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POLYNOMIAL ALGEBRA OF CONSTANTS
OF THE FOUR VARIABLE LOTKA-VOLTERRA SYSTEM

BY

PIOTR OSSOWSKI and JANUSZ ZIELINSKI (Torun)

Abstract. We describe the ring of constants of a specific four variable Lotka—Volterra
derivation. We investigate the existence of polynomial constants in the other cases of
Lotka—Volterra derivations, also in n variables.

1. Introduction. Let k£ be a field of characteristic zero. Let R be
a commutative k-algebra. A k-linear mapping d : R — R is called a k-
derivation (or simply a derivation) of R if d(ab) = ad(b) + bd(a) for all
a,b € R. By R? we denote the kernel of the mapping d. It forms a ring
and we call it the ring of constants of the derivation d. Then k C R¢ and
a nontrivial constant of the derivation d is an element of the set R?\ k.
By k[X] we denote k[z1,...,z,], the polynomial ring in n variables. If
fi,--., fn € k[X], then there exists exactly one derivation d : k[X]| — k[X]
such that d(z1) = fi1,...,d(zn) = fa.

There is no general effective procedure for determining the ring of con-
stants. Even for a given specific derivation the problem may be difficult; see
for instance various counterexamples to Hilbert’s fourteenth problem (for ex-
ample by Deveney and Finston [I]), the derivations of Jouanolou type (for
example Maciejewski et al. [2]), the three variable Lotka—Volterra derivation
(Moulin Ollagnier and Nowicki [3]).

The Lotka—Volterra derivations, besides multiple applications in vari-
ous branches of science, especially in biology, play an important role in
the derivation theory itself. A derivation d : k[X]| — k[X] is said to be
factorizable if d(x;) = x;f;, where f; € k[X] for i = 1,...,n. The most
useful case is when all f; are of degree 1. Examples of such derivations are
Lotka—Volterra derivations. How to associate with any given derivation a
factorizable derivation having all f; of degree 1 is shown in [6]. The con-
struction helps to establish new facts on constants of the initial derivation
(see, for instance, Nowicki and Zielinski [5]). For details and discussion we
refer the reader to [5] and [2].
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The aim of this paper is to present some method of determining the ring
of constants. Section 2 contains several properties of specific Lotka—Volterra
derivations. In Section 3 we prove Theorem [3.1] It gives a full descrip-
tion of the ring of polynomial constants of the derivation d : k[x,y, z,t] —
k[x,y, z,t] of the form

0 0 0 0
d:x(t—y)%+y(w—z)a—y+z( —t)a——i-t(z—x)at

It is the main result of the paper. Finally, in Section 4, we make some further
considerations on various cases.

Let N denote the set of nonnegative integers. For o = (a1, ..., ;) € N,
we denote by X® the monomial z{*...20"» € k[X] and by |a| the sum
a1 + -+ + an. An element of N™ with ith coordinate equal to 1 and the
remaining coordinates equal to 0 is designated by &; (moreover, we assume
that eg = &, and e,41 = €1). A derivation d : k[X] — k[X] is called
homogeneous of degree s if the image of a homogeneous form of degree ¢
under d is a homogeneous form of degree s + ¢ for all t € N.

2. Preliminary lemmas and propositions. Let R = k[z1,...,z,].
Throughout this section, n > 3 and d : R — R is the derivation defined by

(21) d(l‘l) = 1’7;(1‘1'_1 - xi—i—l)

for ¢ = 1,...,n, and we adhere to the convention that z,,1 = z; and
xo = . Denote by R(;) the homogeneous component of R of degree i. Let
Ré) =R N R?. Since d is homogeneous, we have R? = b2, RE’Z.).

LEMMA 2.1. Let m > 1. Let ¢ = Zla\ baX® € Ry, where by € k.
Then ¢ € R zf and only if for every B = (B1,...,0n) € N" such that
IBl=m+1 we have Yoy Bilbg—e, , —bp— eirr) = 0.

Proof. We compute the value of d at ¢ = Z|a|:m ba X € R(y,), where
m > 1, as follows:

dip) = Y bad(X*) = > b Z%Xa Sid(a;)

laj=m |laj=m

= Z ba ZazX“ “ai(wio1 — Tiy1)

laf=m

_ Z b ZO‘Z Xa-‘ré‘z 1 Xa+61+1)

laf=m
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— Z ibaaiXa—’—Ei_l o Z ibaaiXa—&—siH

|o|=m =1 la|=m i=1
n n
= Z Zbﬂ—Ei—lﬁiX/B - Z Zbﬂ—6¢+1/8iXﬂ'
|B]l=m+1 i=1 |8|=m+1 i=1
Bi—1>0 Bi+1>0

We adopt the convention that b, = 0 when «; < 0 for some 1 < ¢ < n.
Therefore

d(p) = Z Zbﬁ_gFlﬁiXﬁ - Z Zbﬁ—aiﬂ/ﬁixﬁ

|Bl=m+1 i=1 |8l=m+1 i=1

= Z X7 Z(bﬁ_ai—lﬂi - bﬁ—€i+1ﬁi)'
|B|l=m+1 =1
Hence d(y) = 0 if and only if Y77 | Bi(bg—c,_, — bg—c,,,) = 0 for all |3| =
m+1. =

COROLLARY 2.2. Let ¢ = Z|a|:m b X € R‘(im), where m > 1. If r;s €
N\ {0} and r +s=m+1, then rb.c, 4 (s—1)e, 1, = SO(r—1)e; 45141 -
Proof. Let 8 = re; + sej41. According to Lemma, [2.1
Bi(bg—ei_y = bg—ein1) + Biv1(bg—e; — bp—c,15) =0,
because 3; = 0 for j ¢ {i,i + 1}. Then §; = r, Bit1 = s, bg_e, , = 0,
bg—c;., = 0, hence

_rbrei-i—(s—l)ai_,_l + Sb(r—l)ai—ksei_,_l =0.m
Let ¢ € Rand 1 < ¢ < n. Then for every subset {iy,...,i,} C {1,...,n}
we denote by @i} the sum of monomials of ¢ that depend on variables
Tiyy ..., Tig, that is, plitria} = Pla;=0for j¢{i1,....ig}-

LEMMA 2.3. Ifp € R‘(im), then Uit} = ¢(x; 4+ 2i0)™ for c € k.
Proof. Let ploitlh =S~ bre,+(m—r)es1 T3 iy, - By Corollary ﬁ we

Ei+1"tVi+1
have rbrsi—&—(m—r)eHl = (m +1- T)b(r—1)€i+(m+1—r)€i+1 forr=1,...,m.
We show that b, (m—r)e;, = (T) bme, .- We proceed by induction on r.

If r =1, then be, 4 (m—1)e; 1, = Mbmers; = (7)bme,ry- Let 7> 1. Then

Eit+1

m+1—r m+1l—-r( m
brs¢+(mfr)5¢+1 - Tb(r71)6¢+(m+177‘)6¢+1 = .1 bmsi_Hu

by the inductive assumption. Therefore byc, i (m—r)e;,, = (T) bine, .- Hence

m
,7, 1 m _
vattitl) — E <T>bm5i+lx2xﬁ_lr = beyyy (i + xigp)". m
r=0
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PROPOSITION 2.4. R}y =k 37 x;.

Proof. Let ¢ = Z;.Lzl be;xj € R‘(jl). By Lemma be,wi + bey i1 =
ci(x; + xi41) for i = 1,...,n — 1. Thus b,, = b.,,, fori = 1,...,n — 1.
Therefore ¢ = b, > "_; ;. Obviously then d(¢) = 0. =

Here and throughout, supp(a) = {i : oy # 0} for a = (aq,..., ) € N™.

LEMMA 25. If ¢ € R?m), then ¢ = c(3 5 ;)™ + > baX*, where
the latter sum is taken over all |o| = m such that either # supp(a) > 3,
or #supp(a) = 2 and the two nonzero exponents are not on consecutive

variables (in the cyclic sense).

Proof. Let ¢ € R‘(im). It follows from Lemmathat forevery 1 <i<mn

there exists ¢ € k such that go{i’iJrl} = ¢(z;+x;41)™. Then c is the coefficient
of 2" (and of 27 |, and of 21, . . .) in the polynomial ¢. Likewise, c(}') is the
coefficient of a:ixﬁ__ll in ¢. Thus p—c(3_7_; 2;)™ does not contain monomials

associated to xéxﬁ]l for any 0 <! < m, which proves the assertion. m

k(> xj)? forn =3,

k(3" x)? + kxizs + kaoxy  for n = 4.
. . d

Proof. According to Lemma ﬁ if p € R(Q), then

0= C(Z:cj>2 + Z ba X + Z bijrix;

o] =2 0<j—ig¢{l,n—1}
#supp(a)>3

for ¢ € k. Since the conditions #supp(a) > 3 and |a| = 2 are contradictory,

it follows that
Y b X*=0.

laf=2
#supp(a) >3

For n = 3, we also have Zo<j—z‘§z{1,n—1} bijx;x; = 0, because then there

PROPOSITION 2.6. Ré) = {

do not exist nonconsecutive variables (in the cyclic sense). For n = 4, we
easily check that » = ¢(3_ x;)? + pr123 + grezy is a constant of d for all
c,p,q € k. m

As an obvious consequence of the fact that x;|d(x;) for i = 1,...,n we
obtain the following:

PropOSITION 2.7. If A C {1,...,n}, then for every homogeneous poly-
nomial p € R,,) we have d(eM)4 = d(p)4.

COROLLARY 2.8. If A C {1,...,n}, then for every ¢ € R?’m) we have
(™) = 0.
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LEMMA 2.9. [f BC AC{1,...,n} and d(p*)* =0, then also d(©®)B=0.

Proof. Let o4 = B +1), where each monomial in v has x; in a positive
power for some j € A\ B. Then d(p?) = d(¢©®) +d(¢). If d(¢*)? = 0, then
clearly d(¢4)® = 0. Therefore 0 = d(¢?)B = d(¢P)B + d()B. Moreover
d(¥)B = 0, because every monomial in d(1) has z; in a positive power for
some j € A\ B, by the definition of d. Finally, d(¢®)? = 0. u

LEMMA 2.10. If ¢ € R(yy, A={i,i+1} C{1,...,n} and d(p*)* =0,
then o = c(x; + x41)™ for some ¢ € k.

Proof. Let 4 =3 by "z ;. Then

dp™) = bo(d(@ " )al + 2T d(2l )
r=0

m
= Z br((m —r)a] "l (i1 — @) +ra]" "2l g (2 — 2ig2))-
r=0

Consequently,
m
A\A - - 1
A =Y b (ral T afy — (mo— )Tl
r=0
m m—1
= > b = Y (m = )bl el
r=1 r=0
m m
= Z rbpa el — Z(m — 7+ Dbp_qa " al
r=1 r=1
m
= (rby — (m —r + Dby_y)a ", =0.
r=1
Hence for r = 1,...,m we have rb, = (m — r + 1)b,_1, that is, b, =
m%mbr_l. Thus an easy induction on 7 shows that b, = (T) bo for r =
0,...,m. Therefore, p4 = bg(z; + ;11)™. =

PROPOSITION 2.11. Let n > 4. If ¢ € Ry, A = {i,i +1,i + 2}
{1,...,n} and d(cpA)A =0, then ¢4 € klx; + xit1 + Tito, TiTita).

N

Proof. The proof is by induction on m. Let m = 1. By assumption
and Lemma d(pteth i1}l — 0. In view of Lemma we have
el = ¢ (z; + x441). Similarly, we obtain U142} = ¢y (2541 + 2440).
Thus ¢; = ¢ and ¢? = ¢y(x; + 241 + Tip2). Now let m = 2. Since
d(pttIH i1} — o it follows that i1} = ¢ (2; + 2441)%. Analogously
QUHALIF2Y — o (2541 +2440)%. Therefore, o = ¢1(2i+Tip1+Tig2)? +brizipo
for some b € k.
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Assume m>3. Let ¢4 =3" b, X, where the sum is taken over all o with
|a| = m such that supp(a) C {4,341, i+2}. We have oW1} = ¢ (z; 4+ 2;41)™
and @UHL+2Y — o (2501 + 2440)™ for ¢1,¢p € k. Thus ¢; = ¢3 =: ¢. The
terms of the form z{x;}|" and 7, 2;7," for r = 0,...,m have the same
coefficients in 4 and in c(z; + xi41 + Tip2)™. Therefore

o = c(xi + Tip1 + i)™ + Z b X% + Z ba X,
supp(a)={:,i+2} supp(a)={i,i+1,i+2}

that is, 4 = c(x; + xip1 + @ipo)™ + 225420, where ¢ € Ry —9).-
Obviously, 14 = 1). We show that d(1)4)4 = 0. First,

d(p™) = cd((x; + Tiv1 + Tiv2)™) + d(Tiwit2)V + Tizisod(V)

()Y ) +a(( 8w Yot mndt)

Jj=1 0<s—rg{l,n—1}
Therefore,
0= d(p™)"
(o)) va(( 8 wa)") ek maadw)
J=1 0<s—rg{l,;n—1}

Because (3_7_; 7)™ and >_0<s—rg{1,n—1} Tr¥s belong to the ring of constants
of the derivation d, it follows from Corollary that d(((3_7-, z;)™)4)A
=0 and d((Xocs—rg(1,n-1} z,x5)4)4 = 0. Hence indeed d(y4)4 = 0.

By the inductive assumption, ¢ = ¥4 € k[z; + ;41 + i, T2 40]. Thus
o = (@i + Tig1 + Tiv2)™ + Tixir2) € kX + Tip1 + Tio, TiTito). =

3. Main theorem

THEOREM 3.1. Let R = k[x1,...,z4]. Let d : R — R be the derivation
of the form

d(z;) = i(Ti-1 — Tiy1)
fori=1,...,4. Then

RY = k:[xl + X9 + 3 + T4, 2123, x2x4].

Proof. It suffices to show that Rflm) C klxy + z2 + o3 + x4, 2173, ToT 4]

for all m > 1. We proceed by induction on m. In view of Psition if

pE R‘(il), then ¢ = CZ?:l xj for ¢ € k. From Proposition [2.6} if ¢ € Ré),

4
then ¢ = CI(Z]’:1 7;)? + com1x3 + caxazy for ¢, ca,c3 € k.
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Let p € Ré). By Lemma

. 3 2 2 2 2
p= c( E xj) + P12123 + P2x1x3 + Q12T + Q2rox4
Jj=1
+ r129T3T4 + ToT1X3T4 + T3X1T2X4 + T4T1XT2T3.

Therefore, putting x4 = 0 we get

3
3
P12 = o( S w;) + praonad + paates + ramizss
i=1

3 3
= C( Z iBj) + z123(p21 + raz2 + pra3).
j=1
According to Corollary 2.8 and Proposition
(,0{1’2’3} € klz1 + x2 + 3, x173].

Hence p; = pz = r4 =: p. For p{134} we similarly obtain p; = py = ry = p.
Analogously, ¢1 = qo = r1 = r3 =: ¢. Thus

4 4 4
3
g0:c(2$j> +px1x3(Zazj> +qx2x4(2xj).
j=1 j=1 j=1

Assume m > 4. Let p € R‘(i )- Denote by >4 thesum )
Then by Lemma

wzc(z%wz IR IED PR SR SRS

j=1 {1,3} {24} {1,23} {1,24} {134} {234} {1,234}

4 ba X<

supp(a)=

and this decomposition is unique. By Corollary 2.8 and Proposition 2.11

3
90{1’2’3} — C(ij) + Z + Z € klzy + xo + 23, x123].
j=1

{1,3y {1,2,3}
Then we have

3 3
m—2 m—4

>+ 3 —a(Xa) anta(Xa) @t

{173} {17273} le ]:1
Let @1 (u, v) = ciu™ 2v+cou™ *v?+c3u™ %03+ - - € k[u, v]. Then deg (1 9) 1
equals m and @; is uniquely determined, since k[r; + xo + x3,z123] is a
polynomial ring.

Moreover, @; is uniquely determined by > (1.3} because ¢y is the coeffi-

cient of a:’f”_lmg on the right-hand side of |D whereas a:’f"”_lxg appearslon
the left-hand side in (1,3} only, that is, ¢; equals the coefficient of x}" " z3
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in) (1,3} Similarly, the coefficient of :UT‘%% on the right-hand side of
is equal to ca+c¢1(m—2), while the monomial xT_ng appears only in 2{1,3}
on the left-hand side of . Analogously, by recursion, we conclude that
every ¢; is determined by > (1,3}

Let us now consider

P = (e + oy +a)"+ Y+ D

{1,3} {1,344}
Then we have
Z Z 1‘1 +563+334) 3311,‘3+bg(x1+$3+$4)m74(x1333)2+'"
{1,3}  {1,34}
The coefficients by, bo, ... are determined by > (1.3} in the same way as

c1, ¢, ..., hence b; = ¢; for all 7. Consequently, 2{173} + 2{173’4} = @y (21 +
T3 + XTq4,T123).

Therefore
4 m—2 4 m—4 9
¢1<Zx]7x1x3) —01<Zx]> x1x3+02<2xj> (331133) “+ ..

= Z—l— Z + Z +x12x270324W1

{1,383} {1,23} {134}
for some ¥; € R.
The reasoning above shows that there exists @1 € klu, v] such that

4 4

m —

p= C( 5 CCj) +451< § xj,ﬂflx:s) + E + E + E +x1x27374W1
j=1 j=1 {24} {124} {234}

for some ¥; € R.
Analogously, there exist @9 € k[u,v] and ¥, € R such that

4
(152(296;',1‘2964) = Z+ Z + Z +x1227324W0.
=1

{2,4} {1,2,4} {2,3,4}

Consequently,
4 . 4 4
Y= C< Z xj) + & ( Z Zj, 9311‘3> + P9 ( Z Zj, $2$4) + T1T2w374Y
j=1 j=1 j=1

for some ¥ € R.

All the polynomials C(Z] L xi)™, @1(231 1 5, T123), @2(2] 1 Tj, T2T4a),
x129x374 belong to R Thus ¢ € Rfl ) implies ¥ € R(m e Hence, by the
inductive assumption, ¥ € k:[z _1Tj, 2123, xax4). Finally, we deduce that
Q€ k[z | Tj, T1T3, ToLy). m
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4. Further results. It follows from Proposition that for every
n > 3 the derivation d : k[x1,...,2,] — klx1,...,z,] defined by d(z;) =
xi(xi—1 —xi41) for i = 1,...,n has a nontrivial polynomial constant. A sim-
ple calculation shows that the derivation d always has a nontrivial monomial
constant. Namely, we have the following proposition.

PROPOSITION 4.1. Let d be a derivation of the form . If n is odd,
then a monomial f belongs to R if and only if f = c(x1...2,)* for c € k
and a € N. If n = 2k, then a monomial f belongs to R® if and only if
f=clzizs... xop_1)%(xoxy ... 29)" for c € k and a,b € N.

By the definition, d has the property:

PROPOSITION 4.2. The ring of constants R® is invariant under the ac-
tion of the subgroup of the group of permutations generated by the cycle
(23 ...n1).

Note that this does not mean that each particular constant is invariant.
Proposition [£.3]is a simple extension of Proposition [2.6]

PROPOSITION 4.3. Rl = k(3 2;)” + k Yo j_ig(1,n_1) Titj for n > 5.

Let d : k[x,y, z,t] — k[z,y, z,t] be a derivation of the form
(4.1) d=xz(D —i—t)ﬂ%- (Az—i—:c)ﬁ—i—z(Bt—i— )g+t(0x+z)g
' TRy T e Y dy oy at’

where A, B,C,D € k. Then linear algebra calculations give the following
proposition.

PROPOSITION 4.4. Let d be a derivation of the form (4.1). Then the ring
k[xz,y, z,t] has a nonzero homogeneous constant of degree 2 if and only if
at least one of the following conditions holds:

(1) ABCD =1,

(2) A=—1and C = -1,

(3) B=—-1and D = —1,

(4) ABCD = —1 and at least one of the elements A or C equals —1 and
at least one of the elements B or D equals —1.

The next proposition is easily verified.

PROPOSITION 4.5. Let d be a derivation of the form (4.1)). Then the ring
k[x,y, z,t]% has a nontrivial monomial constant if and only if at least one of
the following two conditions is fulfilled:

(1) D and B are negative rational numbers and DB =1,
(2) A and C are negative rational numbers and AC = 1.



308 P. OSSOWSKI AND J. ZIELINSKI

Let R = k[x1,...,2y], where n > 3. From now on, let d : R — R be the
derivation defined by

d(z;) = zi(xic1 — Cizigr),

where C; € k for ¢ = 1,...,n. The following propositions are analogs of

Lemmas Proposition and Lemmas respectively. Their

proofs are analogous as well.

PROPOSITION 4.6. Let ¢ = Z‘M:m boa X € R, where m > 1. Then
pE R‘(im) if and only if for every B = (B1,- .., Bn) € N such that || = m+1
we have Y1 Bi(bg—e, , — Cibg—c,.,) = 0.

PROPOSITION 4.7. Ifp € Rzlm), then pttit1} = c(x;+Cixip1)™ for some
c€k.

PROPOSITION 4.8. If C...C,, # 1, then Rfll) =0.IfC,...Cp, =1,
then R?l) = k(xl + Cixg + C1Cox3 +---+Cq ... Cn—ll'n)-

PROPOSITION 4.9. If ¢ € Ry, A= {i,i+1} C{1,...,n} and d(¢*)*
=0, then o = c(x; + Cizi1)™ for some c € k.

PROPOSITION 4.10. Ifp € Rflm), then ¢ = a(x1+ Crze+ C1Coxg+- -+
Cy...Cho1x)™ 4+ > bo X, where the latter sum is taken over all o with
la| = m such that either # supp(a) > 3, or #supp(a) = 2 and the two

nonzero exponents are mnot on consecutive variables (in the cyclic sense).
Moreover, if (C1...Cy)™ # 1, then a = 0.

We hope that the results presented in the paper will be useful in further
investigations of the Lotka—Volterra derivations.
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