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Abstract. We investigate compact operators between approximation spaces, paying
special attention to the limit case. Applications are given to embeddings between Besov
spaces.

1. Introduction. The theory of approximation spaces is a useful and
flexible tool which allows one to study not only problems in function spaces,
but also in spaces of operators and sequence spaces. For the classical theory
see, for example, the papers by Butzer and Scherer [5] and Pietsch [21], and
the books by Peetre [18], Triebel [24], Petrushev and Popov [20] and DeVore
and Lorentz [12]; while for the limiting theory see the papers by Cobos
and Resina [I1I], Cobos and Milman [9], Fehér and Gréssler [14] and the
references cited there. Given a quasi-Banach space X and scalar parameters
0 <a<oo 0<pqg<ooandvy € R, the classical theory deals with
spaces X, and the limiting theory with X(go,y) (see Section 2 for definitions
of approximation spaces).

Outstanding examples of spaces X' are Besov spaces By /, Lorentz se-

quence spaces £, ; and the spaces of operators 2,()?3(1*7, F) consisting of all
bounded linear operators between the Banach spaces E and F' whose ap-
proximation numbers belong to ¢, ,. Examples of X;O’V) spaces are the Besov
spaces BS,’;] with smoothness close to zero and the Lorentz—Zygmund oper-

ator spaces 2&?,(177 (E,F).

The study of compact operators is a natural question in this setting,
which was considered by Fugarolas [15] and Almira and Luther [I]. Results
of [15] characterize compact subsets of X for p < oo, while results of [I]
refer to compact operators but just in the setting of Banach spaces, i.e. when
X is a Banach space and 1 < p < oc.

Here we continue these investigations, focusing our attention mainly on
limiting approximation spaces. This is done in Section 3. Then, in Section 4,
we give applications of our results to embeddings between Besov spaces.
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2. Preliminaries. In what follows, (X, ||-||x) stands for a quasi-Banach
space. By an approzimation family in X we mean a sequence (Gp)nen, of
subsets of X satisfying the following conditions:

(2.1) Go={0} and MG, CG, for any scalar A and n € N,
(2.2) Gn € Gpy1  for any n € Ng = NU {0},
(2.3) Gn+ Gy € Guyyy for any n,m € N.
For f € X, we set

En(f) = En(f; X) =inf{||f —gllx : g € Gn1}, neN.

Let « > 0 and 0 < p < oo. The (classical) approzimation space Xy
consists of all f € X which have a finite quasi-norm

HfHXg = (i(nQEn(f))p n_1>1/17

n=1
(the sum should be replaced by a supremum if p = co). We refer to [21],

[20] and [12] for a general theory of these spaces.

Let 0 < g < 00 and v € R. The limiting approrimation space Xéo,«/) is

formed by all those f € X having a finite quasi-norm

= 1/q
a -1
1100 = (21«1 +logn) En(/))'n ")
(see [9] and [14]).
The spaces X} and Xéoﬁ) are complete. Moreover, it is not hard to check
that

(2.4) X;‘(—>Xéo’7) for0 <a<oo,0<pqg< oo, vER,

where < means continuous embedding. Note that if v < —1/¢, then Xq(o’v)
= X. So the only case of interest for the limiting spaces is v > —1/q.

It is shown in [II] that, even when v = 0, the theory of spaces Xéo,o)
does not follow by taking a = 0 in the theory of classical approximation
spaces.

Next we recall some important examples. Let X = L,([0,27]) be the
Lebesgue space of periodic measurable functions, and let GG), be the set of
all trigonometric polynomials of degree less than or equal to n. Then X'
coincides with the Besov space By (see [23]) and Xéo’ is the Besov space
of logarithmic smoothness By (see [13]).

Let X = {, be the space of bounded sequences, and let G,, be the subset
of sequences having at most n coordinates different from 0. It turns out that
(En(z;€)) is the non-increasing rearrangement of the sequence z. Hence
X' coincides with the Lorentz sequence space £y, , (see [21]).
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If X = £(E, F) is the Banach space of all bounded linear operators be-
tween the Banach spaces F and F', and we take (G,, as the subset of operators
R € £(E, F) such that rank(R) < n, then the sequence (E,(T;£(E,F)))

coincides with the sequence (a, (7)) of the approximation numbers of 7.
Thus X' is the space Sg(;)a (E, F) of all operators T' € £(E, F) such that
(an(T)) € L1ja,q (see [21]). The space X( 7 coincides with the Lorentz—

Zygmund operator space

00,4,y

2@ (B, F) ={T e (B, F) 3 (1 4+ logn) an(T)) n )" < 50
(re2)- (£ o) <o)
(see [7] and [I1]).

3. Compact operators. We start with a consequence of the interpo-
lation properties of approximation spaces.

THEOREM 3.1. Let X, Y be quasi-Banach spaces and let (Gp)nenys

(Fn)nen, be approzimation families in X and Y, respectively. Suppose that
0<a<oo,0<qg<ooandy>—1/q. Let T € £(X,Y) be such that for
some ¢ > 0 we have

(3.1) T(Gp) C F,  whenever m > cn.
If T: X =Y is compact, then the restrictions
. 0, 0, .
T: x5 yO0) and T:X¢—Y
are also compact.

Proof. Let 0 < p < oo and 6 > —1/p, such that 6 +1/p > v+ 1/q. Set
0= (v+1/q)/(0+1/p). It follows from [I4, Theorem 4] that

(3.2) (X, X0D)g 4 = X0,
On the other hand,

(33) (X, X2%), ) 4 = X0
(see [19]).

Assumption (3.1]) implies that for any f € X,
En(Tf;Y) < ||IT|lxy En(f; X)
whenever c(n —1)+1<m<en+1,n=1,2,...
(see [2I, Theorem 3.3]). Hence the restrictions
. 0,6 0,0 . v2 2
T: X" =y and T:X2* -y

are bounded. Now, using the compactness theorem for the real method in
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the quasi-Banach case (see [L0, Theorem 3.1]), we derive that
. x (O, 0, .
T: X% v and T:X2 - Y2
are compact. m
REMARK 3.2. Theorem was established by Almira and Luther [I]
Corollary 7.5] in the particular case where ¢ > 1, and X, Y are Banach

spaces and the approximation families (Gy)neny, (Fn)nen, are formed by
finite-dimensional subspaces.

The following result requires another type of assumptions. We set
=2, n=0,1,2...,
and, as usual, Uy stands for the closed unit ball of X.

THEOREM 3.3. Let X, Y be quasi-Banach spaces and let (Gy)nen, be an
approximation family in X. Let 0 < ¢ < 0o, v > —1/q and let T € £(X,Y).
Then a necessary and sufficient condition for T : Xéo’v) — Y to be compact
is that T(G, N Ux) 1is precompact in Y for any n € N.

Proof. Set

= (S0 +logky ) ne .
=1
If f e G,NUx, we have

£l = (3 ( +10 kB () 47)
k=1
< (iu + log k) k—l)l/q =1
k=1

So G, N Uy is bounded in Xé(),'y). IfT: Xéo’” — Y is compact, it follows
that T'(G,, N Ux) is precompact in Y for any n € N.
In order to show that the condition is sufficient, we recall that without

loss of generality we may assume that X and Y are p-normed for some
0 < p < q (see 4, Lemma 3.10.1]). Let 1/r = 1/p — 1/q. We shall also use

the following representation (see [11] and [I4]): The space Xéo’y) is formed
by all f € X such that there is a representation f = Y g, (convergence
in X) with g, € G, and

(i (Qn(7+1/q)||gn||X)q) 1/q < 0.

n=0
Furthermore,

oo

/ o0
(3:4) 11flli0q = inf{ <Z(2n(7+1/Q)Hgon)q>l L= 0 € G}
n=0

n=0



COMPACT OPERATORS AND APPROXIMATION SPACES 5

defines an equ1valent quasi-norm to || - || X0 . We shall work with the quasi-
norm || - [[o,),

Take any e > 0. Since v+ 1/q > 0, there is N € N such that

1r €
(3.5) (S omorv/an) <
+1
2. T x
Let €, ...,ex be positive numbers such that (3N en)/? = ¢/211/7. By

the assumption on 7', for any n = 0,1,..., N, there is a finite set V,, C Y
such that

(3.6) T(Gp, N2 "0V C | {o+ Uy}
UEVn
Put

N
Wz{Zvn:vnEVn,OgngN}.
n=0

It is clear that W is finite. Let us check that W is an e-net of T'(U,.0.1)
inY. !

Given any f € U x{om, We can find a representation f = > ° /g, with
gn € G, and

(i (2n(7+1/q) ||gn”X)q> 1/q <2
n=0

Thus ||gn|x < 2'7"0+/9 and so g, € G, N27"0F/DU . Using (3.6),
forn =0,1,..., N, we can find v, € V,, such that ||Tg, — vn|ly < €,. Let
w = Zgzo vy, € W. Applying the Holder inequality and using 1) we get

oo N
ITf = wly = ||>Tg0 = vn
n=0

n=0

N 1/p 1/p
<22 (Y ITgn —wally) "+ (D 1Tanllf) ]
n=0 n>N
N 1/p 1/p
<272[(3X )"+ Tl (3 Ngal) ]

Y

n=0 n>N
1/r 1/q
< S 2Ty (30 27O ) (3D (200 g, 1 )7)
n>N n>N
€ 1/ €
< = 4+ 2YP|T ——2 =€
=5 Iy e 2

This shows that T'(U X(o,y)) is precompact in Y and completes the proof. m
q
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Since the closed unit ball of any finite-dimensional topological vector
space is compact (see [16, §15.5(1)]), as a direct consequence of Theorem [3.3
we obtain the following

COROLLARY 3.4. Let X be a quasi-Banach space and let (Gp)nen, be an
approximation family in X. Let 0 < ¢ < o0 and v > —1/q.

If for each n € N, the set G, is a finite-dimensional linear subspace of X,
then the embedding Xéoﬁ) — X is compact.

REMARK 3.5. Let 0 < a < o0 and 0 < p < o0o. In the assumptions of
Corollary it follows from that X < X is also compact. This result
and also the corresponding ones for spaces Xq(D’V) were proved by Almira and
Luther [I, Theorem 2.1(ii)] in the special case where X is a Banach space
and p,q > 1.

COROLLARY 3.6. Let X, Y be quasi-Banach spaces and let (Gyp)nen, be
an approximation family in X, formed by finite-dimensional subspaces. Let

0<qg<oo,v>—1/qgande>0.If T € &X7 V), then T : X719
Y s compact.

Proof. Let 6 = e—1/q. By the reiteration theorem (see [14], Theorem 2|),
we have tho’wre) = (Xéo’ﬂ’))go’é). Since Corollary [3.4| shows that the embed-

ding (X(goﬁ))«(zo’&) — Xéoﬁ) is compact, we conclude that 71" : Xéo’w“) —Y
is also compact. =

A similar result to Corollaryis valid for spaces X,). It is a consequence
of Remark [3.5| and [2I, Theorem 3.2].

COROLLARY 3.7. Let X be a quasi-Banach space and let (Gy)nen, be
an approrimation family in X, formed by finite-dimensional subspaces. If

0 < qi,g2 < 00 and v + 1/q1 > 72 + 1/qz, then XM — x 072 4
compact.

Proof. Let € > 0 be such that 71 —e+1/q1 > y2+1/¢2. By [14, Lemma 2],
we have Xé?m—e) — Xq(20 ) Then the result follows from Corollary n

The next result concerns reflexivity of approximation spaces.

COROLLARY 3.8. Let X be a Banach space and let (Gp)nen, be an
approximation family in X, formed by finite-dimensional subspaces. Let

1 <qg<o0,0< a< o and~y > —1/q. Then the spaces Xéom
Xg are reflezive.

Proof. Take 1 < p < oo and 6 + 1/p > v+ 1/q. By Corollary the
embedding XI(,O’(S) — X is compact and therefore weakly compact. Conse-

and
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quently, reflexivity of X(EO’W) follows from 1) and the interpolation prop-

erties of weakly compact operators (see [3, Proposition II1.3.1]).
The proof for X is similar but using (3.3) and Remark "

The remaining part of this section is devoted to operators with image in
an approximation space.

THEOREM 3.9. Let X, Y be quasi-Banach spaces and let (F,)nen, be an
approzimation family in' Y. Let 0 < a < 00, 0 <p < oo and T € £(X,Y).
Then T : X — Y* 1s compact if and only if the following conditions hold:

(a) T: X =Y is compact,

1

(b) sup{ (322, (2™ By (TF))P) /- [|fllx <1} — 0 as n — oo

Proof. First we show that (b) implies 7" € £(X,Y}"). There is an N € N
such that

(Z (27 By (T f))p) "<1  forany f e Uy.
m=N
Hence, for any f € X, we get

[e.o]

HTfHYpC“ < 61<Z(2maE2m(Tf))p> 1/p

m=0
N-1

<o|(X @ @ny)” +11x]

m=0
N-1 map 1/p

<o (X 27P) Il + 11711 = esllflx-
m=0

Consequently, T' € £(X, Y").
Now the result follows by using [I5, Theorem 1]. m
Recall that the approximation family (F),)nen, of Y is called linear if

there exists a uniformly bounded sequence of linear projections P,, mapping
Y onto F,,. If this is the case, we have

(3.7) |h — Po—1h|ly <cEn(h), heY,neN
Next we show that condition (a) is not needed if the family (F),)nen, is
linear and finite-dimensional.

THEOREM 3.10. Let X, Y be quasi-Banach spaces and let (Fy,)nen, be
a linear approzimation family in'Y , formed by finite-dimensional subspaces.
Let 0 < o < 00, 0 < p < o0 and T € £(X,Y). Then a necessary and
sufficient condition for T : X — Y* to be compact is

sup{(i@mo‘EQm(Tf))p)l/p fllx < 1} —0 asn— oo.

m=n
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Proof. The argument is similar to [I5, Theorem 2|. If the condition holds,
then T' € £(X,Y,") as we showed in the proof of Theorem We now take
any € > 0 and construct an e-net for T'(Ux) in Y.

Let P, be the projection associated to F), and let cy be the constant in
the triangle inequality of Y. By and the assumption, we can find an
N € N such that

(3 @irs - Pooariy)) " < 58

m=N

9. erX
2cy

In particular, we have
€
ITf = Pox A (THlly = 5 feUx.
Cy
Moreover, by compactness of Pov_ 1" : X — Y there is a finite subset
V ={hy,...,ht} CY such that

k

€
Pyv T (Ux) C ]szl{hj + QCYUY}'

Therefore, for any f € Uy, if we choose h;j € V such that | Ponv _ T f—hj|ly <
€/2cy, we obtain

ITf—hilly <ev(|Tf—Pon \Tflly +[|[Pov 1 Tf = hjlly) <e

This shows that the condition is sufficient. Necessity follows from Theo-
rem .

REMARK 3.11. It is not hard to check that the techniques used in The-
orems and also work to characterize compactness of operators with

image in YZI(O’W for 0 < ¢ < oo and v > —1/q. The condition corresponding
to (b) of Theorem reads now

(b') sup{ (Zﬁzn(Qm(‘YH/q)Eum(Tf))q)l/q | fllx <1} = 0asn — oo,

4. Besov spaces. In this final section we give applications of the pre-
vious results to Besov spaces. We start by writing down Corollary for
Besov spaces.

COROLLARY 4.1. Let 0 < p,q < 0o and v > —1/q. Then the embedding
BS;J — L, is compact.
The following result is a consequence of Corollary

COROLLARY 4.2. Let 0 < p,q < o0, v > —1/q and € > 0. Then the
embedding

(4.1) Byt — Byy

18 compact.
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Let 1 <p<r<oo,1<qg<o0andy > —1/q. It is shown in [13|
Corollary 5.3(ii)] that

1/p=1/ry+1 0,y
Bp,/q 4 = Br,q'
Here

By = (Lp)g"

_ {f €Ly Ifllpsn = (Z(nsu + 1ogn)nEn(f;Lp))qn*1)

n=1

<o)

Next we extend this result to the full range of parameters.

Subsequently, if W and Z are non-negative quantities depending on cer-
tain parameters, we write W < Z if there is a constant ¢ > 0 independent
of the parameters in W and Z such that W < c¢Z.

THEOREM 4.3. Let 0 <p<r<oo,0<q<ooc and~y>—1/q. Then

1/p—1/ry+1/min(1,r,q) 0,y
prq - BT,‘] :

Proof. If p = r, the embedding is clear. Suppose then that p < r and
let 0 = min(1,r,¢q). According to [22 Theorem 3.3|, there is a constant
¢ > 0 such that given any f € B%Ip “U/rate there is a representation

=103k (convergence in L,) with g € Gor and

— “1/r - 1/q
(4.2) (Z@k(l/p Y1 4 k)Y ||9kHLp)q) < cll fll grp-rimasise
k=0
Set
2i—1_2
ho=h1 =0 and hj= Y g forj=23.. ..
k=27-2-1

Clearly h; € G,;. Using Nikol'skii’s inequality (see [17, 3.4.3] and [2]) and
the Holder inequality, we obtain

21—1_9 1/o
Il < (X loule,)
k=27-2-1
212 1/o
SO @ gl,))
k=2i-2-1
27—1-2

5 23'(1/071/‘1)( Z (2k(1/p71/r)HngLp)q> 1/‘1.

k=2i-2-1
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Consequently, by and ,
S 1/q
1lpey S (D @O inyl1r,)7)

=0
00 212 1/q

< ( 9i(v+1/0)q Z (Qk(l/p—l/r)||gk||Lp)q>
Jj=2 k=2/-2-1

co 29712

< (Z S (@M k)wl/a”gk”Lp)q)l/q

J=2k=27-2-1
< —1/r o
Sl gy=1rmosrso. m
Combining Theorem 4.3 and Corollary [£.2] we get the following result.

COROLLARY 4.4. Let 0 < p<r<oo,0<qg< o0 andvy>n>-1/q.
Then the embedding

1/p=1/r,y+1/min(1,r,q) 0,7
By = By
18 compact.

REMARK 4.5. Another kind of compact embeddings involving Besov
spaces of logarithmic smoothness can be found in [6] and [§]. There, the
authors work with spaces on R”, defined by means of the modulus of conti-
nuity, and study their compact embeddings into Lorentz—Zygmund function
spaces by using different tools than those considered here.

We finish the paper with the following consequence of Corollary

COROLLARY 4.6. Let 1 <p<oo,1<q< oo and~y > —1/q. Then the
space ngq is reflexive.
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