COLLOQUIUM MATHEMATICUM

VOL. 98 2003 NO. 1

H? SPACES ASSOCIATED WITH SCHR@DI]YGER OPERATORS
WITH POTENTIALS FROM REVERSE HOLDER CLASSES

BY

JACEK DZIUBANSKI and JACEK ZIENKIEWICZ (Wroctaw)

Abstract. Let A = —A + V be a Schrédinger operator on Rd, d > 3, where V is a
nonnegative potential satisfying the reverse Holder inequality with an exponent ¢ > d/2.
We say that f is an element of H% if the maximal function sup;g|T¢f(x)| belongs to

LP(RY), where {T}}¢>0 is the semigroup generated by —A. It is proved that for d/(d+1) <
p <1 the space H f‘ admits a special atomic decomposition.

1. Introduction. Let k;(z,y) be the integral kernels of the semigroup
of linear operators {7} }+~¢ generated by a Schrodinger operator —A = A—V
on R% d > 3.

Throughout this paper we assume that V' is a nonnegative potential on
R? that belongs to the reverse Holder class RHY, ¢ > d/2, that is, there
exists a constant C' > 0 such that

1 1/(1 C
. — q < — .
(1.1) <|B| }XBV(y) dy> =g ;V(y) dy for every ball B

Since V' is nonnegative and belongs to L{ _(R?) the Feynman-Kac formula
implies that

(1.2) 0 < ki(x,y) < (4mt)~2e” P00 = py(z —y).
For 0 < p < 1 we define the space H’| as the completion of the space of com-

pactly supported L'(R%)-functions in the quasi-norm || f|%, = [Mf][}],,
A
where

(1.3) Mf(z) = sup T2 f(2)| = Sup Hkt(w,y)f(y) dy|-
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6 J. DZIUBANSKI AND J. ZIENKIEWICZ

H", spaces associated with Schrodinger operators with potentials from
reverse Holder classes were studied in [DZ2] and [DZ4]. It was proved there
that for d/(d + min(1,2 — d/q)) < p < 1 the space HY admits an atomic
decomposition. The main purpose of the present paper is to prove that if
d/2 < q < d, then also for

4 < d B d

d+1 P =d1min(1,2—-d/q)  d+2-d/q
the elements of HY} can be decomposed into special atoms, but for this range
of p’s different type cancellation conditions for the atoms may occur.

The auxiliary function

(14)  m@ V)= (sup{r >0 Td% | Vdy< 1})1

B(z,r)

will play a crucial role in the paper. The function m(z, V') is well defined,
and 0 < m(z,V) < oo (cf. [Sh]). We set

(1.5) R(x) = R(z,V) = m(x, V)"
For a positive € (small) we define

Ge(z) = ((Id + A7)~ '1) (=),
where 1(z) = 1 for x € R,

(eR(2))*

Af()=V(z) | poxfla)ds,
0

and (Id + A?)~! is the inverse operator to Id + AZ.
We have

LEMMA 1.6.
lim ||Ge — 1|l =0,
e—0*
Let 0 =2 —d/q and §p = min(1,J).
LEMMA 1.7. For every §' < &g there exists a constant C' > 0 such that
Ge () = G=(y)| < C((ml, V) +m(y. V))le —y))”"
The constant C' is independent of € provided € < €q, with g > 0 sufficiently
small.
REMARK. For §p = ¢ < 1 the conclusion of Lemma 1.7 holds with ¢’ = 4.

The proofs of Lemmas 1.6 and 1.7 are provided in Section 4.
We are now in a position to define a notion of H’j-atom. Fix a small real
number € > 0. A function b is an H}-atom associated with a ball B(zo, r) if

(1.8) supp b C B(xg,r),
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(1.9) Iblle < Bz, r)| 12,
(1.10) r < R(zo),
(1.11) if r<iR(zo) then Sb(:U)Gg(x) dx =0

The atomic quasi-norm of an element f € HY is given by

(1.12) 11255 e = mE{ S 017,

J

where the infimum is taken over all decompositions f = > ;Ajbj, where
A, are scalars and b; are H%-atoms. The main result of the paper is the
following theorem:

THEOREM 1.13. Let d/(d+ 1) < p < 1. There exists a constant C' such
that for every compactly supported function f € L'(R?) we have

(1.14) C U an, < A1 er-aiom < ClIS N

REMARK. We point out that the notion of H%j-atom, and, in conse-
quence, the norm || f|| g7 _atom depend on € (see (1.11)). However, we shall
prove that (1.14) holds for any fixed € > 0 provided ¢ is small enough.

It follows from Lemma 1.7 that for p € (po, 1], where py = d/(d + do),
the condition (1.11) in the definition of H%j-atoms can be replaced by

(1.15) if r<3iR(zo) then |b(z)dz=0.

In this case the atoms are appropriately scaled local atoms in the sense of
Goldberg (cf. [G]).

For p = 1 the above result was obtained in [DZ2]. Therefore we shall
restrict our attention to the case where p € (d/(d+1),1).

2. Auxiliary definitions. A function a is said to be an (h?(m), co)-
atom associated with a ball B(zg,r) if

(2.1) r < eR(xo),

(2.2) suppa C B(zg,T),

(2.3) lallos < |[B(zo,r)[/7,

(2.4) if r<{eR(zq), then Sa(az) dx = 0.

We say that a function b is an (H%, 00, e)-atom associated with a ball
B(xg,r) if (2.1)—(2.3) hold for b instead of a, and the condition (2.4) is
replaced by

(2.4') if r<3ieR(w), then |b(z)Ge(z)dz =0.



8 J. DZIUBANSKI AND J. ZIENKIEWICZ

Let M > 0 and d/(d+ 1) < p < 1. A function a is called a generalized
(h2(m), 1, M)-atom associated with a ball B(zg,r) if

(25) r < eR(z),
26 [la(@) (1 ¥ ﬂ) (1 ' ‘jR‘(x‘zo)’) d < |Blao, 1)1,
(2.7) if r<ieR(zo), then [a(z)dw=0.

Similarly, b is said to be a generalized (H%,1,e, M)-atom associated with a
ball B(xo,r) if (2.5)—(2.6) are satisfied for b instead of a and (2.7) is replaced
by

(2.7) if r< ieR(zo), then Sb(:U)Gg(x) dx = 0.
Let us note that every (h?(m), co)-atom is also a generalized (h?(m), 1, M)-

atom. It is not difficult to prove the following lemma, using the properties
of the function m stated in Lemma 4.3 and Corollary 4.6.

LeEMMA 2.8. If d/(d+ 1) < p < 1 then there is a constant C > 0 such
that if a is a generalized (hE(m), 1, M)-atom, then there is a sequence a; of
(h2(m), 00)-atoms and a sequence of scalars \; such that

CL:Z)\J‘(}]‘, Z\)\j]ng

The constant C' depends on m and p, but it is independent of ¢.

The norm in the space hZ(m) is defined by
11y = I {2 N 17
j

where the infimum is taken over all decompositions f =) j Ajaj, where a;
are (h2(m), co)-atoms and \; are scalars.

LEMMA 2.9. There exists eg > 0 such that for every 0 < e < ey if a is
a generalized (hE(m),1)-atom associated with a ball B(xg,r) then

(Id+ A.)a

is (up to a multiplicative constant independent of €) a generalized (H%,1,¢)-
atom associated with the ball B(xg,r).

Conversely, (Id+ A.)71b is up to a multiplicative constant a generalized
(h2(m), 1)-atom associated with a ball B(xg,r), provided b is a generalized
(H%,1,¢)-atom associated with the same ball.

Proof. See Section 5.
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COROLLARY 2.10. There exists a constant C > 0 such that
provided 0 < € < gg.
It is not difficult to prove the following proposition.

PROPOSITION 2.11. For every €' > ¢ > 0 there exists a constant Cgr .
such that

1 lnzmy < W flw?, (m) < Cerell Fllnz m)-

3. Idea of the proof of atomic decomposition. In order to prove
the second inequality in (1.14) it suffices to show that there are constants
C,e¢ > 0 such that for every 0 < e < gg if

K f(z) = sup Ty f(x)| € LP
0<t<(cR(z))?
then
f(x)Ge(z) € hi(m),
and
(3.1) 1 (2)Ge (@) a2 (m) < CIE"F Lo

To prove this we consider the following identity based on the perturba-

tion formula:
t

pe(z,y) = ki(z,y) + S Skt_s(x, 2)V(2)ps(z,y) dz ds

= (Tt(Id + AE))(xa y) + Ht(xvy) + Et(x7y) + Z(s),t(mvy)7

where
t
Ht(xa y) = S Sktfs(l‘a Z)V(Z)ps(z - y) dZ dSv
/2
t/2
Et(xa y) = S S(ktfs - kt)(ajv Z)V(Z)ps(z - y) dz dSv
0
Z(s),t<x7 y) = Skt(xv Z)V(Z)W(s),t(zv y) dZ7
with
( (sR(2))?
- S ps(z —y)ds if (eR(2))? > t/2,
t/2
Wieyi(2,y) = +/2
| p(z—y)ds  if (eR(2))? < t/2.
(eR(2))?
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Let f € LL(R?). Set g = (Id + A.)~1f. We have
Pg=T,f + Eg+ Hig+ Z(c),19,

where Py, By, Hy, Z(.), are the operators with the integral kernels p;(z —y),
Ey(x,y), Hi(z,y), Z(c)+(x,y) respectively. Set

Plg(x)=  sup |Pyg(x)|, Hig(x)=  sup  |Hyg(z)l,
0<t<(eR(x))? 0<t<(eR(z))?
EXg(x) = sup  |Eyg(z)l, ZIg(x)=  sup  [Z).9()l.
0<t<(eR(z))2 0<t<(eR(z))2

We shall show that the following two lemmas hold:
LEMMA 3.2. There exists a constant C > 0 independent of € such that
(3.3) CHP2gllee < N9lnzim) < ClIPZgllLe-

The proof of the lemma is given in Section 8.

LEMMA 3.4.
(35) €l_i>%1+ ”g:||h§(m)~>LP = 07
(3.5 L —
(37) Eli%h HZE th(m)—>LP =0.

See Section 6 for the proofs of (3.5), (3.6), and Section 7 for the proof
of (3.7).
Having these, we obtain
9/lnz(my < ClIPZgllLr
< CIKZ e + CliE Iz my— o 9]0z (m)
+ CHH:HhS(m)—»LP ”9||h€(m) + C”Z:||h€(m)—>m ”9||h€(m)-
As a consequence of Lemma 2.9 and the fact that every compactly sup-

ported L!'-function is an element of HY) . we have [|g||lne(m) < co. Thus, by
Lemma 3.4, we get

191lnz(my < CIKZfllLe
provided ¢ is close to 0. Applying Corollary 2.10 we get (3.1).

The paper is organized as follows. In Section 4 we provide the proofs
of Lemmas 1.6 and 1.7. The proof of Lemma 2.9 is presented in Section 5.
Section 6 is devoted to the proofs of (3.5) and (3.6), whereas the proof of
(3.7) is given in Section 7. The proof of Lemma 3.2 occupies Section 8.
Finally, in Section 9 we show the first inequality in (1.14).



HP SPACES 11

4. Auxiliary estimates. In the present section we state some result con-
cerning the estimates of the kernels associated with the semigroup {7} }:+~o.
At the end of the section we prove Lemmas 1.6 and 1.7.

LEMMA 4.1 (see [Sh, Lemma 1.2]). For every nonnegative potential V €
RHY, q > d/2, there exists a constant C > 0 such that for every 0 <r < R
we have

§

T 1

=z § vwa=c(3) g § v
B(xz,r) B(z,R)

COROLLARY 4.2. If r < R(x) =m(z,V)~! then
| Vydy < Clrm(x,V))’r®=
B(z,r)

LEMMA 4.3 (see [Sh, Lemma 1.4]). There exist constants C, ko > 0 such
that

(4.4) m(y, V) < C(1 + |z — y|lm(z, V))*om(z, V),

m(z, V)
4.5 V) > .
COROLLARY 4.6. For every C1 > 0 there exists a constant Co > 0 such
that if |z —y|lm(z,V) < C; then
m(y, V)
LEMMA 4.7 (cf. [Sh, Lemma 1.8]). There exist constants Cy,C > 0 such
that if > R(z) = m(z,V)~! then

< (.

S V(y)dy < C(rm(z, V))m(z, V)24
B(z,r)

We say that a function 1 defined on R? is rapidly decaying if for every
N > 0 there exists a constant C'x such that

()] < Cn(1+|z[) V.

COROLLARY 4.8. If v is a rapidly decaying nonnegative function, then
there exists a constant C > 0 such that
Ct=Y(m(z, V)t /2)0 fort < R(x)?,
Ct= 42 (Vtm(x,V))m(z,V)?~¢ fort > R(z)?,

where W (x) =t~ 2t~/ 2x).

V)i —y)dy < {
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The Kato—Trotter formula asserts that

(4.9) ki(z,y) = p(x —y) — Xps(a; —2)V(2)ki—s(2,y) dzds

=pi(z —y) = | Vhims(@, 2)V(2)pa(z — y) dz ds.

O ey &+ O ey

A proof of the theorem below can be found in [K] (see also [DZ4]).
THEOREM 4.10. For every M > 0 there exists a constant Cy; such that
ki (,y) < Cart™ (1 + Vi(m(z, V) + m(y, V)™M elemv?/ 30,

PROPOSITION 4.11. For every 0 < ¢’ < ¢ there exists a constant ¢ > 0
such that for every M > 0 there exists a constant C > 0 such that for
|h| < V/t, we have

(4.12)  |ky(z,y + h) — ki(z, y)|
Al d/2—cla—y|*/t Vi Vi
<C<ﬁ> a (1 R(x) R<y>>

Proof. Obviously, using Theorem 4.10 and Lemma 4.3, we see that (4.12)
holds for \/t/2 < |h| < /t. We first prove (4.12) under the assumption
|h| < |z —y|/4. Theorem 4.10 combined with Lemma 4.3 implies that for
|h| < |z — y|/4 one has

(413) ‘kt(l‘ay—i_h)_kt(xvy”

—3M
< Gt 4/2—le—yl?/(50) (1+ Vi +_’f)

R(z) ~ R(y)

Therefore it suffices to verify (4.12) for |h| < R(y). Let qi(x,y) = pe(z,y) —
ki(z,y). One can prove (see [DZ4, Proposition 2.17]) that for every 0 < 6"
< 0o there is a constant ¢ > 0 such that for |h| < |z —y|/4, |h| < R(y), we

have
6”
lgt(x,y + h) — gt (x,y)| < C<|h|> ( vt ) 4—d/2g—clz—y|*/t

Vit R(z)
Thus
s
lkt(x,y + h) — ke(x,y)| < C(’\/f) (1 + R{i)) t—d/Ze—Clr—yV/t’

which combined with (4.13) gives (4.12).
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To complete the proof, we have to consider |x — y|/4 < |h| < \/t/2. By
the semigroup property,

|ke(,y + h) — ke(z,y)| < S kijo(, 2) |k jo(2,y + ) — kyja(2,y)| dz
= S + S =51+ 5.

lz—y|<4lh|  [2—y|>4]|h]|
Obviously, by Theorem 4.10,
Ih
Vi

Since |z — y| > 4|h|, we apply (4.12) and obtain

d
S < Ct—d/2< > (14 Vim(z, V)™M,

5//
Sy < C S ]{,‘t(w’ Z) <%> t*d/2670|m7y|2/t dz

|z—y[>4[h]
M, —d 2 A ”
< C(1+Vim(z, V) Mi=d/2g=cle—yl /t<—> .
Vit
Hence, by the assumption |x —y|/4 < |h| < /t/2, we have

6//
S;+ 8y <CA+Vitm(z, V)™ (%) 4=d/2p—clz—y|?/t

Applying Lemma 4.3, we get (4.12) for |z — y| < 4|h|. =
Let A.(z,y) denote the integral kernel of the operator A.. Then

(eR(x))*

(4.14) Ac(zyy) = V() (x,y), Te(z,y)= S ps(x —y) ds.
0

It follows from (4.14) that there exist constants C, ¢ > 0 such that

(4.15) (e y) < — S exp(—clz — yP/(eR(x))%).

=yl
For a fixed nonnegative M we set wys(x) = (1 + |x|/R(0))M.
PROPOSITION 4.16. lim._o+ || Ac||L1 (s () dz)— L1 (was (2) dz) = O-
Proof. It suffices to show that

(4.17) I =\ V(@) (2, y)wy (@) de < c(e)wa(y),

where lim,_,o+ ¢(e) = 0. Split

]:SV(x)FE(x,y)wM(m)dx: S + S =1 + Is.
le—y|<2R(y) [z—y|>2R(y)
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By (4.15) and Corollary 4.6 we have

oo
n<cy 5 V()22 R(y)*
J==12-i71R(y)<|z—y|<27I R(y)

cop(-¢279/6) (14 77 "

Applying Corollaries 4.6 and 4.2, and the fact that 1+|z|/R(0) ~ 14|y|/R(0)
for |z —y| <2R(y) (cf. Lemma 4.3), we obtain

N S e o
(4.18) L<C 1+R(0) Z (277)0 exp(—c'277 Je).

Now we estimate [». By (4.15),

L<CY, | V(@)(2'R(y))*

J=12i R(y)<|z—y|<29H1 R(y)

cexp( 2= (14 L2V g,
eR(x) R(0) '
It follows from (4.4) that

|2l (0, V) < C(1+ [ym(0,V))(1 + |a — ylm(z, V) +.

Thus, using Lemma 4.7, we have

L<cy i V(2)(2R(y))*

J=121 R(y)<|z—y|<29+1 R(y)

X exp(%@;y’) (1 + %)M dx.

Observe that, by (4.5), R(x)~" > cR(y) ™ (1 + 27)~ko/(A+ko) for |z — y| ~
2/ R(y). Hence, by Lemma 4.7, we obtain

(4.19) I < C’(l + M>M iQCﬂ' exp(—cg27/%0 /¢)
. 2 > R(O) 2 .

j=1
Now (4.17) follows from (4.18) and (4.19). =
Setting M = 0 we get
COROLLARY 4.20.

sup, VV(@)|z — yI*~ " exp(—clz — y*/(eR(x))?) dz < c(e),

where lim, g+ ¢(g) = 0.
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Proof of Lemma 1.6. Applying Proposition 4.16 with M = 0, we ob-
tain ||AX||Le—re~ < c(g), where lim. o+ c(¢) = 0. Since Ge(z) — 1 =
>t (AD)"1)(2), we get

o0
1 - <>o< 1 n: .
i G =t < i 32 e(e)" =0

Proof of Lemma 1.7. We shall show that for every ¢’ < dy there exist
constants Cs» and g9 > 0 such that

(4.21) |G.(z + h) — Ge(z)| < Cy (|hlm(z, V)Y

for 0 < e < eg. Let A (z,y) = A(y,x) = V(y)I:(y, z) be the kernels of the
operators AZ. We are going to prove that

(4.22) I={|AZ(2 + h,y) — AZ(z,y)| dy < Cs (|hlm(z, V)",
It suffices to show (4.21) for |h|m(z, V) < 1/4. We have
= | + | + | =nh+n+

le—y|<4[h| 4|h|<|z—y|<R(z) |z—y|>R(z)

Applying (4.15) and Corollary 4.2 we get
L<C | (Ale+hy)+Al(e,y)dy

|z—y|<4|h|
<c | Vle—ydy
lz—y|<4|h|
+C S V(y)|z+h—yl>4dy
|z+h—y|<5|h|
<C) { V(y) (2 |))> " dy
J>02=i+1|h|<|z—y|<2—i+2|h|
+CY | V(y)(277|))* " dy

J>02-i+2|h|<|z+h—y|<2~ 713 |h|
< C(|hlm(x, V) + C(|hlm(z + h, V))’.
Hence, by Corollary 4.6,
I, < C(|h|m(z,V))°.
Note that for |h| < |z — y|/4 we have
h
A% (2 + hyy) — A(z, )] < CV(y) # o ele—y I RW?)

Application of Lemma 4.3 leads to

* * h —cle—yl? 2R(z)Y
(42 |42+ hy) - A3(r,0) < OV(y) Ak sl V@R
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with a constant v > 0. Therefore setting n = [logy(R(z)/|h|)]+ 1, and using
(4.23) and Corollary 4.2, we obtain

h
L<C | V(y) 7_’ ‘d,l dy
. |z =y
|h|<|z—y|<R(z)
- ]
< CZ S V(y) @)1 dy

J=2 27 |h|<|x—y|<27|h|

< CZQ’j(Qjm(a:,VNhD‘S < C(m(z, V)|h)?.

Finally, by (4.23) and Lemma 4.7, we get

A —o(2 R(z) /(2 R(x)))”
<0}, | VW) @@y ¢

j202i R(z)<|z—y|<2it1 R(x)

<CZ A | 2]0 —<@/E) < Clm(z, V)|)),

which Completes the proof of (4.22). It follows from (4.22) that
(4.24) A2 f (@ +h) = AZf ()| < C(|Rlm(a, V) | ]| e -
Now (4.21) is a consequence of (4.24). Indeed,

Gl +h) - \—\Z —AD™ (o + h) — (~A2)"1(x)
]Z —AL(—AD"D) (@ + h) + AX(—AD"1)(@)

Z (|hfm(a, V)" | (~A2)" 1] L~

C([hlm(z, V) Z [AZ[[ o oo

Clhlm(z, V)* Y e(e)" < C(|hlm(z, V)"

n=0

5. Proof of Lemma 2.9. For ¢ > 0, 5o € R% 0 < r < eR(yo), and

M > 0 we define the space L}, 5 by

M
LYot = { A f(xN(l M= yor> (1 . |:R—($)|> .

~15lus,,0 <)
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Let L, oo ={f € LL, o ¢ § f(x) dz = 0}. Set
(5'1) gef(x) = (Ge(aj) - 1)f(l‘) + Ge(x)Aef(x)

LEMMA 5.2. For every M > 0 we have

Eli%a ngHL;,T’yO,M,OHL;»T’yOaM’O =0

uniformly with respect to yo and r.
Proof. Note that {G. f(x) dz = 0. Indeed, by the definition of G,

VG f(x) dz = | (G(x)(1d + A.) f(2) — f(2)) dw

={((1d + A})G:(2)) f(z) do = | f(x) dz = 0.
Therefore, by Lemma 1.6, it suffices to show that

It =0 uniformly with respect to yo and r.

1
L e,my0, M

lim [[Acllpr
e—07+ Y05 M

There is no loss of generality in assuming that yg = 0. Since
Acf(x) =\V(@) (2, y) f(y) dy
= \V(@)(I(2,y) = I-(2,0) f (y) dy,

we need only show that

= \V(@)|Te(z,y) — Ie(x,0)| (1 + @) (1 + ﬂ))M dx

eR(0
(i) (14 oY

with ¢(e) — 0 as € — 0. Note that there is a constant C' > 0 such that

Y
IFivy) = 12(00)] < C g expl—clol?/(eR@))  Tor ay] < .

Thus
Ji1 < S + S

lz|>4ly| =<4y

=c | V(x)u'fé’1eXp(‘C’xiz/@R(w))?)(”%) da

R(0)
|z|>4]y| .
" |yl oxp(—clzl2 /(e xgm || .
#C § Vel R (e )
|| 2 \M
+C | V@) + Te@,0) (1+ ) (14 = | de
e <4ly| < r >< €R(0)>

=JY + g 4 g,
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Obviously, by (4.4), since 0 < € < 1, we have

2] | \*H
(5.3) 1+ER(O) §C<1+€R(m)> :

Therefore, applying Corollary 4.20, we get
J<e | V)

M (k
1 eXp(LxQ) <1+ 2| > (0+1)d.’1}‘
e P ERE@?E T SR )

cr a1+ ) (1 )

Similarly

M (ko+1)
) ly| 1 —c|z|? ||
I <c Viz) L 1 d

S |>S4| | @ e eXp((d"i(w))z " ER() v
x| >4]y

< c(e) % < c(s)(l + @) <1 + d';”(L)))M.

In order to estimate Jl(g) we use again (4.15) and Corollary 4.20 to obtain

M
<o | V(@) Te(z,y) + Ie(x,0)) 1+M 1+ﬂ du
1 2| <4y ( r >< €R(O)>

< c(e)(l—f— @) <1+ Jzy(’oﬂM. .

LEMMA 5.4. Fiz M > 0. If eR(yo)/4 <r <eR(yo) then

lim ||g€||L1(s,r,y0,M)~>L1(E,T,yo,M) =0
e—0*t

uniformly with respect to yo and r.

Proof. By Lemma 1.6 it is enough to show that

o1+ 52 )

a5 )

We shall prove this for yo = 0. The proof for arbitrary yq is identical. By
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(5.3), (4.15), and Corollary 4.20, we get

\V(@)I(z,y) (1 + |—‘f') (1 + %('0))1\4 dx
<c | +c |

lz|<4ly| lz[>4]y|
<C X V(z)le(z,y) 1+M 1—}—& de
- ’ r eR(0)
|z <4]y]
|33 . y‘ (ko+1)(M+1)
+C S V(z)le(z,y) (1 + R(x) > dx

|| >4]y|

< c(e) (1 + @) <1 + %’('@)M +e(e). m

Proof of Lemma 2.9. Since G.(Id + A.) = Id + G., Lemma 2.9 follows
from Lemma 5.2, Lemma 5.4, and the equality

10+ 471 = (326" (Cuh).

n=0

6. Estimates of the kernels F;, H; and related maximal functions

LEMMA 6.1. There exist constants C,c > 0 such that for every n > 0
and every y € R? we have

2
T3]l L2 (enle =91 da)— L2 (enlo—vl dzy < O™
Proof. This is a direct consequence of (1.2). m

COROLLARY 6.2. The semigroup T} has the (unique) extension to a holo-
morphic semigroup Ty on L?(e"*=Yl dx) in the sector Arq=1{C: |Arg(| <
m/4}. Moreover, there exist constants C, ¢’ > 0 such that for everyn > 0 we
have

’2
HTQHL%‘?"'I*?" dx)—L2(enle—vyl dx) < Ce" R,

Proof. See the proof of Proposition 3.2 in [DZ3]. m
Let k¢(x,y) be the integral kernel of the operator T¢.

LEMMA 6.3. There exists a constant ¢ > 0 such that for every M > 0
there exists a constant C' > 0 such that for every n > 0 and every y € R?
we have

-M
ke, g)Pens de < e o) (14 28 ) for e Auys
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Proof. Let t = R¢. Since k¢(x,y) = [Te—t/10k¢/10( -, y)](x), using Corol-
lary 6.2, we obtain

VIke (@, )P du < Ce™ | [y jio(u, )P du.

Applying Theorem 4.10 we get

—2M
t 2
[ ke 100 )P ¥ du < €] (1 n %) - de=clu—yl/tgnu=yl g

) t \ M
< Ot 4/2e2en t<1 + —) . m
R(y)?

COROLLARY 6.4. There exists a constant ¢>0 such that for every M >0
there is a constant Cyy such that

ke (2, )] < Car(RO)~4/? (1 + %) (1 + %) o—cla—yl?/R¢
for ¢ € Ayys.

Proof. We have

|k§($7 y)|e77‘m*y| — ‘ Sk‘C/Q(,ZE, U)kC/Z(u’ y) du‘emm*w
1/2 1/2
= (S |k o, ) e dU> (S k¢ pa(u — y)|Pe MY du)

B ) SCEC -M
d/2 en“R¢
SCM<§R<) e (1+—R(y)2> .

Setting n = |z — y|(R¢) ! (with ¢’ > 0 small enough) and using the fact
that |k¢ (@, y)| = [ke(y, )| we get the required estimate. m

PROPOSITION 6.5. There exists a constant ¢ > 0 such that for every
M > 0 there exists a constant C > 0 such that

S 2 t - t -
_ <024 d2e—cla—ylP/t( 14 " I+—=—
|k’t+5(3§',y) kt(x7y)| = C t t € ( +R(y)2 +R(ZL’)2
for 0 < s <t.

Proof. By Corollary 6.4 it suffices to prove the estimate for 0 < s < ¢/20.
Using the Cauchy integral formula and Corollary 6.4 we get

d
’kt+s(m7y) - kt(%y)\ = ‘ aktw(l’?y) dT‘

O b

C

ke(z,y)
YY) gedr
|<tx=t/10 (C—t—7)

O ey
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i k¢ (@, y)|
<c| | |C_t_7_‘2d‘c‘d7'
0 |¢—t|=t/10

< Os Lyizeelomal/i( 4 1 - 1yt -
stef R(y)? R?) "

LEMMA 6.6. There exists a rapidly decaying function i such that

(Vtm(z,V))i(x —y) fort <m(x, V)2,

(6.7) Hi(@.y) < {%(x ) fort >m(z, V)72

Proof. From Theorem 4.10 we conclude

t
Hy(e,y) < C | [t =) 2 V=Y (2 1)
t/2

—M
t—
% t—ul/2efc\z+ycfy|/\/Z <1 + R(:(;)82> dz ds

I

t/2]z|<|z—y|/4 t/2]z|>z—y|/4
We note that for |z| > |z — y|/4 we have
(t — S)—d/2e—CIZI/\/§ <C(t- S)—d/2e—c’\w—yl/\/fe—c’\zv\/ﬁ‘

Thus

t
Hi(w,y) < Car | [t = )72 V=Y (2 4 )
t/2

-M
% t—d/26—0’lﬂﬁ—y\/\/z <1 + t—3 ) dz ds.

R(z)?

Set y(x) = t~2e~<12l/VT 1f t < m(z, V)2 then, by Corollary 4.8, we

obtain

Hy(,y) < Cthula —y) | (t—5)" (m(e, V)VE—3) ds

t/2

< Cy(z — y)(m(z, V)VE)°.
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If t > m(x, V)2 then

¢ e*C’lZl/\/E t—s —M
t/2
M2 =cl2l/v5 -M

<z —y) S TV(szx)(l—l- R(i)2> dz ds.
0

Applying again Corollary 4.8 we get
R(z)?
Hy(w,y) < vn(e—y)( | s~ m(a, V)v)" ds
0
t

+ S s~V2(sm(z, V)" M+Cm(z, V)24 ds)

R(z)?
S th<1' — y) u
LEMMA 6.8. There exists a rapidly decaying function ¥ such that
h
69) |y )~ Hilo)] < Yoo VIV e -y
fort < Cm(z, V)2, |h| < |z —y|/8, and
h

(6.10) [Hilay + ) = Hila )] < vt —)

fort > Cm(z, V)72, |h] < |z —y|/8.
Proof. Tt suffices to show (6.9) and (6.10) for 2|h| < v/t. We have

‘Ht(xay—i_ h) - Ht(xay)’
t

= | | P ksl )V =)oz =y — ) = po(z — 1)) dzds|.
t/2

Since 2|h| < v/t and t/2 < s < t, we have
|h| —d/2 _—c|lz—y|/Vt
s(z—y—h)—ps(z —y)| < C = t7Y2emclzmul/VE,
Ips(z =y —h) —ps(z —y)| < 7

Therefore
‘Ht(xa Yy + h) - Ht(ﬂ?,y)|

t
h
<C S S ki—s(2)V(z + ) L} /2 clzta—yl/Vi g, g,
Vit
t/2
Using the same arguments as in the proof of Lemma 6.6 we get (6.9) and
(6.10). m
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LEMMA 6.11. There exists a rapidly decaying function ¢ such that for
every M > 0 there is a constant Cys such that

(6.12) |Ee(2,y)| < Cu(VEim(z,V)) pi(x —y)

y (Hﬁﬁ@ﬁ)”.

Proof. Applying Proposition 6.5 and (4.5), we obtain

t/2
S
|Et(m,y)] < C S Sgt—d/Qe—CIz—y—z\/\/fv(Z_i_y)
0

t \ M t \ M
R BN 14 —— .
s e < +R<ac>2> ( +R<y>2> dzds

Now splitting the integral on the right-hand side into two integrals, we get

t/2 t/2

Eey)<c | §  +cf |

0 [z]<|z—yl/4 0 |z[>]z—yl/4

t/2
X S S % V(z+y)s ¥2el/V5 4z ds
0

+C’M(1+ﬁ>_M<l+ﬁ)_M

t/2
x| ZiaRv(sg)s e VeIV g g
0 |z|>]o—y|/4

t/2
X S S ;V(z+y)s_d/2e_cllz‘/‘/§dzds
0

min(t/2,R(y)?) s
X S S 7 V(z+y)s(z)dzds
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+CM¢t<m_y>(1+$)‘M(Hﬁ)‘M

t/2
s
X S S p V(z+y)vs(z)dzds,
min(t/2,R(y)?)

where ¢ and 1 are rapidly decaying functions. By Corollary 4.8 we have

‘Et(x,yﬂSCMt_l(bt(x_y)(l_i_ﬁ)_M(l—i_ﬁ)—M

min(t/2,R(y)?)

< | (emyv)ds

0

+ Ot e (z — ) <1 - ﬁ) - (1 + ﬁ) -
] e mE S

m(y, V)42

min(t/2,R(y)?)

< Crrdi( — y)(VEim(y, V))? (1 4 ﬁ) - <1 + ﬁ) -

cevate (v iz) () (Rg)

Applying Lemma 4.3, we get

2 — ] "
Ey(,9)] < Crrén(a —y>(1 Ll ﬁm(sc,w)

X (Vim(z, V)’ <1 + R&)Q)M(l + R(;)k()j )
. ) 0(2—d+Co

Ot + el — y><1 i ;;"ﬁm@:,w

Y
< Cuepi(z — ) (%)5
X <1 + ﬁ) R <1 ! ﬁ) 7M. .

Using the same method as in the proofs of Lemmas 6.6, 6.8, 6.11 one
can prove
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LEMMA 6.13. For every M > 0 there exists a rapidly decaying function
© such that

(614) |Et(xay+h) _Et(xay)|

§’—ht’(\/¥m(a:,V))5sDt(w—@/)<1+ : >M<1+ t >M

provided 2|h| < v/t, 8|h| < |z — y|.

Proof of (3.5) and (5.6). First we prove (3.6). Assume that a is an
(h2(m), oo0)-atom associated with a ball B(xg,r). Then, by the definition,
r < eR(xg). By Lemma 6.6, if t < e2R(z)? and = € B(x,8r), then

Hya(a)| = | [ Ho(r.p)aly) dy| < Ol < OP.

Therefore
| (Hza(x))P < cer.
B(xo,87)

In order to prove the required estimate on B(zq, 8)° we consider two cases.

CASE 1: isR(xo) < r < eR(xg). Then, by Lemma 6.6, for t < e2R(x)?
and = € B(xo, 8r)°, we have

[Ha()| <& | ¢l —y)aly)| dy

B(zo,T)
<C 56” || t_d/2 <1 + ‘.%' — :UO’)QN
a1
>~ UN L \/Z
< Cdp—d/p+dy—d/2 <1 I |z — :U0|>—2N
T —_— .
- Vi

It follows from (4.5) that R(x)? < C(1+ |z — zo|/R(xq))?ko/1Hko) R(24)? =
7(x, o). Thus

S (Hia(z))? dx

B(xz0,87)°

—2Np
T —x
< COyePdp—dtdp S sup t—dp/2 <1 + u) dx
B(wo,81)° o<t<e?r(z,z0) \/Z

S CN€p6.

CasE 2: r < feR(z). Then {a = 0. Therefore, by Lemma 6.8, for
|z — 20| > 8 and t < e2R(x)?, we have
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Ha@)|=| | (Hie.y) - Hlr,20)aly) dy

B(zo,r)

<cet | % ez — 20)|aly)| dy.
B(zo,r)
This leads to
S (Hra(x))P dx < CeP?.
B(zo,87)°

The proof of (3.5) is identical and uses Lemmas 6.11 and 6.13. =

7. Maximal functions Z!. Our goal in the present section is to prove
(3.7). In order to do this it suffices to show that there exists a function ¢(¢)
satisfying lim. o+ ¢(¢) = 0 such that

(7.1) 12ZallLe < c(e)
for every (h2(m), co)-atom a. There is no loss of generality in assuming that

(
if a is an (h?(m),co)-atom associated with B(zg,r), and if r < TeR(zo),
then

(7.2) Sxo‘a(m) de =0 for o <Co+d+4,

where Cj is a constant from Corollary 4.8. Indeed, every (h?(m), co)-atom
a satisfying (2.4) can be decomposed as a = ) c;a’;, where a satisfies (2.1),
(2.2), (2.3) and (7.2) in such a way that >, [¢;[P < C.

The following lemma can be easily proved.

LEMMA 7.3. Assume that a is an (h2(m), co)-atom associated with a ball
B = B(zo,r), where r < eR(xz¢). Then
g e—c|z—w0|2/,8
(7.4) Ha*ps(z)ds‘§C|z_x0’d_2+M+a(d_2+M)/2

[e%

for |z — xo| > 2r, where M = Cy+d+4 if r < isR(xo), and M = 0 if
1eR(0) < r < eR(z0).

Let a be as in Lemma 7.3 and let K = B(xq, R(z0)). We define

’B|171/p+M/d

(7.5) Zioa(x) = sup |ZQ,,a(z)|
0<t<(eR(x))?
= sup S ke(@, 2)V (2)We) pa(z) dz|,
0<t<(eR(2))? | j-
(7.6) Z: oa(x) = sup ki(z,2)V (2)W(e)ra(z) dz|,

0<t<(eR(x))? K¢

where W, ,a(z) = W) +(2,y)a(y) dy (cf. Section 3).
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LEMMA 7.7. There exists a function c(e) with lim,_ g+ c(e) = 0 such
that for every (h?(m), co)-atom a associated with a ball B(xo,r) we have

(7.8) 122 callzs < cle).
Proof. There is no loss of generality in assuming that ¢ = 0. Then
(7.9) 2 a(z) < sup S ki(z, 2)V(2)|[Wie ra(2)|xu, (2) dz

120 0<t<(cR(2))?

= fr(@),

J=0

where U; = B(0,2771R(0)) \ B(0,27R(0)). It follows from Lemma 4.3 that
if |x| < 2772R(0), then R(z) < C27k0/(1+ko) R(0). Therefore, by Lemma 7.3,
there exists v > 0 such that

—c(lzl/e ¥ BO,T 1-1/p+M/d
VEIW el () < OV (eeeemor BODETs v )

= fi(2).

One can check using Lemma 4.7 that

5]l < e~/ B0, 27 R(0))|'1/7.

This gives
(7.10) Hf;‘|1£p(3(072j+23(0))) < c(e)277
We now turn to estimating f on the set x| > 2712 R(0). In this case

V(2)|[Wey,ca(2)|xu, (2)
(0, 7)1~ 1/pHM/d

el - |B .
OV (z)e—ell/=R(0) | 4 o, (2) /2 < (R(2))?
<
ol B 0’7. 1-1/p+M/d )
oV (z)eelerri 1Bl |z|)J+M_2 xu; (2) if t/2 > (eR(2))*
= ;" (2).
Thus

Ve, 2)V () Wioy a(2) Ixw, (2) dz < ou(@) ]| £17 |10

where ¢ is a rapidly decaying function. Therefore, for |z| > 2/+2R(0), we
have

)< s @) £l
0<t<(eR(x))?
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It is not difficult to verify using Lemmas 4.3 and 4.7 that

2k
Hf](w’t)HLl < 29| B(0, QJR(O))ylfl/p<eﬂ:(2j/6)7 + efc22j(IL%(O)/(EI/»L‘I))W+L1 ).
Consequently,

fi(x) < e(€)277| B0, 2 R(0) [P (R(0) =¥ |2| =N + R(0) =+ || ).

J
This leads to

Hf;Hip(B(ogij(o))c) < C(s)pQ_jp7
which combined with (7.9) and (7.10) completes the proof of the lemma. m

LEMMA 7.11. There exists a function c(e) with lim. o+ c(e) = 0 such
that for every (hZ(m),o0)-atom a associated with a ball B(xo,r), where
r < YeR(wo), we have

122 0allzr < c(e).

Proof. Similarly to the proof of Lemma 7.7 we assume that zo = 0.
Let C; > 4 be such that Cfl/Q <m(z,V)/m(y, V) < 011/2 for |z —y| <
16m(z,V)~! (cf. Corollary 4.6).

CASE 1: 7% < t/2. We have

(eR(2))?
]Z?€)7ta(a:)| < ‘ X ki(z,z)V(2) S ps * a(z)ds dz‘
Ky t/2
/2
+ ‘ S ki(z,2)V(2) S ps * a(z) ds dz‘
Ko (eR(2))?
= Jk, (2) + Ji, (2),
where K1 = {z € K : t/2 < (¢R(2))?} and K5 = K\ K;. From Corollary 4.6
we conclude
(eR(2))*~t/4
Ji, () < ‘ S ki(z, 2)V(2) S Pi/a x ps ¥ a(z) dsdz

K t/2—t/4
C1(eR(0))?
< S ki(z,2z)V(2) S Spt/4(z —Y)|ps *x a(y)|dy dsdz.
K1 t/4

Since SKl ke(x, 2)V (2)prja(z — y) dz < t 71 (x — y)(t1/*m(z,V))?, where ¢
is a rapidly decaying function, we get
C1(eR(0))?

T, (@) <\t (@ —y)ee) | laxpa(y)ldsdy.
t/4
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Now using (7.2) we obtain
Tic, () < {17 (2 — ) y
T .
<@ X () w2ty

§>0,2it/4<2C, (cR(0))2

<> Dj(x),

720

. M2 . M/2
J(x) 7«2<t<2—js+lilévl(gR(O))z C(g) <2]/2t1/2> <2]/2t1/2)
X haie()]al L2
_ 27¢(e)27IM/2(2172)=4/2||q]| 11 for |z| < 2r,
| 2e(e)rM2|p| A M29=iM /A || 11 for || > 2r.

This leads to

sup [Tk, ()| dx < c(e)P.
0<t<(eR(x))2,2r2<t

In order to estimate Jg, (x) we first consider || > 3R(0). There are rapidly
decaying functions ¢ and v such that

t/2
Jr, (z) < S ki(z,2z)V(2) S |ps * a(z)| dsdz
Ko (eR(0)/Ca)?
R(0)? A\ M
< foov@ldn( | (%) wee
Ka (eR(0)/C4)?
max(R(SO)Q,t/Q) , M
+ <—> )s(2) ds) dz.
R(0)2 Vs
Applying Corollaries 4.6 and 4.8, we have
R(0)?
T, (@) < 0||a||L1¢t<x>< [ M MR(/R0) s ds
(eR(0)/C4)?

max(R(0)2,t/2) \/g Co
M —M/2 7d/2R 0 d—2 d
o g e () )

< Cr'lallpr e (2)((€R(0) ™™ + R(0)™).

Since
sup <75t(36) < Cgfd+LR<0)(fd+L)/(l+ko)’x’fL+ko(fd+L)/(1+ko)
0<t<(eR(z))2
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we get

sup JK, (2))" d

2 9,2
|| >3R(0) 0<t<(eR(x))?,2r2<t

ro\MP r\MP
< Oel—d+L)p —pd+d po< _
<cecrrno () (7))l <o
If |z| <3R(0) and z € Ko, then R(x) ~ R(0) ~ R(z). Therefore

t/2
Jr,(x) = ‘ S ki(x,2)V(2) S ps * a(z) ds dz‘
K (eR(2))?
(C4eR(0))?

< S ki(z,z)V(2) S Spt/c4(z —y)|ps x a(y)| dy dsdz.
Ko (eR(0)/2C4)?

Moreover, there exist rapidly decaying functions ¢ and ¥ such that

\ ki, 2)V(2)pejc, (2 — y) dz < t7 ' iz — ) (VEm(z, V)’

K>
, M
perati) < () verop@lalo
Hence
, M—1
T () < cg(m) bieroye@)llal .
It is not difficult to check that
sup JK, (z))P dx
B(0,3R(0)) 0<t<(eR(x))2,2r2<t
s r (M-1)p
<o | () benopl ol d < o)

B(0,3R(0))
CASE 2: t/2 <r?. Then

min(r?,(eR(2))?)

28 0@)| < | § k2 V() [ pora(z)dsds]
K3 t/2
(eR(2))?
+ ‘ S ke(x,2)V(2) S ps xa(z)dsdz
K3 min(r2,(eR(2))2)
t/2

+ ‘ S ki(z,2)V(2) S ps *a(z)ds dz‘,
Ky (eR(2))?
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where K3 = {z € K : t/2 < (¢R(2))?} and K4 = K \ K3. By (7.4) and
Corollary 4.6 we get
min(r?,(e R(2)))?
V(2)xx, (2) e
t/2
(eR(2))*
+V(2)xK,;(2) S ps * a(z) ds‘
min(r2,(eR(2))?)
t)2
V()| § pevalz)ds)
(eR(2))?

CV(2)(r?||al|p + r~%*2||al| 1) for |z| < 2r,

CV (2)e <2/ (CRO)* |5 2=d=M | B(0, )| 1= 1/P+M/d  for 2r <|2| < R(0).

It is not difficult to check that this is a multiple of ¢(e) and a generalized
(hf/R(O) (m),1, M — 1)-atom associated with the ball B(0,r). Thus
| sup 128 (@), ) < c(e).
0<t<2r?

This completes the proof of the lemma. =

LEMMA 7.12. There exists a function c(e) with lim._g+ c¢(e) = 0 such

that for every (hE(m),o0)-atom a associated with a ball B(xg,r), where
r ~ eR(xzg), we have

122 0allLr < c(e).
Proof. As above we assume that zg = 0.

Case 1: C1(eR(0))? < t/2 < (eR(z))?. Then it suffices to consider
|z| > 3R(0). Therefore applying Lemma 4.7 and Corollary 4.8 we have

t/2
120y (@) < §ou@V(z) | sz —w)la(y)| dyds d=
K (eR(0))2/Cs
R(0)* 5
_ S
< |lal|p1 ds(x) | s VSN g
R(0)
(=R(0))2/Cs
max(t/2,R(0)?)
- | s~4/2R(0)42 ds}

R(0)?

< [lallr¢e(x).
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Applying Lemma 4.3 we obtain

sup ‘Z?e)ﬂ:a(m)‘ | e (B(0,3R(0))e,dz) < C(€)-
C1(eR(0))2<t/2< (e R(x))?

CASE 2: t/2 < C1(eR(0))? ~ r2. Then

Cs(eR(0))?
120 10(2)] < ki, 2)V(z) | laxps(2)|dsdz.
K t/Cs
Observe that
Csr? V(z)r*[lal = for [z] < 2r,
Viz s *a(z)|ds <C 5 o
( )t/SCg) P, * a(z) é%e—cz /™ allpr  for 2r < |z| < R(0).

Now the same argument as in the proof of Lemma 7.11 (Case 2) can be
used. m

8. Proof of Lemma 3.2. First we prove that there is a constant C' > 0
such that

(8.1) IPZgllze < Cligllngm)-

Let a be an (h2(m), co)-atom associated with a ball B(yo,r). If {a = 0 then
|Pra|» < C.If {a # 0 then, by definition, r ~ e R(yo). Obviously, by Corol-
lary 4.6 and [G], ||PZall 1y (B(yo,R(yo))*) < C. Here and subsequently, for any
ball B we define B* to be the ball that has the same center as B but whose
radius is 4 times that of B. If x ¢ B(yo, R(y0))*, then, by (4.5), R(x) <
Clz — yo|Fo/ B0t R(yo)/ (Fo+1)  Therefore for 0 < t < (eR(x))? we have

[pe % a(2)] < Cllallpre™ = R(yo) M=/ 1R |z — yo| ~(MHdko)/(1+ho),
This leads to S|w_y0|>2R(yo)(P:a(a:))p dx < C, and (8.1) is proved.

Let ¢(® be C>-functions on R? such that 0 < p(®) < 1,3 @ (z) =1
for every z € R?, supp () C By = B(Ya, R(ya)), and the family of the
balls B, has the finite covering property.

LEMMA 8.2. There exists a function c(e) with lim,_ g+ c(e) = 0 such
that for every a,
8.3) | sup (99" ) * pe(@) | ] (e
0<t< (e max(R(ya),R(x)))2 °

(a)H

< c(©)llg9 ) 2y

Proof. Tt suffices to prove (8.3) if go(® is replaced by an (h?(m), co)-
atom a associated with a ball B(yg, ), where B(yo,r) N B, # 0. Obviously
R(yo) ~ R(ya). Note that for z € B, we have

max(R(ya), R(x)) < Cla — yo|/FH) R(yy) /(1 HFo),
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Therefore if r ~ eR(y,) then
jax py(2)] < Crre™ = al| 1 R(yo) M= DR [ — | =M+ ko) (ko)

for 0 < t < (emax(R(ya), R(x)))?, and consequently, the left-hand side of
(8.3) is estimated by Cpre™P—4.
If r < eR(yo)/4 then, by (2.4),

jax pe(2)] < Cro+t=4Pe —yo| 7071,
Thus the left-hand side of (8.3) is bounded by Ce%?+P~? o

COROLLARY 8.4. There exists a constant C > 0 such that for every «
and every € > 0 small enough we have

(8.5) 90 15g (my < ClIPZ (g D%

Proof. Applying results of Goldberg [G] and Lemma 8.2, we have

190 ey CI - sup [(90') # pe()| |70
0<t<(eRya))?
<ol s (g0 @B,
0<t<(eR(ya))? a
+CI sup [(g9') # pe(@) [T o e
0<t<(eR(ya))? «

< CIP2(ge Lo + Ce(e)lge' 5y - ™

LEMMA 8.6. There ezists a function c(e) with lim. g+ c(¢) = 0 such
that

B7) Y5 swp (¢ @)Py(x) ~ P g)@)P) dr < (&) gl

7 0<t<(cR(x))?

Proof. Define J .g() = SUPo<i< (cr(2))2 |Ja,tg(2)|, Where
Jat9(x) = ¢ () Prg(x) — Pi(¢'g)(2)
= (" (x) = o ()pe(x — y)g(y) dy.

Let a be an (h?(m), oo)-atom associated with a ball B(yo, 7). Let 71 = {« :
yo & B} and To = {a : yo € BX*}. We note that the number of elements
in 75 is bounded by a constant independent of a. We may assume that ¢ is
small. Therefore if o € 7y, then J, sa(z) = (¥ (z)p(z — y)a(y) dy. Thus,
by Lemma 8.2, we get

sup | Ta.ra(z)|P dx < c(e).
S, 0<t<(eR())?

Let now o € Zy. If * & B(ya, R(ya))*, then
Jara(z) = pi(x = y)e (y)aly) dy.
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Since Hgo("‘)ath(m) < C, where the constant C' is independent of €, a and «,
the same arguments as in the proof of Lemma 8.2 can be applied to obtain

sup |Ta ta(z)|P dx < c(e).

B(ya,R(ya))*e 0<t<(eR(x))?

If x € B(Ya, R(Yya))*, then R(x) ~ R(yo) ~ R(Yya). Thus

| ara(z)] = ‘S% (2, y)a(y) dy‘ < C:—:‘ V(2 9)aly) dy|,

where ¥, (x,y) = R(yo)t~/2(0® (2)—¢(@) (y))ps(x—y). Clearly, |V & (z,y)|
< t7 V2% (x — y) for 0 < t < CR(yo)? with 1) being a rapidly decaying
function. Therefore standard arguments can be used in order to show that

Z S sup | Jata(2)|P de < c(e). =

€Tz B(ya,R(ya))* 0<t<(eR(x))?

We are now in a position to finish the proof of the second inequality in
(3.3). Indeed, by Corollary 8.4 and Lemma 8.6, we obtain

HthP(m) < CZ ||90(a)thP(m) < CZ P2 (e (a)
< C|Pglin + CY N Tacalln < CIPZGILs + Cel@)llglhp -
Taking ¢ sufficiently small we get the required estimates for 0 < € < gg. =

9. Proof of the first inequality of (1.14). Fix ¢ > 0 (small). Ac-
cording to Lemma 2.9 it suffices to show that for every b of the form

(9.1) b= (Id+ A.)a,
where a is an (h2(m), co0)-atom we have
(9.2) IMbl[7, < C

with C independent of a. Assume that a is an (h?(m), co)-atom associated
with a ball B(xg,r), r < eR(z¢). Then, by Lemma 2.9,

2= wol \ ¥
(9.3 Srb<x>dxs§rb<x>\(1+%) 4 < C|B(xo, )|V,

Since M is of weak type (1,1), we have

(9.4) | (Mb(2)Pde=p | |{x € B(wo,4r) : Mb(x) > X}|AP~" dA
|e—xzo|<4r 0
r—d/p 0o

<c | v tdx+C | pllpardr<c
0 r—d/p
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Therefore it remains to show that

(9.5) | Mb)Pds < C.
B(xzg,4r)°
CasE 1: eR(x0)/4 < r < eR(xp). Then we set b(x) = >°72,b;(x),
where b () = b(2) X B(xo,r) (2) and b;(x) = b(2)X B(wg,2r)\ B(o,2i~17) (). Ob-
viously

(9.6) 1b; ]l < C|B(xo, 27r)| 1/ i(N+d=d/p)
Hence
(9-7) HMijIIip(B(xo,zﬁzT)) < 09— (N+d—d/p)p

If z & B(xg,2'"2r) then using Corollary 6.4 and Lemma 4.3, we have

L
'

' bi(x) < ba() [t 2e—cle—uyl/VE [ d

(98)  Mbj(z) < CL§1>1188| (W)t~ 2e * RGP y

< Cp sup Hb] ||L1 tid/27Lefc|x*$0|/\/iR(x)2L
t>0
< C'L||ijL1R(xO)2L/(1+ko) |z — x0|—d—2L/(1+k0)

Applying (9.6)—(9.8) we obtain (9.5).
CASE 2: 7 < eR(x9)/4. Tt follows from Lemma 2.9 and Proposition 2.11
that a = (Id + A.)~1b € h2(m). We have

Tib(x) = py * a(zx) — Hea(x) — Era(x) — Z(.) ra(x),
and consequently

Mb(z) < P*a(x) + H a(z) + £ a(x) + Zla(x),

where
P*a(x) = sup |p: * a(x)|, H a(z) = sup|Hia(z)|,
t>0 t>0
&*a(x) = sup |Era(x)|,  ZIa(x) = sup|Z)a(z)|
>0 >0

The estimates for |P*a| e, [|H*a| re, ||E*al/z» follow from Lemmas 6.6,
6.8, 6.11, 6.13. Therefore it remains to prove the following proposition.

PROPOSITION 9.9. For every ¢ > 0 (sufficiently small) there exists a
constant Cz > 0 such that for every (h2(m),oc0)-atom a associated with a
ball B(zg,r) with r < eR(x0)/4 we have

(9.10) |Zzaly, < C..

Proof. There is no loss of generality in assuming that a is an (h?(m), co)-
atom associated with a ball B(0,r), where r < eR(0)/4. By definition
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(cf. (2.4)), §a = 0. We have

) < Zsup S ki(z,2)V(2)W(e) 1a(z) dz‘ = ZZE‘E)’ja(a:)
5=0

t>0

where Uy = B(0,2€R(0)) and U; = {z : 27eR(0) < |z| < 27t1eR(0)} for
’ Flc;r2jz‘ 6 Uj, j > 1, by Lemmas 7.3, 4.3 and Corollary 4.6, we have
(Wee).a(2)|
- { Ce=2"/¢*| B(0,r)|1~1/P=1/4 (202 R(0))' if t/2 < (eR(2))?,
L Cem ROV B0, r) |1 1/P=1/d(2R(0))1 7 if t/2 > (eR(2))2.
Applying Corollary 6.4 and the fact that k.(x,y) = k:(y, z), we obtain

Z7 a(ﬂj) < supC S t—d/2€—c|m—z\2/t <1+ \/l_f >_M
A R@)

VT e P [1-1/p+1/d (9] 1-d
X <1+ R(z)> V(2)|B(0,r)| (27eR(0))

x (e ROV | =2/ g,

Since R(z) < C(1+ |z]/R(0))kO/(kO+1)R(O) (cf. Lemma 4.3), we have

—M —L
* —d/2 fcmfz|2/t \/Z \/E
Zioa(o) < supCe } 4% (1 " R(m)> (1 T RG)
Uj

x 1+ vt 7LV(z)|B(O r)| L /prt/d
27ko/(1+ko) R(0) ’

x (27eR(0)) (e~ @ RO/VE | o=e2"y g

Since
\/% —L _CQjER(O)/\/Z _Nj
i;llg <1 * 2jk0/(1+k0)€R(0)> ¢ < COne277,
we get
-M _r
2 t \/'E
Z., ja(z) < supC, | ¢~4/2eclr =] /t<1 + L) (1 + )
= () R(2)

Uj
x |B(0,7) [} /P 427 R(0)) 9V (2)27 N dz.

Note that the function ]B(O,r)\1_1/p+1/d(2jR(0))l_dV(z)2_NjXUj(z) is
supported by the ball B(0,29R(0)) and its Ll-norm is bounded by
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C277N'|B(0,27R(0))|*~/?. Therefore

> Nz sallfs < Ce
j=1

In order to estimate Z’(k a we consider two cases.

€),0
CASE 1: t > 2C(eR(0))%. Then
[Wieyea(z)| < | Ipsxa(z)]ds
(eR(0))?/Co
<C. S s~V 2p01)| 11 ds < C.R(0) a1
(eR(0))?/Co
Thus

sup | (@, 2)V (2)|We) a(2)| dz
>2(=R(0))? 17

< sup  Cc | k(2 2)V(2)R(0) " r|al| 1 d2.

£>2(R(0)2 [y

Observe that the function V(2)R(0)!~%r||a||z1xv,(2) is supported by the
ball B(0,2¢R(0)) and its L'-norm is bounded by C(eR(0))%~%/P. Therefore

H sup Skt(x,z)V(z)|W(g),ta(z)|dsz <C..
1>2(R(0))? 7. o

CASE 2: t < 2C(¢R(0))%. In this case we may apply the same arguments
as in the proof of Lemma 7.11. m
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