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Abstract. We study dilations of g-commuting tuples. Bhat, Bhattacharyya and Dey
gave the correspondence between the two standard dilations of commuting tuples and
here these results are extended to g-commuting tuples. We are able to do this when the
g-coefficients ¢;; are of modulus one. We introduce a “maximal g-commuting subspace” of
an n-tuple of operators and a “standard g-commuting dilation”. Our main result is that the
maximal g-commuting subspace of the standard noncommuting dilation of a g-commuting
tuple is the standard g-commuting dilation. We also introduce the g-commuting Fock
space as the maximal ¢g-commuting subspace of the full Fock space and give a formula for a
projection operator onto this space. This formula helps us in working with the completely
positive maps arising in our study. We prove the first version of the Main Theorem (Theo-
rem 21) of the paper for normal tuples by applying some tricky norm estimates and then
use it to prove the general version of this theorem. We also study the distribution of a
standard tuple associated with the g-commuting Fock space and related operator spaces.

1. Introduction. A generalization of a contraction operator in multi-
variate operator theory is a contractive n-tuple which is defined as follows:

DEFINITION 1. An n-tuple T' = (11, ...,T),) of bounded operators on a
Hilbert space H such that ThT} + --- + T, Ty < I is a contractive n-tuple,
or a row contraction.

Along the lines of [BBD], we will study the dilation of a class of operator
tuples defined as follows:

DEFINITION 2. An n-tuple ' = (T4, ...,T),) is said to be g-commuting if
T;T; = q;;T;T; for all 1 <14, j < n, where ¢;; are nonzero complex numbers.
(To avoid trivialities we assume that ¢;; = qj_il.)

For a g-commuting n-tuple 1" on a finite-dimensional Hilbert space H,
say of dimension m, because of the relation

Spec(T;T;) U {0} = Spec(T;T;) U {0} = Spec(q;; T;T5) U {0},

we see that g;; is either 0 or an mth root of unity. This makes the finite-
dimensional case less interesting but for infinite-dimensional Hilbert spaces
we do not have such restrictions on the values of g;;.
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Such operator tuples often appear in quantum theory ([Con], [Ma] [Pr]).
In Section 2 we introduce a “maximal g-commuting piece” and using this we
define a “g-commuting Fock space” when the g-coefficients g;; are of modulus
one. (This condition for g-coefficients is in force for almost all results here.)
We give another description for this through a particular representation of
the permutation group. This g-commuting Fock space is different from the
twisted Fock space of M. Bozejko and R. Speicher ([BS1]) or that of P. E.
T. Jorgensen ([JSW]). We give a formula for a projection of the full Fock
space onto this space. On this Fock space we consider a special tuple of
g-commuting operators and show that it is unitarily equivalent to the tuple
of shift operators of [BB].

In Section 3 we show that the range of the isometry A defined in (3.1)
is contained in the g-commuting Fock space tensored with a Hilbert space
when T is a pure tuple (this operator was used by Popescu and Arveson in
[Po3], [Po4], [Ar2] and for g-commuting case by Bhat and Bhattacharyya
in [BB]). Using this we give a condition equivalent to the assertion of the
Main Theorem for g-commuting pure tuples. The proof of the particular case
of Theorem 19 where T is also g-spherical unitary (introduced in Section 3)
is more difficult than the version for commuting tuples and we had to choose
the terms carefully and proceed so that the g;; of the g-commuting tuples get
absorbed or cancel out when we simplify the terms. Also unlike [BBD] we
had to use an inequality relating to completely positive maps before getting
the result through norm estimates. We have not been able to generalize
Section 4 of [BBD]. In the last section we calculate the distribution of S;+ S
with respect to the vacuum expectation for the standard tuple S associated
with I(C") and study some properties of related operator spaces.

For operator tuples (T1,...,T),), we need to consider products of the
form T :=T,, -+ T,,,, where a = (a1, ..., Q) € A™, A:={1,...,n}. Let
A denote Uoe_, A™, where A° is {0} by convention, and let T be the identity
operator of the Hilbert space where the T;’s are acting. Let S, denote
the group of permutations of {1,...,m}. For a g-commuting tuple T' =
(T,...,T,), consider the product Ty, - - - T}, where 1 < z; < n. If we replace
a consecutive pair, say Ty, Ty, , in the above product by gz, 4, 1%, Tw; and
do a finite number of such operations with different choices of consecutive
pairs in the resulting products, we will get a permutation o € S, such
Ty, - Ty, = kTmfl(l) ~Ty ., forsomek € C. To define a g-commuting
tuple in Definition 2 we needed the known fact that this k depends only on
o and x;, and not on the choice of the operations that give rise to the same

final product Txfl(l) T Ty gy This also follows from Proposition 3.

Hereafter, whenever we deal with g-commuting tuples we assume that
lgij] = 1 for 1 < 4,5 < n. However for Propositions 6, 8 and Corollary 7
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we do not need this assumption. Let T' = (T1,...,T,) be a g-commuting
tuple and consider the product T, --- T, where 1 < x; < n. Let 0 € Sp,.
As the transpositions (k,k +1),1 < k < m — 1, generate S, let 07! =
T1---Ts where 7; = (kj, ki + 1) for each 1 < ¢ < s. Let 0, = 741+ 7s
for 1 <4 < s—1 and o5 be the identity permutation. Define y; = x5, (1,
and z; = x5,(x,41)- If we replace T, T, by q..y, 1., T,, corresponding to Ts,
Ty, T, _, by q, y,_11>,_,Ty,_, corresponding to 75_1, and so on, we get
Ty Ty, = QT(x) T qg(x)TxU_1(l) T ng_l(m) where qia(x) = qzy;- Let
¢°(z) = ¢f (x) - - q7 ().

PROPOSITION 3. Let T = (Th,...,T,) be a g-commuting tuple and con-
sider the product Ty, - -+ Ty, where 1 < x; < n. Let 0 € S;, and ¢°(x) be as

defined above. Then
¢’ (x) = H 92,10y To=13s)

where the product is over {(i,k) : 1 <i <k <m, o7 1(i) > o7 (k)}. In
particular q° (x) does not depend on the decomposition of o as a product of
transpositions.

Proof. We have
¢’ (x) = qi (z) - - q¢(x)

where ¢7(2) = @uyy;- For 1 < i < k < mlet K = o~ (k) and i/ = o7 1(i).
Define o0 = 1 - - - 75 and &; as above. If ¢/ > &k’ then there are an odd number
of transpositions 7, for 1 < r < m that interchange the positions of 4’
and k' in the image of o, when we consider the composition 7,0, while if
i’ < k' then there are an even number of such transpositions. For the first
transposition in 7, that interchanges i7" and k’, the corresponding factor in
q°(z), say q7(x), is qz,,z,, for the second such transposition the factor is
Qz,x, > for the third it is gz, ., , and so on. But (qgci/mk,)*1 = Gz, 2z, and so

qg(x) = qug—l(k)zgfl(”?
where the product is over {(i,k): 1 <i <k <m, o7 1(i) > o 1(k)}. =

Similar arguments show that if o € S, is such that (x1,...,z,) =
(To-1(1) -+ +» To-1(n)), then ¢7(z) = 1.

DEFINITION 4. Let H, £ be two Hilbert spaces such that H is a closed
subspace of £ and let T, R be n-tuples of bounded operators on H, L re-
spectively. Then R is called a dilation of T' if

Riu="Tu
for all w € H, 1 < i < n. In such a case T is called a piece of R. If T
is a g-commuting tuple (i.e., T;T; = ¢;;T;T; for all ¢,7), then it is called a
q-commuting piece of R. A dilation R of T is said to be a minimal dilation
if span{R*h : a« € A, h € H} = L. And if R is a tuple of n isometries
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with orthogonal ranges and is a minimal dilation of 7', then it is called the
minimal isometric dilation or the standard noncommuting dilation of T.

A presentation of the standard noncommuting dilation taken from [Pol]
is used here to prove the main theorem. All Hilbert spaces we consider are
complex and separable. For a subspace H of a Hilbert space, Py will denote
the orthogonal projection onto H. The standard noncommuting dilation of
an n-tuple of bounded operators is unique up to unitary equivalence (cf.
[Pol-4]). An extensive study of the standard noncommuting dilation was
carried out by Popescu. He generalized many one-variable results to the
multivariable case. It is easy to see that if R is a dilation of T" then

(1.1) T(IP)* = PyRY(R®)* |3,
and for any polynomials p, ¢ in n noncommuting variables,

p(1)(q(T))" = Pup(R)(q(R))"|n.
For an n-tuple R of bounded operators on a Hilbert space M, consider

CUR) = {N : R} leaves N invariant, Ry R;h =q,;R; R} h, Vh € N, Vi, j}.

It is a complete lattice, in the sense that arbitrary intersections and closed
spans of arbitrary unions of such spaces are again in this collection. So it
has a maximal element and we denote it by M9(R) (or by M? when the
tuple under consideration is clear).

DEFINITION 5. Let R be an n-tuple of operators on a Hilbert space M.
The g-commuting piece R = (R{,..., R}) obtained by compressing R to
the maximal element M?(R) of C?(R) is called the mazimal g-commuting
piece of R. The maximal ¢g-commuting piece is said to be trivial if M%(R)
is the zero space.

The following result gives a description of maximal g-commuting pieces.

PROPOSITION 6. Let R = (Ry,...,Ry) be an n-tuple of bounded oper-
ators on a Hilbert space M, K;; = span{R*(¢;jR;R; — RjR;)h : h € M,
a € A} for all 1 <i,j <n, and K =span{J; ;_; Kij}. Then M(R) = K+
and M4(R)={h € M : (@ RjR; — Ry R;)(R*)*h=0,V1 <i,j <n,a € /T}

The above proposition can be easily proved using arguments similar to
the proof of Proposition 4 of [BBD].

COROLLARY 7. Suppose R, T are n-tuples of operators on two Hilbert
spaces L, M. Then the mazimal q-commuting piece of (R1®T1, ..., Ry®T,)
acting on L& M is (Ri & T{,..., R} & T)) acting on LI ® M4, and the
mazimal q-commuting piece of (R1 @ I,..., R, ® I) acting on L & M is
(RI®I,...,RL®1I) acting on LT® M.

Proof. Clear from Proposition 6. m
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PROPOSITION 8. Let T, R be n-tuples of bounded operators on H, L with
H C L such that R is a dilation of T. Then HY(T) = L1(R) N'H and RY is
a dilation of T1.

Proof. This can be proved using arguments similar to the proof of Propo-
sition 7 of [BBD]. u

2. A g-commuting Fock space. In this section we introduce a ¢-
commuting Fock space and give two descriptions of it. For any Hilbert
space K, we have the full Fock space over I,

rNK)y=Cokok®ae - ok @

We denote the vacuum vector 10@®- - - by w. For fixed n > 2, let C" be the
n-dimensional complex Euclidian space with the usual inner product, and
let I"(C™) be the full Fock space over C". Let {ei,...,e,} be the standard
orthonormal basis of C". For a € A, e* := oy @+ ® eq,, € I'(C") and
e := w. Then define the (left) creation operators V; on I'(C™) by

Vie=e;®x forl<i<nandzel(C")

(here e; ®w is interpreted as e;). It is obvious that the tuple V.= (V4,...,V},)
consists of isometries with orthogonal ranges and ) V;V* = I — Iy, where
Iy is the projection onto the vacuum space. Define the g-commuting Fock
space 1,(C™) as the subspace (I'(C"))?(V) of the full Fock space. Let S =
(S1,...,5n) be the tuple of operators on I (C™) where S; is the compression
of V; to I,(C"):
Si = Pr,.cmVilr,cn)-
Clearly each V;* leaves I,(C") invariant. Observe that the vacuum vector
is in I,(C™). It is easy to see that Y S;SF = I7 — I{ (where I, I] are the
identity and the projection onto the vacuum space respectively in I5(C")).
So V and S are contractive tuples, S;5; = ¢;;5;S; for all 1 < 4,7 < n, and
Stx = Vrx for x € I,(C").
Define U,"? on (C™)®™ by

(2.1) U:%q(em R ® exm) — qo(x)e%—lu) R ® 6x0—1(m)

on the standard basis vectors and extend it linearly to (C*)®". As |g;;| = 1
for 1 <14,5 < n, UM is unitary and it extends uniquely to a unitary operator
on (C")®™. Let

(CM@" = {u e (C®" : U™ =uVo € Sp}
and (C”)@O = C. The dimension of (C")@" is the number of ways in which
m identical objects can be distributed in n buckets. From standard combi-
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natorics it follows that

dim (C™)@" — (”*m - 1).

m

LEMMA 9. The map from Sy, to B((C™)®™) defined by o — Us"? is a
unitary representation of the permutation group Sp,.

Proof. Let @™ e.,, @7 ey € (C")®" 1 < x;,y; < n. Suppose there ex-
ist o € S such that ®L ey, = ® ez _, . Then (U™ (@™ ex,;), @M 1ey.)
=¢7(z) and <®?i1€xi»U"3’?( Taey)) = ¢ D (y). Also

H Yo (k) Yo (i) H Qupx;

where the products are over {(z,k:) 1 <i<k<m, o()>o(k)} If we
substitute k = 0=1(i') and i = ¢~ (k') in the last term we get
-1
= qua_l(i’)xa_l(k:/) = (H qxa—l(kl)xa—l(il)) = (qg(x))_l
where the products are over {(i',k’) : 1 <4 < k' <m, o= }(i') > o~ (K')}.
So
-1 _ T 1, N
¢(x)=(¢" ()~ =q¢" "W
The last equality holds as |¢;;| = 1. This implies
(U (@721 €a,), ®iZ1ey,) = (QiL1€a,, U (@1 €y,))-
If there does not exist any o € Sy, such that ®!* e, = ®iZi€z, 1, then

<Uﬂ}7q(®ﬁlexi)’ ®zn;1€yi> =0= <®zﬁ;16u’vi’ Ug;slfl(@zrileyi»

g

for all o' € Sy,. So for all o € Sy, (Us"?)* = U on the basis elements
of (C™)®™, and hence on the whole of (C")®"

Next let 0 = o109 for some o1, 09 € S;,,. We show that U, = Uy, U4y 7.
Let e; = €4y ® -+ ® e, where z; € {1,...,n} for 1 < j < m. Let 07! =
T1---7 and o5 L Tya1 - Ts where the 7; are transpositions of the form
(k?l', k; + 1). Then

Ug_rl%qug’vq(exl R ® ez_m) — Ug—?’q(q02(x)em _1(1) KRR (2 1
g T9

= qgl(Z)qUZ(-%')egc Sl XK Rey o5 1ol (m)
o1

wheree, =€, @ - Qe ,le 2, =1a o3 (i)" Butaso=m...7%741...75 it
is easy to see that ¢7(z) = ¢“*(2)q?2(z). So

Uy WUgy 1(ex, @ - @ eq,,) = ¢7(2)er, 4 @ Qe
=UM ey, @+ ey, ),
and hence Uy,n, = Uy Uz, m
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In the next lemma and theorem we derive a formula for the projection
operator onto the ¢g-commuting Fock space.

LEMMA 10. Define P,, on (C")®" by

1
J— m7q
(2.2) Pn=— > o

" 0€Sm
Then P, is the projection of (C™)®™ onto (C™)@"

Proof. First we see that

P= b S wp = L S ure=r,

m: O‘ESm m JGS’m
For ¢’ € S, we have
1 1
(2.3) PolUp=— > Ugl=— > U=P
" oESH " oESh

Similarly U?P,, = P,,. So P2 = P, and hence P, is a projection. m
THEOREM 11. P°_(C"@" = I,(C").

Proof. Let Q = @_, P, be a projection of I'(C") onto @5_,(C™)@"
where P, is defined in Lemma 10. Next we show that @mZO(C”)@n is invari-
ant under V;*. Let @7 e,; € (C")®",1 < x; < n. Then V;*{ P, (Q7 e4,)}
is zero if no z; is equal to i. Otherwise V;*{Pn(®}L e5;)} is a nonzero el-
ement of EB:;LO:O(C”)@("IA) because of the following: Suppose z; = i if and
only if j € {r1,...,7p}, and let Ay be the set of all o € S, such that o~
sends 1 to rg, 1 < k < p. Then A consists of all compositions 79 where
7 = (1,7r;) and o keeps 7 fixed and permutes the other m — 1 symbols. Let
z = (21, Tm) and y = (Tr-1(1), -+, Tr-1(m)). As the V; are isometries
with orthogonal ranges,

Ve (P} = Vi { o 3 U )}

! TESM

TOEAL
1 p
= — g9 * e
- m‘ qu‘llq <y)‘/l { Z engl(rk) ® 61‘971(2) ®
k=1 TOEA

& e%*l(rk,p & €z, 1) & engl(anﬂ) R---® engl(m)}
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where ay(z) are constants and the hat denotes omission of the corresponding
term. This shows that @>°_,(C")@" is invariant under V*.
Taking R; = QV;Q we show that R is g-commuting. Define U(q1 9 =
) 07 —_— 17 — k
D=0 U(1g) where Uy = I and Uy%) = I. Let ®f jeq, € (C")®,1
a; < n. Using Lemma 10 we get

RiRanw = QV;V}‘_/O[W = QU(ql’Q)VZ’V}(QQ?:leOéi)

= QU{| p{ei ® e; @ (®iL1ea,)} = Qgjie; ® €; @ (Si-seq,)

= q;QV;ViVw = q;; RjR; R*w,
and clearly @%_,(C")9" = span{R% : a € A}. So (Ry,...,Ry) is a
g-commuting piece of V.

To show maximality we make use of Proposition 6. Suppose = € I'(C")
and (z,V*(q;;ViV; — V;Vi)y) =0 for all a € /T, 1<i,5<nandyel(C").
We wish to show that z € I',(C"). Suppose x, is the m-particle component
of z, i.e., T = ®p>0Tm With 2, € (C")®™. For m > 2 and any o € S,,, we
need to show that the unitary Us"? : (C")®" — (C™)®" defined by (2.1)
leaves x, fixed. Since Sy, is generated by {(1,2),(2,3),...,(m—1,m)} it is
enough to verify Uy "%(x,,) = xy, for o of the form (i, + 1). So fix m and i
with m > 2and 1 <7 <m — 1. We have

(2.4) (@pp, YV (quViVi — VIVi)V w) = 0
for every 3 € /T, 1 < k,l < n. This implies that
(Tm, e” @ (qrier ® e — e @ ey) @ eﬁ> =0
for any o € AL, g e Am~i~1 So if
Ty = Za(s,t, a,f)e* Res e ® P

where the sum is over a € A1, 3 € A" 1 and 1 < s,t < n, and
a(s,t,a, B) are constants, then for fixed a and [ it follows from (2.4) that

IA
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qkla(kvl)aw@) = a(lvk7a7/8) or Qlka(kal)aw@) = a(lvk7a7/6)' Hence for o =
(i, 4 1),
UM (a(k,l,a,0)e” ® e, @ e ® el + a(l,k,a,B)e" ®e; Qe ® eﬁ)
= qra(k,l,a,B)e” ® e; @ e @ €’ + qa(l, k,a, B)e® @ e, ® ¢ @

=a(l,k,a,B)e* ®e ® e ® e’ + a(k,l,a,B)e* @ e, ®e; @ el
This clearly implies Uy "4 (21,) = Ty w
COROLLARY 12. For u € (C")®" v e (C")®',w e (C)®",
Pryrym{ Peyi(u @ v) @ w} = Pryipm{u @ Pym(v@ w)}.

Proof. If we identify Si4; and Sj4, with the subgroups of Siyi4m such
that o € Sy fixes the last m elements of {1,...,k+1+m} and 0 € S;1p,
fixes the first k elements of {1,...,k + | 4+ m}, the assertion follows easily
using (2.3). =

When ¢;; = 1 for all 4,j, we denote (C*)@" by (C™")@" and the ¢-
commuting Fock space I(C") by I'y(C"), and call it the symmetric Fock
space (or the boson Fock space) (cf. [BBD]). The map U™ : S, — B(C")®"
given by

Umi(o) =Ur1

gives a representation of S,,, on B(C")®". Denote Us"? by U,"* if ¢;j = 1
for all 4,j. It is easy to see that for all ¢ = (gij)nxn with |g;;| = 1, the
representations are unitarily equivalent. So there exists a unitary W4 .
(C™)®™ — (C™)®™ such that

(2.5) wmAays = g,

This W™ is not unique as for k € C with |k| = 1, the operator kW™ is

also a unitary satisfying (2.5). We will give one such W"™? explicitly.
For m € N, y; € A define W4 over (C")®" as

-1
Wm7q(ey1 ®...®eym) :qT (:L‘)eyl ®...®eym

where x = (z1,...,xy,) is the tuple (y1, ..., yn) rearranged in nondecreasing
order and 7 € Sy, is such that y; = z.(;). From Proposition 3 it is clear that

=1

q" (x) does not depend upon the choice of 7 and

Wm7qun7S(ey1 ® e ® eym) — Wm7q<ey071(1)

= q(ailT)il(x)ey

-1

— q’T U(m)eygil(l) R...Q eyo

®...®ey571(m))
®-- ey

o=1(1) ~1(m)

—L(m)
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= qa(xT(l)v R xT(m))qT
= U;"’qqfl(x)eyl - R ey,
— U;n7qu7q(eyl ® e ® eym)_

So, Wm™Uz"* = Ug""W"4. Denoting the unitary operator @,._, W9 on
I'(C") by W4 where W4 = I, we get

W4Prycm = Pr,cnW*
and for ¢ and ¢’ we get the intertwining unitary Wq/(Wq)* such that
W (W) Pr,cny = Pr,, cnyW? (W9)".
Under the Schur product, Q = {q¢ = (¢ij)nxn : |¢ij| = 1} forms a group.

PROPOSITION 13. The map from Q to B((C")®™) given by q — W™4
s a unitary representation of Q.

Proof. From the definition of W4 we get
wmad — a4 and (Wm,q)—l — WM

for g,¢ € Q and ¢~ = (qigl)nxn. When ¢ is the identity element of Q, all
entries ¢;; are 1 and hence W1 is the identity matrix. Hence the assertion
holds. =

Define
(CM9" = [y e (C®™ : U™*(u) = sign(o)u Yo € Sy}

Then define the antisymmetric Fock space or the fermion Fock space I,(C™)
as

1

o0
r.(cm =gemHe.

m=0
We observed before that the symmetric Fock space is the ¢-commuting Fock
space where ¢;; = 1. But the antisymmetric Fock space is not equal to any
I',(C™). However, consider the case when g = (gij)nxn is such that ¢;; = —1
for 1 < i # j < n. Then the antisymmetric Fock space I,(C") is a proper
subset of I,(C") because clearly (C™)@" is the set of all u € (C")@" which
are orthogonal to those P,,e® for which there exist s,t € {1,...,m}, s #1t,
such that 8s = B (P, is given by (2.2)).

Next we give another realization of the standard tuple S. Let P be the
vector space of all polynomials in g-commuting variables z1, ..., z,, that is,
2j%; = ij%;%j. Any multi-index k is an ordered n-tuple of non-negative inte-
gers (ki,...,k,). We write |k| = k1 + - - - + ky. The multi-index with 0 in all
positions except the ¢th which is 1, is denoted by ¢;. For any nonzero multi-

index k the monomial zlfl .- zF will be denoted by 2¥; for k& = (0,...,0),
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let z¥ be the complex number 1. Let us equip P with the following inner
product. Declare 2¥ and zt orthogonal if k # [ as ordered multi-indices. Let
k!

Note that this inner product also appears in [BB, Definition (1.1)] in the

general case. Now define H’ to be the closure of P with respect to this inner
product. Define S’ = (5], ..., S]) where for f € P,

Sif(21y e y2n) = zif(21,- -, 2n)
and S; is linearly extended to H’. In the case of our standard ¢-commuting
n-tuple S of operators on I',(C"), when k = (k1,. .., ky,) let S¥ = Sfl o Shn
and when k = (0,...,0) let S¥ = 1.

Using (2.2) and the fact that the V;’s are isometries with orthogonal
ranges, for k = (k1,...,k,) with |[k| = m we get

l... |
S Umavky, Vi ) = Mkl
!

UESm

1
185w = (PVEew, VEw) = <W

If we denote VEw by ez, ®---®ey,,, 1 < z; < n,then to get the last term of
the above equation we used the fact that there are kq!-- - k,! permutations
o € S, such that

exl ® PR ® emm — er071(1) ® - ® e%,fl(m)'
Next we show that the above tuples S’ and S are unitarily equivalent.

PROPOSITION 14. Let S" = (S1,...,S),) be the operator tuple on H' as
introduced above and let S = (S1,...,Sy) be the standard q-commuting tuple
of operators on I'y(C™). Then there exists a unitary U : H' — H such that
US! = S;U for1<i<n.

Proof. Define U : P — I,(C") as

U(Z bzcék) =D hStw

|k|<s |k|<s
for any constants b,. As [|2%|| = ||S*w| we have
2 2
k k k k
|37 02| = D7 PRI = S ey Pstel® = | 3 bste
|k|<s |k|<s |k|<s |k|<s

So we can extend U linearly to H' and it is a unitary. Moreover,
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USff(Z blcgl“) = U(zi Z bEgE) - qfil . ..qz’?ifiU<Z bE§E+g¢)

|k[<s |k|<s |k|<s
= qlfz ) qz lz Z b S]H_elw - l(z bk§l€w)
|k[<s k[<s
- S,U(Z bkglf),
|k|<s

ie,US,=SUforl1<i<n.m
For any complex number z, define the z-commutator of two operators
A, B as
[A,B], = AB — zBA.
As S’ and S are unitarily equivalent and the same properties have been
proved for S’ in [BB], we have
LEMMA 15.

(1) Each monomial S¥w is an eigenvector for Y SiS; — I, so the latter
operator is diagonal on the standard basis. In fact,

- 1S5+ <iw]|?
ZSZ(Si(E_ (Z k|12 )‘ v
=1 =1 |S (,UH
Also » SFS; — I is compact.
(2) The commutator [S},S;] is as follows:

k+ei |2 k|2
(7, 5]k = <||§ Cwlf ISl 2>§kw when ki # 0,
| S*w]] [S*<iwl|
If k; =0, then
(SF,8;]S%w = 87 S;S*w _ IsEEwl? o
S5 wl|?

(3) [SF,S]q;; is compact for all 1 <i,j <n.

3. Dilation of ¢g-commuting tuples and the main theorem

DEFINITION 16. Let T = (T1,...,T),) be a contractive tuple on a Hilbert
space H. The operator Ay, = [I — (T4 Ty + - -+ T,,T;¢)]"/? is called the defect
operator of T and the subspace A, (H) is called the defect space of T. The
tuple 1" is said to be pure if Y jm T%(1“)* converges to zero in the strong
operator topology as m tends to infinity.

When Y T;T = I, we have ) 4m T%(T*)* = I for all m and hence
T is not pure. Let T be a pure tuple on H. Set H = I'(C") ® A,(H), and
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define an operator A : H — H by
(3.1) Ah =" e ® Ap(T%)*h,

where the sum is taken over all & € A (this operator was used by Popescu
and Arveson in [Po3, Po4, Ar2] and in the g-commuting case by Bhat and
Bhattacharyya in [BB]). Then A is an isometry and 7% = A*(V* ® I) A for
all & € A (see [Pod]). Also the tuple V = (Vi @ 1,...,V, ® I) of operators
on H is a realization of the minimal noncommuting dilation of 7.

LEMMA 17. Suppose T = (T1,...,T,) is a pure q-commuting tuple on
a Hilbert space H. Then there exists a Hilbert space K such that (S1 ® I,
., Sn ® Ix) is a dilation of T and dim(K) = rank(A;).

Proof. Let A be the operator introduced in (3.1). Let B denote the set
of all & € A™ such that a; < --- < ay,. Then for f € H,

o

A(h) = Z 26%71(1) Q- Q €a,—1(m) ® AI(Tagfl(l) o ‘Tag—l(m))*h

m=0 o,

where the second summation is over o € S,,, and o € B™. Further

A(h) = Z Zeag—1(1) Q& €a, 10 ® (q7 ()t AI(Tal o Ta,,)"h

m=0 o,x
00
- Z Z qa(a)eaofl(l) Q- ® Ca,—1(m) ® AI(Tal T, ) h
m=0 o,
0o
S Y Pty 1 o ® Ag(Tay T
m=0 aeB™

So the range of A is contained in ﬁq = I,(C") ® Ap(H). This with the
above stated properties of A implies that S ® Ik is a dilation of T for some
space K with dim(K) = rank(A;). =

In other words, now H can be considered as a subspace of ﬁq. Moreover,
S = (S1®1,...,5, ® 1), as a tuple of operators in ﬁq, is the standard
g-commuting dilation of (77, ...,T,). More abstractly we can get a Hilbert
space KC such that H can be isometrically embedded in I,(C") ® K and
(S1® I, ..., S, ® Ix) is a dilation of T' and span{(S* ® Ix)h : h € H,
a € /T} = I4(C") ® K. There is a unique such dilation up to unitary equiv-
alence and dim(KC) = rank(A;.).

Let C*(V) and C*(S) be the unital C*-algebras generated by tuples V
and S (defined in the introduction) on the Fock spaces I'(C") and I;,(C")
respectively. For any a, 8 € A, V¥ (1= V;V;*)(VP)* is the rank one operator
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z+— (€8, x)e®, and so C*(V) contains all compact operators. Similarly we see
that C*(S) also contains all compact operators on I,(C"). As V*V; = d;;1,
it is easy to see that C*(V) = span{V®(V?)* : a,8 € A}. As the dij-
commutators [S}, Sl are compact for all 4,j, we can also get C*(S) =
span{S*(S”)* : o, B € A}.

Consider a contractive tuple T on a Hilbert space H. For 0 < r < 1 the

tuple T = (rT4,...,rT,) is clearly pure. So by (3.1) we have an isometry
Ay H— I'(C") ® Ap(H) defined by

Ah =) e* @ A ((rT)*)*h, hEH,

where A, = (I -2 3 T;TF)'/2. So for every 0 < r < 1 we have a completely
positive map ¢, : C*(V) — B(H) defined by ¢,(X) = AN(X ® [)A,, X €
C*(V). By taking the limit as r " 1 (see [Pol-4] for details), we get a
unital completely positive map ¢ from C*(V') to B(H) (Popescu’s Poisson
transform) satisfying

p(VOWVP) =TTP)*  for a,B € A

As C*(V) = span{V*(VP)* : a,3 € A}, ¢ is the unique such completely
positive map. Let the minimal Stinespring dilation of ) be a unital *-
homomorphism 7 : C*(V) — B(H) where H is a Hilbert space containing H,
and

P(X) = Pym(X)ly VX € C7(V),

and span{r(X)h : X € C*(V),h € H} = H. Let V = (V4,...,V,) where
V; = 7(V;) and so V is the unique standard noncommuting dilation of 7" and
clearly (171)* leaves H invariant. If T' is g-commuting, by considering C*(.S)
instead of C*(V), and restricting the range of A, to I5(C") ® A,(H), and
taking limits as 1 as before we get the unique unital completely positive

map ¢ : C*(S) — B(H) (see also [BB]) satisfying
(3.2) $(S(87)) =T*(T7)".  a,Beh

DEFINITION 18. Let 7' be a g-commuting tuple. Then we have a unique
unital completely positive map ¢ : C*(§) — B(H) satisfying (3.2). Con-

sider the minimal Stinespring dilation of ¢, so there is a Hilbert space H;
containing H and a unital *-homomorphism 7; : C*(S) — B(H1) such that

(X) = Pum(X)[n VX € C7(5),

and span{m(X)h : X € C*(S), h € H} = H. Let S; = m(S;) and S =
(S1,...,5n). Then S is called the standard q-commuting dilation of T.

The standard g-commuting dilation is also unique up to unitary equiva-
lence as the minimal Stinespring dilation is unique up to unitary equivalence.



DILATIONS OF q-COMMUTING TUPLES 155

THEOREM 19. Let T be a pure tuple on a Hilbert space 'H.

(1) Then the mazximal q-commuting piece L7q of the standard noncom-
muting dilation V' of T is a realization of the standard q-commuting

dilation of T if and only if Ap(H) = A (HYT)). Moreover, if
Ap(H) = Ap(HYT)) then rank(A;) = rank(Ap,) = rank(Ay) =
rank(Agy, ). -

(2) Let V be the standard moncommuting dilation of T. If rank(A;)

and rank(A,,) are finite and equal then V? is a realization of the
standard q-commuting dilation of TY9.

Proof. The proof is similar to the proofs of Theorem 10 and Remark 11
of [BBD]. =

If the ranks of both A, and A/, are infinite then we cannot ensure

that Ap(H) = Ap(H4(T)) and hence cannot ensure the converse of the
second part of the last theorem, as seen by the following example. For any
n > 2 consider the Hilbert space Hy = I,(C") ® M where M is of infinite
dimension, and let R = (S1®1, ..., S,®I) be a g-commuting pure n-tuple. In
fact, one can take R to be any g-commuting pure n-tuple on some Hilbert
space Ho with Ar(Ho) of infinite dimension. Suppose P, = (pfj)nxn for
1 < k < n are n x n matrices with complex entries such that

Db = try ifi=k j=k+1,
K 0 otherwise,

o = t, ifi=n,j=1,

K 0  otherwise,

for 1 <k < n,

where t3’s are complex numbers satisfying 0 < |tx| < 1. Let H = Hy @ C™.
Set T = (11, ...,T,) where T} for 1 < k < n are operators on H defined by

R
To=1| "

Py

So T is a pure tuple, the maximal ¢g-commuting piece of T'is R, and H%(T') =

Ho (by Corollary 7). Here rank(Ap,) = rank(Ag) = oo but Ap(H) =

Ar(Ho) @& C™. But the converse of Theorem 17(2) holds when the rank of
A; is finite.

Consider the case when T is a g-commuting tuple on a Hilbert space H
satisfying Y T;T* = I. As C*(S) contains the ideal of all compact operators,
by standard C*-algebra theory we have a direct sum decomposition of m;
as follows. Set H; = Hic ® Hin where Hic = Span{m (X)h: he H, X €
C*(S) and X is compact} and Hjy is the orthogonal complement of it.
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Clearly Hic is a reducing subspace for m1. Therefore m; = m1c ® m1ny where
m10(X) = Py, om(X) P,y and min(X) = Py m1(X)Ppy - Also mio(X)
is just the identity representation with some multiplicity. In fact Hi¢c can be
written as Hic =14(C")® A, (H) (see Theorem 4.5 of [BB]) and 715 (X) =0
for compact X. But A,.(H) =0 and the commutators [SF,S;] are compact.
So W = (Wnh,.. .,Wn)_, Wi = min(S;i), is a tuple of normal operators. It
follows that the standard g-commuting dilation of 7' is a tuple of normal
operators.

DEFINITION 20. A g-commuting n-tuple T' = (T1,...,T},,) of operators
on a Hilbert space H is called a ¢-spherical unitary if each T; is normal and
NIy +---+ 1,1 =1.

If H is a finite-dimensional Hilbert space and 1" is a ¢g-commuting tuple
on ‘H satisfying ) T;T* = I, then T is a g-spherical unitary because in this
case each T; is subnormal and all finite-dimensional subnormal operators
are normal (see [Ha]).

THEOREM 21 (Main Theorem). Let T be a q-commuting contractive
tuple on a Hilbert space H. Then the maximal g-commuting piece of the
standard noncommuting dilation of T is a realization of the standard q-
commuting dilation of T.

Proof. Let S denote the standard g-commuting dilation of 7" on a Hilbert
space H1 and we follow the notations as at the beginning of this section. As
S is also a contractive tuple, we have a unique unital completely positive
map 71 : C*(V) — C*(S) satisfying

n(VeWP*) = 54(S%)*,  a,Be A

It is easy to see that ¥ = ¢ on. Let the unital *-homomorphism 7y :
C*(V) — B(H2), for some Hilbert space Hy containing Hj, be the min-
imal Stinespring dilation of the map m on : C*(V) — B(H;p) such that
w1 on(X) = Py, ma(X)|n, for X € C*(V), and

span{ma(X)h: X € C*(V), h € H1} = Ho.
We get the following commutative diagram:
B(Hy)
l
~ B(H1)
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where the vertical arrows are compression maps, the horizontal arrows are
unital completely positive maps and the diagonal arrows are unital *-homo-
morphisms. Let I_A/ = (171,,17n) where XA/Z = mo(V;). We now show that
1_7 is the standard noncommuting dilation of 7. We will have this result if
we can show that my is a minimal dilation of ¥» = ¢ o 7, as the minimal
Stinespring dilation is unique up to unitary equivalence. For this we first
show that S = (m1(S1), ..., 71(S,)) is the maximal g-commuting piece of V.

First we consider a particular case when T is a g-spherical unitary on
a Hilbert space H. In this case we prove that the standard ¢-commuting
dilation and the maximal g-commuting piece of the standard noncommut-
ing dilation of T is T itself. We have ¢(S(I — 3. S:57)(S%)*) = T(I —
SSTTH)(TP)* = 0 for any a, 3 € A. This forces ¢(X) = 0 for any compact
operator X in C*(S). Now as the g;;-commutators [S}, S;y,; are all com-
pact we see that ¢ is a unital x-homomorphism. So the minimal Stinespring
dilation of ¢ is ¢ itself and the standard ¢-commuting dilation of T is T’
itself. Next we show that the maximal g-commuting piece of the standard
noncommuting dilation of T'is T'. The presentation of the standard noncom-
muting dilation which we use is taken from [Pol]. The dilation space H can
be decomposed as H = H @ (I'(C") ® D) where D is the closure of the range
of the operator

D:Ho - - dH—H® - - dH

TV
n copies n copies

where D is the positive square root of
D? = [5ijI - Tz*TJ]nxn
For convenience, at some places we identify H @ --- ® H with C" ® H so
—_—

n copies

that (hi,...,h,) = > 11 € ® h;. Then
(3.3)  D(h,...,hn) = D(Z e ® hi) =Y e (hi - ZT;Tjhj)
i=1 i=1 j=1

and the standard noncommuting dilation V; is

(3.4) XZ(hea Y e ®da) —Th®D(e; Oh) D e; ® (Zea ®da)

a€el acA

for h € H, d, € D for a € /T, and 1 <1i < n (C"w ® D has been identified
with D). We have

LT =TT, and T,T; =q;TiT; V1<i,j<n.
Also by the Fuglede-Putnam theorem ([Hal, [Pu])
;T =9, 1T} = ¢ 1T and 17T = ¢ ;T V1 <i,j<n.
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As Y T;T* = I, by direct computation D? is seen to be a projection. So,
D = D?. Note that 4jq;; = 1, i.e., §;; = qji- Then we get

(3.5) D(h1,...,hn) = Y e; @ Ty(T hi — G517 hy)
ij=1

n
=D i@ T(hy)
ij=1

where hi; = Tfhi —q;; T hy = TFhy — qiT;hj for 1 < 4,j < n. Note that
h;; =0 and hji = _az'jhij'

As clearly H C HI(V), let y € HE- N HI(V). We wish to show that
y = 0. Decompose y as y = 0 & ZaeAe ® yo with y, € D. We assume
Y 7é 0 and arrive at a contradiction. If for some «, y, # 0, then (w ® yq,
(V)*y) = (€* @ Yo, ¥) = Yo Ya) # 0. Since (V)*y € HIU(V), we can
assume [|yo|| = 1. Setting ym = Y4 am €¥ @ Ya, We get y = 0 D (Dm>0Ym)-
Since D is a projection, its range is closed, and as yg € D, there exist
some (hq,...,hy) such that yo = D(hy,...,hy). Let Zg = yo = yo and
T1 =) ;-1 € ® D(ej ® hij). Further denoting [],<, - <., Giris DY P, for
m > 1 let

n
Tm= Y. e, ® - ®e, Q¢

i1 yeeesim—156,§ =1
m—1

®D(€j @ Pm—1 ( H QikiQikj>T£: o -ﬂ;_lhzj).
k=1

So Z, € (C")®™ @ D for all m € N. As T is a g-commuting n-tuple and D
is a projection, we have

Y (@ViVy = ViVigsihis

1<i<j<n
= Z (¢;;TiT; — T;Ti)qjihij + Z D(e; ® Tjhij — gjie; @ Tihij)
1<i<j<n 1<i<j<n
+ Z 67,®D 6] ®h1]) qji€; ®D(ez®hz]))

1<i<j<n

=0+D<Z 6i®Tjhij) + Z 6,‘®D(ej®hij)
ij—=1 ij=1
= D2(h1, .. .,hn) + Z e ® D(ej & hij) =Ty + 71.
ij—1
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Z ‘721 ‘72m 1{ Z <Qij‘7l‘7] - ‘Z‘Z)pm—1< qzk])
i1 yeeyim—1=1 i,7=1 k=1
(LT T i) |
n m—2
= Y 9 ®e,,0 {ZD(pm 1(qu> (qijei @ TiT}
i1y 1=1 ij=1 k=1

T T iy — e @ T T - T, hi, )

Tm—2
£ 1(H Gis) {@ie © Dle; @ TITS -+ T, i)
1,j=1

@ D(e; @ TT -+ T yhiy 1) ||

n

= — Z €, Q- e, 4

iyeim_1=1

n m—2
7=1 k=1
n

+ Z ei1®...®eim_1

iyeim—1=1

n m—
® { Z e ® D(ej ® qijPm—1 ( H qw> (17T "'Tz';,thm_lj))

i =1
n m—2
— Z e ® D(ej ® Pm—1 ( H Qiki) (7T, - '1};72him_1i))}
ij=1 k=1

(in the term above, i and j have been interchanged in the last summation)

n

= — Z ei1®...®eim_2®ei

11 yeesbm—2,8=1

n m—2
® {me—qum's ( H qikiqikj)D(ej QT - Ti, th’)}
j=1 k=1
n

n
+ Y e @R, ,® ) e

i1yeeeybm_1=1 t,j=1
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m—2
o D(ei{ @ pmora (TT 0 T T3, T
i T TG T LT )
m—2
Pt (T o) (G T T T i = @i T T - T, T )}
k=1
(in the term above, i,,_1 has been replaced by i in the first summation)

n

= — E ei1®"'®eim_2®e’i
7;17--~7im—27i7j:1
m—2

& Pm—2 ( H Qikz‘Qikj>D<ej ® 771 e 'Tz‘tnahij)
k=1
n

+ Z € @ Qe , Ve

il:-“:im—laivj:l
m—1

® Pm-1 ( 1T QikiQikj>D(€j QT - T, hig)
k=1

— *Em—l + 5Em-

Hence by Proposition 6, (y, Zym—1 — Tm) = 0. Further for all m € N, ||Z,,?
equals

n
< Z €, & e, , Q€

11 yeenyim—1,0,j=1
m—1

k=1

n

E €y @ Qe  &Key

-/ i Ay —
R R Y

m—1
o (e & mmer (1] ag,010,)75 75, 0r))
k'=1

n n m—1
— Z <ZD(€]‘ ®pm_1(H qfikiQikj)TZ”'Titn_lhij)v
j=1 k=1

U1yeenyim—1,0=1

n m—1
Z D(ej/ X Pm—1 ( H QZk/zq%/j’>th e j—z;:/L—th],>>
i=1 k=1
n

n m—1
= > (D e @pmt (T auitons) T T ),
j=1 k=1

11 yeeeslm—1,0=1
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S e @ s (T st )5 0

j'=1 k=1
n n m-—
sk *
= X (pf (H st ) (e @ TUTTTS - T, by
U1 yeesbm—1,0=1 Jil=1 k=1
n m—1
_qﬂT;Ti*l . "T;:n,lhil))}7 Z Pm— 1(1_[ diy,i4iy, 5 )ej/ ®T* o thn 1hj/>
j'=1 k=1

n
= Z <pm I(H qzkzq%]) Zn ]} Zm 1hij

W yeim—1,i,=1

m—1

—qj‘szﬂ-";~--7}’;71hil)7pm—1<H qz'k,iqz'k,j)i}*l ST 1hzj>
k=1
n n
= (hij by — > (To o T - T ha hg).
1,5=1 11,0 tm—1,8,0,l=1

Define 7 : B(H) — B(H) by 7(X) = > | ;XT; for X € B(H),
and 7" : M,(B(H)) — M,(B(H)) by 7™(X) = (7"(Xij))nxn for X =
(Xij)nxn € Mp(B(H)). As 7 is a contractive completely positive map, so
is 7.

Hence we have 7"(D) < I and

n

|Znll* =D S FE DY ety s hen)s (B - i)

r=1

<Z i o)y (e B

= 3 i) = 30 (e ~ 0 T b T — G, o)

ri=1 i,r=1

=Y {(T;Tihy — T} Tihi, hy) — (T; Tohy — T Tohi, i)}

1,r=1

Z<h - gT S Tihis ) Z<iT{“Trhr ~hishi)

= i=1 r=1

_22<h —ZT*ThZ,h > — 2(D(hi, .. b, (B )

2
= 2[|z0l” =
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As (y,7o+71) = 0 and (y, Tp—1—Tm) = 0 for m+1 € N, we get (y, To+ZTpm)
=0 for m € N. So 1 = (yo,%) = (¥o0,T0) = —{(YUm,Tm)- By the Cauchy—
Schwarz inequality, 1 < ||| |Zm]| , which implies 1/v/2 < ||7m]| for m € N.
This is a contradiction as y = 0® (Bm>0ym) is in the Hilbert space H. This
proves the particular case.

Using arguments similar to those for Theorem 13 of [BBD], the proof of
the general case (that is, when T is not necessarily normal) and the proof
of “‘_7 is the standard noncommuting dilation of 7” both follow. =

4. Distribution of S; + S and related operator spaces. Let R be
the von Neumann algebra generated by G; = S; + 5 for all 1 < i < n where

Si = Pr,.cmVilr,cm

as in Section 2. We are interested in calculating the moments of S; + S
with respect to the vacuum state and inferring about the distribution. The
vacuum expectation is given by €(7') = (w,Tw) where T' € R. So,

0 if n is odd,
e((Si +57)") = (w, (Si + 57)"w) = __ L ([ i
Cni2 = W21 \nj2 otherwise,

where C), is the Catalan number (cf. [Com]). The above follows on observing
that for A;’s equal to S; or S the scalar product (w, A, Ap—1--- Ajw) is 1ifn
is even and if for each k the number of S;’sin Ay Ag_1 - - - Ay is greater than or
equal to the number of S;’s. In the remaining cases (w, A, Ap—1 - - Ajw) = 0.
So the expectation turns out to be the number of Catalan paths. This shows
that S; + S; has semicircular distribution (cf. [Vo]). Further this vacuum
expectation is not tracial on R for n > 2 as

€(G2G2G1G1) = (w, (S2 + 55)(S2 + S5)(S1 + S7)(S1 + ST)w)
— (w0, (S3S55151 + 55525751 )w) = 1,

€(G2G1G1G2) = (w, (S2 + 55)(S1 + S7)(S1 + S7)(S2 + S5)w)
= (w, (83575182 + 555157 S2)w) = 1/2.

We now investigate the operator space generated by the G;’s, using no-
tions of the theory of operator spaces introduced by Effros and Ruan [ER].

Here we follow the ideas of [BS2] and [HP]. For some Hilbert space H and
1/2)

a; € B(H),1 < i <n, define

1/2

)

n n
(s s ) e = max (|| aiai | [ ar
=1 =1



DILATIONS OF q-COMMUTING TUPLES 163

Denote the operator space

T T
o0 0 ! "
0O --- 0

: D ) ] ‘r1,...,tp € C Y C M, ®& M,
rm O 0 ' '
" 0 0

by En. Let {e;; : 1 < 4,5 < n} denote the standard basis of M, and
6; = e;1 @ eq;. Then

Hzaz

THEOREM 22. The operator space generated by G;, 1 < i < n, is com-
pletely isomorphic to E,.

”(017 cee an)Hmax-

B(H QM

Proof. Tt is enough to show that for a; € B(H),1 < i < n, we have

coey @p)|lmax < % Gz ~ <2 yevesQpn)|lmax-
Iare o)l < [ @ Gl o) < 2
Note that
7 i = 7 1)(1 Sz* ~
Hza 1 - H;(m @ SH| e
- 1/2 1/2 1/2
<SS < [ we
i=1
Similarly
1/2

n
[
i=1

So

' H@I,(C) - H;(l ® Si)(a; ® HH®F (Cn) = HZ@ i

< 2”(0117 v 7an)”max-

HeI(CM)

n
HZ a; @ G;
=1

Let S denote the set of all states on B(H). Since €(GiGj) = (w, S Sjw) = d;j
we get

HZaz

lor,on =SB T O [(Z‘W@G) i%@GJ

TES

= supT<Za;~kai> = HZafai .
i=1 i=1

TES
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Similar arguments give
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