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q-DEFORMED CIRCULARITY FOR AN UNBOUNDED
OPERATOR IN HILBERT SPACE

BY

SCHÔICHI ÔTA (Fukuoka)

Abstract. The notion of strong circularity for an unbounded operator is introduced
and studied. Moreover, q-deformed circularity as a q-analogue of circularity is characterized
in terms of the partially isometric and the positive parts of the polar decomposition.

1. Introduction. The concept of circularity for operators appeared in
operator theory and quantum mechanics ([1], [6], [9] and [10]). Mlak and
Słociński [10] introduced circularity for bounded operators to investigate a
class of operators containing the phase operator from the viewpoint of quan-
tum mechanics. Mlak initiated a systematic study of circular operators and
attempted to give a characterization of the canonical commutation relation
in the Weyl form in terms of circularity in a series of papers [9]. In [1] and [6]
circularity of a bounded operator was studied from the operator theoretical
standpoint.

Circularity for a possibly unbounded densely defined operator T in a
Hilbert space is introduced as the property that T is unitarily equivalent to
eitT for all real numbers t. Every weighted shift in a separable Hilbert space
has this property ([16]). In Section 2, motivated by a result for bounded
operators ([1]), we observe that, for an irreducible and circular densely de-
fined operator T in a separable Hilbert space, under some condition, there is
a strongly continuous one-parameter unitary group that intertwines T and
eitT for each t. In Section 3, we give a condition for a closed densely defined
operator to have such a one-parameter unitary group in terms of the exis-
tence of some self-adjoint operator satisfying a kind of commutation relation
with the resolvent.

In connection with a class of q-normal operators, in [13] we investigated
unbounded weighted shifts T such that, for some positive real number q
with q 6= 1, T is unitarily equivalent to qeitT for all real numbers t. An
operator with that property is called q-deformed circular and this property
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may be considered as a q-analogue of circularity. It should be noticed that a q-
normal weighted shift has that property. In Section 4, q-deformed circularity
is characterized in terms of polar decomposition.

2. Preliminaries. Throughout this paper all operators are assumed to
be linear. For an operator T in a Hilbert space H, the domain, range and
kernel of T are denoted by D(T ), R(T ) and kerT , respectively. For operators
S and T in H, the relation S ⊆ T means that T extends S, that is,

D(S) ⊆ D(T ) and Sη = Tη for all η ∈ D(S).

The spectrum of a closed densely defined operator T is denoted by σ(T ).
We write C, R, Z and N0 for the set of complex numbers, the set of real
numbers, the set of integers and the set of non-negative integers, respectively.
For λ ∈ C, =λ stands for the imaginary part of λ.

Definition 2.1. A densely defined operator T in a Hilbert space H is
said to be circular if T is unitarily equivalent to eitT for all t ∈ R .

Clearly the spectrum of a circular operator is circularly symmetric about
the origin. It is well-known that bounded, bilateral and unilateral weighted
shifts are circular. For further information on bounded weighted shifts the
reader is referred to [4], [16]. We recall the notion of an unbounded weighted
shift ([11]). Let S be a closed densely defined operator in a separable Hilbert
space H. If there are an orthonormal basis {en} (n ∈ Z) and a sequence
{wn} (wn 6= 0, n ∈ Z) of complex numbers such that

D(S) =
{ ∞∑
n=−∞

αnen ∈ H :
∞∑

n=−∞
|αn|2|wn|2 <∞

}
and

Sen = wnen+1 for all n ∈ Z,
then S is called a bilateral (injective) weighted shift with weights {wn} (with
respect to {en}). A unilateral weighted shift is defined analogously by re-
placing Z with N0. Every bilateral or unilateral weighted shift is circular.

For a closed densely defined operator T in H, a closed subspaceM of H
is said to reduce T if the following two conditions are satisfied:

(1) PMD(T ) ⊆ D(T ).
(2) T (M∩D(T )) ⊆M and T (M⊥ ∩ D(T )) ⊆M⊥.

Here PM and M⊥ denote the orthogonal projection onto M and the or-
thogonal complement ofM, respectively. If there is no non-trivial reducing
subspace of T , then T is said to be irreducible. Let C(T ) be the set of all
bounded operators B on H such that B and B∗ commute with T , that is,
BT ⊆ TB and B∗T ⊆ TB∗. Then C(T ) is a von Neumann algebra on H. If T
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is irreducible, then C(T ) is a scalar algebra (see, for example [15]). It should
be noticed that every unbounded, bilateral weighted shift is irreducible ([13,
Lemma 3.1]) and also all unilateral weighted shifts are irreducible ([8]).

The following lemma is an unbounded analogue of the result by Arveson
et al. ([1, Proposition 1.3]) for bounded circular operators. It involves an
additional condition caused by the unboundedness of the operator, but the
outline of the proof is essentially the same.

Lemma 2.2. Let T be an irreducible, closed densely defined operator in a
separable Hilbert space H. If T is circular, then there are a family {Ut}t∈R
of unitary operators on H and a mapping m(·, ·) : R× R→ T such that

(i) UtT = eit TUt for all t ∈ R.
(ii) UsUt = m(s, t)Us+t, U0 = I (identity operator) for all s, t ∈ R.

Here, T is the multiplicative group of complex numbers with modulus 1.
Moreover, if t 7→ Ut is measurable, then there exists a strongly continuous

one-parameter unitary group {Vt} satisfying (i), that is, VtT = eitTVt for all
t ∈ R.

Proof. Since T is circular, there is a family {Ut}t∈R of unitary operators
satisfying UtT = eitTUt (t ∈ R). We can assume that U0 = I. In fact, if
necessary, each Ut is replaced with UtU0

−1. For s, t ∈ R, we have

U−1
s+tUsUtT = U−1

s+te
i(s+t)TUsUt = TU−1

s+tUsUt.

Hence, the unitary operator U−1
s+tUsUt commutes with T and T ∗. Since T is

irreducible, it follows that, for each s, t ∈ R, there is a constant m(s, t) in T
such that

m(s, t)Us+t = UsUt.

Thus, the map m(·, ·) on R× R with values T satisfies

m(s, 0) = m(0, s) = 1 and m(s+ t, u)m(s, t) = m(s, t+ u)m(t, u)

for s, t ∈ R.
Next assume t 7→ Ut is measurable. The map m(·, ·) is a Borel multi-

plier. Since every Borel multiplier on the additive group R is trivial (see [19,
Theorem 10.38]), there is a Borel function ϕ of R to T such that

m(s, t) =
ϕ(s+ t)
ϕ(s)ϕ(t)

.

Put
Vt = ϕ(t)Ut (t ∈ R).

Then it follows that

Vs+t = VsVt (s, t ∈ R), V0 = I.
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Thus {Vt}t∈R is a one-parameter group of unitary operators on the separable
Hilbert space H. Since t 7→ Vt is measurable, it follows from [14, Theorem
VIII.9] that {Vt}t∈R is a strongly continuous one-parameter unitary group
such that VtT = eitTVt for all t ∈ R.

3. Strong circularity. Taking Lemma 2.2 into account, we introduce
the following.

Definition 3.1. Let T be a closed densely defined operator in a Hilbert
space H. If there is a strongly continuous one-parameter unitary group
{Ut}t∈R such that UtT = eit TUt for all t ∈ R, then T is said to be strongly
circular and {Ut}t∈R is called a unitary group associated with T .

Example 3.2. As pointed out in [9, III], if S is the creation operator in
a separable Hilbert space, that is, the unilateral weighted shift with weights
{wn} given by wn =

√
n+ 1 (n ∈ N0), then S is strongly circular. This

observation can be generalized to all weighted shifts. To be more precise, let
S be a unilateral or bilateral weighted shift in a separable Hilbert space H.
Then S is strongly circular. In fact, let S be a bilateral weighted shift in
H with weights {wn} with respect to {en}. Define a closed densely defined
operator by

D(N) =
{ ∞∑
n=−∞

αnen ∈ H :
∞∑

n=−∞
|αn|2|n|2 <∞

}
and

Nen = nen (n ∈ Z).

Then N is self-adjoint. Since eitNen = eitnen (n ∈ Z), we have

eitNSen = eitSeitNen for all n ∈ Z.
It follows that S is a strongly circular operator with the associated unitary
group {eitN}. In the analogous way, a unilateral weighted shift S is strongly
circular as well.

Theorem 3.3. Let T be a closed densely defined operator in a Hilbert
space H. Then T is strongly circular if and only if there is a self-adjoint
operator A in H such that

(3.1) (λ−A)−1T ⊆ T (λ− I −A)−1

for all λ ∈ C with =λ 6= 0.

Proof. Suppose T is strongly circular. Then there is a strongly continuous
one-parameter unitary group {Ut}t∈R such that UtT = eitTUt for all t ∈ R.
Set

Vt = eitUt for each t ∈ R.
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Then {Vt}t∈R is a strongly continuous one-parameter unitary group on H.
Let A be the infinitesimal generator of {Ut}t∈R. Then it follows from semi-
group theory (for example, see [5]) that the infinitesimal generator of {Vt}t∈R
is I + A. Take η ∈ D(T ). Then, by [14, p. 287], for ϕ ∈ D(T ∗) and λ ∈ C
with =λ < 0 we have

〈(λ−A)−1Tη, ϕ〉 = i

∞�

0

e−itλ〈UtTη, ϕ〉 dt = i

∞�

0

e−itλ〈Vtη, T ∗ϕ〉 dt

= 〈(λ− I −A)−1η, T ∗ϕ〉.
If =λ > 0, the same equality holds. Since T is closed and D(T ∗) is dense
in H, (λ− I−A)−1η ∈ D(T ∗∗) = D(T ) and T (λ− I−A)−1η = (λ−A)−1Tη
for λ ∈ C with =λ 6= 0. This implies (3.1).

Conversely, suppose A is a self-adjoint operator satisfying (3.1). Put

Ut = eitA and Vt = eiteitA

for t ∈ R. For λ ∈ C with =λ 6= 0, η ∈ D(T ) and ϕ ∈ D(T ∗), we have

〈(λ−A)−1Tη, ϕ〉 =
� 1
λ− ν

d〈EAν Tη, ϕ〉

and
〈T (λ− I −A)−1η, ϕ〉 =

� 1
λ− ν

d〈EI+Aν η, T ∗ϕ〉.

Here EA(·) and EI+A(·) are the spectral measures of A and I + A, respec-
tively. In view of [18, Lemma 5.2], it follows that

EA(M)T ⊆ TEI+A(M)

for all Borel setsM. Therefore, UtT ⊆ eitTUt for all t ∈ R. Since each Ut is
unitary, UtD(T ) = D(T ). Hence, UtT = eit TUt for all t ∈ R.

For densely defined operators S and T , [S, T ] stands for their commu-
tator, that is, D([S, T ]) = D(ST ) ∩ D(TS) and [S, T ]η = STη − TSη for
η ∈ D([S, T ]).

Proposition 3.4. Let T be a strongly circular operator in a Hilbert space
H and let A be the infinitesimal generator of a unitary group {Ut}t∈R asso-
ciated with T . If η ∈ D(AT ) ∩ D(A), then

η ∈ D([A, T ]) and [A, T ]η = Tη.

Proof. Take η ∈ D(AT ) ∩ D(A). By Definition 3.1, we have

T

(
Ut − I
t

)
η =

e−itUtTη − Tη
t

.

Since D(T ) is invariant for each Ut and also η ∈ D(A),(
Ut − I
t

)
η ∈ D(T ) and

(
Ut − I
t

)
η → iAη as t→ 0.
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On the other hand, since Tη ∈ D(A), it follows that

lim
t→0

e−it Ut Tη − Tη
t

= −iTη + iATη.

Since T is closed,

Aη ∈ D(T ) and iTAη = −iTη + iATη.

This implies the proposition.

4. q-Deformed circularity. Let T be a densely defined operator in
a Hilbert space H. If there is a positive real number q with q 6= 1 such
that T is unitarily equivalent to qT , then we say that T has property Q.
If a nontrivial T has property Q, it must be unbounded and its spectrum
contains zero [13]. We should remark that Makarov and Tsekanovskii ([7])
introduced the concept of a µ-scale invariance, which is just the same as
property Q, to investigate Friedrichs and Krein–von Neumann self-adjoint
extensions.

Example 4.1. Let T be a closed densely defined operator in H. If

TT ∗ = qT ∗T (q > 0, q 6= 1),

then T is called a q-normal operator. It should be noticed that elements satis-
fying this relation in a formal algebraic sense appear in various circumstances
in quantum group theory (see [3] and the references cited therein). A non-
trivial q-normal operator T is always unbounded and has large spectrum in
the sense of the planar Lebesgue measure. In particular, every q-normal op-
erator T is unitarily equivalent to qT . Thus the class of operators possessing
property Q contains all q-normal operators.

Definition 4.2 ([13]). Let T be a densely defined operator inH. If there
is a positive real number q with q 6= 1 such that T is unitarily equivalent
to qeitT for all t ∈ R, then T is called a deformed circular operator with
deformation parameter q, or simply a q-deformed circular operator.

Clearly, a q-deformed circular operator has property Q.

Example 4.3 (q-deformed circular weighted shifts). If a bilateral weight-
ed shift has property Q, then it is q-deformed circular. Hence, a q-normal
bilateral weighted shift is q-deformed circular. Moreover the spectrum of
a q-deformed circular weighted shift is the whole complex plane. Further
information on q-deformed circular weighted shifts can be found in [13].

Proposition 4.4. Let T be a closed densely defined operator in a Hilbert
space H. Then T is q-deformed circular if and only if T is circular and has
property Q.
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Proof. Suppose T is q-deformed circular. Then there is a family {Ut}t∈R
of unitary operators on H such that
(4.1) UtT = qeitTUt for all t ∈ R.
It is clear that T has property Q. Put
(4.2) Vt = UtU

−1
0 for all t ∈ R.

By (4.1),
VtT = UtU

−1
0 T = q−1UtTU

−1
0 = eitTUtU

−1
0 = eitTVt.

Thus T is circular. The converse is easily proved by a simple calculation.
Theorem 4.5. Let T be a closed densely defined operator in H with the

polar decomposition T = U |T |. Then T is q-deformed circular if and only if
the following statements hold:

(i) There is a unitary operator U0 on H that commutes with U and
satisfies

(4.3) U0|T | = q|T |U0.

(ii) There is a family {Vt}t∈R of unitary operators on H such that

(4.4) VtU = eitUVt and Vt|T | = |T |Vt
for all t ∈ R.

In particular, in that case U is circular and |T | has property Q.

Proof. Suppose T is q-deformed circular and let {Ut}t∈R be a family of
unitary operators satisfying (4.1). Since U0T = qTU0, we have

(U0|T |U0
∗)2 = U0T

∗TU0
∗ = q2T ∗T.

Since the square root is unique, we obtain (4.3). Moreover, we have
UU0|T | = qU |T |U0 = qTU0 = U0T = U0U |T |,

and so UU0 = U0U on R(|T |). By (4.3), U0 leaves ker |T | (≡ kerT ) invariant.
Since U = 0 on kerT , UU0 = 0 on ker |T |. Hence, UU0 = U0U = 0 on ker |T |.
Thus, U and U0 commute.

We next show (ii). As in the proof of Proposition 4.4, define Vt by (4.2),
so that VtT = eitTVt for all t ∈ R. It follows that

T ∗TVt = T ∗e−itVtT = VtT
∗T.

Therefore, |T |Vt = Vt|T | for all t ∈ R. Furthermore, this equality implies
that ker |T | is invariant under each Vt. Hence,

VtU = 0 = eitUVt on ker |T |.
On the other hand, we have

VtU |T | = eitTVt = eitU |T |Vt = eitUVt|T |.
It follows that VtU = eitUVt for all t ∈ R.
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Conversely, assume that (i) and (ii) hold. Then, for each t ∈ R,
(VtU0)T = VtU0U |T | = VtUU0|T | (since U0 and U commute)

= qVtU |T |U0 (by (4.3))

= qeit U |T |VtU0 (by (4.4))

= qeitT (VtU0).

This implies that T is q-deformed circular.
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