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Abstract. We introduce and investigate inductive dimensions K- Ind and £-1Ind for
classes K of finite simplicial complexes and classes £ of AN R-compacta (if I consists of
the O-sphere only, then the K-Ind dimension is identical with the classical large inductive
dimension Ind). We compare K-Ind to K-Ind introduced by the author [Mat. Vesnik
61 (2009)]. In particular, for every complex K such that K % K is non-contractible, we
construct a compact Hausdorff space X with K-Ind X not equal to K-dim X.

Introduction. In [§] we introduced dimension functions K-dim and
L-dim for classes K of finite simplicial complexes and classes £ of AN R-
compacta. For the definitions and necessary information see Section 1. The
theory of L£-dim is a part of extension theory introduced by A. Dranish-
nikov [2].

Here we introduce and investigate inductive functions -Ind and £-Ind
(Definitions 2.1 and 2.3). For K and L consisting of a two-point set {0, 1}
the dimension functions X-Ind and £-Ind coincide with the classical large
inductive dimension Ind.

If £ is a class of compact polyhedra and 7 is an arbitrary triangulation
of the class £ (7 consists of some triangulations of all elements of £), then
L:-Ind X < L-Ind X for every normal space X and £.-Ind X = £-Ind X for
the hereditarily normal space X (Theorem 2.4).

If a hereditarily normal space X is represented as the union of two sub-
spaces X1 and Xo, then £-Ind X < £-Ind X; 4+ £-Ind X2 + 1 (Theorem 2.8).

For homotopy equivalent classes £1 and Lo and an arbitrary hereditarily
normal space X we have £;-Ind X = Lo-Ind X (Corollary 3.7). So, when we
investigate the £-Ind dimension of hereditarily normal spaces, we can con-
sider only classes £ consisting of compact polyhedra, because by J. West’s
theorem every AN R-compactum has a homotopy type of some compact
polyhedron.
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For every K, £, and X we have K-Ind X, £-Ind X < Ind X (Theo-
rem 3.12). The equality K-Ind X = Ind X holds for every normal space
X if and only if K contains a disconnected complex (Theorem 3.14). The
same is true for £-Ind and hereditarily normal spaces X (Theorem 3.15).

We also prove that K-dim X < KC-Ind X for every normal space X (The-
orem 3.18) and K-dim X = K-Ind X for every metrizable space X (Theo-
rem 3.23).

In Section 5 we construct compact Hausdorff spaces XX with

K-dim XX =n <2n -1 < K-Ind XX < 2n,
where n > 2 and K is a complex with K * K non-contractible. To construct

XK we apply fully closed mappings and resolutions. In Section 4 we recall
necessary information concerning this area.

1. Preliminaries

1.1. By a space we mean a normal T7j-space. For a space X we denote
by exp X the set of all closed subsets of X (including 0).

All mappings are assumed to be continuous. A metrizable compact space
is called a compactum. By ~ we denote homotopy equivalence, and |S]
stands for the cardinality of a set S. We denote by Fins(exp X) the set of
all finite sequences @ = (Fi,...,Fy), Fj € exp X, i.e.

Fing(exp X) = U{(epr)m :m=1,2,...}.

Recall that an abstract simplicial complex K is said to be complete if
every face of each simplex from K belongs to K. In what follows, complexes
are finite abstract complete simplicial complexes. Sometimes we identify a
complex K with its geometric realization, i.e. with a Euclidean complex K
with the same vertex scheme.

In what follows, polyhedra are compact polyhedra. Hence every polyhe-
dron is an AN R in the class of all (normal) spaces.

For a complex K we denote by v(K) the set of all its vertices. Let u be
a finite family of sets and let ug = {U € u : U # (}. The nerve of the family
u is a complex N (u) such that v(N(u)) = {ay : U € up} and a non-empty
set A C v(N(u)) is a simplex of N(u) if and only if ({U : ay € A} # 0.

We now recall several notions and facts. They are well known but im-
portant for this article.

1.2. DEFINITION. A pair (X,Y) of spaces has the Homotopy Extension
Property if, for every closed set F' C X, each mapping f : (X x 0)U (F x I)
— Y extends over X X I.

1.3. THEOREM. (Borsuk’s theorem on extension of homotopy; see [13],
[14]). Every pair (X, L), where X is a space and L is an AN R-compactum,
has the Homotopy Extension Property. m
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1.4. THEOREM [I5]. Every AN R-compactum is homotopy equivalent to
some compact polyhedron. w

1.5. DEFINITION. Let X and Y be spaces and let Z C X. The property
that all partial mappings f : Z — Y extend over X will be denoted by
Y € AE(X,Z). If every mapping f : Z — Y extends over an open set
Ur D Z, then we write Y € ANE(X,Z). If Y € A(N)E(X,Z) for every
closed Z C X, then Y is called an absolute (neighbourhood) extensor of X
(notation: Y € A(N)E(X)). If Y € A(N)E(X) for all spaces X, then Y is
said to be an absolute (neighbourhood) extensor (notation: Y € A(N)E).

The Brouwer—Tietze-Urysohn theorem on extension of functions yields
1.6. THEOREM. If Y is an A(N)R-compactum, then Y € A(N)E. u

1.7. LEMMA (Open enlargement lemma). Let & = (Fy,...,F,) €
Fing(exp X). Then there exists a sequence w = (Uy,...,Uy) of open sub-
sets of X such that F; C U;, j=1,...,m, and N(®) = N(u). =

Now we are going to discuss new dim-type functions introduced in [§].
In what follows, K stands for a complex. For each complex K we fix an
enumeration of its vertices: v(K) = (a1,...,am).

1.8. DEFINITION. Let K be a complex with |v(K)| = m and let & =
(F1, ..., Fy) € Fing(exp X). We say that N(®) is embedded in K (notation:
N(®) C K) if the correspondence F; — a; generates a simplicial embedding
e: N(P)— K.

Put Expg(X) ={® € (exp X)™ : N(?) C K}.

1.9. DEFINITION. Let ¢ = (F,...,Fy,) € Expg(X). A sequence u =
(U, ...,Un) of open subsets of X is called a K-neighbourhood of & if F; C U;
and the correspondence U; — a; generates a simplicial embedding N (u) — K.

According to Lemma 1.7 each @ € Expy(X) has a K-neighbourhood.

1.10. DEFINITION. A set P C X is said to be a K-partition of @ €
Expg(X) (notation: P € Part(®,K)) if P = X \ Ju, where u is a K-
neighbourhood of ®.

1.11. DEFINITION ([8]). A sequence (Kj. ..., K;) of complexes is called

inessential in X if for every sequence (&1, ...,®;) such that &; € Exp, (X)
there exist K;-partitions P; of &; with P, N---N P, = (.

1.12. DEFINITION ([8]). Let K be a non-empty class of complexes. To
every space X one assigns the dimension K-dim X, which is an integer > —1
or oo, defined in the following way:

(1) K-dimX = -1 < X = ()

(2) K-dimX < n > 0 if every sequence (Ki,...,K,t1), K; € K, is

inessential in X;
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(3) K-dim X = o0 if K-dim X > n for alln =—1,0,1,....

If the class K contains only one complex K we write K = K and
K-dim X = K-dim X.

Hemmingsen’s theorem on partitions (3, Theorem 3.2.6]) can be refor-
mulated as follows:

1.13. THEOREM. {0,1}-dim X =dimX. =

In what follows, £ stands for a non-empty class of AN R-compacta L.
We denote by Xi *---* X, = *'_| X; the join of the spaces X1,..., X,.

1.14. DEFINITION. To every space X one assigns the dimension £-dim X,
which is an integer > —1 or oo, defined in the following way:

(1) L-dimX = -1 & X = 0;
(2) L-dimX <n>0if Ly*---xLpy1 € AE(X) forany Ly, ..., Lyt €L;
(3) L-dim X = oo if L-dim X > n for all n > —1.

If the class £ contains only one compactum L we write £L = L and
L-dim X = L-dim X.

1.15. REMARK. In [§, Definition 3.9], £-dim was defined in a slightly
different but equivalent way (see [8, Corollary 3.13]).

Since S™ = (S9)*(**1 from a characterization of the Lebesgue dimension
by means of mappings to spheres we get

1.16. THEOREM. For every space X, S°-dim X = dim X. =

Let £ be a non-empty class of polyhedra. For each L € L we fix a
triangulation ¢ = ¢(L) of L. The pair (L,t) is a simplicial complex which is
denoted by L;. The family 7 = {t(L) : L € L} is said to be a triangulation
of the class L. Let L ={L;:t € 7}.

1.17. THEOREM ([8]). Let L be a non-empty class of polyhedra and let
T be a triangulation of L. Then L.-dim X = L-dim X for every space X. u

1.18. DEFINITION. Let £1 and L5 be non-empty classes of AN R-comp-
acta. We say that £, is dominated by Lo (notation: £q <p L) if every L; € L1
is homotopically dominated by some Lo € Ly. The class £y is homotopy
equivalent to Lo (notation: £1 ~ L9) if both £1 <;, Lo and Lo <, L;.

1.19. PrROPOSITION ([8]). If L1 ~ Lo, then L1-dim X = Lo-dim X for
every space X. m

Theorem 1.4 and Proposition 1.19 yield

1.20. THEOREM. For every non-empty class R of AN R-compacta there
exists a class L = L(R) of polyhedra such that R-dim X = L-dim X for
every space X. m
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So, when we investigate dimension functions of type £-dim, we can con-
sider only classes £ consisting of compact polyhedra. In the remainder of
this section, L stands for a compact polyhedron and £ for a non-empty class
of compact polyhedra.

1.21. DEFINITION. Let F' be a closed subset of a space X. A mapping
f: F — L is called a partial mapping of X to L (notation: f € PC(X, L)).

1.22. DEFINITION. Every mapping f € PC(X, L) extends over an open
set U D F = dom f. Such a set U is said to be an L-neighbourhood of f.
Its complement P = X \ U is called an L-partition of f (notation: P €
Part(f, L)).

1.23. DEFINITION. A sequence (f1,...,fr), fi € PC(X,L;), is said to
be inessential in X if there exist partitions P; € Part(f;, L;) such that
Pn---NnP.=0.

Theorem 1.3 implies

1.24. LEMMA. Let X be a hereditarily normal space, f1, fo € PC(X, L),
dom fi = dom fa, and fi ~ fo. Then Part(fi, L) = Part(f2,L). =

The following statement is well known.

1.25. LEMMA. Let X be a space, u= (Uy,...,Up,) be an open covering
of X, and F C X be a closed subset. Assume (p1,...,pm) is a partition of
unity on F subordinated to the covering u|F. Then the functions p;, j =
1,...,m, can be extended over X to functions 1; so that (1,...,%n) is a
partition of unity on X subordinated to the covering u. m

In what follows we identify a complex K with its geometric realization K.
So K is both a complex and a polyhedron.

1.26. DEFINITION. Let v = (Uy,...,U,) be an open covering of a
space X. A mapping f : X — N(u) is said to be u-barycentric if f(x) =
(p1(x),..., om(x)), where (¢1,...,pm) is some partition of unity subordi-
nated to the covering u, and ¢;(z) is the barycentric coordinate of f(x)
corresponding to the vertex a; = U; € v(N(u)).

If e: N(u) — K is a simplicial embedding, then the composition eo f :
X — K is also called a u-barycentric mapping.

1.27. PROPOSITION. Ifu = (Uy,...,Uy) is an open covering of a space
X, then there ezists a u-barycentric mapping f: X — N(u). =

1.28. LEMMA. Let®=(F,...,Fy) €Expg(X) and let F=FU---UF,,.
Assume that u is a K -neighbourhood of @ such that U = |Ju is normal. Then
the set P = X\ U is a K-partition of any partial mapping f : F — K which
is (u|F)-barycentric.
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Proof. Since f is (u|F)-barycentric, f(z) = (¢1(x),...,em(x)), where
(p1,- -+, @m) is a partition of unity on F' subordinated to the covering u|F =
(U0 f,...,UnNF). From Lemma 1.25 and normality of U it follows that
the functions ¢1,. .., ¢, extend to functions ¢; : U — I, j =1,...,m, so
that (¢1,...,%m) is a partition of unity on U subordinated to the covering
u of U. Then the mapping g : U — K defined as g(z) = (¢¥1(z), ..., ¢Ym(x))
is an extension of f. Consequently, P = X \ U € Part(f, K). m

1.29. DEFINITION. Let K be a complex with vertices aj,...,am, @ =
(Fy,...,Fy) € Fing(expX), and F' = F} U --- U F,,. The sequence @ is
f-generated by K, where f : ' — K is a mapping, if there exists a closed
covering (I,...,I,) of K such that I; C Oa; = St(a;,K) and F; =
FUI).

1.30. LEMMA. Let f € PC(X,K) with F = dom f. If P € Part(f, K),
then P € Part(®, K) for any sequence ® = (Fy, ..., Fy,) which is f-generated
by K.

Proof. By Definition 1.29 there exists a closed covering (I7,...,I},) of
K such that I'; C Oaj and F; = f~1(I}). Since P € Part(f, K), f extends
to a mapping g : X \ P — K. Put U; = ¢7'(Oqj), j =1,...,m. Then
Fj=f}(Iy) c g~ 1(I}) C g~ (Oay) = Uj.
Hence u = (Uy,...,Up,) is a K-neighbourhood of @. Moreover, u is a cov-

ering of X \ P, because (Oay,...,0Oay,,) is a covering of K. Thus P €
Part(®, K). m

1.31. THEOREM. Let X be a space and let K be a class of complexes.
Then K-dim X < n if and only if every sequence (fi,..., fn+1) with f; €
PC(X, K;) and K; € K is inessential.

Proof. Necessity. Let K-dim X < n and let f; € PC(X,K;), K; € K,
i=1,....n+ 1. Let v(K;) = (ail,...,aini) and dom f; = F'. There exist
closed sets I JZ C K; such that

. F; C Oq§- = St(Aaé,KZ-);

o vi=(I1,.... I},
Put F! = f;l(rj), b; = (Ff,.'..,Fﬁ;%'), and 0;'.' = f7'(Od}). Then &; €
Expg,(X) and F* = F{U---UF;, = O0jU---UOy, . As K-dim X < n, there
exist K;-neighbourhoods w; = (U7, ..., Ufnz) of @; such that PN -+ N Py
= (), where P, = X \ Ju;. By Lemma 1.7 and the Urysohn lemma we can
enlarge partitions P; to zero-sets P/ with P{ N---N P}, = 0. So we may
assume that U’ = (Ju; are Fy-sets and hence normal subspaces of X. We

can also assume that
(1.1) UJ’-ﬂFl CO;.

) is a covering of Kj.
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In fact, if (1.1) is not satisfied, we can define new sets 1U} = (U; \ F9) U
(U; N O;) Then the sequences u} = (U5, ..., U}, ) are K;-neighbourhoods
of &; with Ju! = Ju,.

Assuming (1.1) take some (u;|F?)-barycentric mappings f} : F' — K;.
Since O; = fi_l(Oaé), condition (1.1) implies that

(1.2) fi(z) € Oaé- = fi(z) € Oaé-.

By a result of R. Cauty [I] condition (1.2) yields f} ~ f;. Then Lemma
1.24 implies that Part(f}, K;) = Part(fi, K;). On the other hand, P; €
Part(f!, K;) in view of Lemma 1.28. Consequently, P; € Part(f;, K;) and
the sequence (f1,..., fnt1) is inessential.

Sufficiency. Let &; = (Fy,...,F},) € Expg, (X), F' = F{ U---UF},,
v(K;) = (ai,...,a, ), i=1,...,n+1. According to Lemma 1.7 there exist
sequences w; = (O%,. .., Oﬁnl) of open subsets of F* such that F]Z C O;- and

By the usual procedure we construct partitions of unity (¢, .. .,gpfm)
subordinated to the coverings w; so that

(1.3) r€F; = ¢i(x) >1/m;.
The functions (i, ..., gpjm) generate w;-barycentric mappings
fi F' > K;, i=1,...,n+1.

For z € Kj;, let u?(z), j =1,...,m;, be the barycentric coordinates of z
in K;. Put

(14) Ij={z€Ki:pi(z)>1/mi}, j=1,....myi=1,...,n+L
Clearly

(1.5) F} C Oaé» ={z€eK;: ,u;(z) > 0},
(1.6) Vi = (Ff,...,l’fni) is a covering of K;.
Since goé(x) = uz(fl(x)), (1.3) and (1.4) yield

(1.7) Fj C f7H(I)).

)

Put 'F! = f7(I}) and &} = (*F},...,'F}, ). From (1.4), (1.6), and (1.7)
it follows that the sequence @} is fi-generated by K;. Consequently,

(1.8) Part(fi, K;) C Part(d}, K;)

according to Lemma 1.30.

Since (fi,. .., fn+1) is inessential, there exist partitions P; € Part(f;, K;)
such that P; N --- N Pyyq = 0. Then (P1,...,P). ;) is inessential by (1.8).
Hence (@1, ...,P,11) is inessential, because Part(®}, K;) C Part(®;, K;) in
view of (1.7). Thus K-dim X <n. =
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1.32. PROPOSITION. If L-dim X <n and F is a closed subspace of X,
then L-dim FF' < n. n

Since AN R-compacta are AN E’s for normal spaces, we have

1.33. PROPOSITION. If F is a closed subspace of a space X such that
L-dim X < n and L-dim E < n for any closed subset E C X with ENF =),
then L-dim X <n. n

1.34. PropoSITION ([8]). If a space X is the union of its closed sub-
spaces X1, Xo, ... with L-dim X; <n, ¢ € N, then L-dimX <n. m

1.35. THEOREM ([§]).

(i) £L-dim X < dim X for every L;

(ii)) L£-dim X = dim X if and only if L contains a disconnected space. m

1.36. THEOREM ([8]). If a hereditarily normal space X is the union of

subspaces X1 and Xo such that L-dim X; < m and L-dim Xo < n, then
LdmX <m+n+1 =

1.37. THEOREM ([8]). If X is a metrizable space with L-dim X < n,
then X = X1 U---UXp 1, where L-dimX; <0,¢=1,...,n+ 1. =

1.38. THEOREM ([§]). If X is the limit space of an inverse system
{Xa,wg,A} of compact Hausdorff spaces X, with L-dim X, < n, then
L-dmX <n. =

1.39. THEOREM ([9]). If L * L is not contractible, then for every n > 0
there is m such that L-dimI™ =n. u

1.40. PROPOSITION ([II]). Let X be a hereditarily normal space and let
A be an arbitrary subspace of X. Then for every mapping f : A — L there
exist an open subspace U C X and a mapping f1 : U — L such that A C U

and f~ fila. =

2. Inductive dimensions and some of their properties

2.1. DEFINITION. To every space X one assigns the dimension C-Ind X,
which is an integer n > —1 or oo, defined in the following way:
(1) K-Ind X = -1 & X = 0;
(2) K-Ind X <n > 0if for every & € Expy(X), K € K, there exists a
K-partition P of @ such that C-Ind P <n — 1;
(3) K-Ind X = o0 if K-Ind X > n forn=-1,0,1,....
If the class K contains only one complex K we write -Ind X = K-Ind X.

This dimension function is a generalization of the large inductive dimen-
sion in view of

2.2. PrROPOSITION. {0,1}-Ind X =Ind X. m
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2.3. DEFINITION. To every space X one assigns the dimension £-Ind X,
which is an integer n > —1 or oo, defined in the following way:

(1) LIndX = -1 X =

(2) L-Ind X < n > 0 if for every f € PC(X,L), L € L, there exists a
partition P € Part(f, L) such that £-Ind P < n — 1;

(3) L-Ind X = o0 if L-Ind X > n for n=—1,0,1,....

If the class £ contains only one AN R-compactum L we write £-Ind X =
L-Ind X.

2.4. THEOREM. If X is a hereditarily normal space and T is an arbitrary
triangulation of a class L of polyhedra, then £-Ind X = L.-Ind X.

Proof. Denote the class £, by K = K(L£) and its members L; by K =
K (L). We have to prove the inequalities

(2.1) K-Ind X < £-Ind X,
(2.2) £-Ind X < K-Ind X.

To prove (2.1) we apply induction on £-Ind X. Let £-Ind X = n and let & =
(F1,...,Fn) € Expr(X), K = K(L), L € L. Let v(K) = (a1,...,am). As
in the proof of Theorem 1.31 (Sufficiency) we construct a mapping f : F' =
AU Fp— K2 Landa sequence @1 = (F,..., F}) such that F; C Fj1
and @; is f-generated by K. Since L-Ind X = n there exists a partition
P € Part(f, K) with £-Ind P < n— 1. By the inductive assumption we have
K-Ind P < n — 1. But, by (Lemma 1.30), P € Part(®;, K) C Part(®, K).
Thus -Ind X <n.

We prove (2.2) by induction on K-Ind X. Let K-Ind X = n and let
f e PC(X,L(K)) = PC(X, K). Using the argument of the proof of The-
orem 1.31 (Necessity) we construct a sequence ¢ = (F1,..., Fy,,) so that
domf=F =FU---UF, and @ is f-generated by K. Then we take a
K-neighbourhood u of @ with K-Ind P < n—1, where P = X \|J u, and con-
struct a (u|F')-barycentric mapping fi : F' — K such that f; ~ f. By the in-
ductive assumption we have £-Ind P < n—1. On the other hand, by Lemmas
1.28 and 1.24, P € Part(f;, L(K)) = Part(f, L(K)). Thus £-Ind X <n. =

2.5. PROPOSITION. If Y is closed in X, then L-IndY < L-Ind X.
Proof. Induction on £-Ind X.
Applying induction and Proposition 2.5 we get

2.6. PROPOSITION. Let X be the discrete union of subspaces X, o € A.
Then L-Ind X < n if and only if L-Ind X, < n for every a € A.

2.7. PROPOSITION. Let X be a hereditarily normal space and let Y be
a subspace of X such that L-IndY <n > 0. Then for every f € PC(X, L),
L € L, there exists an L-partition P of f such that L-Ind(PNY) <n —1.
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Proof. Let dom f = F. Since L-IndY < n, there exist an open subset V'
of Y and a mapping f; : VUF — L such that fi|p = fand £-IndQ < n—1,
where @ = Y\ V. By Proposition 1.40 there exist an open subset U of X and
amapping fs : U — L such that VUF C U and f1 ~ fa|yur. Put P = X\U.
Then P € Part(f2|p, L) = Part(f, L) by Lemma 1.24. On the other hand,
PNY C Q. Hence, by Proposition 2.5, L-Ind(PNY) < L-IndQ <n—1. =

2.8. THEOREM. If a hereditarily normal space X is represented as the
union of two subspaces X1 and X, then

L-Ind X < L-Ind X7 + £-Ind X5 + 1.

Proof. The assertion is obvious if one of the subspaces is empty. So
we assume that X7 # 0 # X, and apply induction on p = m +n > 0,
where Ind X; = m and Ind X5 = n. We consider only the inductive step
p — 1 — p, since the case p = 0 is considered by the same argument. Let
f e PC(X,L),L € L. By Proposition 2.7 there exists an L-partition P of f
such that £-Ind(P N X;) < m— 1. The set PN X> is closed in X,. Applying
Proposition 2.5 we get £-Ind(P N X3) < L-Ind X2 = n. Hence

L-Ind(PNX;)+ L-Ind(PNXy)<m—-14n=p—1.
By the inductive assumption, £-Ind P < m+n. Thus £-Ind X < m+n-+1. =

2.9. COROLLARY. If a hereditarily normal space X can be represented
as the union of n + 1 subspaces X1, ..., Xnt1 such that L-Ind X; <0, i =
1,....,n+1, then L-Ind X <n. =

Applying a standard argument (see, for example, [3| proof of Theorem
2.2.10]) one can prove the following statements.

2.10. THEOREM. For every space X we have K-Ind X = K-Ind X.
2.11. THEOREM. For every space X we have L-Ind X = L-Ind X.

To prove these theorems we use Lemma 1.7 and Theorem 1.6 respectively.

3. Comparison of dimensions. Since Lemma 1.30 holds for every
normal space X, an analysis of the proof of Theorem 2.4 shows that

(3.1) Lr-Ind X < L-Ind X

for every (normal) space X and every class £ of polyhedra.
3.1. QUESTION. Does the equality

(3.2) Lr-Ind X = L-Ind X

hold for an arbitrary space X7
A partial answer to Question 3.1 is given by

3.2. PROPOSITION. If L;-Ind X =0, then L-Ind X = 0.
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To prove Proposition 3.2 we use the argument of the second part of the
proof of Theorem 2.4. We have a partition P there of dimension < n —1 =
—1. Hence P is empty and u is a cover of X. Consequently, we can construct
a (u|F')-barycentric mapping f; for a normal space X.

3.3. PROPOSITION. If K1 C Ko, then Ki-Ind X < Ko-Ind X. u
3.4. PROPOSITION. If L1 C Lo, then L1-Ind X < Lo-Ind X. =
Propositions 3.3 and 3.4 yield

(3.3) sup{K-Ind X : K € £} < K-Ind X,

(3.4) sup{L-Ind X : L € £} < L-Ind X.
3.5. QUESTION. Is it true that

K-Ind X =sup{K-Ind X : K € £}, L-IndX =sup{L-IndX : L€ L}?

3.6. PROPOSITION. If L1 <j Lo, then

(3.5) L1-Ind X < Lo-Ind X

for every hereditarily normal space X.

Proof. We apply induction on Lo-Ind X = n > —1. For n = —1 the
assertion is obvious. Let £o-Ind X =n > 0 and let f € PC(X, L;) for some
Ly € £1. We have to find a partition P € Part(f, L) with £;-Ind P < n—1.

Since £ <j, Lo there exists Lo € L9 such that L1 <j, Lo, i.e. there exist
mappings o : Ly — Lo and #: Ly — Ly with foa ~idy,. Let

g=«ao f:domf — L.
Then g € PC(X, Ly). Since Lo-Ind X = n, there exists a partition P €
Part(g, Lo) with Lo-Ind P < n — 1. Then P € Part(fog,L;). But fog =
(Boa)o f ~ f, because foa ~idy,. Consequently, P € Part(f, L1) in view
of Lemma 1.24. On the other hand, by the inductive assumption we have
Li-IndP < Lo-IndP<n-—1.n

3.7. COROLLARY. If L1 ~ Lo, then
(3.6) L1-Ind X = Lo-Ind X
for every hereditarily normal space X.

3.8. QUESTION. Does equality (3.6) hold for an arbitrary space when-
ever L1 ~ Lo7

Theorem 1.4 and Corollary 3.7 yield

3.9. PROPOSITION. For every non-empty class R of AN R-compacta

there exists a class L = L(R) of compact polyhedra such that R-Ind X =
L-Ind X for every hereditarily normal space X. u

So, when we investigate the L£-Ind dimension of hereditarily normal
spaces, we can consider only classes £ consisting of compact polyhedra.
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3.10. LEMMA. Let @=(F1,...,Fy)€Expr(X) and let u=(Uy,...,Uy)
be a K-neighbourhood of ®. Then every partition P in X between F = )&
and X \ Ju is a K-partition of .

Proof. There exist open sets U and V such that
(3.7) UuUPUV =X
and
FcUcUuPc|Ju
We define a new K-neighbourhood u; = (U{,...,UL) of @ as follows:
Ul=UnU)UV, Uj=U;nU j=2,...,m.
Then P=X\Juj. m

3.11. LEMMA. Let f € PC(X, L) and let W be a neighbourhood of F' =
dom f such that X C W € Part(f, L). Then every partition P in X between
F and X \ W is an L-partition of f.

Proof. There exist open sets U and V satisfying (3.7) and FF C U C
UUP CW. Since X \ W € Part(f, L), there exists a mapping f1: W — L
such that fi|p = f. We define an extension fs of f putting fa|y = f1 and
fo(W) =pt € L. Then dom fo = X \ P, so P € Part(f,L). =

3.12. THEOREM. For every IC, L, and X we have

(3.8) K-Ind X < Ind X,
(3.9) L-Ind X < Ind X.
Proof. We prove (3.8) by induction on n = Ind X. For n = —1 the

assertion is obvious. Let X =n > 0 and let ¢ € Expy X, K € K. By Lemma
3.10 there exists a K-partition P of @ with Ind P < n — 1. By the inductive
assumption we have K-Ind P < Ind P. Consequently, K-Ind X < n. To prove
(3.9) we apply Lemma 3.11 instead of Lemma 3.10. =

In connection with Theorem 3.12 two problems arise.
PROBLEM 1. For what classes K of complexes,
K-Ind X =Ind X for every X7
PrROBLEM 2. For what classes £ of AN R-compacta,
L-Ind X =Ind X  for every X7
To solve Problem 1 we need the following statement.
3.13. LEMMA. If L consists of connected compacta, then L-Ind I = 0.

Proof. If L is a connected AN R-compactum, then it is path-connected,
and consequently L € AE(I). Hence £-Ind/ = 0. =

The next theorem solves Problem 1.
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3.14. THEOREM. The equality K-Ind X = Ind X holds for every space
X if and only if K contains a disconnected complex.

Proof. Necessity is a consequence of Lemma 3.13 and Theorem 2.4.
Sufficiency. In view of Theorem 3.12 it suffices to show that

(3.10) Ind X < K-Ind X.

We shall prove (3.10) by induction on n = K-Ind X . The assertion is obvious
for n = —1. Assume that K-Ind X = n > 0. Let F; and F5 be disjoint
closed subsets of X. We have to find a partition P between F; and Fb» with
IndP <n-1.

Take a disconnected complex K = K; L Ky € K. We can enumerate
its vertices as v(K) = (a1,...,an) so that a1 € K; and ay € Ks. Let
& = (Fy,Fy, F3,...,Fy), where F3 = --- = F,, = (). Then & € Expg(X).
Since K-Ind X = n, there exists a K-neighbourhood v = (Uy,...,Uy,) of @
such that -Ind P <n — 1, where P = X \ (U1 U---UU,,). Let

Ai={je{l,....m}:aqe K}, Vi=|J{U;:jeA}, i=1.2

Since the embedding N (u) — K is generated by the correspondence U; — a;,
we have

VlﬁVQ:@, Fy c VW, Fy, C Vs,
Hence P = X \ (V1 UV3) is a partition between F} and Fy. By the inductive
assumption we have Ind P < -IndP<n—1. =

The next theorem gives a partial solution of Problem 2. It is a corollary
of Theorems 2.4 and 3.14.

3.15. THEOREM. The equality L-Ind X = Ind X holds for every heredi-
tarily normal space X if and only if L contains a disconnected compactum.

3.16. QUESTION. Is it true that £-Ind X = Ind X for every space X
whenever £ contains a disconnected compactum?

Question 3.16 has a positive answer if the next question has a positive
answer.

3.17. QUESTION. Is it true that £1-Ind X < Lo-Ind X for every space
X whenever £q <j, L57

In connection with Theorem 3.12 another two problems arise.

PROBLEM 3. For what classes K of complexes, -Ind X < oo = Ind X
< o0?

PrOBLEM 4. For what classes £ of AN R-compacta, £-Ind X < oo =
Ind X < o0?

3.18. THEOREM. The inequality K-dim X < K-Ind X holds for every
space X and every class K.
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To prove Theorem 3.18 we need some additional information.

3.19. LEMMA. Let X = Y U Z, a = (A1,...,Ap) be a sequence of
subsets of Y, and = (Bi,...,Bm) be a sequence of subsets of Z such
that N(a),N(B) C K. Let v = (Ch,...,Cp,), where C; = A; U B;. Then
N(y) C K.

Proof. For aj,,...,a;. € v(K) we denote by K(aj,,...,a;) = K; the
biggest subcomplex of K with v(K1) = (aj,,...,a;,). We have to prove that

Ciyn---NnCj, #0 = K(aj,...,a;. ) is a simplex.
Let z € Cj;N---NCj,. fx €Y, thenz € A;, N---NA; , and consequently

K(aj,,...,aj ) is a simplex, because N(a) C K. If z € Z, then z € B;, N
---N Bj,, and so K(aj,,...,a; ) is a simplex, since N(8) C K. =

Lemma 3.19 yields

3.20. LEMMA. LetY be a subspace of a space X, o= (A1,...,An) be a
sequence of subsets of X, and 3 = (By, ..., Bn) be a sequence of subsets of Y
such that N(a), N(B) C K and A;NY C B, j=1,...,m. Let C; = A;UB;
and vy = (Cq,...,Cy,). Then N(y) C K.

Proof of Theorem 3.18. We apply induction on K-Ind X =n > —1. If
n = —1 the assertion is obvious. Assume that we have proved it for all X
with C-Ind X =k <n—-—1>—1and let C-Ind X =n > 0.

We have to prove that every sequence (K1, ..., K,11), K; € K, is inessen-
tial in X. Take an arbitrary sequence (&1,...,Pn41), @i € Expg,(X).
We are looking for Kj;-partitions P; of @; such that P, N --- N P,y = 0.
Since K-Ind X = n, there exists a K, -partition P41 of @,41 such that
K-Ind P,yy <n—1. Let &; = (F{,...,F} ) and F; = F{U---UF}, . Since
K-Ind P,+1 < n — 1, by the inductive assumption we have K-dimP,; <
n — 1. Hence the sequence (Pi|Pp1,...,Pn|Ppt1) is inessential in P41,
and consequently there exist partitions @Q; € Part(®;|P,+1, K;) with Q1 N
-+-NQ, = 0. By Lemma 1.7 there exist sets V; open in P, 1 such that

(3.11) QiCV;C Py \F, i=1,...,n,
(3.12) in---nv,=0.

In view of the definition of the K;-partitions (); there exist sequences u; =
(Ut,...,UL,) of open subsets of Pny1 such that

(3.13) FiNPoCU), j=1,....m;
(3.14) UlU---UU. = Pu1\ Qs
(3.15) Nw)CK;, i=1,...,n.

Put H; = P41\ V;i. The sequences u;|H; are open coverings of H; in view
of (3.11) and (3.14). Shrinking them to closed coverings we get sequences
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) = (OF},..., F} ) of closed sets such that

(3.16) FiNPo COFjCU;, j=1,...,m,
(3.17) Ffu---U°F, =H;, i=1,...,n
From (3.15) and (3.16) it follows that

(3.18) N@) c K;, i=1,...,n.

Put &} = ("F{UF{,...,°F}, UF} ). According to (3.18) and Lemma 3.20
we have N(®}) C K;, i = 1,...,n. Take arbitrary K;-neighbourhoods w; =
(Wi,...,Wt ) of &) in X and put P, = X \ Jw;. Then PN ---NP, C
X \ Pp41 because of (3.12) and (3.17). m

From the definition we get
3.21. PROPOSITION. K-Ind X =0 & K-dim X =0. »
Corollary 2.9 and Proposition 3.21 imply

3.22. PROPOSITION. If a hereditarily normal space X can be represented
as the union of n + 1 subspaces Xi,...,Xpy1 such that K-dim X; < 0,
i=1,....,n+1, then K-Ind X <n. n

Theorems 1.17, 1.37, 3.18, and Proposition 3.22 yield
3.23. THEOREM. If X is metrizable space, then K-Ind X = K-dim X. =

Theorem 3.23 is a generalization of a theorem by M. Katétov [10] and
K. Morita [12] for the classical dimensions dim and Ind.

We conclude this section with another application of Lemmas 3.19 and
3.20, which we will need in Section 5.

3.24. THEOREM. Let f: X — Y be a mapping of a compact Hausdorff
space X onto a space Y with dimY = 0. Then

K-dim X < sup{K-dim f~'(y) : y € Y}.
Proof. Tt suffices to consider the case
(3.19) sup{K-dim f1(y):y €Y} =n < o0.

Let &; = (F{,...,F}) € Expg,(X), K; € K,i=1,...,n+1. Fory €Y,
put

(3.20) = (F{nf(y), . o, 0 f7H(y))
Since K-dim f~!(y) < n, there exist partitions P! € Part(®?, K;) such that
(3.21) P/n---NnP/ =0, yeY.
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This means that there exist families v} = (V,..., V), ), i=1,...,n+1,
of open subsets of f~!(y) such that

(3.22) Fnfty)cVy, §j=1...,m,

(3.23) N@w))CK;, yeY,

(3.24) v/ =l U U0, € cov(fT (y)).

We can shrink the covering v¥ to a closed covering

@y:{Fffj:izl,...,n—l—l;j:l,...,mi}

so that
i~ 1 y v
(3.25) Finf(y) c FY, c VP
Put ‘@Y = (F/),..., F/, ). From (3.23) and (3.25) it follows that
(3.26) N(o¥)Cc K;, i=1,...,n+1.

Put 'F/; = F/; UF} and ‘& = ("F}},...,'F},
Lemms 3 20 1t follows that
(3.27) N(®Y)c K, i=1,....,n+1.

By Lemma 1.7 and (3.27) there exist families w = (W}/},..., W/, ) of open
subsets of X such that

). From (3.25), (3.26), and

(3.28) EL W, =1, m,
(3.29) Nw!)Cc K;, i=1....,n+1.

Put W, = U{W/;:i=1,....n+1;j =1,...,m}. Since U&¥ = f~(y),
from (3.28) we get f~!(y) C W,. Hence there exists a neighbourhood Oy of
y such that

(3.30) F i) © floy c W,

The covering {Oy : y € Y} of Y admits a refinement v = {Gy,...,G,}
consisting of pairwise disjoint clopen sets. For every s = 1,...,r fix a point
y(s) so that G5 C Oy(s). Put

(331) UZSJ = WZyJ(S) nfilG& s = 1,...77’,

(3.32) u; = (U, Uly),  i=1 n+ 1.

From (3.29) it follows that

(3.33) N(u$) C K;.

Let U; j = U1 -UU;; and u; = (Ui, ..., Uim,). From Lemma 3.19 and

(3.33) we get
(3.34) N(u;) C K;.
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From (3.28), (3.30), and (3.31) it follows that
(3.35) F; Cc Ui,
(3.36) up U+ Utps € cov(X).

Put P;=X\|Ju;. Then conditions (3.34)—(3.36) imply that P; € Part(®;, K;)
and PLN--- NP,y =0. m

4. Fully closed mappings. Let f: X — Y be a mapping and A C X.
Recall that the set

fFA={yeY : [Hy) cA =Y\ [(X\4)
is said to be the small image of A. If « is a family of subsets of X then we

put ffa={f7"A:Aca}.

4.1. DEFINITION ([4]). A continuous surjective mapping f : X — Y is
called fully closed if for every point y € Y and for every finite family u of
open sets in X with f~!(y) C [Ju, the set {y} UlJ f*u is a neighbourhood
of y.

Obviously, every fully closed mapping is closed.

4.2. PROPOSITION. If f : X — Y s a fully closed mapping and u is a
finite open cover of X, then the set Y \ | f”u is discrete. m

4.3. PROPOSITION. If f: X — Y is a fully closed mapping and Z C Y,
then the mapping f|-1(z) f~Y2) — Z is fully closed. m

4.4. PROPOSITION. If f: X — Y and g :Y — Z are mappings whose
composition g o f s fully closed, then g is also fully closed. =

4.5. For a mapping f : X — Y and an arbitrary set M C Y, we put
M ={fly:yeY\M}U{{z}:z e fTIM}.
The family M7 is an upper semicontinuous decomposition of the space X.
We denote the quotient space with respect to this decomposition by YfM

and the corresponding quotient mapping X — YfM by far. Since the de-

composition M/ refines the decomposition corresponding to the mapping f,
there exists a unique mapping 7'('}\/‘[ : YfM — Y such that f = Wj\/ o far. The

mapping 7ij\/[ is continuous, because f is continuous and fM is quotient. If

M =0, then Y} =V, fy = f, 7} =idy.
4.6. PROPOSITION ([7]). For a closed surjective mapping f : X —Y of a
reqular space X to a regular space Y, the following conditions are equivalent:

(1) f is fully closed;
2) for any set M C Y, the space YM is reqular. =
f
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4.7. ProproSITION ([7]). If f : X — Y s a fully closed mapping and
M CY, then both mappings far and 7'('}\4 are fully closed. m

4.8. PROPOSITION. If f : X — Y is a closed surjective mapping of a
normal space X onto a Ti-space Y, then Y is a normal space. m

Propositions 4.6-4.8 yield

4.9. PROPOSITION. If f : X — Y s a fully closed mapping between
normal spaces, then YfM is a normal space for any M CY. n

4.10. DEFINITION. A family M of subsets of Y is said to be a direction
in Y if it satisfies the following conditions:

0) 0 e M,

1) M is a covering of Y

2) if My, My € M, then there exists M € M such that M; U My C M.

4.11. The inverse system S/]:/(. Let f : X — Y be a fully closed map-
ping and let M be a direction inY.If Mi, My € M and M; C M>, then
the decomposition M refines the decomposition le . Hence there exists a
unique mapping 7rM YM2 YM such that chvb = wj‘/l o 7TM2 It is easy
to check that if My C Mg C M3, M; € M, then

Mg _ My M3
T = Tar, © T, -

So the family Sjcvl = {YfM, 7M., M} is an inverse system. We denote by s
the limit projection lim S/]:A — YfM .

4.12. THEOREM. Let f :' Y — Y be a fully closed mapping between
compact Hausdorff spaces and let M be a direction in'Y . Then far is hom-
eomorphic to the limit projection wy; of the inverse system SM, M e M.

The proof is a routine.
For a mapping f : X — Y the number £-dim f is defined as follows:

L-dim f = sup{L-dim f~(y) :y € Y'}.

4.13. THEOREM ([9]). If f : X — Y is a fully closed mapping between
compact spaces, then

L-dim X < max{L-dimY, L-dim f}. =
In applications, fully closed mappings appear as resolutions.

4.14. DEFINITION ([7]). Given a space X, spaces Y, and continuons
mappings h, : X \ {x} — Y, for each point z € X, a resolution of (the set)
X (at each point z to the space Y, by means of the mappings h;) is the set

R(X) = R(X, Yy, ha) = J{{z} x Y2 i w € X}
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The mapping 7 = 7x : R(X) — X taking (z,y) to x is called the resolution
mapping or simply the resolution.

We define a topology on R(X). Given a triple (U, z, V), where U is an
open subset of X, x € U, and V is an open subset of Y, put

U®,V={z} xVur Y(UNh V).

The family of sets of the form U ®, V is the base for a topology on R(X)
called the resolution topology.

4.15. THEOREM ([B]). If X and all Yy are compact Hausdorff spaces,
then R(X) is also a compact Hausdorff space, w is fully closed, and each
fibre 7=Y(x) is homeomorphic to Y. Moreover, R(X) is first countable if
and only if X and all Y, are first countable.

4.16. DEFINITION. A closed mapping f : X — Y is called atomic if
F = f71f(F) for every closed F C X such that f(F) is a continuum
(connected closed non-singleton).

4.17. DEFINITION. A closed mapping f : X — Y is said to be ring-like
if, for any point x € X and any neighbourhoods Oz and Of(z), the set
Of(x) N f#Ozx contains a partition between f(z) and Y \ Of(z).

4.18. PROPOSITION. Fwery ring-like mapping is atomic. =

A number of applications of resolutions are based on the following state-
ment.

4.19. LEMMA ([6]). Let X be a first countable connected compact Haus-
dorff space and let Y,, x € X, be AR-compacta. Then we can choose map-
pings hy : X \ {z} — Y, so that

(i) the resolution wx : R(X) — X is a ring-like mapping.

If X is perfectly normal and hereditarily separable then, under the continuum
hypothesis, the mappings hy can be chosen so that, in addition to (i),
(ii) the space R(X) is perfectly normal and hereditarily separable. m

4.20. Reduced resolution. Applying the construction from 4.5 to the
mapping 7 : R(X) — X and a set M C X we get a space RM(X) and
mappings 7y @ R(X) — RM(X) and 7™ : RM(X) — X such that 7 =

M o 75 and
(4.1) (M) () =7"Yx) forze M,
(4.2) |(7M)"L(z)| =1 for x € X\ M.

The space RM(X) is called a reduced resolution of the resolution R(X) with
respect to M.

4.21. The inverse system S%,. If My C Ms C X, then there exists a
unique mapping W%f : RM2(X) — RM1(X) such that 72 =g ow%’f. If M
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is a direction in X, then according to 4.11 the family S, ={R™(X), 7}, M}
is an inverse system.
Theorems 4.12 and 4.15 yield

4.22. THEOREM. Let 7 : R(X) — R be a resolution of a Hausdorff com-
pact space X and let M be a direction in X. Then wyr ts homeomorphic to
the limit projection lim ST, — RM (X)) of the inverse system Sk, M €M. m

5. Compact spaces with non-coinciding dimensions. The main
result of this section is

5.1. THEOREM.

(i) For an arbitrary complex K with K x K non-contractible and any
n > 2 there exists a separable first countable compact Hausdorff
space X, such that

(5.1) K-dim X, =n <2n—-1< K-Ind X,, < 2n.

(ii) Under the continuum hypothesis there exists a perfectly normal space
X9 with properties from (i).

To prove Theorem 5.1 we need some auxiliary information.
Just from the definition we get

5.2. PROPOSITION. Let f: X — Y be a ring-like mapping and let U C
X be an open subset. Then ind, (Y \ f#U) <0 for everyy € f(U)\ f7U. =

The next statement is an immediate consequence of Proposition 5.2.

5.3. PROPOSITION. Let f : X — Y be a ring-like mapping and let
Ui, ..., U, be open subsets of X. Then

ind(f(U)U--- U f(Up) \ (fFULU---U f7U,)) <0.

5.4. PROPOSITION. Let X be a compactum with K-dim X =k > 1 and
let R(X) be the resolution from Lemma 4.19 with Y, = I, x € X, and

(5.2) m >n=K-dimI™ > k.
Then K-Ind R(X) > k+n—1.

Proof. We apply induction on k. Let £k = 1. Take an arbitrary point
z € X. Then
2:5 1 m 3.23 . om (5.2)
K-IndR(X) > K-Ind(r™ " (z)) = K-Ind I "=" K-dim I "="n = k+n—1.
Assume that the assertion holds for dimensions K-dim X less than & > 2
and consider a space X with K-dim X = k. There exists ¢ = (F1,...,Fy,) €
Expy (X) such that

(5.3) K-IndP >k —1 for an arbitrary K-partition P of &.
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Put ¥ = (7 'Fy,...,77'F,). Then ¥ € Expg(R(X)). Let O¥ =
(Ur,...,Up), be an arbitrary K-neighbourhood of ¥ existing by Lemma
1.7. The sequence O® = (n#Uy,..., 7" U,) is a K-neighbourhood of &.
Then

(5.4) P=X\(a?UyU---Un?Up,)
is a K-partition of @. In view of (5.3) we have
(5.5) K-IndP>k—-12>1.

Put U=U1U---UUp and Q = R(X) \ U. Then Q is a K-partition of ¥.
Let

(5.6) G=7"U\ (77U U---Un"U,).

By (5.4) we have

(5.7) P=GU f(Q).

Since X is a compactum, from Theorem 3.23 and (5.5) it follows that
(5.8) K-dmP >k—-12>1.

On the other hand,

(5.9) K-dimG <dimG <0

by Theorems 1.17, 1.35, and Proposition 5.3. Consequently, from (5.7)—(5.9)
and Proposition 1.33 it follows that K-dim f(Q) > k—1. Hence by Theorem
3.24 there exists a continuum C C 7(Q) such that K-dimC' > k — 1. Then

(5.10) K-Ind7 Y(C)>n+k—2
by the inductive assumption. Since 7 is ring-like mapping, we have 771 (C) C
Q by Proposition 4.18. Thus from (5.10) it follows that K-Ind @Q > n+k—2.

But @ is an arbitrary K-partition of ¥. Consequently, K-Ind R(X) > n +
k—1. =

5.5. LEMMA. Let X be a hereditarily normal space and let Y be a closed
subspace such that K-Ind(X \'Y) < n > 0. Then for every & € Expy(X),
K € K, and every Q € Part(®|Y, K) there exists a K-partition P of ® such
that

(5.11) PNY =0Q,
(5.12) K-Ind(P\Y)<n-1
Proof. Let @ = (F1, ..., Fy)and F = F1U- - -UF,,. There exists a family
v=(V1,..., Vi) of open subsets of Y such that
(5.13) F,nycv, j=1,...,m,
(5.14) Viu---UV,=Y\Q,
(5.15) N(v) C K.
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The family v is an open covering of a normal space Yy = Y \ Q. Hence there
exists a family h = (Hy, ..., H,,) of closed subsets of Y such that

(5.16) F,NnYCcH;CV;, j=1,...,m,
(5.17) HiU---UH, =Y\Q,
(5.18) N(h) C K.

Since Yj is a closed subset of the space Xg = X \ @, the sets Fj1 =F; UH,;

are closed in Xo. Put & = (F},...,F}l). Since & € Expy(X), conditions
(5.16), (5.18), and Lemma 3.20 imply that

(5.19) N(&)) C K.

By (5.19) and Lemma 1.7 there exists a family v = (Uy,...,U,,) of open
subsets of X such that

(5.20) FlcU;, j=1,....m,
(5.21) N(u)=N(P1) C K.
Since Xy is normal, there exists a family u; = (U}, ...,UL) of open subsets

of X such that
—X
(5.22) FlcufcUul™cu;, j=1,...m
—X, .
Put E; = Uj1 \Y and e = (E1,..., Ey). From (5.21) it follows that
(5.23) N(e) C K.

Since K-Ind(X \ Y) < n, condition (5.23) implies the existence of a family
w = (W1,...,W,,) of open subsets of X \ Y such that

(5.24) EjCWj, j=1...,m,
(5.25) N(w) C K,
(5.26) K-Ind(X\ (YUW U---UW,)) <n-—1

Put sz = Uj1 UW; and ug = (UZ,...,UZ2). As unions of open sets, Uj2 are
open subsets of Xy, and hence of X. Conditions (5.21), (5.25), and Lemma
3.20 imply that N(u2) C K. Moreover, from (5.22) and (5.24) it follows that

FcU;, j=1,....m

Hence ug is a K-neighbourhood of ¢. Put U]‘{-3 = UJ-Q\Q and uz=(U3,...,U3).
Since Q N F = (), ug is a K-neighbourhood of ¢. We claim that

(5.27) P=X\(U}u---uU3)
is the required partition. To check (5.11) it suffices to show that
Y\ (UFU---UU2) C Q.
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But this follows from (5.17) and (5.22). As for (5.12), it will be a consequence
of (5.27), as soon as we prove that

(5.28) P\Y=X\YUWLU---UW,,).

By (5.27) we have P\ Y = X \ (YU U U---UU2). But since Q C Y, we
have YUU U---UUS =YUUZU---UUZ =Y UWjU---UW, in view
of (5.22) and (5.24). Thus equality (5.28) is proved. =

5.6. PROPOSITION. Let X be a compactum with K-dim X =k > 0 and
let R(X) be the resolution from Lemma 4.19, Y, =I™, z € X, and
(5.29) m>n=K-dimI™ > k.

Then K-Ind R(X) < k +n.

Proof. We apply induction on k. Let k = 0 and & = (Fy,...,Fy,) €
Expg(R(X)). Let M be the family of all finite subsets of X, i.e. M =
Fin(X)U{0}. By Theorem 4.22 there exists a finite set M ={x1,..., 2} C X
such that
(5.30) N(myr(9)) = N().

Put Z = (#M)™IM and Y = RM(X)\ Z. The set Z = (M)~ Hax1,..., 7}
is homeomorphic to the disjoint union of [ copies of I"™ according to (4.1).
Hence

(5.31) K-dim Z *2* K-Ind Z.

On the other hand, Y is homeomorphic to X \ M by (4.2). Thus

(5.32) K-IndY = K-Ind(X \ M) *2 K-dim(X \ M) < K-dim X = 0.

From (5.31) it follows that there exists a partition @ € Part(my(P)|Z, K)
with K-Ind@Q < n — 1. According to (5.32) and Lemma 5.5 there exists a
K-partition P of mp/(®) such that

PNZ=Q, K-Ind(P\Z)<-1.

Consequently, P C Z and P = Q.
But if P € Part(my (@), K), then Py = 7, (P) € Part(®, K). From (4.1)
it follows that

(5.29)
n =

b1y 7 (M) — (M) 7H(M)
is a homeomorphism. So K-Ind P, = K-Ind P = K-Ind@ < n — 1. Thus
K-IndR(X) <k +n for k=0.
Assume that our assertion holds for all compacta X with K-dim X <
k —1 > 0 and consider a compactum X with K-dimX = k. Let & €
Expy (R(X)). Repeating the previous proof we find a finite set M C X
with N(mp (@) = N(®) and a K-partition P of 7y (®) such that

K-Ind(P\ Z) <k — 1.
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As 7TM|p\Z is a homeomorphism, K-dim 7™ (P\ Z) = K-Ind#" (P \ Z) <
k — 1. Consequently, K-dim 7™ (P) < K-dim(M U r™(P\ Z)) < k — 1,
because M is finite. By the inductive assumption (X = 7 (P)) we have

dim7 = (#™(P)) <n+k—1.

But 7,/ (P) € n~Y(#™(P)). Thus P, = m;;'(P) is a K-partition of ¢ with
K-dmP, <n-+k—1. Hence K-dmX <n-+k. u

Proof of Theorem 5.1. By Theorem 1.39 there is m such that K-dim I™
=n. Put X,, = R(X), where R(X) is a resolution from Lemma 4.19(i) with
Y, = 1", x € X. Then the required properties of X, are consequences of
Theorems 4.13, 4.15, Proposition 4.8, Lemma 4.19, and Propositions 5.4 and
5.6 with k = n.

For X0 we apply Lemma 4.19(ii) instead of Lemma 4.19(i). =
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