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DYNAMICALLY DEFINED CANTOR SETS
UNDER THE CONDITIONS OF MCDUFF’S CONJECTURE

BY

JORGE IGLESIAS and ALDO PORTELA (Montevideo)

Abstract. We prove that if the Cantor set K, dynamically defined by a function
S € C1** satisfies the conditions of McDuff’s conjecture then it cannot be C'-minimal.

1. Introduction and main result. If f : S' — S is a C!-diffeo-
morphism without periodic points, then there exists a unique set 2(f) C S!
minimal for f (we say that 2(f) is C'-minimal for f). In this case 2(f) is
either a Cantor set or S'. Examples of C''-minimal Cantor sets are Denjoy’s
examples and their conjugates ([I]). In [2] McDuff proves that the usual
middle thirds Cantor set is not C'*-minimal, and in [3] A. Norton also proves
that affine Cantor sets are not C''-minimal.

Let K be a Cantor subset of the circle and let K¢ = |J I}, where I; is a
connected component of K¢ . We define the spectrum of K, denoted by E¥,
as the ordered set {\;} (Aix1 < A;), where )\; is the length of I; for some j.
In [2] McDuff conjectures that if A, /A, 41 - 1 then the Cantor set K is not
C'-minimal.

Let Iy,...,Ir, k > 2, be pairwise disjoint compact intervals in R, and
let L be a compact interval containing their union I = I; U - -+ U Ii. Define
S"(I,...,Ix, L), r > 0, to be the set of C" functions S : I — L such that
for j=1,...,k, S(;) = L. For S € S"(I1,..., I, L) define

Cs={xel:S*x)elforalkeZ'}.

Note that not every Cg is a Cantor set (see Figure |l) and Cg2 = Cg. Also
note that every Cantor set K is a C'sy Cantor set for some function S € C°.
We say that a Cantor set K is dynamically defined by S if K = Cg for some
SedS(h,....Iy,L). It S € 8" (I,...,Ix,L) and |S’(z)| > 1 for all z € I,
then Cg is a Cantor set, and these sets are called hyperbolic. If S’ is locally
constant, Cg is called affine, and if S’ is globally constant, Cg is called
linear. In [3] Norton proves that affine Cantor sets are not C''-minimal. In
this work we will consider S € S'*(Iy,..., I, L) (here S is not necessarily
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monotone) such that Cg is a Cantor set with A\, /A\,+1 - 1. We will prove
that these Cantor sets are not C''-minimal. Our long-term goal is to prove
McDuff’s conjecture, that is why we require A, /A,4+1 - 1. For this work we
identified the end points of L, so we can suppose that K C S*.

K
I I

Fig. 1. Note that K1 C Cs

We prove the following result:

THEOREM A. Let K be a Cantor set dynamically defined by S € S°(I,
ooy Iy L) such that Ay, /An+1 — 1. If there exist a fived point xo of S and
an open interval J containing xo such that S|jnr € C® for some o > 0,
then K is not Ct-minimal.

2. Previous results. The following proposition contains facts that can
be easily verified.

REMARK 1. If K is a Cantor set with K = Cg for S € S'(I1,...,I;, L),
then:

(

1) Each I; contains at least one fixed point of S.
(2
(3
(4

If x is a fixed point of S then |S’(z¢)| > 1 and therefore (S?)(zo) > 1.
The set of fixed points of S is finite.
For each fixed point xy of S, there exists dg such that:
(i) If z € (wo,z0 + do) N I then S%(z) > z.
(ii) If 2 € [zo — do, o) N I then S?(x) < z.

LEMMA 1. Let K be a Cantor set with K = Cg for S € S*(Iy, ..., I}, L)
and Ap/Any1 - 1. If 2o is a fived point of S then (S%) (zo) > 1.

Proof. Suppose that there exists a fixed point g such that (52)"(xg) < 1.
From Remark (2) we have (52)'(zo) = 1. As A\y/An+1 - 1 there exist {n;}
and € > 0 such that

(1)

Let 6 > 0 be such that:

— — N —

nj

>1+4e.
)\anrl
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o ifx € (29— 0,20 +6)NI then 1 —e/2< (8% (x) <1+¢e/2;
e the function F' = S2|[$0_57$0+5]m is increasing;
e § < & where 4 is from Remark [1}(4).

Let T be a connected component of K¢ such that T' C [xg — 0, z¢ + ],
and let Ty = F~%(T), k > 0, and A, = |Tk|. Since § < & if i # j
we see that T; # Tj, therefore \,,, — 0. By the definition of T}, we have
)\mk = )‘mk+1F,(9k+1) with 9k+1 €Ty C [3:0 — 0,0 + 5]. Then

Am
(2) F(fpa1) = 7= < 142

ME+1 2
Consider A, and let )\”J'o be such that /\n].O < Ay - As A, — 0, there
exists

ko = max{k € N: \,, > )\njo}.
The definition of kg gives
(3) )\mko > )\njo > )\nj0+1 > )\mk0+1-
Therefore
>\ka )\njO ’ 1
Amk0+1 )\nj0+1
and this contradicts . So (S?)(xg) > 1. =
We say that a covering {J;} (J; = [as, Bi], Biy1 < i < ;) of Ef is an
e-covering (with € > 0) if a;/Bi1 =1+ €.
Note that there exists an e-covering if and only if A,/ A\11 = 1.
For the proof of the following theorem see [4, Theorem 1.4].

+ ¢,

THEOREM 1. If {7;} is an e-covering of the spectrum of a Cantor set
K and B;/a; is constant, then the Cantor set K is not C*-minimal.

For the proof of the following proposition see [2, Corollary 3.2].

PROPOSITION 1. If K is C'-minimal, then any x € K is contained in
an arbitrarily small open arc A such that AN K is also C'-minimal.

3. Proof of Theorem A. Let F = 52 (recall that K = Cr = Cg). By
hypothesis there exists a fixed point zg for F' and an interval J such that
F|jnr € CY%, with 2o € J. So there exists k > 0 such that

(4) |F'(t1) — F'(t2)| < klty —ta|*,  Vi1,t2 € J.
As A\, /An41 = 1 there exist {n;} and € > 0 such that

)

>1+e.

nj-l—l
By Lemma 1) we have F'(z9) = n > 1. Without loss of generality we may
assume that 1 4+ < 7. Let g > 0 be such that n —ep > 1.
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REMARK 2. We take § such that:

(1) [zo — 6,20 + 0] C J.
(2) F/|[zof6,x0+6]ﬁl > 1 — €o-

o 1[4l e

r=1
O s

For simplicity we will denote F'|(;)_s5 40451 DY F-

Let U be any open interval such that zo € U C [z¢ — J, 29 + 0] and let
Ko = KNU. We will prove that K is not C''-minimal. Then by Proposition
it will follow that K is not C'-minimal.

Let Ay = [xg — 0, zo + I] and define A,, = F~"(A4p) and K,, = F~"(K)).
From Remark [2|(2) we have

20
5 A< —2"  VYneN.
) Al < o

LEMMA 2. For each X\ > 0 there exist a,b with 0 < a < b < X\, b/a =

V1 + € such that

+00
{ U (an', bni)} NErk, = 0.
i=0
Proof. Let nj, be such that A, < A and let a and b be such that
njgpr < @ <b <Ay with
A

n; b
(6) bm:g:\g/l—i-f

(note that a/X,; , > V1+¢).

Suppose that there exist [ € Ex, and ng € N such that [ € (an™,bn™).
Let T be a connected component of Ay \ Ky with |7 = . We will show
that the existence of T implies the existence of a connected component
Ty, of A \ Ko with |T,,,| € ()‘”joﬂ’)‘”jo)’ and this is a contradiction. By
the definition of A, and K, there exists a connected component 7;,, of
Apy \ Ky C Ao\ Ko such that F"(T,,) = T. We will estimate |T,,| in
terms of |T.

There exists 71 C Ay such that F(T1) =T. So

(7) |F(T1)’ = |F’(l’1)| |T1| with x1 € T7.

On the other hand, as F € C'T%, replacing t; by x1 and t5 by z( in
we have

A
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'F/(ml) - 1‘ < E’:Ul — z|* < ﬁ|A1’a k( 20 >a-
n n n n\n—=¢&o
Then
(®) 1‘k( - )aSPNM)§1+k( - >a
nA\"n—¢o n nA\”n—¢o
SO
7y @ ) A
Feo) iG]
and
iy @ F@) @ LA
Feon) = i+ 2]
therefore
o) AN PP

n[t+5G25)"]
Proceeding inductively shows that
7] i<
(0% — ol — aq *

o T [1+ 525 A VENIEEIIT=

As an™ < |T| < b, we see that

(10)

a b
: i o
T e R § (R PRy e
Since
b Rem [23) @)
e < bm = s
T2 [ = [52] ] "
we have
|The| < )‘"J'o
As
a Rem4) a @
a > - > )\n,- s
[5e, 1+ %[(nffo)r] ] V1+e o

we conclude that

|Tn0| > )\”joﬂ' [

LEMMA 3. There exists an e1-covering { [, i)} of Ex, such that 3;/a;
18 constant.
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Proof. By Lemma with A = 1/n there exist a,, and b, such that
bn _ 3 e (3 i —
(11) O0<ap<by,<l/m, —==VIit+e, ||[J(@n',bun)|NEK, =0.
an ,
=0
Let r > 0 and consider [r,rn?]. For each n € N, let
mp = min{k € Z : a,n® € [r,rn?]}.
Asn>14+¢e>+/1+¢andb,/a, = v/1+ e, we have
[anty™ , but™] C [r,rn?).
Let z be an accumulation point of a,n™" and €1 = /1 + & —1. We will show
that
Ex, N U(Z% z(e1+1)n") = 0.
1€EZ
Suppose that there exists I € Ex, N U,z (20, 2(e1 + 1)n%). Then there

exists k € Z such that In* € (2, z(e1 +1)). As z is an accumulation point of
an,n™", there exists m,, > k such that

lﬂk € (ann™", bnn™");
therefore [ € (an,n™ % b,n™" %) and this contradicts .

Taking oy = z(ey + 1)n~""! and 3; = 2n~% we obtain an e;-covering
of EKO- |

Proof of Theorem A. Suppose that K is C'-minimal. By Proposition
there exists an open arc A C [rg — d,z9 + J] such that Ky = K N A is
Cl-minimal. By Lemma 3| there exists an e1-covering of Ef, with 3;/a;
constant. By Theorem [1] we deduce that Ky is not C'-minimal, and this is
a contradiction. =

REMARK 3. As the Cantor set K equals Cg for S € S°(I1,...,I;, L),
we see that S has a dense set of repelling periodic points in K. Therefore,
if in the statement of Theorem A one replaces the point xy by a periodic
repelling point p of period n, and S|; € C**® by S"|; € C'*2 for some
a > 0, the arguments of the proof are still valid.
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