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Abstract. This paper is primarily concerned with pseudo-Riemannian superalgebras,
which are superalgebras endowed with pseudo-Riemannian non-degenerate supersymmet-
ric consistent bilinear forms. Decompositions of pseudo-Riemannian superalgebras whose
left centers are isotropic and whose left centers are not isotropic are investigated.

1. Introduction. In the last few decades one of the most active and
fertile subjects in algebra is the recently developed theory of graded alge-
bras and so called superalgebras. The prefix super- comes from the theory
of supersymmetry in theoretical physics [BPZl, [F]. Superalgebras and their
representations (supermodules) provide an algebraic framework for super-
symmetry [DJ, K| [V]. Sometimes the study of such objects is called super-
linear algebra [VS]. In the related field of supergeometry, superalgebras also
play an important role. For example, they enter the definitions of graded
manifolds, supermanifolds and superschemes [Mal.

In mathematics and theoretical physics, a superalgebra S is a Zo-graded
algebra [KMZ]. This means that there exists a direct sum decomposition
S = S5 @ S7 together with a bilinear multiplication S x S — S such that
SaSs C Sa+p, where the subscripts belong to Zy and Zy = {0,1} is the
residue class ring modulo 2. Elements of S, are said to be homogeneous,
and the degree of a homogeneous element z is 0 or 1 according to whether it
is in S5 or S7. Elements of degree 0 are said to be even, and those of degree
1 are odd. If x and y are two homogeneous elements of S, then so is their
product xy.

The motivation for studying pseudo-Riemannian algebras comes from
the study of Lie groups with left-invariant pseudo-metrics [AM) Mi]. In
some sense pseudo-Riemannian algebras are related to pseudo-Riemannian
connections, which are pseudo-metric connections such that the torsion is
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zero and parallel translation preserves the bilinear form on the tangent
spaces [S]. Recently, certain classes of pseudo-Riemannian algebras have
been investigated. In [CZI], Chen and Zhu found that there is a remarkable
geometry on pseudo-Riemannian Novikov algebras, and studied a special
class of pseudo-Riemannian Novikov algebras. They also proved in [CZ2]
that the underlying Lie algebras of pseudo-Riemannian associative fermionic
Novikov algebras are 2-step nilpotent and that pseudo-Riemannian associa-
tive fermionic Novikov algebras are 3-step nilpotent. Pseudo-Riemannian
bilinear forms and pseudo-Riemannian Leibniz algebras, i.e., Leibniz al-
gebras with pseudo-Riemannian non-degenerate symmetric bilinear forms,
were considered by Lin and Chen [LC|. More generally, algebras with
pseudo-Riemannian non-degenerate symmetric bilinear forms were inves-
tigated in [CLZ].

The purpose of this paper is to study pairs (S, \), where A : S xS — C is
a non-degenerate supersymmetric bilinear form on the superalgebra S such
that

(1.1) My, 2) + (=1)*" My, 22) = 0
for all z € Sy, y € S and z € S and
AMz,y) =0 for all z € S5, y € 57,

where «, 8 € Zs. Such pairs will be called pseudo-Riemannian superalgebras.
In particular, if S is a Lie superalgebra, then the pseudo-Riemannian super-
algebra (S5, A) is in fact a quadratic Lie superalgebra (see e.g. [ABB| BB [ZM]
and the references therein). Therefore, pseudo-Riemannian superalgebras
are natural generalizations of quadratic Lie superalgebras.

The aim of this paper is to generalize some of the beautiful results proved
in [CLZ, ZM]. A brief summary of the relevant concepts and propositions
on superalgebras and bilinear forms is presented in Section 2. Section 3
shows some properties of pseudo-Riemannian superalgebras whose left cen-
ters are not isotropic. In Section 4, we consider pseudo-Riemannian super-
algebras whose left centers are isotropic and determine that the orthogonal
decomposition of any pseudo-Riemannian superalgebra into indecomposable
non-degenerate ideals is unique up to an isometry if the left centers equal
the centers. In particular, we establish conditions allowing us to construct
pseudo-Riemannian superalgebras from certain other pseudo-Riemannian
superalgebras.

Throughout this paper, all superalgebras are assumed to be finite-dimen-
sional over the complex number field C and all subspaces of superalgebras
are assumed to be homogeneous. Without explicit mention, o and g will
always be assumed to be elements of Zs.
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2. Preliminaries. In this section, some necessary definitions and propo-
sitions will be given. Let S be a superalgebra with a bilinear multiplication
S x S — S denoted by (z,y) — zy.

The following notation will be used. Let I denote the subspace of S
orthogonal to I with respect to a bilinear form A\: § x § — C, i.e.,

It ={z eS| \z,y) =0 for any y € S}.
Denote by LC(S) the left center of S, i.e.,
LC(S)={z € S |yz =0 for any y € S},
and by Z(95) the center of S, i.e.,
Z(S)={ze€S|zy=yxr=0for any y € S}.

DEFINITION 2.1. A subspace I = I3 ® I of S is called a left (resp. right)
ideal of S if SI C I (resp. IS C I), where I, = I N S,. If I is both a left
and a right ideal, then I is an ideal. The superalgebra S is called abelian if
S#0and xy =0 for all z,y € S.

DEFINITION 2.2. Let S be a superalgebra over C.

(a) A bilinear form \: S x S — C is pseudo-Riemannian if
forallz € Sy, y € Sgand z € S.

(b) A bilinear form A: S x S — C is supersymmetric if A(z,y) =
(=1)*A(y, z) for all z € S, and y € Sg, and consistent if A(z,y) = 0
for all z € S5 and y € S7.

(¢) The pair (S,A) is a pseudo-Riemannian superalgebra if dimg S is
finite and A is a pseudo-Riemannian non-degenerate supersymmetric
consistent bilinear form on S.

(d) The left center LC(S) of a pseudo-Riemannian superalgebra (S, \)
is isotropic if LC(S) € LC(S)™*.

From now on we shall consider only consistent bilinear forms.

PROPOSITION 2.3. The pair (S, \) is a pseudo-Riemannian superalgebra
if and only if (Sg, Xo) is a pseudo-Riemannian superalgebra and there exists
a skew-symmetric non-degenerate bilinear form A1 on the Sg-module S7 such
that

(2.1) Mo(yz,z) = Mi(z,yz)  for any x,y € 57, z € S,
(2.2) M(yx, z) = =Mi(z,yz)  for any z,z € Si, y € Sj.

Proof. Since A is consistent, it is easy to see that the restriction of A
to Sp is a pseudo-Riemannian non-degenerate symmetric bilinear form, as

also is the restriction of A to S7. Clearly, (2.1) and ([2.2)) follow from A being

pseudo-Riemannian.
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Conversely, let (S5, Ag) be a pseudo-Riemannian superalgebra and A;
a non-degenerate skew-symmetric bilinear form on S7 such that (2.1)) and
(2.2) are satisfied. Consider the form A defined on S by

A(Sp,57) = 0 = A(S1,.5;),
Mz,y) = Xg(a,y) for z,y € S5, AMa,y) = Ai(z,y) for z,y € S7.

Then it is easy to see that A is a pseudo-Riemannian non-degenerate super-
symmetric consistent bilinear form on S. Therefore, (S,)\) is a pseudo-
Riemannian superalgebra. =

DEFINITION 2.4. Let (S,\) be a pseudo-Riemannian superalgebra. If
there exist non-trivial and non-degenerate ideals I; and Is such that S =
Iy ® I, then (S, ) is called decomposable; otherwise it is indecomposable.
Furthermore, if A\(I1, I3) = 0, then the decomposition S = I; & I is said to
be orthogonal.

DEFINITION 2.5. Let (S, ) be a pseudo-Riemannian superalgebra. An
automorphism 7 of S is called an isometry if m preserves the bilinear form,
ie, Nm(z),m(y)) = Az,y) for any z,y € S.

PROPOSITION 2.6. If (S, \) is a pseudo-Riemannian superalgebra, then
LC(S) = (88)*. As a consequence, dimc LC(S) + dime SS = dimc S.

Proof. Assume that z € LC(S) N Sy, ie., yr = 0 for any y € Sp.
Then A(yz,z) = 0 for any z € S. It follows that —(—1)**\(z,yz) = 0, so
LC(S) C (89)*.

Conversely, assume that = € (SS)* and d(z) = a € Zo, i.e., A(z,yz) =0
for any y € Sg and z € S. It follows that —(—1)**\(yz,z) = 0 since A is
a pseudo-Riemannian bilinear form. By the non-degeneracy of A\, we have

yx =0, so x € LC(S). Therefore, (SS)* C LC(S). =

PROPOSITION 2.7. Suppose that (S, \) is a pseudo-Riemannian superal-
gebra and I is an ideal of S. Then I'* is a left ideal and I+ = 0.

Proof. Assume that = is an arbitrary homogeneous non-zero element of
the ideal I N S,. Then A(z,yz) = —(—1)**A(yz, 2) = 0 for any y € Sz and
z € I'-. Tt follows that yz = 0, i.e., I is a left ideal of S and II*+ = 0. u

PROPOSITION 2.8. Suppose that (S, ) is a pseudo-Riemannian superal-
gebra. Then there exists a decomposition S = @izl S; into indecomposable
non-degenerate ideals.

Proof. We shall use induction on dimg¢ S. If S is one-dimensional, then
the result is clear. The inductive hypothesis gives a decomposition of S into
indecomposable non-degenerate ideals for dim¢ S < n. If S is n-dimensional,
then let I be a non-degenerate proper super-subalgebra of .S, i.e., dim¢ I <
dimc S. It is clear that I NI+ = 0. Then S = I & I+. From the inductive
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hypothesis and since dime I+ < dime S, we conclude that I and I+ can be
decomposed into indecomposable non-degenerate ideals. This completes the
proof. =

PrOPOSITION 2.9. Let S be an abelian superalgebra. If \ is a non-
degenerate supersymmetric bilinear form on S, then (S,\) is a pseudo-
Riemannian superalgebra. Furthermore, there exists an orthogonal decom-
position S = S1 @B --- ® S, into indecomposable non-degenerate ideals such
that dime S; =1, 1 <i < n.

Proof. Since S is abelian, we know that any super-subspace is an ideal.
Note that A(zy, z) = 0 = (—1)*’A(y,zz) for any = € S,, y € Sg and z € S.
Then \(zy,2) — (=1)*’X(y,22) = 0, ie., (S,\) is a pseudo-Riemannian
superalgebra. Every element of the standard orthogonal basis of S generates
an indecomposable non-degenerate one-dimensional ideal S;, 1 < i < n, such
that the decomposition S =51 & --- & S, is orthogonal. m

3. Pseudo-Riemannian superalgebras whose left centers are not
isotropic. First of all, we give an example of a pseudo-Riemannian super-
algebra whose left center is not isotropic.

EXAMPLE 3.1. Let (H,Ap) be an abelian pseudo-Riemannian superal-
gebra and (J,A;) be a pseudo-Riemannian superalgebra with product o.
Set

so(J) = {A € Endg(J) | As(A(x),y) + (~1)*'As (2, A(y)) = 0},

where z € J,, y € J and Endg(J) = {f € End(J) | f(Ja) € Jptq for
0 € Zy}. Given an even linear mapping L: H — so(J) denoted by x — Ly,
define a product * on a vector superspace S = H + J (direct sum as super-
subspace) by

xzxy =0 for any z,y € H,

xzxy =0 for any z € J, y € H,

TxYy=x0Y for any x,y € J,

x*xy=L,(y) foranyz € H,ye€J.

and define a supersymmetric bilinear form A on S by
)\(l‘,y) :)\H(-’B,y) for any ZL‘,yEH,
Mz,y) = Ar(z,y)  for any z,y € J,
Mz, y) =0 forany x € H, y € J.

An easy verification shows that (S, A) is a pseudo-Riemannian superalgebra
whose left center H is not isotropic.
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Next, we give some theorems on pseudo-Riemannian superalgebras whose
left centers are not isotropic.

THEOREM 3.2. Let (S,\) be a pseudo-Riemannian superalgebra whose
left center is not isotropic. Then there exists a sequence S = Sy D S1 D
- D Sy of non-degenerate supersubalgebras of S such that S; is an ideal
of Si—1, the quotient superalgebra S;_1/S; is abelian for each i € {1,...,n},
and the left center of S, is isotropic.

Proof. Since the left center LC(S) is not isotropic, there exists a maximal
subspace H; of LC(S) such that A| g, x 7, is non-degenerate. Then HyNHi- =
0. Hence S = H; @ Hi and the restrictions of A\ to H; and Hi are non-
degenerate. Let S} = Hi-. For a € S,, h € (Hi)g and K’ € (S)), we have
Ah,ah') = —(=1)*?X(ah, h') = 0. Hence ah’ € Hi- = S; and so S is a left
ideal of S. For a € S,, h € (Hy)s and h” € (S1), we have

A, h'a) = —(=1)*°X(h"h,a) = —(=1)*’X(0,a) = 0.

Thus h”a € Hi- = S; and so S; is a right ideal of S. Therefore, S; is an
ideal of S. Using the above methods, we can show that S; is an ideal of S;_1
for every i € {1,...,n} and the left center of S, is isotropic.

Next we prove that the quotient superalgebra S;_1/S; is abelian for
each i € {1,...,n}. The equality \(zy,h) = —(—=1)*$\(y,xzh) = 0 for any
z € (Si—1)as y € (Si—1)p and h € H; shows that S;_15;_1 C HZL = 5.
Hence (Si_l/Si)(Si_l/Si) = Si_lsi_l/Si =0. =

THEOREM 3.3. Let (S,\) be a pseudo-Riemannian superalgebra whose
left center equals its center. If the left center is mot isotropic, then there
exist non-degenerate ideals S1 and So of S such that S = S1 @ S, where
A(S1,S2) =0, S151 = 0 and the left center of Sy is isotropic.

Proof. According to Theorem we may assume that Sy = S,. Then
the left center of Sy is isotropic and S/S; is abelian. Hence 5157 = 0. Since
Sl = 55‘ and S2 = Sf‘, we have )\(51752) =0. =

Hereafter, we write L(eq,...,e;) for the subspace spanned by e, ..., e;.

THEOREM 3.4. Let (S,\) be a pseudo-Riemannian superalgebra whose
left center equals its center and is not isotropic. If the decomposition S =
S1 @ So is orthogonal such that S1 and Sy are non-degenerate, LC(S1) is
isotropic and So € LC(S), then the decomposition is unique up to an isom-
etry.

Proof. Let S = S| @ S) be another such decomposition. Then
515, = 518, = S|8), = S5,

It follows that LC(S;) € LC(S1)* = S1581 = 515} since the left center
of S; is isotropic and by Proposition Since LC(S) = Z(S), we have
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LC(S1) C LC(S)N S;1ST = LC(SY). Similarly, LC(S]) € LC(S1). That is,
LC(S1) = LC(Sy). By Proposition we have dimc¢ S; = dimc¢ S]. Hence
also dimg S = dimc S5. Let {e1,...,€mtk, u1,-..,Upti} be a basis of Sy
such that (S1)s = L(e1,...,em+k), (S1)7 = L(ui,...,upti1), (LC(S1))5 =
L(€17 R 6k3)’ (LC(Sl))i = L(ulv s ’ul)v (Slsl)(_) = L(ela s 6m)7 (SlSl)T
= L(uy,...,u,) and

Meise;) =0y,  k+1<i,5<m,

Mug, up) = 6gn,  1+1<g,h <n,
Meiyemtj) =65, 1<i,j <k,
(ug7un+h) = 6 1<g,h <,

Aleis j):o 1<i,j<k,
Aug,up) =0,  1<gh<l,

Aes,ej) =0, m+1<i,j<m+k,
Mug,up) =0, n+1<gh<n+l,

where d4 is Kronecker’s delta.
Now we consider the projections
7T1251—>Si, 7T2252—>Sé
which are isomorphisms. It is clear that m|g, s, = id. Then A(m1(e;), m1(e;))
= Aei, e5) and A(mi(ug), m1(un)) = Mug,up) for 1 <i <m+k, 1 <j5<m,
1<g<n+0L1<h<n.

Assume that e, = ep, +¢,, form+1 <p <m+k and u, = gy + uq, for
n+1<a<n+I, where ey, € (51)5, €ps € (59)5, Uaz € (S1)1, Uay € (55)1-
Form+1<g<m+kandn+1<b<n+I we have

0= )‘(epﬁ eq) = )‘(epm qu) + )‘(emv €q4),
0 = AMtq, up) = MUag, Upg) + AN(Uqy, Up,)-

Let cpq = Aep,, €qq) for p # q, 2¢pp = Mepy, €py), dap = AM(Uay, up,) for a # b,
2dgq = Mug,, Uq,) and

m-+k n—+l
! !/ _
€py = €p3 + Z Cpg€g—ms Uy, = €q3 T Z Cah€h—n-
g=p h=p
It is easy to see that
m+k m-+k
! / o
A(€py» €py) = )\(em + Z Cpg€g—m» €ps + Z cpgeg,m)
g=p g=p
m+k
- )‘<ep3ﬂ 6173) + 2\ (61737 E : Cpgeg—m>
g=p

= Aeps,py) +2¢pp =0, m+1<p<m+k,
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n—+l n—+l

/ I
A(ua37ua3) = A(“ag, + § CahUh—n, Uag + § cahuh7n>
h=a h=a
n—+l

= AMUqg, Uag) + 2A (uag, Z cahuh_n>
h=a

= MUgg, Ugz) +2dae =0, n+1<a<n+l,
m-+k m+k
A€ps €as) = Meps, €g5) + A(epg, Z cqses_m> + A(e%, Z cptet_m)
s=q t=p

:A(epgaeq:‘;)—i_cpq:()? m+1§p<q§m+k7

n+l n+l
Aty ) = Mtay, upy) + A(u%, Z cbsug_n> + )\<ub3, Z catut—n)
s5=b l=a

= Mugg, Ups) +dapy =0, n+1<a<b<n-+l
Define 7} : S; — 51 by
773(6]-) =ej, 1<j<m, Wi(uk) =, 1<k<n,

mlej) =€y, m+1<j<m+k, m(u)=up, n+l1<k<n+l

An easy verification shows that 7} is also an isomorphism from S; to S} and
preserves the bilinear form. Then 7 = (7], 7m2) is an isometry of S. =

4. Pseudo-Riemannian superalgebras whose left centers are iso-
tropic. Theorem shows that left centers of pseudo-Riemannian super-
algebras play an important role. In this section we obtain some results on
pseudo-Riemannian superalgebras whose left centers are isotropic.

PROPOSITION 4.1. Suppose that (S, \) is a pseudo-Riemannian superal-
gebra whose left center is isotropic. Then (S, \) is decomposable if and only
if there exist non-trivial ideals Iy and Iz of S such that S = 1; @ I».

Proof. The necessity is obvious. Conversely, assume that there exist non-
trivial homogeneous ideals I; and I of S such that S = I} & I. It is
enough to show that A|7, x7, and A|7,x7, are non-degenerate. Assume that
A1 x1, is degenerate. Then there exists a non-zero element x of I; such
that )\(:E,Il) =0.If z € 111y, then )\(w,fg) - )\(11]1,12) = )\(11,11[2)
(or =A(I1,1112)) = 0. It follows that x = 0 as A is non-degenerate. This
contradicts the assumption x # 0, and therefore x & I;1;. By Proposition
and since LC(S) is isotropic, we have LC(S) C LC(S)* = SS. Thus z ¢
LC(I), i.e., there exists y € I such that yx # 0. Since A is non-degenerate,
there exists a homogeneous element z of S such that A(yz,z) # 0. Thus
Mz, yz) = —(=1)*N(yz, 2) # 0 for any z € (I1)a, y € (I1)s. It follows that
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yz € I because I is an ideal of S and y € I;. This contradicts the choice
of x, i.e., A1, x1, is non-degenerate. Similarly, A|7,x7, is non-degenerate. =

In the following, we show that the decomposition of a pseudo-Riemannian
superalgebra whose left center is isotropic into non-degenerate indecompos-
able ideals is unique up to an automorphism.

Let (S,A) be a pseudo-Riemannian superalgebra whose left center is
isotropic. Suppose that

S=8&---®8, and sti@...@gyfm

where S;, S5, 1 < i <n, 1 < j < m, are indecomposable non-degenerate
ideals of S.

Note that 5157 # 0. Indeed, assume that S1.57 = 0. Thus S € LC(S),
which contradicts that LC(.S) is isotropic. Since 5157 = 515 = @;nzl Sng-,
we have SlS;- =% 0 for some j. Without loss of generality, we assume that
S181 # 0. Let Hy = (Dj, S; and Hi = P’_, S}, which are non-degenerate
ideals of S by Proposition 4.1

LEMMA 4.2. S;NH] =0 and SN H; =0.

Proof. Let By = S; NS} and By = S; N Hj. Clearly, 5151 = 515 =
5181 @SlH{ - SlﬂSi@Sl ﬂHi = B1 & Bs.

(1) If S1 = By @ Ba, then both By and Bj are non-degenerate ideals
of S1, hence also of S. Since Sy is indecomposable and B; # 0, we have
By, =0, ie., 51N H{ = 0.

(2) If S1 # B @ By, then there exists © € Sy such that = ¢ B; @ Bs.
Therefore, x = x; + x2, where z; € S| and xo € Hji. Using the other
decomposition, we have

1 :x%—i—m% and xo :x%—&—x%,
where 21,22 € S1 and 23,22 € Hy. Sox = 2l +22 +xd+23. Then z = 21+
and 22 4+ 22 = 0. An easy verification shows that
Syt € 58], xS C S1S1,
513}5 Q SlH{, 1‘551 Q H{Sl

If 1 ¢ By ® Ba, then we can let B%l) = By + Cz} and Bél) = Bs.

If 21 € B, @ By, then 21 ¢ B, @ By. Let B\") = By and B{") = B, +Cal.
One may easily verify that both B%l) and Bél) are ideals of S satisfying
BY B = 0.1t 8 = BY @ BY, then BSY = 0 by a similar argument
to that in (1). Accordingly, S; N H] = 0.

It S; # BEI) @ Bél), then we may repeat the discussion in (2). Since
k) such that S| = B%k) @ Bék).

Similarly, we can show that both B%k) and Bék) are non-degenerate ideals

dimg S7 < 00, we may choose ng) and Bé
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of S1. Then we can obtain Bék) = 0 by a similar method to (1). As a
consequence, S N H{ = 0. Similarly, S{ N H; =0. =

LEMMA 4.3. Let m: S1 — S| be the restriction of the projection 7:
S — S to the ideal S1 of S. Then w1 is an isomorphism and preserves the
bilinear form.

Proof. Since kerm; C S1NH]7, Lemmashows that 7 is injective. Then
dimc S1 < dime S}. Similarly, dim¢ S] < dimg S;. Therefore, dime S; =
dimg S7. It is clear that m1 (xy) = 71 (x)m1 (y) for any x,y € S;. Then 7 is an
isomorphism from S to S]. Assume that © = 1 +x9, where z € Sq, x1 € 5]
and xp € Hi. Clearly, we have S{x2 = 0 and H{zy = H{(x —z1) = Hjz C
H{NS; =0. Thus g € LC(S). Therefore, A(z,x) = A(z1,x1) or A(z,z) =
A(.%'l,.%'l) + 2A(.%'1,.%'2). Let 1 = hy + hg, where hy € Hy and hy € Hf‘ It
follows that hy € LC(Hy) C LC(S), because Hihy = Hi(x1 —ha) = 0. Then
we have

/\(1:1, (EQ) = )\(hl + hz,xg) = )\(hl, 172) + )\(hg,xg) =0.

Therefore, \(z,z) = \(x1,21) = AN(m1(x), 71 (x)), i.e., 71 preserves the bilin-
ear form. m

Furthermore, we have
S$181 = 5187 = 5151 = 5151,
S\H! = H|S, = S\H) = H,S| = 0.

Applying the above method for j = 2,...,n, we can obtain the following
theorem.

THEOREM 4.4. Let (S,\) be a pseudo-Riemannian superalgebra whose
left center is isotropic. Suppose that S = S1®---®S,, and S = S| ®---®S),,
where S;, S;-, 1<t <n,1< 5 < m, are indecomposable non-degenerate
ideals of S. Then:

(1) n=m.

(2) Changing the subscripts if necessary, we can obtain

dim¢ §; = dim¢ S;-,
9j8; = 855 = 938; = 935,
S;S) = S;-Sk =0, j#k.

(3) The projections m;: S; — S, 1 < i <n, are isomorphisms and pre-

serve the bilinear form. Furthermore, m = (71, ...,m,) i an isometry

of S.

PROPOSITION 4.5. Let (S, \) be a decomposable pseudo-Riemannian su-
peralgebra whose left center equals its center. If the left center is isotropic,
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then there exist non-degenerate ideals S1 and Sa of S such that the decom-
position S = S1 @ Se is orthogonal.

Proof. Since (S, \) is decomposable, we have S = 51 @ Sa, where A|g, x5,
and A|s,xs, are non-degenerate. Therefore, S = S} @Sf‘ and Slsf =0.Ifx
is an arbitrary element of Si-, then x = zg5+z1 = (71)5+(21)1+(22)5+(22)1,
where (z1)5 € (S1)5, (1)1 € (S1)1, (22)5 € (S2)5, (x2)7 € (S2)7. Since both
S1 = (S1)5 ® (S1)7 and Sy = (S2)5 @ (S2)7 are ideals, we have, for any
(TS <Sl)o¢7 z € Sla

Ay, )— Aly((21)5 + (931)1)
(( 1)5: Y

g + (22)5
=>\(( 2)0, Y2 )+( 1) /\(( ) 1 Y2)
= —Ay(22)5, 2) — My(z2)1,

= —A(y((z2)p + (22)1),2) = 0.
As A|g, xs, is non-degenerate, we obtain S1z1 = 0. Then 1 = (z1)5+(z1)1 €
LC(S) = Z(S). It follows that xy = ((x1)5 + (1)1 + (z2)5 + (z2)7)y = 0
for any y € S;. Therefore, S;-S1 = 0, i.e., S is an ideal of S. Since S is
uniquely decomposable, we have Sy = Sf. Similarly, S; = SZL. =

Similarly to Theorem and Proposition we have the following
results.

)—‘I
\_/ )—‘\

THEOREM 4.6. Let (S, \) be a pseudo-Riemannian superalgebra whose
left center equals its center and is isotropic. Suppose that S =S1®---B Sy,
and S = S} @ --- @ S, are orthogonal decompositions of S, where S;, S},
1<i<n,1<j5<m, are indecomposable non-degenerate ideals of S. Then:

(1) n=m.

(2) Changing the subscripts if necessary, we can obtain

dim¢ §; = dim¢ S/~
S;S; = S-S’ S'S’ = S;S’;,
5,8 = S Sp,=0, j#k.

(3) The projections m;: S; — Si, 1 < i < n, are isomorphisms and
preserve the bilinear form; moreover, 1 = (71,...,7,) is an auto-
morphism of S, i.e., the decomposition is unique up to an isometry.

By Theorems [3.4] and we can also obtain the following theorem.

THEOREM 4.7. Let (S,\) be a pseudo-Riemannian superalgebra whose
left center equals its center. Then the orthogonal decomposition of S into
indecomposable non-degenerate ideals is unique up to an isometry.
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Next we show how to construct a new one from two pseudo-Riemannian
superalgebras whose left centers are isotropic.

THEOREM 4.8. Let (S1, A1) and (S2, A2) be pseudo-Riemannian superal-
gebras whose left centers are isotropic, S = 51 ® Sy and \ a supersymmetric
bilinear form on S such that N g, xs, = A1 and N s,xs, = Ao. If

A(S1S1, S2) = A(SS3, 51) = 0,

then (S, \) is a pseudo-Riemannian superalgebra whose left center is iso-
tropic.

Proof. By Proposition and since the left center of S is isotropic, we
have LO(S1) € LC(S1)* = S151. Notice that A\ (x,y) = 0 for any = € S,
y € S7. Thus there exist a basis

{617 <9 Ci1r €41y -5 Cmy s Emg 1 - - - 76m1+i1}
of (S1)g and a basis
{ulu sy Ujgy Uig 41y -+ -5 Umg s Umog 415 - - - )umz-i-iz}
of (S1)7 such that
(e, e

>\1 (ula Ug
A1 (ela Emi+j

1]7 Zl+1§17jgm17
i2+1 <1,k <mao,
’L]7 1§Z7J§21’

A (ulaum2+k = 1< lak < 7:27
)\1(61, ] = 1§i,j§i1,
A1 (up, ug) =

)\1 (ela ]

(ula Ug

) m1+1§i7j§m1+ila
; m2+1§l7k§m2+i27

)
)
)
) = i
) =0,
)=0, 1<1Lk<iy,
)=0
) =0

where

LC(Sl)() = L(el, ey 62‘1), LC(Sl)I = L(ul, ey uiz),
(5151)() = L(el, ceey eml), (5151)1 = L(ul, ceey qu).

Similarly, there exist a basis
{h17 DI hi37 hi3+17 e hnlah‘n1+17 o ah‘n1+i3}
of (S2)5 and a basis

{Ula <oy Uigs Vig 415+ -+ Ungy Ung+1, - - - 7Un2+i4}

of (S2)7 such that
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A2(hiy hj) = dij, i3 +1<i,j <mn,
Aa(v,vg) = Ok, da +1 <1k <o,
Ao (hz,hml_m) =0;5, 1<14,5 <13,
A2 (v, Umgtk) = 01k, 1 <1,k <iy,
)\Q(h“hj) =0, 1<1i,5 <is,
Aa(vp, ) =0, 1 <1k <iy,
A2(hi, hj) =0, ni+1<14,j<n+is,
)\Q(Ul,Uk) =0, no+1 <10k <ng+ig,

where
LC(SQ)() = L(hnﬁ-lv R 7hn1+i3)v LC(SQ)i = L(vny+1, - - - 7vn2+i4)v
(SQSZ)(_) = L(hi3+1’ ) hn1+i3)v (SQSQ)i = L(Ui4+17 ce )Un2+i4)'

Since A(S1S51,52) = A(5252,51) = 0 and A is consistent, the matrix of A
with respect to the basis

{617"‘7em1+’i17h17'"7hn1+i37u17"'7um2+i27vl7"'7vn2+i4}
of §'is
0 0 L
0 I7n177,1 0
L, 0 0 F
F' 0 0 Lig
0 Imy—iy
I; 0
G = ’ 0 0 I J
0 In,—ig O
L, 0 0 H
H 0 0 Iy
0 Ing—iy O
I 0 0

iq
where F' and H are arbitrary matrices over C, and F’ and H' denote the
transposes of F' and H, respectively. An easy verification shows that det G
# 0. Thus ) is a non-degenerate supersymmetric bilinear form such that the
identity ([1.1]) is satisfied. Hence (.S, A) is a pseudo-Riemannian superalgebra
whose left center is isotropic. m

REMARK 4.9. Let (S,\) be a pseudo-Riemannian superalgebra. If S =
S1 @ So, then it is easy to see that A\(S151,52) = A(S2.52,51) = 0.

REMARK 4.10. Let the notations be as above. If LC(S1) = 0 or LC(S2)
= 0, then the decomposition S = 51 & S, is orthogonal.

Proof. If LC(S1) =0, then S; = S15;. It follows that
)\(51, Sg) = )\(5151, SQ) = )\(Sl, 5152) (OI‘ —)\(51, 5152)) =0.
Similarly, the result follows for LC(S2) = 0. =
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