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WEYL SUBMERSIONS OF WEYL MANIFOLDSBYFUMIO NARITA (Akita)Abstra
t. We de�ne Weyl submersions, for whi
h we derive equations analogous tothe Gauss and Codazzi equations for an isometri
 immersion. We obtain a ne
essary andsu�
ient 
ondition for the total spa
e of a Weyl submersion to admit an Einstein�Weylstru
ture. Moreover, we investigate the Einstein�Weyl stru
ture of 
anoni
al variations ofthe total spa
e with Einstein�Weyl stru
ture.1. Introdu
tion. In [11℄, B. O'Neill introdu
ed the notion of a Rie-mannian submersion and obtained equations analogous to the Gauss andCodazzi equations for an isometri
 immersion.Let π : (M, g) → (M ′, g′) be a Riemannian submersion. We denote by
V the ve
tor subbundle of the tangent bundle TM of M 
onsisting of thetangent ve
tors to the �bers of π. V is 
alled the verti
al distribution of π. Hwill denote the 
omplementary �horizontal� distribution in TM determinedby the metri
 g of M . For t > 0, we de�ne the 
anoni
al variation gt ofthe Riemannian metri
 g on M by setting gt|V = tg|V, gt|H = g|H and
gt(V,H) = 0 (
f. [2℄).For a Riemannian submersion π : (M, g) → (M ′, g′) with totally geodesi
�bers, in [2℄, the author gave a ne
essary and su�
ient 
ondition for theRiemannian manifold (M, g) to admit an Einstein stru
ture. Moreover heproved the following: Let π : (M, g) → (M ′, g′) be a Riemannian submersionwith totally geodesi
 �bers. Assume that (M, g), (M ′, g′) and the �ber areEinstein manifolds (i.e., r = λg, r′ = λ′g′, r̂ = λ̂ĝ) and the integrabilitytensor Ag is nonzero. Then the 
anoni
al variation gt (t 6= 1) of g is alsoEinstein if and only if 0 < λ̂ 6= 1

2λ′.Let M be a manifold with a 
onformal stru
ture [g] and a torsion-freea�ne 
onne
tion D. A triplet (M, [g], D) is 
alled a Weyl manifold if Dg =
ω ⊗ g for a 1-form ω. The Ri

i tensor of an a�ne 
onne
tion D is notne
essarily symmetri
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A Weyl manifold is said to be Einstein�Weyl if the symmetrized Ri

itensor of the a�ne 
onne
tion D is proportional to a representative metri


g in [g]. The Einstein�Weyl equation is 
onformally invariant.In [12℄, H. Pedersen and A. Swann proved the following: Let π : (M, g) →
(M ′, g′) be a prin
ipal 
ir
le bundle with totally geodesi
 �bers over a 
om-pa
t Einstein manifold (M ′, g′) with positive s
alar 
urvature and the inte-grability tensor Ag 6= 0. For the verti
al 1-form ω and the 
anoni
al variation
gt of g, we de�ne a torsion-free a�ne 
onne
tion Dt by Dtgt = ω⊗gt. Then,for 0 < t ≤ t0 where gt0 is an Einstein metri
, the 
anoni
al variation
(M, gt, D

t) admits an Einstein�Weyl stru
ture.On the other hand, in [8℄, [9℄ we studied the existen
e of Einstein�Weyl stru
tures on the total spa
e of Riemannian submersions with totallygeodesi
 �bers of dimension one over Einstein manifolds and on almost 
on-ta
t metri
 manifolds.In [1℄, N. Abe and K. Hasegawa de�ned an a�ne submersion with hori-zontal distribution. They 
omputed the fundamental equations, without us-ing the metri
 tensor.In [3℄, D. M. J. Calderbank and H. Pedersen studied 
onformal sub-mersions. In parti
ular they investigated 
onformal submersions with one-dimensional �bers and the minimal Weyl derivative exa
t.We 
onsider a spe
ial 
ase of 
onformal submersions. Let (M, [g], D) and
(M ′, [g̃], D′) be two Weyl manifolds. Let π : M → M ′ be a submersion. Wesay that π : (M, [g], D) → (M ′, [g̃], D′) is a Weyl submersion if π : M → M ′is a submersion whi
h satis�es the following two 
onditions:(i) for some metri
 g′ ∈ [g̃] there exists g ∈ [g] su
h that π∗ : (Hx, gx|Hx)

→ (Tπ(x)M
′, g′

π(x)) is an isometry for every x in M , i.e., π : (M, g) →

(M ′, g′) is a Riemannian submersion,(ii) for basi
 ve
tor �elds X and Y whi
h are π-related to X̃ and Ỹ ,
HDXY is a basi
 ve
tor �eld whi
h is π-related to D′

X̃
Ỹ .In the 
ase that π : (M, [g], D) → (M ′, [g̃], D′) is a Weyl submersionfor whi
h π∗ : (Hx, gx|Hx) → (Tπ(x)M

′, g′
π(x)) is an isometry, we write π :

(M, g, D) → (M ′, g′, D′).In this paper, for a Weyl submersion, we derive equations analogous tothe Gauss and Codazzi equations for an isometri
 immersion. For a Weylsubmersion π : (M, g, D) → (M ′, g, D′) with Weyl totally geodesi
 �bers, weobtain a ne
essary and su�
ient 
ondition for the Weyl manifold (M, g, D)to admit an Einstein�Weyl stru
ture.In Se
tion 5, we give some examples of Weyl submersions. As an examplewith the 1-form ω verti
al, we produ
e a Weyl submersion whose total spa
eis a 
onta
t metri
 manifold with Weyl stru
ture indu
ed from the 
onta
t
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form. As examples with ω horizontal, we exhibit Weyl submersions whosetotal spa
e is a warped produ
t with Weyl stru
ture and whose total spa
eis a lo
ally 
onformal 
osymple
ti
 manifold with Weyl stru
ture.In Se
tion 6, for a Weyl submersion, we investigate the Einstein�Weylstru
ture of 
anoni
al variations of the total spa
e with Einstein�Weyl stru
-ture. If π : (M, g, D)→(M ′, g′, D′) is a Weyl submersion, then π : (M, gt, D
t)

→ (M ′, g′, D′) is also a Weyl submersion, where D, D′ and Dt are the torsion-free a�ne 
onne
tions su
h that Dg = ω⊗g, D′g′ = ω′⊗g′ and Dtgt = ω⊗gt.When the 1-form ω is verti
al, we obtain the following result: Let π :
(M, g, D) → (M ′, g′, D′) be a Weyl submersion with Weyl totally geodesi
�bers of dimension 1 and dimM = n + 1. Let ξ be a unit verti
al ve
tor�eld and η its dual 1-form with respe
t to g. Assume that ω = fη, where fis a fun
tion on M . We assume that (M ′, g′) is an Einstein manifold with
r′(X̃, Ỹ ) = λ′g′(X̃, Ỹ ) whose s
alar 
urvature is positive and (M, g, D) is anEinstein�Weyl manifold with rD(E, F ) + rD(F, E) = Λg(E, F ) and Ag 6= 0.If there exists a positive t 6= 1 su
h that (M, gt, D

t) is an Einstein�Weylmanifold, then X(f) = 0 and 0 < 2ξ(f) + f2 6= 2
n−1λ′, where X is anyhorizontal ve
tor �eld. If f is 
onstant, then (M, gt, D

t) admits an Einstein�Weyl stru
ture for t = (n−1)f2

4λ′−(n−1)f2 .Next, when the 1-form ω is horizontal, we obtain the following result:Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion with Weyl totallygeodesi
 �bers over an Einstein�Weyl manifold (M ′, g′, D′) with rD′

(X̃, Ỹ )+

rD′

(Ỹ , X̃) = Λ′g′(X̃, Ỹ ) and AD 6= 0. Suppose ω is horizontal and Λ′ is 
on-stant. We assume that the �bers (F̂ , ĝ) are Einstein manifolds with r̂(U, V )

= λ̂ĝ(U, V ) and (M, g, D) is an Einstein�Weyl manifold with rD(E, F ) +
rD(F, E) = Λg(E, F ). Then there exists a positive t 6= 1 su
h that (M, gt, D

t)is also an Einstein�Weyl manifold if and only if 0 < 4λ̂ 6= Λ′.A
knowledgements. The author would like to express his sin
erethanks to Professor Takashi Okayasu and Professor Koji Matsuo for theiruseful 
omments.2. Weyl manifolds. Let (M, [g], D) be a Weyl manifold with Dg =
ω ⊗ g. We assume dimM ≥ 3.Let ∇ be the Levi-Civita 
onne
tion of g. We de�ne a ve
tor �eld B by
g(X, B) = ω(X). Then, sin
e Dg = ω ⊗ g, we have(1) DXY = ∇XY − 1

2ω(X)Y − 1
2ω(Y )X + 1

2g(X, Y )Bfor any ve
tor �elds X, Y on M .The 
urvature tensor RD of the a�ne 
onne
tion D is de�ned by
RD(X, Y )Z = [DX , DY ]Z − D[X,Y ]Z. Let R be the 
urvature tensor �eld
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of the Levi-Civita 
onne
tion ∇ of g. Then
(2) RD(X, Y )Z

= R(X, Y )Z − 1
2

{[
(∇Xω)Z + 1

2ω(X)ω(Z)
]
Y

−
[
(∇Y ω)Z + 1

2ω(Y )ω(Z)
]
X + ((∇Xω)Y )Z − ((∇Y ω)X)Z

− g(Y, Z)
(
∇XB + 1

2ω(X)B
)

+ g(X, Z)
(
∇Y B + 1

2ω(Y )B
)}

− 1
4 |ω|

2(g(Y, Z)X − g(X, Z)Y ),where X, Y and Z are any ve
tor �elds on M .By a simple 
al
ulation, we haveLemma 1 (
f. [10℄).
(a) g(RD(X, Y )Z, H) + g(RD(Y, X)Z, H) = 0,

(b) g(RD(X, Y )Z, H) + g(RD(X, Y )H, Z) = −2dω(X, Y )g(Z, H),

(c) g(RD(X, Y )Z, H) + g(RD(Y, Z)X, H) + g(RD(Z, X)Y, H) = 0,

(d) g(RD(X, Y )Z, H) − g(RD(Z, H)X, Y )

= dω(Y, X)g(Z, H) + dω(Z, H)g(Y, X)

+ dω(Z, X)g(H, Y ) + dω(H, Y )g(Z, X)

+ dω(Y, Z)g(X, H) + dω(X, H)g(Y, Z),where 2dω(X, Y ) = Xω(Y ) − Y ω(X) − ω([X, Y ]).The Ri

i tensor �eld rD is de�ned as follows:
rD(X, Y ) = tr(Z 7→ RD(Z, X)Y ),where X, Y, Z ∈ Tx(M). Let X1, . . . , Xn be an orthonormal basis of Tx(M)with respe
t to g. By using (2), we get

rD(X, Y ) = r(X, Y ) + 1
2(n − 1)(∇Xω)Y(3)

− 1
2(∇Y ω)X + 1

4(n − 2)ω(X)ω(Y )

+ g(X, Y )
(

1
2

n∑

i=1

g(∇Xi
B, Xi) −

1
4(n − 2)|ω|2

)
.A Weyl manifold (M, [g], D) is said to have an Einstein�Weyl stru
ture ifthere exists a fun
tion Λ on M su
h that(4) rD(X, Y ) + rD(Y, X) = Λg(X, Y ).Sin
e D is not a metri
 
onne
tion, the Ri

i tensor is not ne
essarily sym-metri
.3. Weyl submersions. We denote the se
ond fundamental form andintegrability tensor of a Riemannian manifold by T g and Ag respe
tively.



WEYL SUBMERSIONS 123

Lemma 2. Let π : (M, g) → (M ′, g′) be a Riemannian submersion. Let
D and D′ be torsion-free a�ne 
onne
tions su
h that Dg = ω ⊗ g, D′g′ =
ω′ ⊗ g′. Then, for basi
 ve
tor �elds X and Y whi
h are π-related to X̃ and
Ỹ , HDXY is basi
 ve
tor �eld whi
h is π-related to D′

X̃
Ỹ if and only if

ω(X) = ω′(X̃) ◦ π.Proof. Suppose that HDXY is a basi
 ve
tor �eld whi
h is π-related to
D′

X̃
Ỹ . For basi
 ve
tor �elds X, Y, Z whi
h are π-related to X̃, Ỹ , Z̃, from

g(X, Y ) = g′(X̃, Ỹ ) ◦ π, we obtain (DXg)(Y, Z) = (D′

X̃
g′)(Ỹ , Z̃) ◦ π. Thuswe get ω(X) = ω′(X̃) ◦ π.Next, suppose that ω(X) = ω′(X̃) ◦ π. Then HB is a basi
 ve
tor �eld
orresponding to B′, where g(X, B) = ω(X) and g′(X̃, B′) = ω′(X̃). From(1) and the properties of a Riemannian submersion, it follows that HDXYis a basi
 ve
tor �eld whi
h is π-related to D′

X̃
Ỹ .Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion. The fundamentaltensors TD and AD are de�ned by

TD
E F := HDVEVF + VDVEHF,(5)

AD
EF := VDHEHF + HDHEVF,(6)where E and F are any ve
tor �elds on M .From the de�nitions and (1), using the properties of a Riemannian sub-mersion, we have the following lemma.Lemma 3. For any ve
tor �elds E, F on M , we have

AD
EF = Ag

EF + 1
2g(HE,HF )VB − 1

2ω(VF )HE,(a)

TD
E F = T g

EF + 1
2g(VE,VF )HB − 1

2ω(HF )VE.(b)If X, Y are horizontal and U, V are verti
al , then
AD

XY = Ag
XY + 1

2g(X, Y )VB,(c)

AD
XY = 1

2V[X, Y ] + 1
2g(X, Y )VB,(d)

AD
XY = −AD

Y X + g(X, Y )VB,(e)

AD
XU = HDUX + H[X, U ],(f)

TD
U V = T g

UV + 1
2g(U, V )HB,(g)

TD
U V = TD

V U,(h)

TD
U X = VDXU + V[U, X].(i) From the de�nition, using Dg = ω⊗g, the following lemma 
an be provedas in the 
ase of a Riemannian submersion.
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Lemma 4.(a) For ve
tor �elds E, F , a horizontal ve
tor �eld X and a verti
al ve
tor�eld U ,

g(AD
XE, F ) = −g(E, AD

XF ), g(TD
U E, F ) = −g(E, TD

U F ).(b) TD and AD inter
hange the horizontal and verti
al subspa
es.Now, for a Weyl submersion π : (M, g, D) → (M ′, g′, D′) we derive equa-tions analogous to the Gauss and Codazzi equations of an immersion. Let
RD′ be the 
urvature tensor �eld of the a�ne 
onne
tion D′. Let RD̂ be the
urvature tensor �eld of the indu
ed a�ne 
onne
tion D̂ on the �bers. FromLemmas 1, 3 and 4 we obtain the following theorem.Theorem 1. Let X, Y, Z, H be horizontal ve
tor �elds on M whi
h are
π-related to X̃, Ỹ , Z̃, H̃ on M ′, and U, V, W, W ′ verti
al ve
tor �elds on M .Then
(7) g(RD(X, Y )Z, H)

= g′(RD′

(X̃, Ỹ )Z̃, H̃) ◦ π − g(AD
Y Z, AD

XH) + g(AD
XZ, AD

Y H)

+ 2g(AD
XY, AD

Z H) − g(X, Y )ω(AD
Z H),

g(RD(X, Y )Z, U) = g((DXAD)Y Z, U) − g((DY AD)XZ, U)(8)
− g(AD

XY, TD
U Z) + g(AD

Y X, TD
U Z),

g(RD(X, Y )U, Z) = g((DXAD)Y U, Z) − g((DY AD)XU, Z)(9)
+ g(AD

XY, TD
U Z) − g(AD

Y X, TD
U Z),

(10) g(RD(X, Y )U, V ) = g((DUAD)XV, Y ) − g((DV AD)XU, Y )

− g(AD
Y V, AD

XU) + g(AD
XV, AD

Y U) − g(TD
V X, TD

U Y )

+ g(TD
U X, TD

V Y ) − g(Y, AD
XU)ω(V ) + g(Y, AD

XV )ω(U)

+ dω(Y, X)g(U, V ) + dω(U, V )g(Y, X),

(11) g(RD(U, X)Y, Z) = −g((DY AD)ZX, U) + g((DZAD)Y X, U)

+ g(AD
Y Z, TD

U X) − g(AD
Z Y, TD

U X)

− dω(U, X)g(Y, Z)− dω(Z, U)g(Y, X)− dω(U, Y )g(X, Z),

(12) g(RD(U, X)Y, V ) = g((DUAD)XY, V ) − g((DXTD)UY, V )

−g(TD
U X, TD

V Y ) + g(AD
XU, AD

Y V ) + g(AD
XU, Y )ω(V ),

(13) g(RD(U, X)V, Y ) = g((DUAD)XV, Y ) − g((DXTD)UV, Y )

+ g(TD
U X, TD

V Y ) − g(AD
XU, AD

Y V ) − g(AD
XU, Y )ω(V ),

(14) g(RD(U, X)V, W ) = g((DV TD)W U, X) − g((DW TD)V U, X)

+ dω(X, U)g(V, W ) + dω(W, X)g(V, U) + dω(X, V )g(U, W ),
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(15) g(RD(U, V )X, Y ) = g((DUAD)XV, Y ) − g((DV AD)XU, Y )

− g(AD
Y V, AD

XU) + g(AD
XV, AD

Y U) − g(TD
V X, TD

U Y )

+ g(TD
U X, TD

V Y ) − g(Y, AD
XU)ω(V ) + g(Y, AD

XV )ω(U),

(16) g(RD(U, V )X, W ) = g((DUTD)V X, W ) − g((DV TD)UX, W ),

(17) g(RD(U, V )W, X) = g((DUTD)V W, X) − g((DV TD)UW, X),

(18) g(RD(U, V )W, W ′)

= g(RD̂(U, V )W, W ′) − g(TD
V W, TD

U W ′) + g(TD
U W, TD

V W ′).Let KD, KD̂, KD′ be the se
tional 
urvatures of the a�ne 
onne
tions
D, D̂ and D′ respe
tively. We set |X ∧ Y |2 = g(X, X)g(Y, Y ) − g(X, Y )2.Then we obtain the followingCorollary 1. Let X, Y be horizontal ve
tor �elds on M whi
h are π-related to X̃, Ỹ on M ′, and U, V verti
al ve
tor �elds on M . Suppose |X| =
|Y | = |U | = |V | = 1, |X ∧ Y | = 1, |U ∧ V | = 1. Then

KD(X, Y ) = KD′

(X̃, Ỹ ) ◦ π − 3|AD
XY |2 − 1

4 |VB|2,(19)
KD(U, V ) = KD̂(U, V ) + |TD

U V |2 − g(TD
U U, TD

V V ),(20)
KD(X, U) = g((DXTD)UU, X) − |TD

U X|2 + |AD
XU |2(21)

+ 1
2(ω(U)2 + g(DUVB, U)) + g(AD

XU, X)ω(U).Next, for a Weyl submersion π : (M, g, D) → (M ′, g′, D′) we derive someproperties of DAD and DTD. From Lemmas 1, 3, 4 and Theorem 1, using
Dg = ω ⊗ g we have the followingLemma 5. Let E be a ve
tor �eld on M . For horizontal ve
tor �elds
X, Y, Z and verti
al ve
tor �elds U, V, W , we have

g((DEAD)XY, U) = −g((DEAD)XU, Y ),(a)

g((DETD)UV, X) = −g((DETD)UX, V ),(b)

g((DETD)UV, X) = g((DETD)V U, X),(c)

g((DEAD)XY, U) = −g((DEAD)Y X, U)(d)

+ (ω(E)ω(U) + g(DEVB, U))g(X, Y ),

(e) g((DUAD)XY, V ) + g((DV AD)XY, U)

= g((DY TD)UV, X) − g((DXTD)UV, Y ) + dω(X, Y )g(V, U)

+ dω(U, V )g(X, Y ) − g(AD
XU, Y )ω(V ) + g(AD

Y V, X)ω(U)

+ (ω(U)ω(V ) + g(DV VB, U))g(X, Y ),
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(f) g((DXAD)Y Z, U) = g((∇XAg)Y Z, U) + 1

2ω(X)g(Y, Z)g(VB, U)

+ 1
2g(Y, Z)g(DXVB, U) + 1

2ω(Y )g(Ag
XZ, U)

− 1
2g(X, Y )g(Ag

BZ, U) + 1
2ω(X)g(Ag

Y Z, U)

+ 1
2ω(Z)g(Ag

Y X, U) − 1
2g(X, Z)g(Ag

Y B, U).Now we suppose that dim M = m + n and dimM ′ = n. Let X1, . . . , Xnbe an orthonormal basis of Hx and V1, . . . , Vm an orthonormal basis of Vxwith respe
t to g. From Theorem 1, we get immediately the followingProposition 1. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion.Let rD, rD̂, rD′ be the Ri

i 
urvatures of the a�ne 
onne
tions D, D̂ and D′respe
tively. For horizontal ve
tor �elds X, Y whi
h are π-related to X̃, Ỹ ,and verti
al ve
tor �elds U, V , we derive the Ri

i 
urvature:
rD(X, Y ) = rD′

(X̃, Ỹ ) ◦ π − 3
n∑

i=1

g(AD
XXi, A

D
Y Xi)(22)

+
m∑

j=1

g(AD
XVj , A

D
Y Vj) −

m∑

j=1

g(TD
Vj

X, TD
Vj

Y )

+

m∑

j=1

{g((DVj
AD)XY, Vj) − g((DXTD)Vj

Y, Vj)}

−
n + 2

2
g(AD

XY,VB) + g(X, Y )g(VB,VB),

rD(U, V ) = rD̂(U, V ) −
m∑

j=1

g(TD
Vj

Vj , T
D
U V ) +

n∑

i=1

g(AD
Xi

U, AD
Xi

V )(23)
+

n∑

i=1

g((DXi
TD)UV, Xi) −

n∑

i=1

g((DUAD)Xi
V, Xi)

−

n∑

i=1

g(TD
U Xi, T

D
V Xi) +

m∑

j=1

g(TD
V Vj , T

D
U Vj) −

n

2
ω(U)ω(V ),

rD(X, U) =
n∑

i=1

g((DXi
AD)XU, Xi) −

n∑

i=1

g((DXAD)Xi
U, Xi)(24)

+
n∑

i=1

g(AD
Xi

X, TD
U Xi) −

n∑

i=1

g(AD
XXi, T

D
U Xi)

+

m∑

j=1

g((DUTD)Vj
Vj , X) −

m∑

j=1

g((DVj
TD)UVj , X)

+ mdω(X, U),
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rD(U, X) =
n∑

i=1

g((DXi
AD)XU, Xi) −

n∑

i=1

g((DXAD)Xi
U, Xi)(25)

+
n∑

i=1

g(AD
Xi

X, TD
U Xi) −

n∑

i=1

g(AD
XXi, T

D
U Xi)

+
m∑

j=1

g((DVj
TD)UX, Vj) −

m∑

j=1

g((DUTD)Vj
X, Vj)

+ ndω(U, X).We introdu
e some notations. For horizontal ve
tor �elds X, Y and ver-ti
al ve
tor �elds U, V , we de�ne
g(AD

X , AD
Y ) =

n∑

i=1

g(AD
XXi, A

D
Y Xi) =

m∑

j=1

g(AD
XVj , A

D
Y Vj),

g(AD
X , TD

U ) =

n∑

i=1

g(AD
XXi, T

D
U Xi) =

m∑

j=1

g(AD
XVj , T

D
U Vj),

g(ADU, ADV ) =
n∑

i=1

g(AD
Xi

U, AD
Xi

V ),

g(TDX, TDY ) =
m∑

j=1

g(TD
Vj

X, TD
Vj

Y ),

g(TD
U , TD

V ) =

n∑

i=1

g(TD
U Xi, T

D
V Xi),

(δ̃TD)(U, V ) =
n∑

i=1

g((DXi
TD)UV, Xi)and for any tensor �eld E on M ,

δ̌E = −

n∑

i=1

(DXi
E)Xi

, δ̂E = −

m∑

j=1

(DVj
E)Vj

,

δE = δ̌E + δ̂E, δ̌gE = −
n∑

i=1

(∇Xi
E)Xi

.We set
N =

m∑

j=1

TD
Vj

Vj , Ng =

m∑

j=1

T g
Vj

Vj ,

|AD|2 =

n∑

i=1

g(AD
Xi

, AD
Xi

) =

m∑

j=1

g(ADVj , A
DVj),
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|TD|2 =

n∑

i=1

g(TDXi, T
DXi) =

m∑

j=1

g(TD
Vj

, TD
Vj

).

Sin
e δ̌N = −
∑n

i=1 g(DXi
N, Xi), we obtain 2

∑m
j=1(δ̃T

D)(Vj, Vj) = −2̌δN
+ 2ω(N).Now a straightforward 
omputation givesCorollary 2. Let sD, sD̂, sD′ be the s
alar 
urvatures of the a�ne 
on-ne
tions D, D̂ and D′ respe
tively. Then

sD = sD′

◦ π + sD̂ − |AD|2 − |TD|2 − |N |2 − 2̌ δN + 2ω(N)(26)
+

n(4 − n)

4
|VB|2 + n

m∑

j=1

g(DVj
VB, Vj).

For a Riemannian submersion π : (M, g) → (M ′, g′), we say that Hsatis�es the Yang�Mills 
ondition if g((̌δgAg)X, U)− g(Ag
X , T g

U ) = 0, where
X is any horizontal ve
tor �eld and U is any verti
al ve
tor �eld (
f. [2℄).Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion. Using Lemma 5(f),we get

g(AD
X , TD

U ) = g(Ag
X , T g

U ) + 1
2ω(TD

U X) + 1
2ω(AD

XU) + 1
4ω(X)ω(U)and

g((̌δAD)X, U) = g((̌δgAg)X, U) − 1
2(DXω)(U)

+
n − 4

2
ω(AD

XU) +
n − 3

4
ω(X)ω(U).Thus we have the followingLemma 6. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion. Then

g((̌ δAD)X, U) − g(AD
X , TD

U )

= g((̌ δgAg)X, U) − g(Ag
X , T g

U ) − 1
2(DXω)(U) − 1

2ω(TD
U X)

+
n − 5

2
ω(AD

XU) +
n − 4

4
ω(X)ω(U),where X is any horizontal ve
tor �eld and U any verti
al ve
tor �eld.4. Einstein�Weyl manifolds. Let π : (M, g, D) → (M ′, g′, D′) be aWeyl submersion. We set Dg = ω⊗g and D′g′ = ω′⊗g′. From Proposition 1and Lemma 5, we have the followingProposition 2. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion.Assume that dimM = m + n and dim M ′ = n. For horizontal ve
tor �elds

X, Y whi
h are π-related to X̃, Ỹ , and verti
al ve
tor �elds U, V , we have
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(27) rD(X, Y ) + rD(Y, X)

= rD′

(X̃, Ỹ ) ◦ π + rD′

(Ỹ , X̃) ◦ π − 4g(AD
X , AD

Y )

− 2g(TDX, TDY ) +
m∑

j=1

g((DXTD)Vj
Vj , Y )

+

m∑

j=1

g((DY TD)Vj
Vj , X)

+

{
−n + 4

2
|VB|2 +

m∑

j=1

g(DVj
VB, Vj)

}
g(X, Y ),

(28) rD(U, V ) + rD(V, U)

= rD̂(U, V ) + rD̂(V, U) − 2g(N, TD
U V ) + 2g(ADU, ADV )

+ 2(δ̃TD)(U, V ) +
n

2
{g(DUVB, V ) + g(DV VB, U)},

(29) rD(X, U) + rD(U, X)

= 2
{
g((δ̂TD)U, X) +

m∑

j=1

g((DUTD)Vj
Vj , X) − g((̌ δAD)X, U)

− 2g(AD
X , TD

U ) + ω(TD
U X)

}
+ (n − 2){ω(X)ω(U) + g(DXVB, U)}

+ (n − m)dω(U, X).Now we 
onsider a Weyl submersion π : (M, g, D) → (M ′, g′, D′) withone-dimensional Weyl totally geodesi
 �bers (i.e. TD = 0), where Dg = ω⊗gand D′g′ = ω′ ⊗ g′. From Proposition 2, we obtain the following theorem.Theorem 2. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion withWeyl totally geodesi
 �bers of dimension 1 and dim M = n+1. Let ξ be a unitverti
al ve
tor �eld and η its dual 1-form with respe
t to g. Assume that ω =
ω̃+ω̂, where ω̃ = π∗ω′ and ω̂ = fη for a fun
tion f on M . Then (M, g, D) isan Einstein�Weyl manifold with rD(E, F ) + rD(F, E) = Λg(E, F ) for somefun
tion Λ if and only if
(30) rD′

(X̃, Ỹ ) ◦ π + rD′

(Ỹ , X̃) ◦ π − 4g(AD
X , AD

Y )

+

{
−n + 3

2
f2 + ξ(f)

}
g(X, Y ) = Λg(X, Y ),

(31) 2g(ADξ, ADξ) + n
{
ξ(f) − 1

2f2
}

= Λ,

(32) − 2g((̌ δAD)X, ξ) +
n − 3

4
(2X(f) + ω̃(X)f) = 0,where X, Y are any horizontal ve
tor �elds whi
h are π-related to X̃, Ỹ .
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Remark. In [3℄, Calderbank and Pedersen treated a 
onformal submer-sion with totally geodesi
 �bers and ω = n−2

n−1π∗ω′ + fη. The �bers of aWeyl submersion of the above theorem are Weyl totally geodesi
 but notne
essarily totally geodesi
.Next, we 
onsider a Weyl submersion π : (M, g, D) → (M ′, g′, D′) forwhi
h ω is horizontal.Lemma 7. Let X be a horizontal ve
tor �eld and U a verti
al ve
tor �eld.If ω is horizontal , then dω(X, U) = 0.Proof. Sin
e ω is horizontal and [X, U ] is verti
al, using Lemma 3, wehave
2dω(X, U) = −Uω(X) = −(DUg)(X, B) − g(DUX, B) − g(X, DUB)

= −ω(U)g(X, B) − g(DXU, B) − g(X, DBU)

= −g(AD
XU, B) − g(AD

BU, X)

= g(U, AD
XB) + g(U, AD

BX) = 0.Let r̂ be the Ri

i tensor of the indu
ed Riemannian metri
 ĝ on the�bers. In the 
ase that ω is horizontal, D̂UV = VDUV = V∇UV , thus D̂is the Levi-Civita 
onne
tion of ĝ. From Proposition 2 and Lemma 7, weobtain the following theorem.Theorem 3. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion withWeyl totally geodesi
 �bers and ω horizontal. Then (M, g, D) is an Einstein�Weyl manifold with rD(E, F )+ rD(F, E) = Λg(E, F ) for some fun
tion Λ ifand only if
rD′

(X̃, Ỹ ) ◦ π + rD′

(Ỹ , X̃) ◦ π − 4g(AD
X , AD

Y ) = Λg(X, Y ),(33)
2r̂(U, V ) + 2g(ADU, ADV ) = Λg(U, V ),(34)
δ̌AD = 0,(35)where X, Y are any horizontal ve
tor �elds whi
h are π-related to X̃, Ỹ , and

U, V are any verti
al ve
tor �elds.Let r′ be the Ri

i tensor of the Riemannian metri
 g′. When ω = 0,from Lemma 6 and Theorem 3 we obtain the followingCorollary 3 (
f. [2℄). Let π : (M, g) → (M ′, g′) be a Riemanniansubmersion with totally geodesi
 �bers. Then (M, g) is an Einstein manifoldwith r(E, F ) = λg(E, F ) for some 
onstant λ if and only if
r′(X̃, Ỹ ) ◦ π − 2g(Ag

X , Ag
Y ) = λg(X, Y ),(36)

r̂(U, V ) + g(AgU, AgV ) = λg(U, V ),(37)
δ̌gAg = 0,(38)
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where X, Y are any horizontal ve
tor �elds whi
h are π-related to X̃, Ỹ , and
U, V are any verti
al ve
tor �elds.5. Examples1. Almost 
onta
t metri
 manifolds. A Riemannian manifold (M, g) issaid to be an almost 
onta
t metri
 manifold if there exist a tensor φ of type
(1, 1), a unit ve
tor �eld ξ and a 1-form η su
h that

η(ξ) = 1, φ2X = −X + η(X)ξ, g(φX, φY ) = g(X, Y ) − η(X)η(Y ),where X, Y are arbitrary ve
tor �elds on M .For an almost 
onta
t metri
 stru
ture (φ, ξ, η, g) on M , we put Φ(X, Y )
= g(X, φY ). An almost 
onta
t metri
 stru
ture is said to be a 
onta
t metri
if dη = Φ.If the Ri

i tensor r(X, Y ) of a 
onta
t metri
 manifold (M, φ, ξ, η, g) isof the form r(X, Y ) = βg(X, Y )+γη(X)η(Y ), β and γ being 
onstant, then
M is 
alled an η-Einstein 
onta
t metri
 manifold.Now, let (M, φ, ξ, η, g) be a 
onta
t metri
 manifold with dim M = 2n+1and ω = fη, where f is a fun
tion on M . Let π : (M, φ, ξ, η, g) → (M ′, g′)be a Riemannian submersion with �bers of dimension 1 and η verti
al. Let
D be a torsion-free a�ne 
onne
tion su
h that Dg = ω ⊗ g. Then (M, g, D)is a Weyl manifold. From Theorem 2 we have the followingProposition 3. Let (M, φ, ξ, η, g) be a 
onta
t metri
 manifold with
dimM = 2n+1 and ω = fη, where f is a fun
tion on M . Let π : (M, g, D) →
(M ′, g′, D′) be a Weyl submersion with Weyl totally geodesi
 �bers of dimen-sion 1 and η verti
al , where Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′ for a 1-form ω′.Assume that H satis�es the Yang�Mills 
ondition. Then (M, g, D) is anEinstein�Weyl manifold with rD(E, F ) + rD(F, E) = Λg(E, F ) for somefun
tion Λ if and only if

2r′(X̃, Ỹ ) ◦ π +

{
−4 −

2n − 1

2
f2 + ξ(f)

}
g(X, Y ) = Λg(X, Y ),

4n + 2nξ(f) = Λ, X(f) = 0,where X, Y are any horizontal ve
tor �elds whi
h are π-related to X̃, Ỹ .Proof. Sin
e (M, φ, ξ, η, g) is a 
onta
t metri
 manifold, for horizontalve
tor �elds X, Y , we have Ag
XY = 1

2V[X, Y ] = −dη(X, Y )ξ and so Ag
Xξ =

−φX be
ause Φ = dη. From AD
Xξ = Ag

Xξ − 1
2g(ξ, B)X, we get g(AD

X , AD
Y ) =

(1+ 1
4f2)g(X, Y ) and g(ADξ, ADξ) =

∑
g(Ag

Xi
ξ, Ag

Xi
ξ)+ 1

2nf2 = 2n+ 1
2nf2.Sin
e the �bers are Weyl totally geodesi
 and ω is verti
al, T g = 0. Sin
e

H satis�es the Yang�Mills 
ondition, we get δ̌gAg = 0. From Lemma 6 and
δ̌gAg = 0, g((̌δAD)X, ξ) = g((̌δgAg)X, ξ) − 1

2(DXω)(ξ) = −1
2X(f). This
ompletes the proof.
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As a 
orollary, we have the followingCorollary 4 (
f. [9℄). Let (M, φ, ξ, η, g) be an η-Einstein 
onta
t metri
manifold with r(E, F ) = βg(E, F ) + γη(E)η(F ) with dimM = 2n + 1 and

ω = fη, where f is a fun
tion on M . Let π : (M, g, D) → (M ′, g′, D′)be a Weyl submersion with Weyl totally geodesi
 �bers of dimension 1 and ηverti
al , where Dg = ω⊗g and D′g′ = ω′⊗g′ for a 1-form ω′. Then (M, g, D)is an Einstein�Weyl manifold with rD(E, F )+rD(F, E) = Λg(E, F ) for somefun
tion Λ if and only if
2β −

2n − 1

2
f2 + ξ(f) = Λ, 4n + 2nξ(f) = Λ, X(f) = 0,(39)where X is any horizontal ve
tor �eld.In parti
ular , if γ ≤ 0 then (M, g, D) admits an Einstein�Weyl stru
ture.Proof. For basi
 ve
tor �elds X, Y, Z, we have

g(R(X, ξ)Z, Y ) = g((∇XAg)Y Z, ξ)(
f. [11℄). Sin
e M is η-Einstein, we have
r(E, F ) = βg(E, F ) + γη(E)η(F ),where β and γ are 
onstant. Hen
e g((̌δgAg)X, ξ) = 0, i.e. H satis�es theYang�Mills 
ondition. By using the fundamental equation of a Riemanniansubmersion, we get r′(X̃, Ỹ ) ◦ π = (β + 2)g(X, Y ). Proposition 3 yields

2β − 1
2(2n − 1)f2 + ξ(f) = Λ, 4n + 2nξ(f) = Λ and X(f) = 0.If γ ≤ 0, we set f2 = −4

2n−1γ (= 
onstant). From (3) and Proposition 2,we obtain rD(ξ, ξ) = β +γ +nξ(f) and rD(ξ, ξ) = 2n+nξ(f). Thus β +γ =
2n and so we obtain (39). Therefore (M, g, D) admits an Einstein�Weylstru
ture.2.Warped produ
ts. Let (M ′, g′) and (F̂ , ĝ0) be Riemannian manifolds ofdimension n and m respe
tively. Let M = M ′×f2 F̂ be their warped produ
twith metri
 g = g′ + f2ĝ0, where f2 is a positive fun
tion on M ′. Let ∇, ∇′be the Levi-Civita 
onne
tions of g, g′ respe
tively. Then π : M → M ′ is aRiemannian submersion whose �ber at x′ ∈ M ′ is (F̂ , f(x′)2ĝ0). It is knownthat Ag = 0, T g

UV = g(U, V )(−f−1∇f) and Ng =
∑m

j=1 T g
Vj

Vj = −mf−1∇fis a basi
 ve
tor �eld whi
h is π-related to −mf−1∇′f , where ∇f is thegradient of f for g (
f. [2℄). We set B = 2f−1∇f and B′ = 2f−1∇′f . Then
B is a basi
 ve
tor �eld whi
h is π-related to B′. Let ω(X) = g(X, B)and ω′(X̃) = g′(X̃, B′). We de�ne torsion-free a�ne 
onne
tions D, D′ on
M, M ′ by Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′. From ω(X) = ω′(X̃) ◦ π for abasi
 ve
tor �eld X whi
h is π-related to X̃, it follows that HDXY is a basi
ve
tor �eld whi
h is π-related to D′

X̃
Ỹ for basi
 ve
tor �elds X, Y . Therefore

π : (M, g, D) → (M ′, g′, D′) is a Weyl submersion with ω horizontal. Sin
e
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TD
U V = T g

UV + 1
2g(U, V )B = g(U, V )(−f−1∇f + f−1∇f) = 0, the �bersare Weyl totally geodesi
. Sin
e Ag = 0 and ω is horizontal, AD = 0. As

D̂UV = VDUV = V∇UV , D̂ is the Levi-Civita 
onne
tion of ĝ = f(x′)2ĝ0.Therefore, from Theorem 3 we obtainProposition 4. Let M = M ′ ×f2 F̂ be the warped produ
t of (M ′, g′)and (F̂ , ĝ0) with metri
 g = g′+f2ĝ0, where f2 is a positive fun
tion on M ′.Set B = 2f−1∇f , B′ = 2f−1∇′f , ω(X) = g(X, B) and ω′(X̃) = g′(X̃, B′).De�ne torsion-free a�ne 
onne
tions D and D′ by Dg = ω ⊗ g and D′g′ =
ω′ ⊗ g′. Then π : (M, g, D) → (M ′, g′, D′) is a Weyl submersion with Weyltotally geodesi
 �bers and AD = 0. Therefore (M, g, D) admits an Einstein�Weyl stru
ture with rD(E, F ) + rD(F, E) = Λg(E, F ) for some fun
tion Λif and only if (F̂ , ĝ0) is Einstein with r̂0 = λ̂ĝ0, 2r̂(U, V ) = Λg(U, V ), i.e.
2λ̂/f2 = Λ, and

rD′

(X̃, Ỹ ) ◦ π + rD′

(Ỹ , X̃) ◦ π = Λg(X, Y ),where X, Y are any horizontal ve
tor �elds whi
h are π-related to X̃, Ỹ , and
U, V are any verti
al ve
tor �elds.3. Lo
ally 
onformal 
osymple
ti
 manifolds. An almost 
onta
t metri
manifold (M, φ, ξ, η, g) is said to be lo
ally 
onformal 
osymple
ti
 if theNijenhuis tensor Nφ is zero and if there exists a 
losed 1-form θ on M su
hthat dη = η ∧ θ and dΦ = −2Φ ∧ θ, where

Nφ(X, Y ) = [φX, φY ] − φ[φX, Y ] − φ[X, φY ] + φ2[X, Y ].Let (M, φ, ξ, η, g) and (M ′, φ′, ξ′, η′, g′) be almost 
onta
t metri
 man-ifolds. A Riemannian submersion π : (M, φ, ξ, η, g) → (M ′, φ′, ξ′, η′, g′) is
alled an almost 
onta
t metri
 submersion if π is an almost 
onta
t map-ping, i.e. φ′ ◦ π∗ = π∗ ◦ φ. An almost 
onta
t metri
 submersion betweenlo
ally 
onformal 
osymple
ti
 manifolds is 
alled lo
ally 
onformal 
osym-ple
ti
 (
f. [4℄, [7℄).Let π : (M, φ, ξ, η, g) → (M ′, φ′, ξ′, η′, g′) be a lo
ally 
onformal 
o-symple
ti
 submersion. Let ω, ω′ be the Lee forms of (M, φ, ξ, η, g),
(M ′, φ′, ξ′, η′, g′) respe
tively. For the Lee form ω̃ in the sense of Chinea,Marrero and Ro
ha [4℄, our Lee form ω is ω = −2ω̃. Then the Lee ve
tor�eld B on M is horizontal and the integrability tensor Ag is zero, moreover
ω(X) = ω′(X̃) ◦ π for any basi
 ve
tor �eld X on M whi
h is π-related to
X̃ on M ′ (
f. [4℄, [7℄). Let D and D′ be torsion-free a�ne 
onne
tions su
hthat Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′. From ω(X) = ω′(X̃) ◦ π, it followsthat HDXY is a basi
 ve
tor �eld whi
h is π-related to D′

X̃
Ỹ , for any basi
ve
tor �elds X, Y . Therefore π : (M, g, D) → (M ′, g′, D′) is a Weyl submer-sion. Sin
e Ag = 0 and B is horizontal, AD = 0. Thus, from Theorem 1, if
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(M, g, D) is Weyl �at, i.e. RD = 0, then (M ′, g′, D′) is also Weyl �at. Hen
ewe obtainProposition 5. Let π : (M, φ, ξ, η, g) → (M ′, φ′, ξ′, η′, g′) be a lo
ally
onformal 
osymple
ti
 submersion and ω, ω′ be the Lee forms of (M, φ, ξ,
η, g), (M ′, φ′, ξ′, η′, g′) respe
tively. Let D and D′ be torsion-free a�ne 
on-ne
tions su
h that Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′. Then π : (M, g, D) →
(M ′, g′, D′) is a Weyl submersion with ω horizontal and AD = 0. If (M, g, D)is Weyl �at , i.e. RD = 0, then (M ′, g′, D′) is also Weyl �at.4. Lo
ally 
onformal Kähler manifolds. Let M be an almost Hermitianmanifold with metri
 g, Levi-Civita 
onne
tion ∇ and almost 
omplex stru
-ture J . The Kähler form Ω is given by Ω(X, Y ) = g(X, JY ). An almost Her-mitian manifold (M, J, g) is said to be lo
ally 
onformal Kähler if NJ = 0,
ω is 
losed and dΩ = ω ∧ Ω, where

NJ(X, Y ) = [JX, JY ] − J [JX, Y ] − J [X, JY ] − [X, Y ]and ω is the Lee form.Let (M, J, g) and (M ′, J ′, g′) be almost Hermitian manifolds. A Rieman-nian submersion π : (M, J, g) → (M ′, J ′, g′) is 
alled almost Hermitian if
π∗ ◦ J = J ′ ◦ π∗.An almost Hermitian submersion π : (M, J, g) → (M ′, J ′, g′) is 
alledlo
ally 
onformal Kähler if (M, J, g) is a lo
ally 
onformal Kähler manifold(
f. [6℄).Let π : (M, J, g) → (M ′, J ′, g′) be a lo
ally 
onformal Kähler submersion.Let ω, ω′ be the Lee forms of (M, J, g), (M ′, J ′, g′) respe
tively. Then ω(X) =

ω′(X̃) ◦ π for any basi
 ve
tor �eld X on M π-related to X̃ on M ′, and HBis a basi
 ve
tor �eld π-related to B′ (
f. [6℄). Let D and D′ be torsion-freea�ne 
onne
tions su
h that Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′. Then HDXYis a basi
 ve
tor �eld whi
h is π-related to D′

X̃
Ỹ . Therefore π : (M, g, D) →

(M ′, g′, D′) is a Weyl submersion.We assume that ω is horizontal. Then Ag = 0 (
f. [6℄) and so AD = 0.Thus we getProposition 6. Let π : (M, J, g) → (M ′, J ′, g′) be a lo
ally 
onformalKähler submersion and ω, ω′ be the Lee forms of (M, J, g), (M ′, J ′, g′) respe
-tively. Let D and D′ be torsion-free a�ne 
onne
tions su
h that Dg = ω⊗ gand D′g′ = ω′ ⊗ g′. Assume that ω is horizontal. Then π : (M, g, D) →
(M ′, g′, D′) is a Weyl submersion with AD = 0.6. Canoni
al variations. Let π : (M, g, D) → (M ′, g′, D′) be a Weylsubmersion. Re
all that the 
anoni
al variation gt of the Riemannian metri

g on M is de�ned for t > 0 by setting gt|V = tg|V, gt|H = g|H and gt(V,H)
= 0 (
f. [2℄).
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Let D and Dt be torsion-free a�ne 
onne
tions su
h that Dg = ω ⊗ gand Dtgt = ω ⊗ gt. Sin
e π : (M, g, D) → (M ′, g′, D′) is a Weyl submersion,so is π : (M, gt, D
t) → (M ′, g′, D′). Let TDt and ADt be the fundamentaltensors of the Weyl submersion π : (M, gt, D

t) → (M ′, g′, D′). Let B and
Bt be the dual ve
tor �elds of ω with respe
t to g and gt respe
tively. Then
VB = tVBt and HB = HBt.Lemma 8. If X, Y are horizontal and U, V are verti
al , then

ADt

X Y = AD
XY + 1

2(1/t − 1)g(X, Y )VB,(a)

ADt

X U = tAD
XU + 1

2(t − 1)ω(U)X,(b)

TDt

U V = tTD
U V,(c)

TDt

U X = TD
U X.(d)Proof. Sin
e Dtgt = ω ⊗ gt, we have(40) Dt

EF = ∇t
EF − 1

2ω(E)F − 1
2ω(F )E + 1

2gt(E, F )Bt,where ∇t is the Levi-Civita 
onne
tion of gt. Let T t and At be the fun-damental tensors of a Riemannian submersion π : (M, gt) → (M ′, g′). ForRiemannian submersions π : (M, g) → (M ′, g′) and π : (M, gt) → (M ′, g′),we have At
XY = Ag

XY , At
XU = tAg

XU , T t
UV = tT g

UV and T t
UX = T g

UX(
f. [2℄). Thus we obtain
ADt

X Y = VDt
XY = V∇t

XY + 1
2gt(X, Y )VBt

= At
XY +

1

2t
g(X, Y )VB = Ag

XY +
1

2t
g(X, Y )VB

= AD
XY +

1

2

(
1

t
− 1

)
g(X, Y )VB,

ADt

X U = At
XU − 1

2ω(U)X

= tAg
XU − 1

2ω(U)X = tAD
XU + 1

2(t − 1)ω(U)X,

TDt

U V = T t
UV + 1

2tg(U, V )HB = tT g
UV + 1

2tg(U, V )HB = tTD
U V,

TDt

U X = T t
UX − 1

2ω(X)U = T g
UX − 1

2ω(X)U = TD
U X.Now we 
onsider a Weyl submersion π : (M, g, D) → (M ′, g′, D′) withWeyl totally geodesi
 �bers of dimension 1 and ω verti
al, where Dg = ω⊗g.Sin
e ω is verti
al, D′ is the Levi-Civita 
onne
tion of g′. We set (̌δtA

Dt

)X =

−
∑n

i=1(D
t
Xi

ADt

)Xi
X.Theorem 4. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion withWeyl totally geodesi
 �bers of dimension 1 and dimM = n + 1. Let ξ be aunit verti
al ve
tor �eld and η its dual 1-form with respe
t to g. Assume that
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ω = fη, where f is a fun
tion on M . Assume that (M ′, g′) is an Ein-stein manifold with r′(X̃, Ỹ ) = λ′g′(X̃, Ỹ ) whose s
alar 
urvature is positiveand (M, g, D) is an Einstein�Weyl manifold with rD(E, F ) + rD(F, E) =
Λg(E, F ) and Ag 6= 0.If there exists a positive t 6= 1 su
h that (M, gt, D

t) is an Einstein�Weylmanifold , then
X(f) = 0 and 0 < 2ξ(f) + f2 6=

2

n − 1
λ′,where X is any horizontal ve
tor �eld.If f is 
onstant , then (M, gt, D

t) admits an Einstein�Weyl stru
ture for
t =

(n − 1)f2

4λ′ − (n − 1)f2
.Proof. Sin
e (M, g, D) is an Einstein�Weyl manifold, from Theorem 2,we have

2r′(X̃, Ỹ ) ◦ π − 4g(AD
X , AD

Y ) +

{
−n + 3

2
f2 + ξ(f)

}
g(X, Y )(41)
= Λg(X, Y ),

2g(ADξ, ADξ) + n
{
ξ(f) − 1

2f2
}

= Λ,(42)
−2g((̌δAD)X, ξ) +

n − 3

2
X(f) = 0.(43)Sin
e the �bers of a Weyl submersion π : (M, g, D) → (M ′, g′, D′) areWeyl totally geodesi
, the �bers of the Weyl submersion π : (M, gt, D

t) →

(M ′, g′, D′) are also Weyl totally geodesi
 be
ause TDt

U V = tTD
U V . Sin
e

(M ′, g′) is an Einstein manifold with r′(X̃, Ỹ ) = λ′g′(X̃, Ỹ ), from Proposi-tion 2, we obtain
(44) rDt

(X, Y ) + rDt

(Y, X) = 2λ′g′(X̃, Ỹ ) ◦ π − 4gt(A
Dt

X , ADt

Y )

+

{
−n + 4

2
|Bt|

2+
1

t
gt(D

t
ξBt, ξ)

}
gt(X, Y ),

(45) 2rDt

(ξ, ξ) = 2gt(A
Dt

ξ, ADt

ξ) + ngt(D
t
ξBt, ξ),

(46) rDt

(X, ξ) + rDt

(ξ, X) = −2gt((̌δtA
Dt

)X, ξ) + (n − 2)gt(D
t
XBt, ξ)

+ (n − 1)dω(ξ, X).From B = fξ, we have gt(D
t
ξBt, ξ) = ξ(f) − f2/2 and |Bt|

2 = t−1f2. UsingLemma 8, we get gt(A
Dt

ξ, ADt

ξ) = t2g(ADξ, ADξ) + 1
4(1 − t2)nf2 and

gt(A
Dt

X , ADt

Y ) = tg(AD
X , AD

Y ) +
1 − t2

4t
f2g(X, Y ).
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From (41) and (44), we have
rDt

(X, Y ) + rDt

(Y, X) = 2λ′g′(X̃, Ỹ ) ◦ π − t

{
2λ′g′(X̃, Ỹ ) ◦ π(47)

+

(
−n + 3

2
f2 + ξ(f) − Λ

)
g(X, Y )

}

+

{
2(t2 − 1) − n + 3

2t
f2 +

ξ(f)

t

}
g(X, Y ).From (42) and (45), we have(48) 2rDt

(ξ, ξ) = t2{Λ − nξ(f)} + nξ(f).Sin
e ω is verti
al, we have HDt
XY = HDXY and VDt

XU = VDXU , where
X, Y are any horizontal ve
tor �elds and U is a verti
al ve
tor �eld. UsingLemma 8, we obtain gt((̌δtA

Dt

)X, ξ) = tg((̌δAD)X, ξ) + 1
2(t − 1)X(f).Thus, from (43) and (46), we have(49) rDt

(X, ξ) + rDt

(ξ, X) = 1
2(n − 1)(1 − t)X(f).From Lemma 3, we have AD

Xξ=Ag
Xξ− 1

2fX. Thus g(AD
X , AD

Y ) = g(Ag
X , Ag

Y )+
1
4f2g(X, Y ) and g(ADξ, ADξ) = g(Agξ, Agξ) + 1

4nf2. Equations (41), (42)imply g(Ag
X , Ag

Y ) = 1
4(2λ′− 1

2(n − 1)f2+ξ(f)−Λ)g(X, Y ) and g(Agξ, Agξ) =
1
2(Λ − nξ(f)). Sin
e Ag 6= 0, we obtain 4λ′ − (n − 1)(2ξ(f) + f2) > 0.Let (M, gt, Dt) be an Einstein�Weyl manifold with rDt

(E, F )+rDt

(F, E)
= Λtgt(E, F ). From (47) and (48), we have(50) tΛt = −t2

(
2λ′ − Λ +

−n + 1

2
f2 + ξ(f)

)
+ 2λ′t +

−n + 1

2
f2 + ξ(f)and(51) tΛt = t2{Λ − nξ(f)} + nξ(f).Using (50) and (51) we obtain(52) {

λ′ −
n − 1

4
(2ξ(f) + f2)

}
t2 − λ′t +

n − 1

4
(2ξ(f) + f2) = 0.One solution is t = 1, and the other

t =
(n − 1)(2ξ(f) + f2)

4λ′ − (n − 1)(2ξ(f) + f2)is positive and 6= 1 if and only if 0 < 2ξ(f) + f2 6= 2
n−1λ′.Next, we assume that f is 
onstant. From (47)�(49), for

t =
(n − 1)f2

4λ′ − (n − 1)f2
,
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we have rDt

(E, F ) + rDt

(F, E) = tΛgt(E, F ), where E, F are any ve
tor�elds on M . Thus (M, gt, Dt) admits an Einstein�Weyl stru
ture.As a 
orollary, we have the followingCorollary 5. Let (M, φ, ξ, η, g) be an η-Einstein 
onta
t metri
 man-ifold with r(E, F ) = βg(E, F ) + γη(E)η(F ), dimM = 2n + 1 and ω = fη,where f is a fun
tion on M . Let π : (M, g, D) → (M ′, g′, D′) be a Weylsubmersion with Weyl totally geodesi
 �bers of dimension 1 and η verti
al ,where Dg = ω ⊗ g and D′g′ = ω′ ⊗ g′ for a 1-form ω′.If γ < 0 and we set f2 = −4
2n−1γ, then (M, gt, D

t) admits an Einstein�Weyl stru
ture for t = −4
8(n+1)γ.Proof. From Corollary 4, (M, g, D) admits an Einstein�Weyl stru
ture.Sin
e r′(X̃, Ỹ ) ◦ π = (β + 2)g(X, Y ) and β + γ = 2n , we have

t =
(2n − 1)f2

4(β + 2) − (2n − 1)f2
=

−4

8(n + 1)
γ.Therefore, from Theorem 4, (M, gt, D

t) admits an Einstein�Weyl stru
turefor t = −4
8(n+1)γ.Next, let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion with Weyltotally geodesi
 �bers and ω horizontal. We study the 
anoni
al variationof the metri
 of the total spa
e. Let D, D′ and Dt be the torsion-free a�ne
onne
tions su
h that Dg = ω ⊗ g, D′g′ = ω′ ⊗ g′ and Dtgt = ω ⊗ gt. Sin
e

ω is horizontal, D̂ is the Levi-Civita 
onne
tion of the indu
ed Riemannianmetri
 ĝ of the �ber.Theorem 5. Let π : (M, g, D) → (M ′, g′, D′) be a Weyl submersion withWeyl totally geodesi
 �bers over an Einstein�Weyl manifold (M ′, g′, D′) with
rD′

(X̃, Ỹ ) + rD′

(Ỹ , X̃) = Λ′g′(X̃, Ỹ ) and AD 6= 0. Suppose ω is horizontaland Λ′ is 
onstant. Assume that the �bers (F̂ , ĝ) are Einstein manifoldswith r̂(U, V ) = λ̂ĝ(U, V ) and (M, g, D) is an Einstein�Weyl manifold with
rD(E, F )+rD(F, E) = Λg(E, F ). Then there exists a positive t 6= 1 su
h that
(M, gt, D

t) is also an Einstein�Weyl manifold if and only if 0 < 4λ̂ 6= Λ′.Proof. By Theorem 3, we have (33)�(35).Sin
e the �bers of the Weyl submersion π : (M, g, D) → (M ′, g′, D′)are Weyl totally geodesi
, so are the �bers of the Weyl submersion π :
(M, gt, D

t) → (M ′, g′, D′). From Proposition 2, we have
(53) rDt

(X, Y ) + rDt

(Y, X)

= rD′

(X̃, Ỹ ) ◦ π + rD′

(Ỹ , X̃) ◦ π − 4gt(A
Dt

X , ADt

Y ),

(54) rDt

(U, V ) + rDt

(V, U) = rD̂t

(U, V ) + rD̂t

(V, U) + 2gt(A
Dt

U, ADt

V ),

(55) rDt

(X, U) + rDt

(U, X) = −2gt((̌δtA
Dt

)X, U).
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Sin
e ω is horizontal, from Lemma 8 we have ADt

X Y = AD
XY , ADt

X U = tAD
XU ,

TDt

U V = tTD
U V , and TDt

U X =TD
U X. Thus gt(A

Dt

U, ADt

V )= t2g(ADU, ADV )and gt(A
Dt

X , ADt

Y ) = tg(AD
X , AD

Y ). Sin
e VDt
XY = VDXY , HDt

XY = HDXYand VDt
XU = VDXU , we have δ̌tA

Dt

= δ̌AD.Thus we obtain
(56) rDt

(X, Y )+rDt

(Y, X) = rD′

(X̃, Ỹ )◦π+rD′

(Ỹ , X̃)◦π−4tg(AD
X , AD

Y ),

(57) rDt

(U, V ) + rDt

(V, U) = rD̂t

(U, V ) + rD̂t

(V, U) + 2t2g(ADU, ADV ),

(58) rDt

(X, U) + rDt

(U, X) = −2tg((̌δAD)X, U) = 0.Sin
e ω is horizontal, rD̂t

(U, V ) = r̂(U, V ). From (33) and (34), sin
e
AD 6= 0, we obtain Λ′ > 2λ̂. Then (M, gt, D

t) is an Einstein�Weyl manifoldwith rDt

(E, F )+rDt

(F, E) = Λtgt(E, F ) if and only if there exists a positive
t 6= 1 su
h that Λt = Λ′ − t(Λ′ − Λ) and tΛt = 2λ̂ + t2(Λ − 2λ̂). That is, tsatis�es(59) (2λ̂ − Λ′)t2 + Λ′t − 2λ̂ = 0.One solution of the quadrati
 equation is t = 1, and the other t=2λ̂/(Λ′−2λ̂)is positive and 6= 1 if and only if 0 < 4λ̂ 6= Λ′.
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