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ON MINIMAL HOMOTHETICAL HYPERSURFACES

BY

LIN JIU and HUAFEI SUN (Beijing)

Abstract. We give a classification of minimal homothetical hypersurfaces in an
(n + 1)-dimensional Euclidean space. In fact, when n > 3, a minimal homothetical hyper-
surface is a hyperplane, a quadratic cone, a cylinder on a quadratic cone or a cylinder on
a helicoid.

1. Introduction. An n-dimensional hypersurface in Euclidean space
Entl s called a translation hypersurface if it is the graph of a function
F(z1,22,...,70) = fi(z1) + fa(z2) + -+ + fo(zn), where fi1, fo, ..., f, are
smooth functions. A hypersurface is said to be minimal if its mean curvature
is zero identically. As is well known, a minimal translation surface in a 3-
dimensional Euclidean space E3 must be a plane or a Scherk surface which
is the graph of the function

F(x1,22) = L Ls(axl)’
a  cos(axs)
where a is a non-zero constant. Some general results on translation hyper-
surfaces have been given in [1]-[5].
A hypersurface in an (n + 1)-dimensional Euclidean space is called ho-

mothetical if it is given by
X(x1, . ymn) = (21, ...y, F(21, ..., 20)),

where F(x1,x2,...,2,) = fi(x1)fa(z2) - fu(x,) with smooth functions
f17f27"-7fn-

In [6], I. Van de Woestyne classified 2-dimensional minimal homothetical
surfaces, and proved:

THEOREM 1. A 2-dimensional minimal homothetical surface in a 3-
dimensional Fuclidean space E® must be a plane or a helicoid.

In the present paper, we study n-dimensional minimal homothetical hy-
persurfaces in an (n+1)-dimensional Euclidean space, and give their classifi-
cation. On the way, when n = 2, we give a new method to prove Theorem 1.
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We obtain the following result:

THEOREM 2. Let M™ (n > 3) be an n-dimensional minimal homothetical
hypersurface in an (n + 1)-dimensional Euclidean space E™*'. Then the
hypersurface is a hyperplane, a quadratic cone, a cylinder on a quadratic
cone or a cylinder on a helicoid.

2. Preliminaries. Let M" be a hypersurface in Euclidean space E™*1,
given by
X =(x1,...,2p, F(x1,...,20)).

So
0X oF 0?°X 0’F
83%‘ (O7 T 707 81‘@')7 8:131'3%' <O7 70’ 8:13j8:13i>
Let P; = OF/0x;. We have
_/ox oX\ _ . OFOF
Yij = 8%’ 856]' B axz 8$]’7

so (gij) = I + PT P, where P = (P,..., P,). The inverse of the matrix (g;;)
is given by
g 1
Uy =]— ——_ PP
(g ) 1 + ’PP (2l )
where |P|2 = PTP. Let g = det (g;;) = 1+ |P|?, and

=/1+|PJ2.

1 OF OF
W2 ze 61’j‘

We have
g7 = 6;j —

The unit normal vector is given by

y_ L (_oF _OF |
S W\ Oz’ Ox, )

So the second fundamental form is given by

°X PF \ 1 /[ OF OF
bij=( =——v)={(0,...,0,——), —=(—=—,...,—=—,1
axiaﬁj 8$Z8$] w axl 8xn

1 &F
N w 8.%‘(937]"

Then we define the mean curvature by

1 1\ 0*F
nH = Zgjb”_zgjwaxaxlz_z< W)@xjaxi’
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ie.,

1 0*F 1 OF OF O%F
T )

2.1 H=— gL __ N or gr
(2.1) " - ox? W2 7 O0z; Oz Ox;0x;

We call a hypersurface minimal if H = 0.

3. Proof of Theorem 2. Before the proof, we introduce some notation
to simplify the writing:

F = fi(z1) fa(z2) - fuln),

F'= fi(z1) fa(x2) - frl@n),

Fy = fi(z1) f2(@2) - ficr(zio1) fi (i) fig1(@ign) - - - fu(@n),

Fp = fi(z) fa(w2) - fima(wima) £ (@) i1 (wiga) - - ful@n),
F(i) = fi(z1) fa(w2) - -« fic1(miz1) firr (wi1) - fn( n)s
F'(i) = fi(z1) fo(z2) - fima(@ima) fipa (@ig) - - fr(an),
F(ij) =f1($1)f2($2) - fim1(@io1) firr (i)

- fie 1(:63 1)f]+1<x3+1) < ful(@n),

F'(ij) —fl(xl)fQ(xQ) fioi(@io) figa (i)
"f],'—l(xj—l)f]/'—i-l(x]-i‘l) f(@n).
Since H =0, from (2.1) we get

(3.1) W2y Fp— Y FFjF; =0,
i ij
and so
(3.2) Z Fp+ Y (F}Fj2 — F;F;F;) = 0.

Noting that Z (FQF 2 — FiF;F;;) = 0, when i = j, from (3.2) we get

(3.3) ZFz—i—Z (F2Fj. — F,F;Fyj) = 0,
]

and so

(3.4) ZFz—i—ZF (FiFj2 — F2) =0,
i#]

where

Fije = fi(@1) fa(z2) -+~ fie (ffi O fi (@) fis1 (zig1)
- fiea (o) £ () fiaa(@jg1) - - fa(zn),

in accordance with the notation introduced above.
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When f;(x;) # 0 and f/(z;) # 0, from (3.4) we can get

4
(3.5) Zf + Y F@) A - 1) =0,
i i#£]
Setting T;; = Fz(ij)fi’Q(fij’»’ - f]’»z), i # j, we have
T .
(3.6) Tos = 2P = 1),
and then
82Tij . N2 /// ! el
From (3.6) and (3.7), we get
0"T;; R .
(3.8) m =2 1F(ZJ)F,(ZJ)f{f{/(fjf§'/ — fifi).
Differentiating (3.5) with respect to x1,...,x, yields
(3.9) Z axl (%n =0.
From (3.8) and (3.9) we get
(3.10) 2N FGHF G S = 1) =0
i#j

When f/ #0 fori=1,...,n, from (3.10) we get
f,, f/// f//>

3.11 0.

(3.11) ; fi (f’ i

When n = 2, we assume that f(x) = fi(z1) and g(y) = f2(z2), so that
(3.11) becomes

A TN
(3.12) f(g’ g)+ (f’ f>_0'
If f"¢" #0, from (3.12) we get
(3.13) 1

f/f// g/g// =
Set fN a and g,g,, b, where a + b = 2.
If a# —1 and b # —1, we easily get
(3.14) " =af,
(3.15) g’ = b’
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2&1

12 _ a+1
(3.16) [e= —a+1f + az,
2b1
1 12 _ b+1 b

where a1, as, b1, by are constants. Substituting the four equations above into
(3.1), we have

(3.18) a;fet <b2
From (3.18) we get

-3
ar fot <b2 Z+ 1 A+ 1> = K = const,

b+1

-3
Z+ 1 A+ 1> + b1gt! <a2 g* + 1> — 2a9by = 0.

3
bigt™t (ag ) 9+ 1) =T = const,

where K + T = 2asbs. Hence a1 = by = asby = 0, which implies
1 — g// — 0

When a = —1 or b = —1, taking a = —1 and b = 3 for example, from
(3.14)—(3.17) we get

= %, f’2 = 2a11n f + 2as,
b 4
g"=bhg® %= % + 2bs,

where a1, as,b; and by are constants. Substituting the four equations above
into (3.1), we have

b 5
% —8arbafgln f + ‘ifg — 8agby fg + 2a1bafg = 0.

Noting that f # const and g # const, from (3.19) we obtain

<b192 + G1Tb194> + <% — 8a1bz In f) — 8agbs + 2a1by = 0,
which means that a; = by = asbs + ajbs = 0, i.e. [/ = ¢” = 0. This
contradicts the assumption that f”g” # 0. Therefore f”¢” = 0.

When f” = ¢” = 0, we infer from (3.1) that 2f f2g¢’?> = 0, which means
f=0f=0,g=0o0r ¢ =0, and then f and g must be polynomials of
degree no more than one.

When only one of f” and ¢” is zero, without loss of generality, we set
f"=0and ¢g"” # 0. Then we have f(z) = ax+b, where a and b are constant.
Thus from (3.1) we get

(3.20) flg" — 2a%gg"? + a*g?g") = 0.

(3.19) bifgd +
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Since ¢” # 0, from (3.20) we deduce

294" 1
(3.21) Zﬁ = i const.
Hence
1 d
(3.22) g=1 tan(f y+ _)’
a a a

where ¢ and d are constants. This completes the proof of Theorem 1.

When n > 3, without loss of generality we assume that f!/f; # const,
i =1,...,r, while f//fi = n; = const, i = r+1,...,n, and we set n =
Zﬁzm k-

CASE 1: r = 0. In this case, from f'/f; =n;, i =r+1,...,n, we get
(3.23) 7 =nif? + s
where 7, is a constant. Then from (3.5), (3.23), we have

Soui+ Y PR (i f? + ) (=) = 0,

i i#]
i.e.,
1
(3.24) Y- ( )—’2 => .
i#] 73 i
Since F # 0, from (3.24) we have
/
(3.25) Z( +f2)f—;: =
i) j

For all k =1,...,n, from (3.25) we obtain

/ 2 .My
(326) n_g ( + fQ) —l—Q(l’]_,...,xk_1,$k+1,...,ﬂ§n): Zl;vg,rh

k ik
for some (2. Differentiating (3.26) with respect to xj, we get

2nkfk 277 2/ 2 i
3.27 - | =
(3.27) 72\ o
i#k

Since f! # 0, from (3.27) we find that

2
(3.28) > (m 2771) = % >

i#£k
This yields

M > _[(F(k),,)” + nj[F Zm,

i#k
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ie.,

2
(3.29) me Y (7 +m)F Zm
i#£k
Since for n > 3, F'(ik) is not a constant, from (3.23) we see that fl-’2 + 1) # 0.

Noting that F'(ik) and f/ 24 n; are functions of different independent vari-
ables, we see that

Z(fi/Q + n;)F(zk)Z # const.
i#k
Hence

M=y mi=0.
7

Thus f? = nif?, i = 1,...,n, n; # 0. Further, from f//f; = n; we
get fi(x;) = a;eV%i 4 age*\/mxi when n; > 0, and f; = b; cosv/—nz; +
bl sin /—mn;z; when n; < 0, where a;, a}, b; and b, are constants.

Noting that f/?> =, f2, we have a;a; = 0, which means f;(x;) = a;eV7%i
or fi(z;) = ale™V"% when n; > 0; and b7 + b?> = 0, which means f;(z;) =0
when 7; < 0.

By the assumption that F' # 0, we see that n; > 0 for ¢ = 1,...,n, while
> ;1 = 0, which is impossible. Thus 7 # 0.

CASE 2: 3 < r < n. In this case, from (3.11) we infer that fori =1,...,r,

(3.30) TZZ f "‘(%‘?Z >Zf] +o(T1, . i1, Tig 1y, Tn) =0

for some ¢. Differentiating this with respect to x; gives

f{// fim 2fi”
Z;‘L;éi ij’ (f_; 2 )

/

31 A R A Y
(3.31) s I &y Ay
J#i f; fi )@
where \; = const. Then for j # i, from (3.31) we get
f/// f//
(3.32) = — \; = = a;; = const,
fi fi Y
where
n
(3.33) Y ai; =0.
J#
From (3.32) we see that for all ¢ # k,
£
(3.34) (A — ) f_] = Qkj — Gij,
j
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which implies that A\, — A\; = 0 and ay; — a;; = 0. Therefore, we assume
)\1 =-~-=)\7«:)\ and akj:aij:aj.

Noting fj’»’/fj =n;,j=r+1,...,n,fori=1,...,r from (3.33) we have

n

(3.35) S =D+ ag—a;i =0,

j=r+1 k=1

which implies a1 = - - = a,, where a; = f"/f; — \f]/f;.

On the other hand, from (3.31) we get

(f{” _ 2}{{’)/
Il iy
(3.36) - A
fi/a;
From (3.36) we have
f/‘// f//

3.37 = (2-X) L+ by,
(3.37) 7 2-X) 7, T

where b; is a constant.
Comparing (3.32) with (3.37), we get A = 1 and a; = b; immediately.
Thus (3.35) becomes

T

Zak—ai:().

k=1
This yields a; = 0, ¢ =1,...,r, and so f/f; = n; = const, i = 1,...,n.
This is a contradiction.

CASE 3: r = 2. In this case, (3.11) becomes

I fy 1 Iy ﬂ_f_f):
(3.38) <f1+"><f5 f2)+<fz+”><f{ i)=Y

where n =) _5 0. Hence

mo_nofg_ g
f;// L2 - — ffl// i =K = COIlSt7
Fon o e
which implies
1" 4
(3.39) 2 = (K+1) % + 1K,
I3 f2
{// {/
3.40 —=(1-K)=——n
(340 T

As mentioned above, for i = 3,...,n, f// = n;f and f? = n;f? + 7, and
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from (3.11) we get

i

(3.41) —+—+f1szGw FRf = )
A f oy

+ (f2 15 + fEf5 ZG ! — )

+ ey = 13 + B(A — ZG

H P efs = ) + A~ S )] =0,
where G = f3... f, and
G(Z) = f3 cee fi—lfi+1 cee fn, G(Zj) = f3 R fi_1f1‘+1 R fj_lfj+1 . fn

Differentiating (3.41) with respect to z1 and x5 and substituting f/”/f; = n;,
(3.23), (3.39) and (3.40) into (3.11), after simplifying we get

(342) (2—-K) {,if2+2+K ’gzn: +2 Z ( f2)f2:o.

1 1,j=3,1#£]

Differentiating with respect to 1 and xo, we get respectively

(3.43) 2 - K) ( f{1,>;1 an ;’2 — 0,
and
(3.44) 2+ K) < >$1 Z;

Since 2 + K = 2 — K = 0 is impossible, we see that n} = 0,7 = 3,...,n.
Then (3.11) becomes

// "

(345)  n+ -+ 2+ G (ffs — f2) + S = )]

i fe
+ 2 fs = )+ [P (fuff = fP)]) =0.

Since n + f'/f1 + f¥/fo # 0, we see that G* = const, which means that
f/ =0 for i > 3, contrary to assumption. So we get r # 2.

CASE 4: r = 1. In this case, (3.11) becomes
{/I {/
3.46 JL 1),
( ) < f1 fl )
which means n = > " ,7; = 0. Substituting (3.23) into (3.11) and using
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17/ fi = ni, after simplifying we get
" n / —n " 2 n /
1, A2 i\ (=) 1 1\ A2 U
i =2, i O ! Vo2

where G = fy...fn. Because f]'/fi # const, differentiating (3.47) with
respect to x1, we get

(3.48) <i>/ + (i - f_12>/ §2zn: oy
/7 noE) S L

1 1

If n;/fz? =0, we have , = 0 (¢ > 2) and f{’ = 0, which means f'/f1 =0
= const. This is a contradiction.
If (f7/f3),, =0and (f{'/f1 — 2172/ [P, =0, we set

1"

(3.49) f—é = K = const,
i
" 2
(3.50) f_ll - f—112 = K, = const.
Substituting (3.49) into (3.50), we get
(3.51) K1 ff —2ff = K f}.
By differentiating with respect to x1, from (3.51) we have
(3.52) 2K, f2 =0,
which means K3 = 0. Then (3.47) becomes
— " 17/ ’I’}/-
(3.53) Y (m + F) f—; =K.
=2, ] v/
Similarly to the passage from (3.24) to (3.29) we get
(3.54) e Y GRS + ) = K.
i#k
When n > 4, similarly to (3.29) we have
(3.55) > G(ik)2(f7 + ) # const,
i#k

which means 7, = K; = 0. Thus we have f{' = 0 and f{'/fi = 0 = const,
which is a contradiction.
When n = 3, (3.54) yields

2

(3.56) my(fs” +m3) = K1,
2

(3.57) ns(f5" +my) = K1,
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which means that f; = \/n, = const and f; = /1), = const. Then from
(3.50), (3.51) and Ko = 0, we get

(3.58) [t P —

\/K1/21’1 +01’

where C} is a constant. From (3.56) and (3.57) we see that n2 = n3 = 0 and
nyns = K1 /2, and further

fa(z2) = \/7775952 +Cs,  fa(w3) = \/777:,333 + Cs,

where Cy and C3 are constants. This shows that the hypersurface is a
quadratic cone.

From the proof above, we see that among the f/(x;), ¢ = 1,...,n, no
more than three are non-zero, while others satisfy f/(z;) = 0 so that f;(x;)
= const. Thus we complete the proof of Theorem 2.
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