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SHARP SPECTRAL ASYMPTOTICS AND WEYL FORMULA
FOR ELLIPTIC OPERATORS
WITH NON-SMOOTH COEFFICIENTS—PART 2

BY

LECH ZIELINSKI (Calais)

Abstract. We describe the asymptotic distribution of eigenvalues of self-adjoint el-
liptic differential operators, assuming that the first-order derivatives of the coefficients are
Lipschitz continuous. We consider the asymptotic formula of Hormander’s type for the
spectral function of pseudodifferential operators obtained via a regularization procedure
of non-smooth coefficients.

1. Introduction. This paper presents a refinement of [22], where we
consider the asymptotic behaviour of eigenvalues for an elliptic differential
operator A with non-smooth coefficients acting on a compact (boundaryless)
smooth manifold M with a density dx. More precisely A is defined as a self-
adjoint operator in L?(M, dz) asssociated with a quadratic form which can
be expressed in local coordinates as

> (tapD%p, D) for o, ¢ € C°(RY)
lee],|B]<m
where (-, -) is the scalar product of L?(R?), an. 5 = Gg.o € L°>°(R?) and the
ellipticity hypothesis means that

> aap(@)Et? = clgPm
la|=|8l=m

with ¢ > 0. We assume that the first order derivatives of top order coeffi-
cients (i.e. of aq g with |a| = || = m in local coordinates) are Lipschitz
continuous. Then we have

THEOREM 1.1. The spectrum of A under the above hypotheses is dis-
crete, bounded from below and the counting function N(A,\) (i.e. the num-
ber of eigenvalues less than \, counted with multiplicities) satisfies the Weyl
formula
(1.1) N(A,N) =AY (1 4 0N VE)) (A = 0)
where w > 0 is a constant and d is the dimension of the manifold M.
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The above result is a consequence of the estimate stated in [22, Theorem
1.2] for the pseudodifferential operator A’ obtained as a suitable regulariza-
tion of A. Following Héormander’s well-known approach of [3], instead of A’
we study the pseudodifferential operator P = AY/(2™) of order 1 and the
corresponding spectral asymptotics is described in Theorem 1.2 below.

This result is used in [20] to derive the Weyl formula for boundary value
problems (cf. [20, Theorem 2.1b] stated without proof). One more result is
stated in [20] without proof: the property of finite propagation speed for
e~ formulated in [20, Proposition 2.5b]; we give its proof in Section 3 of
this paper. Concerning earlier results for boundary value problems we refer
to [2], [5-6], [10] in the case of smooth coefficients, and to [9], [11-14] in the
case of irregular coefficients; concerning the related spectral asymptotics for
differential or pseudodifferential operators we refer to [1], [4], [8] and [15].
We note (cf. [21]) that Theorem 1.2 can also be used to obtain the Weyl
formula for the integrated density of states for transitive, ergodic, elliptic
differential operators in R? (e.g. operators with almost periodic coefficients).

The precise formulation of Theorem 1.2 uses the following notation of [7].
Ifr>0,meR,0<5<p<1and X is open in RY, then S7%(r)(X x RY)
is the class of functions a € C>°(X x RY) satisfying

(12) 10205 a(@, €)] < Caar (€)ool 1=

for (z,6) € X x R%, o € N, o/ € N¥, where (¢) = (1 + |£[?)"/2 and s,
denotes the positive part of the real number s.

If r = 0 then S7%(0)(X x R?) = Sis (X x R?) is the usual Héormander
class of symbols of type o,d. We abbreviate 57" (r)(R? x R?) = S;(r).

We denote by H® (s € R) the Sobolev space on R? and write R € ¥~
if R is a linear operator on the Schwartz space S(RY) having continuous
extensions H % — H? for every s € R. Then ¥~ is a Fréchet space with
seminorms || R|| g(gr—n, gy, n € N, where B(X', ”) denotes the Banach space
of bounded linear operators X — X’. A subset of a Fréchet space is called
bounded when it is bounded with respect to each seminorm.

If A’ is the operator described in [22, Theorem 1.2] and P = A’t/(2m)
then due to [22, Lemma 2.1] we have P = p(x, D) + R with R € ¥~>° and

(1.3) p € Sis(2),
(1.4) p(z, &) = clé] if [§] = C,
(1.5) [Vep(z, ) = c if|¢| > C,

for certain constants C, ¢ > 0. We shall prove

THEOREM 1.2 Let 0 < 0 < 1 and assume that P = p(x,D) + R is
self-adjoint in L*(R?) with R € ¥~ and p satisfying (1.3)—(1.5). Then the
spectral projectors E(P,\) € U~ have smooth integral kernels e(P, -, -, \)
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and
(1.6) e(Py,y,\) = w(p,y, \) (L + O\ 1))
with
wip,y,\)=(@2m)~" | de,
Rep(y,£) <A

uniformly with respect to y € RY.

Since the above result implies [22, Theorem 1.2] with no restrictions on
0 < < 1, we obtain Theorem 1.1 as explained in [22]. The plan of the proof
of Theorem 1.2 is the following. The starting point is the decomposition of
the operator P given in the following lemma (proved in the Appendix):

LEMMA 1.3. Let P be as in Theorem 1.2 and 6 < o < 1. Then there
exist

(L.7) P=p(,D)+ R, P=p(x,D)+ R,

which are self-adjoint operators in L?(R?) such that P = P+P, R Rew°
and

(1.8) PESTI L(2), peS ;YN8 (1)
Moreover the conditions (1.4), (1.5) hold with p in place of p.

Now we can note that the theory of Fourier integral operators described
in [22, Section 4] still holds for P in place of P. In Section 2 we recall the
consequences of the Egorov theorem proved in [22] and give some refinements
in terms of new classes of pseudodifferential operators. These properties are
used in Section 3 to obtain the finite propagation speed by using the Kato—
Trotter formula (cf. [16]),

(1.9) sup |le” " Fp — (e_”P/”e_”P/”)"gOH —0 asn— oo,

TE[—0;0]

where ¢ € L2(R9) and § > 0. To obtain the asymptotic formula (1.6) we use
the parabolic approximation of [22, Proposition 3.1] and clearly it suffices to
check that [22, Corollary 3.3] still holds without the restriction 6 < 1/2. In
fact the condition § < 1/2 was needed for “integrations by parts” described
in [22, Proposition 3.4] and the task is to formulate a similar statement valid
in the general case 0 < § < 1. Our approach still uses the Kato—Trotter
formula and the calculus of commutators leads to new classes of operators
considered in Section 4. The introduction of these classes allows us to give a
new statement of “integrations by parts” in Section 5 and to end the proof
by reasoning in a similar way to [22, Section 5].

2. Preliminary notations. We introduce some classes of pseudodiffer-
ential operators depending on parameters 7 and v. We fix 8 > 0 small enough
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and we consider some regularity conditions with respect to 7 € [—6;6]. The
parameter v is an element of a given set V' and we assume that the constants
are independent of v € V in all estimates. We write (v,7) € Vp =V x [0, 0].

Set Sp* = Sy'i_,; moreover, A € ¥ means that A —a(x, D) € ¥~ with

CLGS;%. For m € R and 0 < 6 < p <1 we write
(2.1) A={Ay(7T)}wryev, € AYsV]

if Ay(7) = ay(r,2,D) + R,(T), where {R, },ev is a bounded subset of the
Fréchet space C°([—0; 6], =) and for every (I,a’,a) € N x N¢ x N%,

(22(a)) (0102 O ay(7,3,€)| < Cpas o(§)m el =0),
(22(b) 10102 Oay(0,3,€)] < Cp o o (§)m IO =0),
with some constants Cj o -
LEMMA 2.1. Let m,m € R, let A be given by (2.1) and consider
(2:3) A= {A()}wmev, € AgsV].
Then
AL = {A, (1) Au(T)}w.myev, € ATV,
A, A = {[As(7), Ao} w.myev, € Apd ™V,
[Ay(7), 2] = AF(7) + 747 (7)

with A* = {AF(7)}w.ryevs € .A;n; [V], where m™ =m—1,m~ =m+1-2p
and x; stands for the operator of multiplication by the jth coordinate.

Proof. The assertions concerning AA, [A, ﬁ] are obvious and the last
assertion follows as in the proof of [22, Lemma 5.2]. m

Let me R, 7 >0 and 1/2 < p < 1. We write

(2.4(r)) A ={A(T)}wmyevy € AG((1)[V]

whenever A,(7) = ay(7,2,D) + R,(7) with {R,},cv forming a bounded
subset of C*°([—0;60], ¥~°°) and the symbols a, are such that

(2.5(a)) |8£_8§‘,8?av(7',1',£)| < Clﬂ/ﬂ<£>m*|04\+(1*Q)(|04\+\o/|+l7r)+7
(2.5(b)) |ajag’agav(o,x,§)| < O .al)m-lal+a=a)(a' 1=

with some constants C) o o (for every (I,o/,a) € N x N? x N%), where as
before s, denotes the positive part of the real number s.

LEMMA 2.2. Let 0 >2/3 and let A satisfy (2.4(r)) with either r=0 or
r=1. If P is as in Lemma 1.3, then

(P A (M)e ™Yy myeve € AT((1) V]
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Proof. For simplicity we skip the index v. If (2.4(0)) holds and Cy =
(]—0; 0] x R?) x R?, then due to [22, Corollary 4.2] we have

P A(r)e= P = A(r) = a(r,x, D) + R(r)

with a € S7'(Cp) and R € C>([—0;6]; #=°). Therefore the estimates

(2.5(a)) hold with 7 = 0 and @ in place of a. Since A(0) = A(0), to complete
the proof in the case r = 0 it remains to show (2.5(b)) for [ > 1, r = 0. We
write dpA(T) = OLA(T) = 9, A(7) + [iP, A(7)] and 0 A = 9(0,A) for

l € N\ {0}, hence 8lTA|T:0 = 8lAA|T:0 and
(2.6)  (0FAl—o € U for k=0 and 1) = 9pAl,—o € UL
From (2.6) and 0%95A = 0,0% A we have
(2.7) (95 Al,—o € 979 for all k € N)
= (050pAl,—o € VO for all k € N)

and by induction with respect to [ € N'\ {0} we obtain
(2.8)  (9FAl—o € WP for all k € N)

= (9FLAl—o e 0TI forall k €N, 1€ N\ {0}),

hence the estimates (2.5(b)) hold with » = 0 and @ in place of a.
Consider now the case r = 1. Then [22, Corollary 4.2] ensures

a—ag € SZ,”H*ZQ(CQ) with  ag(7,z,¢&) = a(1,9(7, z,8)),
where ¥ : R x R¢ x R — R? x R? is the Hamitonian flow of py = Rep,

O(t,y,m) = exp(tHp, ) (y,n) = (x(t,y, ), &(t,y,n)),

Le. Qpx(t,y,m)=0epo(V(t,y,n)), O&(t,y,n)=—0upo(I(t,y,n)) and ¥(0,y,n)
= (y,m). Since b € S7T172¢(Cy) with ¢ > 2/3 implies 9,b € S;*T273¢(Cy) C
Sy (Cy) and 0¢b € Sm“ 39(C9) C Si71(Cy), it is clear that (2 5(a)) holds
with r = 1 and b = a — ag in place of a. Moreover the properties of the
Hamiltonian flow 9 described in [22, Lemma 4.1] give the estimates (2.5(a))

with r = 1 for ap by using [22, Lemma 2.3b].

To complete the proof it remains to show estimates (2.5(b)) with r =1
and @ in place of a. Since A(0) = A(0) € v, and 8, A(0) = 0pA(0) €
v _,, it suffices to consider (2.5(b)) with [ > 2. We complete the proof
using (2.8) with dsA in place of A, which gives the implication

(050pAlreo € W79 for all k € N)
= (05(0pA)| =0 = 05 Alr—g € B9 for all 1 € N\ {0}). m
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3. Finite propagation speed. We set C_ = {t € C : Imt < 0},
C_ =C_ UR and we prove

PROPOSITION 3.1. Let P be as in Theorem 1.2 and let x1,x2 € C§°(R?)
be such that x1 = 1 on a neighbourhood of supp x2. If 0 = 0(x1,x2) > 0
is small enough, then {(1 — Xl)e’itpxg}{tec_: t|<6} S a bounded subset of
U= where 1 — x1 and X2 are considered as operators of multiplication by
the corresponding functions.

Replacing P by P + C1 with a constant C' > 0 sufficiently large we can
assume that P > [ and since P is elliptic of degree 1, for every s € R we
can find constants Cy, C, > 0 such that

(31) lle™ pllm: < Cul[Pe™ o] < Csl Pl < Clllgllme  fort € C_.

Let X2 € C5°(R?) be such that x; = 1 on a neighbourhood of supp X
and Xo =1on a neighbourhood of supp x2. If t = 7 — ic with 7 = Ret and
e >0, then (1 — x1)e~ " x, can be written in the form

(3:2) (1=x1)e ™ Xae™x2 + (1 = xa)e (1 = Xa)e ™ *Fxa.

Thus it suffices to prove Proposition 3.1 for 7 = Ret and X in place of
t and 2. Indeed, it is well known that {e=*¥}g<.<¢ is a bounded subset of
WR s (for every 6 > 0), hence the last term of (3.2) belongs to a bounded
subset of U—°.

In the next step of the proof we consider the operator P described in
Lemma 1.3 assuming that o < 1. We note that P is not elliptic and it is not
possible to obtain e~ € B(H?®) := B(H?®, H®) reasoning as in (3.1).

LEMMA 3.2 Let 6 >0 and x1, X2 be as above. Then
{(1- Xl)e_”P%}Te[—e;e]
is a bounded subset of W~°.
Proof. Let s € R. We show that there is a constant C's > 0 such that
(3:3(s) le P ¢llme < Cillellzr:  for 7 € [6;6).

Using the duality it suffices to show (3.3(s)) for s > 0 and it is clear that
(3.3(0)) holds. Then writing

1
(34) A Pp =P Ap 41| dz e TIAPP, Al P
0

with A = (D)* and assuming (3.3(s)) for a given s > 0 we can estimate the
norm ||e P || s by

(35()) e Pl < lle™ T Aglle + sup 6CH|[P, Ale™ il
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If 0 < kK <1— p, then using (1.8) we obtain

(3.6) [P,A] € y'te™! C B(H®) for every s € R

and the right hand side of (3.5(s)) can be estimated by Cs .| ¢|| gs+«, im-

plying (3.3(s + k)).
Due to (3.3(s)) it remains to show that for every s > 0 there is a constant

Cs > 0 such that

(3.7(5)) (1 =x1)e " Fp|lgs < Csllp| if suppy C supp Xa, T € [—0;4)].
It is clear that (3.7(0)) holds. Setting A = (D)*(1 — x1) we still have (3.6)
if 0 < k < 1— p, and introducing x € C§°(R?) such that x; = 1 on a
neighbourhood of supp x, x = 1 on a neighbourhood of supp X2, we have
[P, A]x € W=, Therefore assuming that (3.7(s)) holds for a given s > 0
and x in place of x; we obtain

I[P, AJ(1 = x)e~ Pl gs < Csllgll it suppy C supp Xa, 27 € [—0; 6],
and (3.5(s)) implies (3.7(s + k)). =

Now, for 7 € R we define

(38) U’T —_ eszP’ U: — eZTP’ U’T — e*ZTP’ U: — eZTP,

where P and P are as in Lemma 1.3 with max{2/3,8,1 — 6} < o < 1.
We consider a map ¢ : V — [—1; 1] and

(3.9) AY = {ANT) }wmevs € AP (D) [V].
Then setting

(3.10) A(T) = Ulz ) AN Ura ()

and reasoning as in the proof of Lemma 2.2 we obtain
(3.11) AT = {AT (M)} wmyev, € AZ(D)V].

Next we consider another map o : V' — [—1;1] and applying the formula
(3.4) we can write

(3.12(a)) UjU(U)AZ',(r)Um(U) = Ag(T) + TO'(’U)YUJ’&(T)
with

~ 1 ~ ~ ~ ~
(3.12(b)) Yo (r) =\ dz U7, ) [iP, AS(1)]Ur20(0)-

0

However,
(3.13) {[P. AT (M)} wmevs € A V]
and due to (3.3(s)) for every s € R there is a constant Cy > 0 such that
(3.14) ||ng’5(7')||B(Hs7Hs_mo_g+1) < Cs for (v,7) € Vy

for every o,0 : V — [—1;1].
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Our aim is to use the properties of U, and U, to complete the proof of
Proposition 3.1 via the Kato—Trotter formula (1.9). For this reason we are
going to study the powers of products UTU(U)UTJ(,,) where 0 < o(v) < 1. To
begin we set

(3.8") U, =00, UF=(U,U,)"*,

where 7 € R and k € Z. Then U__ 1( )AZ(T)UTU(U) equals

(315) )A ote ( )UTO'(’U) = AZJFU(T) + TU(”)YUU7U+5(T)

’TO'(’U
and assuming that n : V — N is such that
(3.16) no :V — [=1;1] where no(v)=n(v)o(v),
by induction we find that UTUTZS;)AO( )Uﬂi( 3} ) can be expressed as

(3.17) A (r) o) Y g =A@ yone ) ) —n @),

To(v) To(v)
1<n(v)<n(v)

where no : V' — [—1;1] denotes the map v — n(v)o(v).

LEMMA 3.3. Let x1, X2 € C§°(R?) be such that x1 = 1 on a neighbour-
hood of supp x2 and let 0 = 0(x1,x2) > 0 be small enough. Then for every
s € R there is a constant Cy > 0 such that

(3.18(s) (1 —x)ULY) ollae < Cullgl
if supp C supp X2, (v,7) € Vb,
for any maps o :' V — [=1;1] and 7 : V — N satisfying (3.16).

Proof. In the first step we check that for every s € R there is a constant
Cs > 0 such that

(3.19(s)) U ollgs < Collgllme  for (v,7) € Va,

To(v)

forallo: V — [—1;1] and nn : V — N satisfying (3.16).

Clearly the above asssertion holds for s = 0. Assume that it holds for
a given s > 0. Since (3.16) still holds with —n(v) in place of n(v), we can
use (3.19(s)) with —n(v) in place of n(v) to obtain (3.19(—s)). Moreover
the condition 1 < n(v) < f(v) ensures (n —n)o : V — [—1;1] and (3.19(s))
holds with (7 —n)(v) in place of n(v). Therefore writing the composition of
(3.17) with Ufa(q(?}) we can estimate ||A8(7')U"(U) ©|lgs by

To(v)

(3.20(s))  CillAZ(D)gllus +  sup  OCL|VIm (DU ] e
1<n(v)<n(v)

Taking A%(7) = (D)* with 0 < K < 1 — o we have (3.11) with my = x and

(3.14) allows us to estimate the right hand side of (3.20(s)) by Cs . ||| gs++,

implying (3.19(s + k)).
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Next we note that the assertion of Lemma 3.3 holds if s = 0. Assume that
it holds for a given s > 0 and set A%(7) = (D)*(1—x;) with 0 < k < 1—p and
X defined as below (3.7(s)). Then choosing 8 = 6(x1, x) > 0 small enough we
find that {A27(7)x}(s,r)ev, is a bounded subset of ¥~°°. Indeed, applying

the theory of Fourier integral operators of [22, Section 4] to P we obtain the
finite propagation speed for e~ in a standard way (cf. Egorov theorem
stated as [22, Corollary 4.2]).

Therefore introducing ¥ € C§°(R%) such that x = 1 on a neighbour-
hood of suppy and x; = 1 on a neighbourhood of supp, we see that

Y7 (T)X} (v,r)ev, 15 a bounded subset of ¥~ due to Lemma 3.2. Thus
(3.20(s)) allows estimating the norm |[|(1 — Xl)UTO_(v)(,O”Hern by
(321)  Clel+ swp  CUYI (@)= QUL olae,

1<n(v) <i(v)
and supp ¢ C supp x2 allows estimating the last term of (3.21) by C”| ¢l
due to the assertion (3.18(s)) with X in place of xi. =

End of proof of Proposition 3.1. We take V' = N\{0}, s > 0 and applying
Lemma 3.3 with n(v) = v and o(v) = 1/v we find 0 = 6(x1,Xx2) > 0
such that {X2(U,,)"(1 = x1)}(v,r)ev, is a bounded subset of B(H—* L?).
Therefore we find constants Cy such that

IX2(U7,)" (1 = xa)(D)%¢ll < Cslle|| for (v,7) € Vy, v € H.
Thus the Kato—Trotter formula (1.9) implies
X2 (1 = x1)(D) oll < Cullpll  for g € H*, 7 € [-6;0],

i.e. {X2¢"™(1 = x1)}re[—0;0) is @ bounded subset of B(H*,L?) for every
s > 0, completing the proof by (3.1). m

4. Commutator estimates. We keep the notations of Section 3 assum-
ing that 0 < § < 1 and P, P are as in Lemma 1.3 with max{2/3,6,1—0} <
0 < 1. Moreover k = min{1— g, o— ¢} and as before o is a map V' — [—1; 1].
We begin by defining classes Y [V] preserved by conjugations with U, sim-
ilarly to [19]. We write

(4.1) Y ={Yu(")}w,ryev, € V5'V]
if there exist N € N, polynomials ws,...,wy : RV*!1 — C, real-valued
polynomials wy, 5 : RN = R for k, k' =1,..., N and operators

Ap et = { Ak k0 (T) }w,mevs € Am(k ¥ )[V]
with >, ey m(k, k') <m (k=1,...,N) such that

Y, (1) = Z S dz wi (7, 2)Yi 1,0 (7, 2)Yi2.0(7, 2) ... Vi N (T, 2)
L<R<N (0]
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with
Yk7k/7v(7a z) = U:wk’k/ (z)a(v)Ak,k'w(T)U‘rwk,k/(z)a(v)-
LEMMA 4.1. Let m,m € R, let Y be given by (4.1) and

(12) ¥ = (V) omev € VIV,

Then

(43) YY {Y ( ( )}(v T)EVg yg’b+ﬁ[v]’
(4.4) [4,Y] = {[A(7), Yo (M)} w.myev, € V5[V,

where A is given by (2.4(1)).

Proof. The assertion (4.3) is obvious and the proof of (4.4) follows the
reasoning described in [19]. More precisely, we introduce

Yk kv Sdz o\v wk k:’( )U* AU(T),iP]UT
0

Tz’wk,k/(z)a(v)[ 2wy, s (2)o(v)

and express [A,(7), Yk, »(7)] in the form

Ury o (210 A (T)s Aot 0o (DU (230 0) + TV kb0 () Yo (7)]-
We complete the proof by observing that {[A,(7),iP]}( r)ev, € A S eV
and {[A, (1), Ak p (D]} o.myev, € Apd "EFI 7]

Let me R, 0:V — [-1;1] and 7 : V — Z. Then we write

(4'5) Z = {ZU(T)}(U,T)EVg S gyy—ﬁa [V]
if there exist Cyp > 0 and N € N, nq,...,nyx : V — Z such that

n(v) + ... +ax) =n), (u@)|+...+|ax@)])|o@)] < Coh
and

Z,(1) = Y10 (DU Yo o (1)U L Yy (1)U

To(v) To(v) To(v)
where {Yy o (7)}v,7)ev, € vk )[ V] with m(1) + ... + m(N) < m.

LEMMA 4.2. Let me R, 0:V = [-1;1],n:V - Z and 1 : V — Z be
such that o : V- — [=1;1]. Let Z be given by (4.5) and o1 : NxV — [-1;1]
be such that o1(n,v) = o(v). If A and A° are given by (3.9)—(3.10), then
there is C > 0 such that
(4.6)  AV(T)Zu(7) = Zu(7 )A(Mﬁ)”( )

+ Z L U + TU( ) Z Zn,v(T)
0<n’<N N<n<Cl|o(v)|~1!

~m-+mo—~k

with some {Zno(T)}(no,r)eNxvx[-6:6] € Zios [N x V], where > 0 is
small enough.
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Proof. Assume first that N = 1. Then the assertion follows immediately
from Lemma 4.1 and (3.17). Indeed, if N =1 then (4.6) holds with

Zo,0(7) = [A17 (1), Y o (7) UL

To(v)?
Zno(T) = YLU(T)U“U(U)Y,?,v(T)UW”*” (n>1),

T To(v)

where for 1 < n < fA(v) we have Y? (1) = Yoo Cintroduced in
(3.12(b)), and for 2(v) < n < Clo(v)|~! we set Y,? (7) = 0. Therefore
(3.13) ensures

(4.7) {Y,) o (7)Y nw,ryensvx[—a:0) € Vi *[N x V].

It is clear that the assertion for N = 1 follows from (4.4) and (4.7). For
general N € N, it suffices to repeat the analogous reasoning N times. m

Let meR,0:V — [—1;1] and 7 : V — Z. Then we write
(4.8) Z ={Zy(7)}(w,myev, € Z56[V]
if there exist C > 0, N € N and
{Zk,n,v (T)}(n,v,T)ENXVX [—6;06] € Zvr’r_],rfo-l [N X V] (k = 0’ cee 7N)
such that

(4.8") Zy(r)= > o)t > Ztom o (7).

0<k<N 0<n<Clo(v)|~F
It is easy to see that this notation allows reformulating Lemma 4.2 as

COROLLARY 4.3. Let m € R, 0: V — [-1;1], n: V — Z and let Z be
given by (4.8) as above. If A° is given by (3.9), A9 is defined by (3.10) and

(4.9) Zy(r) = AYT)Zo(7) = Zu(1) AT (7),

then {Z,(7)}o,ryev, € 2o V]
LEMMA 4.4. Let ¢:V — [—1;1] and

(4.10) BS (1) = Uls(u)2iUrz ()

If Y is given by (4.2) and m*™ =m — 1, m~ =m — Kk, then

[Bf(r), 17”(7')] =Y, (1) + 7Y, (1) with yE = {Yvi(T)}(v,r)eve € y;”i V].
Proof. First of all we check that {ﬁv(r)}(vﬁ)eve € AZ?(;[V] ensures
(B (7), Au(7)] = AF(7) + 74, (r) with {AE(")}wmev, € AT [V]

andmt=m—1, m™ =m— k.
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Indeed, this follows from Lemma 2.1 and the fact that
1

BS(7) = xj + TAy(r) with A,(r) ={0,B](27)dz,

~ . X X 0
{8TB1[)T(T)}(11,T)€V9 = {U(U)U:z?(v) [ZP7 37]‘] UT&(U)}(IJ,T)EVQ € Ag((l))[v]7
ie. Ay = {Ay(7)}w,ryev, € AY((1))[V]. Next, similarly to (3.13), we find
{[BY(7),iP]}wryevs € Ay s V]
and to complete the proof it remains to replace A, (7) by BJ(7) in the proof
of Lemma 4.1. m

Using Lemmas 2.1 and 4.4 it is easy to follow the reasoning of the proof
of Lemma 4.2 with B? in place of A?. In particular we obtain

COROLLARY 4.5. Let Z and BS(7) be given by (4.8) and (4.10). Set
(4.11) Z,(1) = 2, Z,(7) — Zy(7) By ().
If m™=m—1 and m™ = m — k, then

Zy(1) = ZHn) +7Z; () with {ZE(T)}wrev, € 20 V],

5. End of proof. We recall that following the parabolic construction
of [22, Proposition 3.1] we obtain Theorem 1.2 from the estimates of [22,
Theorem 2.4] and reasoning as at the end of [22, Section 3] we can see that
Theorem 1.2 follows from

PROPOSITION 5.1. Let lp € N, mg € R and g € Sﬁ? (R? x RY x RY). Let
0,0 > 0 be small enough and set

(5.1) E0(0,0")={teC:0< —Imt < ¢|Ret| and |t| < 0},
(5.2) Z(0,0") ={(t,7") : t € =¢(0,60") and 7' € [0;Ret]}.
If 1 >mo+1lo+d+1 andd, is the Dirac mass at y, then
(5.3) sup it (Ple"P5, Op(ge'T~P0)*5,)| < oco.
(t,7)EZ(0,0")
yeRd

Now, we assume that y € B(yo,r) where yg € R, 7 > 0 is small enough
(independent of yg) and all estimates are uniform with respect to yo. We
consider a set V' of indices and introduce

(5.4) V=A{v=(y,t,n,7,0):
y € B(yo,7), n € N\ {0}, (t,7') € 2(0,0"), v' € V'}.
We introduce functions o : V' — [—1;1] and 72 : V — N, setting
(5.5) o) =o(y, t,n, 7, v)=1/n, nv)=n(y,t,n,7,0)=n,
and write Z € Z'[V]if Z € Z?,[V] with fi(v) =0 for all v € V.
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Let k € Z and let m(k), m’'(k), m” (k) be some real numbers. We consider
the following conditions:

(5.6(k)) {qk»}vev is a bounded subset of Sff&(k)
(i.e. (1.2) holds with a = gx, m = m(k), 0o =1,r =0, x € X = R? and
constants Cy o independent of v € V),
(5.7(k)) {Akv(T)}wiryev, € A™ PV,
(5.8(k)) {Zko(T)}wimyev, € 257 PV,
and introduce the notation
(59) J(Qk,vaAk,v7Zk,v)(7—)
= <Un(v) Ak,v('r)éy,Zk,v(T)Op(qlﬁg,yei(T_t)pO)*éy>a

To(v)
where v = (y,t,n,7",v") € V and q,ﬁgvv(m,f,x’) = Qi (2, §).

PROPOSITION 5.2. Let k = min{p — 6,1 — p}. Assume that qo., Ao.v,
Zo,» satisfy respectively (5.6(k)), (5.7(k)), (5.8(k)) with k = 0. Then there
exist k1 € N and qi.p, Akv, Zio Satisfying respectively (5.6(k)), (5.7(k)),
(5.8(k)) for k ==1,..., £tk with
(5.10(a))  m(k) +m/(k) + m" (k) < m(0)
(5.10(0))  m(k) +m/' (k) +m" (k) < m(0)
such that
(511) tJ(qO’U,A(],v,Zg’v)(T)

= Z (J(Qk,m Ak,vy Zk,v) + tJ(qfk,vv Afk,w ka,v))@—) + 0(1)

1<k<ki

+m/(0) +m"(0) — 1 for k >0,
+m/ +m//

(0) (0) — k for k <0,

uniformly with respect to {(v,7):v = (y,t,n,7",v") €V and 7/ = 7}.

Proof that Proposition 5.1 follows from Proposition 5.2. First of all we
note that due to the H®-estimates of Section 3, the conditions (5.6(k)),
(5.7(k)), (5.8(k)) imply that the families of operators

{Op(qlﬁc,vei(q—it)po)}(U,T)EVe7 {Ak,v(T)}(mT)EVav {Zhv(T)}(v,T)GVe

are bounded in B(H*, Hs=™®) B(H®, Hs~™*) B(H*, H>=™"®)) re-
spectively, hence there is a constant C' > 0 (independent of (v,7) € V X
[—0;0]) such that

m(k) +m/ (k) +m" (k) < —d—1 = |J(qkw, Akw, Zkv)(T)] < C.

Thus reasoning as in [22, after Proposition 5.1] we can take k; large enough
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and forget all the terms J(q_k.4, A—k,v, Z—kv), i.€. in place of (5.11) we have
(512) tJ(Qo,v, AO,U; ZO,U)(T) = Z J(Qk,va Ak,va Zk,v)(T) + 0(1)
1<k<k

Then reasoning as at the beginning of [22, Section 5] we note that iterating
this assertion [ times we can write (5.12) with ! in place of ¢ and Qkvs Akv,
Zy, ,, satisfying (5.6(k)), (5.7(k)), (5.8(k)) with

m(k) +m/(k) + m" (k) <m(0) +m'(0) + m"(0) =1 fork=1,... k.
This general statement is analogous to [22, Proposition 3.4], and to obtain
(5.3) it suffices to take

QO,v(%f) = Q(y7£7x)7 AO,U(T) == P_d7 ZO,U (T) = Pd+l0'
Indeed, since P~45, € L2, the Kato-Trotter formula (1.9) allows us to write
(5.3) in the form

sup | lim tl J(qo,vs Ao,ws Zow)(T)|rr=r| < 00. m
(t,r)e=(0,0") "M
yeRd

Proof of Proposition 5.2. Step 1. First of all we note that as at the
beginning of the proof of [22, Proposition 5.1], using a suitable partition of
unity we may assume that

(5.13) supp qo,» C B(yo,2r) x Ij(c),
where ¢ > 0 is small enough and
(5.14) ij(c) ={£ € R £, po(yo. &) > 2c} forj=1,....d.
As in [22], we fix j € {1,...,d}. If X%w € 5?70 is such that supp X?,c,r C
B(yo,3r) x Ij(c/2) and x§ .. = 1 on B(yo, 2r) x Ij(c) (cf. [22, Lemma 3.2]),
then
(5.15) {(1—X2,C77,)(ac, D)Op(qg’vei(t*ﬂm)*}(U,T)evg is bounded in ¥~ *°.
Then Corollary 4.5 alllows us to write
(5.16) U U, o = UptsUS 4 Z14(7) + 72-1,0(7)
with
{Z10(T}Ywmeve € 2,1 V] {Z10(M)}wmevs € Z57V]-

Moreover we have
1

(5.17) UT:L‘]‘U: =Z; — Tﬁl(T) with ﬁl(T) = S dz ﬁZT[ipvajj]U*

ZT)
0

hence we can consider P; as an element of AY((1)). For y € R? let

P, =py(z,D) with py,(z,£) = 0¢;p0(y,§)
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i.e. the symbol p, € S¥ is independent of the z-variable) and for v =
Yy 1
(y,t,n, 7", v") €V let

T ~

_ ’ ’
(5.18) P,(1) = ?Pl(’i') + <1 - 7%)Py = Dpy(T,2,D) + Ry 7,

where {Ry 7 }(v,7)ev, is bounded in ¥,
As in [22, Section 5], assuming 6,6 > 0 small enough we obtain

(5.19)  |po(7,2,6)| > g forv € V, (1,2,€) € [—0:0] x B(yo, 3r) x [ (¢c/2).
Step 2. We note that there exist Z_,,, satisfying (5.8(—2)) with m” (—2)
=m"(0) — k and
{ZO,U(T)}(U,T)EVQ € Z;'n ©) [V]a
such that for v = (y,t,n,7',v") € V and 7’ € [0; Ret] we have
(5:20)  Zo,u(T)Op(g5 €™ 770)"
= (Zo,o(T)Po() + Z—2,0(7))OD(g5 "~ 77)".

Indeed, since p, is uniformly elliptic in B(yo,3r) x Ij(c/2) D supp X?,c,r
(due to (5.19)), it remains to use (5.15) as in [22, Section 5].

Step 3. We write y = (y1,...,ya) € R? and note that there exist Z43,
satisfying (5.8(£3)) with m”(3) = m”(0) — 1, m”(—=3) = m”(0) — k and

(5.21) Z0.0(7)Py(T) = (7'131(7) — (25— ) Zo.(7)
+ Zowo(T)((E = 7") Py + (25 — 5))
+ 2371,(7') +¥Z,37U(T).

Indeed, it suffices to estimate the commutator of 2071; with z; applying
Corollary 4.5, and with P;(7) applying Corollary 4.3.

Step 4. There exist g+, satisfying (5.6(+4)) with m(4) = m(0) — 1,
m(—4) =m(0) — k and

(5.22) (T —7)Py+ (x; — y;))Op(df €' 7)*5,
- Op((qi,v + th47U)ei(t7T)po)*6y_
Indeed, we integrate by parts as in the proof of [22, Proposition 5.1].

Step 5. There exist Z11 , satisfying (5.8(+1)) with m” (1) = m”(0) — 1,
m”(—1) = m”(0) —k and A5, satisfying (5.7(£5)) with m/(5) = m/(0) —1,
m’(=5) = m’(0) — k such that

(5:23)  Zoo(7)"(TPi(7) + y; — 25)U7 Ao, (T)3)
= (Z10 + tZ-1,0)(1) Uy Ao, (1)8y + Z0,0(7) Uy (A5 + tA_5,0) (7).
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Indeed, Lemma 2.1 ensures the existence of A5, satisfying
(yj — @) Ao (7T)0y = [Aow(7), 2; — y;]dy = (A5 + tA_5.)(7)dy

and (5.16) can be written as

ULy — ) = (TPU(T) + yj — 25 — Z14(7) = 7Z_1,0(7)) UL,
hence (5.23) holds if

/

> *~ * T > *~
Z1w(T)" = 20,0(T) Z10(T),  Z_1,(7)" = Yzo,v(T) Z_15(7).

Step 6. Let Zi10, Z 24, Z+3.0, q+aw, Axsy be as above, Zy (1) = 0
and
Gho = Qow,  m(k) =m(0) for k= =+1,42, 43, +5,
Apw = Aoy, m(k)=m'(0) fork=+1,+2 +3, +4.

Then (5.20)—(5.23) with 7 = 7/ give the equality (5.11). m

6. Appendix: Proof of Lemma 1.3. Let v € S(RY) and set v, (z) =
z%y(z) for a € N%. We assume that {v = 1 and (v, = 0 if |a| = 1.
introduce h and h = D — h by

~

(A1) (€)= ply — (e T ay,
(A2) Az, = Py, )y ((z — y)(€) ) (E) 2 ay,
(A3)  9%h(x,€) = | 92p(a — y, )Y (y(€) ) ()"~ dy.

A simple analysis of (A.3) (cf. [7] or [18, Proposition 6.3]) allows us to
conclude that dgp € Si5 = 9¢h € Si,_, if o] < 2. Using the Taylor
formula

( Z 8% xf _yj Z pa(m,y,f)(l’—y)a

1<5<d la|=2
and § (z; — y;)v((x — y) (€)' ) dy = 0, we can write (A.2) in the form
(A4) A, = 207" | pale, 9,07 (@ =)&) )6 dy.

lov]=2

Now it is easy to check that p, € 5117 s(R?T x RY x RY) for |a| = 2 implies
h e Sl 2079 Gimilarly introducing pa € 51175(Rd x R? x RY) (Ja| = 1) by

amp(x7§) - 6119(1} - y:&) - Z ﬁa(xvyaf)y

la|=1
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we get Oyh = yp—0yh € 5113(1—9)7 using (A.3) to express (8,p— 8,h)(z, &)

as

[ (0up(,€) = Bup(a — 3, )Y (y(€) ()P dy

= 3 @7 Baley Oralul©) )@ ay.

lor]=1

Then P = i (h(z,D) + h(z,D)*) and P= %(il(.%, D) + h(z, D)*) are essen-
tially self-adjoint on S(R?) by Nelson’s commutator lemma (cf. [16] with
N =1 — A) and conditions (1.4)—(1.5) for p imply analogous conditions for
h and p due to (1.8) (note that |Veh(z,€)| < ()07 o
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