vn(i) + hn[xn(i)− yn(i)]vn(i)

= (kn − hn)xn(i)vn(i) + hnzn(i)vn(i)

≤ (kn − hn)xn(i)vn(i).If xn(i)yn(i) < 0, from |xn(i)| < |yn(i)|, we have yn(i)vn(i) ≥ 0 and
xn(i)vn(i) ≤ 0. Sine zn(i) = xn(i)− yn(i), we have zn(i)vn(i) ≤ 0. Hene

[knxn(i)− hnyn(i)]vn(i) = (kn − hn)xn(i)vn(i) + hn[xn(i)− yn(i)]vn(i)

= (kn − hn)xn(i)vn(i) + hnzn(i)vn(i)

≤ (kn − hn)xn(i)vn(i).
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Therefore

∑

i∈In

[knxn(i)− hnyn(i)]vn(i) ≤
∑

i∈In

(kn − hn)xn(i)vn(i).

(f) Let i ∈ Qn, that is, |zn(i)| ≤ ε|xn(i)|. From |yn(i)| ≤ |xn(i)| and
[xn(i) + yn(i)]vn(i) ≥ 0, it follows that xn(i)vn(i) ≥ 0, zn(i)vn(i) ≥ 0, and

[knxn(i)− hnyn(i)]vn(i) = (kn − hn)xn(i)vn(i) + hnzn(i)vn(i)

≤ (kn − hn)xn(i)vn(i) + εhnxn(i)vn(i).Thus
∑

i∈Qn

[knxn(i)− hnyn(i)]vn(i) ≤ (kn − hn + εhn)
∑

i∈Qn

xn(i)vn(i).

(g) Let i ∈ Tn, that is, max{|knxn(i)|, |hnyn(i)|} ≥ ε, |knxn(i)−hnyn(i)|
≥ εmax{kn|xn(i)|, |hnyn(i)|},

λnM(knxn(i)) + (1− λn)M(hnyn(i))

M(λnknxn(i) + (1− λn)hnyn(i))
≤ 1 + γ.Sine ε|xn(i)| ≤ |zn(i)|, from (5), it follows that for i ∈ Tn,

M(knxn(i)) ≤ D
M(ε′εknxn(i))

ε′ε
≤ D

M(ε′2kzn(i))

ε′ε
.Hene, by (4),

̺M (knxn|Tn
) ≤ D

̺M (ε′2kzn|Tn
)

ε′ε
≤

Dε2

Dε
= ε.Sine |xn(i)| > |yn(i)| and kn > hn, we know that |knxn(i)| > |hnyn(i)|, so

̺M (hnyn|Tn
) ≤ ε.Notiing that

1

kn
̺M (knxn|I0) ≥ ̺M (xn|I0)→ ̺M

(
h

k − h
z|I0

)

and
1← ‖xn‖M =

1

kn
[1 + ̺M (knxn|I0) + ̺M (knxn|N\I0)]

≥ ‖xn|N\I0‖M +
1

kn
̺M (knxn|I0)

≥
∑

i∈N\I0

|xn(i)vn(i)|+ ̺M

(
h

k − h
z|I0

)
,

we �nd that for n large enough,
∑

i∈N\I0

|xn(i)vn(i)| ≤ 1− ̺M

(
h

k − h
z|I0

)
.
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Moreover,
∑

i∈In∪Qn

|xn(i)vn(i)| ≤
∑

i∈N\I0

|xn(i)vn(i)| ≤ 1− ̺M

(
h

k − h
z|I0

)
.

Sine ε > 0 is arbitrary, (a)�(g) lead to a ontradition:
k − h ≤ (k − h)

[
1− ̺M

(
h

k − h
z|I0

)]
< k − h.By Lemma 7, we have the followingRemark 2. lM is URWC if and only if(i) M ∈ SC[0, πM ];(ii) for 0 < ε < 1 there exist D = D(ε) and u0 > 0 suh that for all ε′,

0 < ε′ < 1, we an �nd γ = γ(ε′) > 0 so that for all |u| ≤ u0 with
M(u) + M((1− ε)u) ≤ (1 + γ)2M((1− ε/2)u), we have

M(u) ≤ D
M(ε′u)

ε′
.Z. R. Shi thanks Professor B. Johnson for his invitation to the TexasA&M University. This work was ompleted there.
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