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Abstract. Let G be a locally compact non-compact metric group. Assuming that
G is abelian we construct symmetric aperiodic random walks on G with probabilities
n — P(S2, € V) of return to any neighborhood V of the neutral element decaying at
infinity almost as fast as the exponential function n — exp(—n). We also show that for
some discrete groups G, the decay of the function n — P(S2, € V) can be made as slow
as possible by choosing appropriate aperiodic random walks S,, on G.

1. Introduction. Let {Xj} be a sequence of independent, identically
distributed real-valued random variables with common distribution Px, :=pu.
Assume that p is symmetric and belongs to the domain of attraction of a
stable law with exponent 0 < o < 2. Then, by a local limit theorem (see [§],
[11], [16], [18]),

P(Sp € I) ~ caplIln™V® asn — occ.

This shows that as @ — 0 the decay of the function n — P(S,, € I) becomes
faster than that of any given function n — n=%, k > 0.

To put our observations in perspective let us replace the group R by a
more general group. Namely, let G be a locally compact non-compact metric
group. Let v be a left Haar measure on G and L? = L?(v). Let u be a
symmetric probability measure on G such that supp u generates a dense
subgroup of G. Let £, : L? — L? be the corresponding left-convolution
operator h +— pxh. In general, ||£,|[z2_ 2 < 1 and it is equal to 1 if and only
if the group G is amenable (see e.g. [4]). On the other hand, let {X}} be i.i.d.
on G with the law Px, = p and let S;, = X1 - ... - X,, be the corresponding
random walk on G. According to [5] the following characterization of .S, via
the norm of the convolution operator £, holds: For all relatively compact
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neighborhoods V' of the neutral element e € G,
lim P(S2, € V)" = |, 12 12-
n—oo
In particular, if G is amenable, ||£,| ;2,2 = 1 and therefore
P(S2, € V) =exp(—n-0o(1)) asn — oo.

If the group G is not amenable, then ||£,]/z2_, ;2 < 1. This implies that the
decay at infinity of the function n +— P(Sa, € V) is always exponential.

In what follows we call a measure p admissible if it is absolutely con-
tinuous with respect to the measure v and admits a bounded and strictly
positive density x — pu(z) in some neighborhood of the identity.

All the above leads us to the following question: Is it true that for any
non-compact amenable group G the decay of the function n — P(Sq, € V)
can be made as close as possible to the exponential one by an appropriate
choice of a symmetric admissible probability measure jp = Px, ¢

Any abelian group is amenable. In this paper we prove the following
theorem.

THEOREM 1.1. Let G be a locally compact non-compact metric abelian
group. Let F: Ry — Ry be a non-decreasing function such that F(t) = o(t)
at infinity. There exists a symmetric admissible probability measure p on G
such that

—log ™ (e)/F(n) — oo  at oc.

Observe that P(Sa, € V) < u*?*(e)v(V), hence for abelian groups The-
orem brings a positive answer to the above question.

To prove Theorem we consider the following three cases (Sections 2,
3and 4): G = R, G = Z and G is a countable periodic group, and prove
our claim for these special groups. In the final Section 5, using the structure
theory of locally compact abelian groups [13], [14], and our knowledge of the
result for special groups, we construct probability measures on G with the
desired properties.

Section 4 is of independent interest. The underlying group G is a union
of finite subgroups G, C G. This group is not compactly generated. The
special structure of G allows us to introduce a class of probabilities on G of
the form p = >, cpymy, where my, is the normalized Haar measure on Gy,.
Each p = u(c) is infinitely divisible and hence can be embedded in a weakly
continuous convolution semigroup p; = p(c(t)). In particular, p* = p(c(n)).
Thanks to this fact our computations become very precise. In particular,

o0
w(e) < S e ™ dN(\)  at oo,
0
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where the function A — N(A) = N(e,A\) has a very precise form. As an
application, we show (Theorem that the decay of the function n +—
1" (e) can be made as slow as possible by an appropriate choice of the
measure g = p(c) (cf. Theorem . In this connection observe that any
compactly generated abelian group is of the form R! x Z™ x K, where K is
a compact group. It follows that for any admissible symmetric probability u
on this group we must have *?"(e) < n=(+™)/2 at co. See [21].

Notation. For any two functions f and g defined in a neighborhood of
infinity we will write f < g at oo if there exists a constant ¢ > 0 such that
f(z) < cg(x) for all x large enough. If f < g and g < f we will write f < g.
We also write f ~ g if f/g — 1 at oco.

2. The case of the group G = R. In this section we give a proof of
Theorem assuming that G = R. We let |A| be the Lebesgue measure
of a Borel set A C R. Let us choose a probability measure p = Px, which
is symmetric and infinitely divisible. This implies that there exists a one-
parameter convolution semigroup ()¢~ of symmetric probability measures
on G such that:

o 1 =y for t = 1. In particular, u*™ = p,.

o 1 — g9 weakly as t — oo, where ¢ is the Dirac measure concentrated
at 0.

Let fi; be the Fourier transform of the probability measure ;. Then

fir(§) = exp(—t¥(§)), € €R,
where € — ¥() is an even non-negative definite function on R ([6, Thm. 8.3|).

ASSUMPTION 1. We assume that for any t > 0, the function & — e~ ()
is in L'. This implies that p; is absolutely continuous with respect to the
Lebesgue measure, admits a continuous bounded density x — u(z), and

ue(0) = Je ™ ag =2 | e dF(s),
R 0
where F(s) = [{7 > 0: V(1) < s}|.
ASSUMPTION 2. We assume that there exists a function f : Ry — R4
such that f is increasing, log f(t) = o(t) at oo and

(2.1) F(s)=\ft)dt, s>0.
0
Assumptions 1 and 2 imply the following identity, crucial for our purpose:
(2.2) pe(0) =2 S e " f(s)ds, t>0.

0
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Thus, in order to prove Theorem with G = R we are left to investi-
gate the asymptotic behavior of the Laplace integral of the function f. See
Theorem 2.7 below.

REMARK 2.1. 1) Observe that if u is a symmetric stable distribution of
index 0 < a < 2, that is, f1,(§) = exp(—|£|¥), then it is easy to see that the
representation is possible only if 0 < o < 1.

2) That for any increasing function f > 0 the equality indeed gives
rise to an infinitely divisible distribution follows from the celebrated Polya
theorem (see, e.g., [8], [I7]): Let ¥ > 0 be an even continuous function such
that ¥(0) = 0. Assume that ¥ restricted to Ry is increasing and concave.
Then the function z — e () restricted to Ry is decreasing, takes the
value 1 at 0, and is convex. By the Poélya theorem, it coincides with the
characteristic function of some probability measure p; on R. In particular,
an even function ¥ defined on R as the inverse of the function s — Sg f@)dt
satisfies the hypotheses above. Hence there exists a symmetric convolution
semigroup (p¢)¢>o such that fi; = exp(—t¥).

Thanks to our choice (Assumptions 1 and 2) the semigroup (p)¢>0 has
the following important properties:

(1) For each t > 0, the density x — p(x) is a strictly positive C°-
function. In particular, p; is admissible.

(2) If 1/f? is convex, then x — u () is a unimodal function, i.e. has a
strict maximum (at z = 0).

The first property is a consequence of the following two facts:

e U(s)/logs — oo at oo,

o 1 — ¢ (@) ig decreasing and strictly convex.

The second property is an application of the non-trivial criteria of unimodal-
ity due to Askey [I].

To investigate the Laplace integral we introduce two auxiliary trans-
forms. Let M : Ry — Ry be a right-continuous decreasing function such that
M(0) = +o0. Define two transforms:

e The Kohlbecker transform of M:
K(M)(z) :== —log ( S e de*M(t)), x> 0.
0
e The Legendre transform of M:

L(M)(x) = 71_1;%{{[)’7' + M(1)}, x>0.

The following theorem is crucial in our computations. See [2, Lemma 3.2].
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THEOREM 2.1. In the notation above,
K(M)(z) ~ L(M)(z) asx — oo.

For completeness we give a short proof of this result: For fixed z > 0
consider a positive function my(t) = xt + M (t) on (0,00). The function m,
tends to oo at 0 and at oco. Let ¢, be the smallest ¢ at which m, almost
attains its infimum, so that (1 4 €)L(M)(z) > my(t;). We have

S ot go= M) _ S e @MW) gy > o S o~ (@tHM(D) gy
0 0 te
> pe—M(t:) S et gt = o=@t M(t)) > o~ (1H)LM)(@),
ta

This proves the desired lower bound. For the upper bound, write

S ot ge M) _ .. S (@t M (D) gy
0 0
L(M)(z)/z 00
< x( S e~ (@HM®) gy 4 S e dt)
0 L(M)(z)/=
L(M)(z)/x 00
<z S e LOD@) gy 4 S e “du
0 L(M)(z)

= L(M)(z)e XMD@) 4 =LM)(z)
That (M) ~ L(M) at infinity follows easily from these two bounds. m

EXAMPLE 2.1. Let g : Ry — R4 be a decreasing function, g(0) = 4o0.
Put f = e79 and define F(t) = Sf) f(r)dr. Let (put)¢>0 be the corresponding
convolution semigroup. We have

pi(0) =2 § e dF(s) =2 { e f(s) ds = > § e de 90
0 0 0
This gives
t
(2.3) —log 41(0) = log 3 + K(g)(t).

Choose g(s) such that g(s)/log(1/s) — oo at zero. Then F(s) = o(s?) at
zero, for any A > 1. It follows that — log u¢(0)/logt — oo at co. Hence apply-
ing Theorem and the equality ([2.3]), we obtain the following asymptotic
relation:

—log 1¢(0) ~ K(g)(t) ~ L(g)(t)  at oc.
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Some particular results based on the direct computation of £(g) are pre-
sented in the table below, where we use the notation

12(0) = exp{ - t[_l‘)gt‘“(o)] } — exp{—t - o(1)}.

Table 1. Some examples of fast decaying functions ¢ — p+(0)

g(s) < at zero —log 1+(0) < at infinity o(1) =< at infinity
1 (log H)*, a>1 (logt)® (ogt)”
2 58, 3>0 10, B := 525 (P
3 exp{s™7},v>0 m m
4 exp(k>{37”}, v>0® W (=) W
(*) exp)(t) = exp(exp(... exp(t))), (+*) log ) (t) = log(log(...log(t))).
k times k times

Let us show for instance how to compute the Legendre transform of the
function g : 7+ exp(y {77} for £ > 1 and v > 0. Set R(7) = t7 + g(7).
The function R(7) is strictly convex and tends to co at 0 and at oco. Let
7. be the (unique!) value of 7 at which R(7) attains its minimum, so that
R(7y) = L(g)(t). Since T — R(7) is smooth, we obtain the equation

v
0=R'(r)=t+ g (1) =t — 71 9(7) log g(7) log 3) g(m) - logy 1) 9(7s),
*
which, in turn, implies the following two crucial properties:
(1) log(pyt ~ 7, ast— oo, in particular, 7. —0 ast— oo,
(2) g(T*) _ T:
it vlogg(m)loglogg(my) - -logg_1y g(7)

Finally, we arrive at the desired conclusion

—0 ast— oo

9(7) t
L t) = W) =t | 1 ~ Ty ~ t— . m
(g)( ) R(T ) T ( + T, > T (log(k) t)l/u as o0

REMARK 2.2. The same method works also in a slightly more general
setting: Let 7 : R4 — R4 be a strictly increasing function with r(+o00) =
+00. Assume that Ar'(A) < 7(A) at oo. Let g(1) = exp(y (r(1/7)), 7 > 0.
Then

L) = —— — at o

~ o (log (1)
THEOREM 2.2. For any non-decreasing function F: Ry — Ry which is

o(t) at oo, there exists a symmetric admissible probability measure p on R
such that

—log ™ (e)/F(n) — 0o at oo.
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Proof. Choose a concave function z — F(z) such that F(z) = o(z) and
F/F — oo at infinity (see below for the existence of such a function). Define
the conjugate Legendre transform L£*(F') as

(2.4) L¥(F)(z) = ?‘ig{_m +F(t)}, >0,

and put f = exp(—L*(F)). Let F(t) = S(t) f(z)dz, ¥ = F~1 and let p; be a
probability density such that fi; = exp(—t¥). By Theorem

~log i (0) ~ K(L*(F)) (1) ~ L)) at oo.
Since F is concave, L(L*(F)) = F. It follows that
—log u(0)/F(t) ~ F(t)/F(t) — 400 at .

Construction of the function F: Since F(t) = o(t) at co, we can choose
a decreasing sequence ¢ | 0 and an increasing sequence t,, T oo such that

F(t) <egt forte [to,t1],

and
k

F(t) <ept+ Y tiein—e) fort € [ty tpsa], k> 1.
i=1
Finally, we let F be a piecewise linear function defined by the right-hand
sides of the inequalities above. Evidently t +— F(t) is a concave function.
The proof is finished. =

3. The case of the group G = Z. The aim of this section is to prove
Theorem|[I.I|assuming that G = Z. This can be done by reducing the problem
to the one on R.

Reduction to the group R. Let p be a symmetric probability measure
on Z and @ = ji be its characteristic function. We have

p0) = o | @) dr = @) d

7r
—T 0

We are looking for ¢ supported in [—¢,€] C [—m, 7] and having the form
® = e79 near zero. Let f : Ry — R4 be an increasing function such that

f(0) = 0. Define g and @y by the equalities

A
-1
g:<)\i—>8f(7')d’7'> , Py=e .
0
Then, by the Polya theorem, @ is the characteristic function of some prob-
ability measure pug on R, that is, &9 = fig. Next define @ as in Figure 1.
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Fig. 1. Construction of the function ¢

By construction, @ restricted to R is a continuous, decreasing and con-
vex function. The Pélya theorem implies that there exists a probability mea-
sure g1 on R such that ji; = @. Since ® € L', u; is absolutely continuous
with respect to the Lebesgue measure, and its density « — pi(x) can be
expressed as the inverse Fourier transform of @. Next we apply the Poisson
summation formula to (@, 1) (see [10]):

(3.1) Y B¢+ 2km) =D ()™, EeR
keZ ne”Z

Since @ is supported in the interval [—e, €] C [—m, 7], the equation ({3.1))
shows that for |¢] <,

(32) P(&) =) m(n)e™.

neZ
In particular, for £ = 0, (3.2)) gives

(33) 1= 2(0) = 3 pi(n).

nez
The equality (3.3)) implies that the distribution p on Z defined as pu({n}) =
p1(n) is a probability distribution. Its characteristic function @ coincides
with @y = e™9 on the interval (—¢',¢').

A
—— u, on R

sse | on Z'

v

4 321 01 2 3 4

Fig. 2. Construction of the probability measure pu on Z
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These observations show that for some A > 0,

€/

1 1
*Qn 78 2n dr = 75 2n diL'—i—O( —)\n)
T T
0 0
1 1
—86_2”9 dx ~ — S e 2" f(s)ds at oo,
T T

0

and therefore we can proceed as in Section 2 to prove the following theorem.

THEOREM 3.1. For any non-decreasing function F': Ry — Ry which is
o(t) at oo there exists a symmetric admissible probability measure p on 7
such that

—log u*(e)/F(n) — oo at oo.

4. The case when G is a countable periodic group. Let G be a
countable periodic abelian group, that is, each element ¢ € G has a finite
order. Then G can be represented as the union |J;-, Gy of an increasing
sequence of finite subgroups Gy. Indeed, let G = {id, aj, ag, ...}, Go = {id}
and let Gy = (aq,...,ar) be the group generated by the first k£ elements
ai,...,ag. By construction, every a € Gy is of the form ay™ -. .. -aZ”“, where
m; < max{order a;}. We have

Gr,CGrr1 CG, k=0,1,2,....
Next we can renumber the sequence {Gy} so that
Gy C Gk—i—l cG.

Clearly all Gy, are finite groups and, in fact, by structure theory [13] §A.27],
each Gy, is a finite product of cyclic groups Z(n;).

EXAMPLE 4.1. Let Z(2)* = Z(2) X Z(2) x - - -, where Z(2) = {1,0} with
addition mod 2. Then all elements & = (&,&1,...) € Z(2)* have order 1
or 2. We define the infinite countable periodic group G = Z(2)(>) ¢ Z(2)™®
as the set of all sequences £ = (&) which are eventually zero. For i € N, let
&, be the sequence (&) with & =1 and &, = 0 for k # i. Then clearly

Gr=(1,....4) 2 Z(2)" and G=|]JGs.
k=0
EXAMPLE 4.2. Let G = Z(p™) be the group of all pF-roots of unity,
Z(p™®) = {€ =exp(2mmi/p®) : 0<m <p*" =1, k=1,2,...}.
Clearly Z(p*) C Z(p**1) and G = |32, Z(p").
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PROPOSITION 4.1. Let {dy} be a sequence of natural numbers such that
diy1/dy is an integer equal to 2 or greater. Then there exists a countable
periodic group G and an increasing sequence of groups Gy C G such that
G = Ury Gi and dy, is the cardinality of Gy.

Proof. Define ¢ := dg41/di, k=0,1,2,.... Thend, =dy-co-... cn_1,
n = 1,2, .... Put @0 = Z(do), @n = Z(do) X Z(Co) X X Z(Cnfl), n > 1.
We have \@n| =dy-co... chp—1 = dy. Let now Gy = {(ep,1,1,...) :
e0 € Gol,...,G, ={(eo,e1,...,en,1,1,...) : (g, €1,...,en) € Gy}. Clearly
{Gy} increases and G = |J;2, G Also |Gg| = |Gy| = di. The group G is a
countable periodic group. m

Let H = G be the dual group of G, that is, the group of all characters
of G (see [13], [14]). According to the structure theory of abelian groups, H
is a compact totally disconnected group. Some examples which are basic for
our purpose are given below.

EXAMPLE 4.3.

o G=Z(p™), H= A, the group of p-adic integers,
o G=Z()®) H=ZI)™®, 1>2.

More generally,

o G=([[20) Z(l), H =TI Z(lk),

where []* Xj is the weak product of the groups Xj, that is, the set of all
sequences = = (z;) € [[ Xi which are eventually identities.

Let my be the uniform distribution on Gy, i.e. for A C Gy,

A
my A)=—.
SRR
Let {c;}72, C R4 be a sequence of positive reals such that -7 ¢, = 1.
Define a probability measure = u(c) on G as follows:
u=como+cimyg+---.

Evidently p is a symmetric admissible probability measure on G. We want
to find the Fourier transform fi of the measure p,

ily) = \(y,2) du(z), y e H.
G
Let Hy, = A(H,Gy) ={y € H: (y,x) = 1, VYo € G} be the annihilator of
the group Gy in the group H = G. In particular, Hy = H, Hp,1 C Hy and

H = (Ho\ Hy)U(H \H2)U---.
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ExAMPLE 4.4. Let G = ([[;2,)*Z(p;). Then

k o0 [e%¢)
Gy = HZ(M) x {e}, Ho= HZ(Pz‘% Hy = {e} x ] Zw),

i=k+1
where € = (eg+1, €kt2,...) and e = (e, ..., e) stand for identities.
PROPOSITION 4.2. The Fourier transform i of the measure p is of the
form
ﬂ(?/):CO+Cl+"'+Cka yer\Hk-f-la k’ZO,].,

Proof. Let G be a locally compact abelian group and L C G be a compact
subgroup. Let mp be the Haar measure of L regarded as a measure on G.
The Fourier transform my, of the measure my, is of the form [9, 2.14|

- 1 ifye A(H, L),
mily) = {0 if y ¢ A(H,L).
In particular, for L = G, C G,
N 1 ify € Hy,
(+1) m(y) = {0 ify e H\ Hy.
Using we compute the Fourier transform fi of the measure p
~ k
(4.2) = chmk—chlHk :Z<Zci)1Hk\Hk+1'
k=0 k=0 =0

Clearly (4.2)) gives the desired result. The proof is finished. =

PROPOSITION 4.3. Put o :=cy+c1+---~+cg fork >0 and o_1 :=0.
Then

e}

Z n—op_p)mg, n=12 ...
k=0

Proof. Observe that ¢, = o, — 0j_1. Proposition and the fact that
™ = (f1)™ imply that
p(y) = o, yeHy\ Hp, k=0,1,....

Since for any 7 > j, m; * m; = mj, the measure p*" has the same structure
as p, that is, u** = > apmy. Observe that the sum converges in variation.
Hence, by Proposition for any k =0,1,...,

w(y) = apig(y) = ao+ar + - +ag, Y€ Hy\ Hppr.

It follows that for £ =0,1,2,..., we must have ay := o} — 0,_;. The proof
is finished. =
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PROPOSITION 4.4. The measure u = pu(c) defined on the group G is
infinitely divisible. More precisely, for any n = 2,3,..., p = u*"*(a), where
a = (ag) is the sequence with entries aj = U;/n — 0,17"1, k=0,1,....

Proof. By Proposition for any sequence a = (a;) with non-negative
entries and for any k =0,1,...,

w(a)(y) = (a0 + a1+ +ax)", y € Hy\ Hgqr.
We want to find a = (a;) such that u(c) = p**(a). This gives an infinite
system of algebraic equations

co+cl—|—~-+ck:(ao+a1+---+ak)”, k=0,1,...,

which has a unique solution a = (ay): ap =

finished. m

PROPOSITION 4.5. The Fourier transform [i of the measure p = u(c) can
be represented in the form

(60) = exp(—w(0)), 0€H,
where the negative-definite function W has the representation
w(0) =\ (1 (z,0)dll(x), 0¢H.
G
The measure II on G is finite and can be written in the form

0,1/" — ai,/_nl. The proof is

0o
H:Zpkmkv pr>0,k=0,1,2,...,
k=0

where
Ck

1
pozﬂ(G)—logc— and pk:log[1+ }, k> 1.
0

Ok—1

Proof. By Proposition [£.4] the measure p is infinitely divisible, hence by
the representation formula valid for any locally compact abelian group (see
[6, Thm. 8.3] and [15]) its Fourier transform /i has the form

fu(0) = exp{=¥(0)}, 0 € H,

where ¥ : H — C is a negative-definite function on H. Since p is symmetric,
¥ is real-valued. By the celebrated Lévy—Khinchin formula (|6, Thm. 18.19]),

v(0) = 6(0)+ | Re(l—(x,0))dlI(a),
G\{e}
where ¢ is a non-negative definite quadratic form on H and II is a symmetric
measure on G \ {e}. Since the group H = G is totally disconnected, ¢ = 0.
Since G is discrete, I, by definition, is a finite symmetric measure on G\ {e}.
Extend the measure I to the whole group G putting II({e}) = mp > 0.
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Evidently this does not change the value of the function ¥(0), § € H. After
these preparations we can write the following equality:

w(0) = \(1— (x,0)) dlI (z) = II(G) — II(9).
G
On the other hand, we must have

1
U(0) = —logu(f) =log— if0 € H,\ Hgrq, k=0,1,....
Ok
Put A = II(G); then II(0) = A — ¥(). It follows that
~ 1
(4.3) ) =X—log— if@eH,\ Hpyy, k=0,1,....
Ok

Clearly we can choose the value mg = II({e}) large enough so that II(G) >
log(1/¢p) > 0. The equality (4.3) shows that IT has the same structure as p,

o0
I = Z DM
k=0

To find {pr} we solve the system of algebraic equations
1
A—log—=potpi+-+pe-1+pe, k=01,....
k

The desired result follows. =

Notation. For any finite measure P on G we define
1
e(P) := e_P(G){mo +P+ 5[?’”‘2 +-- },

and call this measure the compound Poisson measure.

PROPOSITION 4.6. The measure p = u(c) can be embedded in a weakly
continuous convolution semigroup (fut)r=o of symmetric probability measures
on G. Moreover, the following properties hold:

(1) Fach measure ps has a representation
e =e(tll), t>0,

where II is a finite measure on G (see Proposition.
(2) In particular, gy = > poqcr(t)my, where ci(t) = o), —oh_1, k =

0,1,....
Proof. Let ¥ be the negative-definite function defined by u. For each

t > 0 we define the probability measure py by its Fourier transform
[:(0) = exp{—t¥(0)}, 6€ H.

That this equation defines p; as a probability on G follows from the cele-
brated theorem of Bochner valid on any locally compact abelian group (see
[6, Thm. 8.3]). Evidently (u) is a weakly continuous convolution semigroup.
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The equation @ = exp(—t¥) follows by inspection. Hence the equal-
ity p = p1 follows from Proposition The second statement for rational
t = m/n is a consequence of Propositions and . Then for any real
t > 0 it follows by continuity. =

PROPOSITION 4.7. Let m be the Haar measure on G such that m({z})=1
for any x € G. For any t > 0 the measure p; is absolutely continuous with
respect to m and has a density x — py(x) given by

00 00 cnlt

k=0
In particular, for any finite set B C G, u(F) ~ pe(e)|F| at co.
Proof. Since p; is symmetric we must have
(@) < ule), z€G.
On the other hand, for x € G, \ G,_1,

() = i Ultc - Ulf;:—l _ i Ultc - Ultc—l _ nz_:l O—If;: - Ultc—l
= |Gyl = |Gyl —~ |Gyl
N ook
= pu(e) — Z W
k=0 k

Since each term o} /|G|, as a function of ¢ > 0, has an exponential decay
and the function ¢ — p;(e) has subexponential decay (this property holds
for any amenable group!) we must have

pe(z) ~ pe(e)  at oo,
which is true for any x € FN (G, \ G,,—1). Since we assume that I is finite,
this gives the result. =

Next, we want to investigate the asymptotic properties of the function
t +— pi(e) at infinity. Let dy := |G| and o (k) := > 72, | ¢; = 1 — 0. Define
a step function x — N(z) as follows: It has jumps at the points A\, = o (k)
and the values of the jumps are 1/d;. We also assume that z — N(z) is
right-continuous and N(0) = 0.

THEOREM 4.1. The following inequality holds:

(4.4) ;Ogoem dAN(\) < pi(e) < Ogoeﬂ“ dN(\) (36 = 6(c) > 1,Vt > 0).
0 0

Proof. According to Proposition [1.7] we can write

- ‘712_012—1 - U Uk 1
pe(e) = Z T4 = Z dy Z :
k=0 k=0
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This gives an upper bound

Since dj, > 2di_1, we also have
S
dp_1 2 — d

Write o}, = (1 — o(k))" = et’log(l_"(k)). Since all ¢, > 0, we have 0 < o(k) <
o(0) < 1. It follows that for some § > 1, and all k > 0,

—do(k) <log(l —o(k)) < —o(k),

and therefore
e too(k) ‘72 < e_w(k), k=0,1,2,....

Altogether we get

I~ ootk R R
kazodke <ut(e)<kzzodke .

Evidently we can write

Z di e~tok) = S e_t)‘dN()\),
k=0 K 0

which gives the result. »

Observe that for any non-decreasing continuous function f such that
f(t) — 0 as t — 0 one can construct a right-continuous step function A\ —
N(A) which has jumps 1/dj at the points o(k), and such that N < f. See
Figure 3.

A )

v

sk+hol®ak=-1) ... o2 o() o(0)

Fig. 3. Construction of the step function N < f
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Put ¢xy1 = o(k) — o(k + 1) and define a probability measure u =
> re o cemi. Let (p4)i>0 be the convolution semigroup such that p = py.

By (4.4),

pe) < [ e ).
0

With this bound in mind we can apply asymptotic properties of the Laplace
integral (see Theorem [2.2)) to get the following statement.

THEOREM 4.2. Let G be a countable periodic abelian group. For any
function F': Ry — Ry such that F(t) = o(t) at oo, there exists a symmetric
admissible probability measure p on G such that

—logu™(e)/F(n) — oo at co.

For any non-decreasing function g(¢) such that lim; .o g(t) = 0 one can
construct a step function N > ¢ with jumps 1/dy at o(k). See Figure 4.

A
r—g)

ol

c.‘_
e

»
»

. okok-Dok=2) .-

Fig. 4. Construction of the step function N > ¢

Put cx41 = o(k) — o(k + 1) and define a probability measure p =
ZZOZO cemy. Let (ut)e>0 be the convolution semigroup such that u = p;.
Applying the inequality (4.4) we obtain

17 17
(4.5) W) = 5 | e NN > 3 | e dg(N).
0 0
EXAMPLE 4.5. Assume that ¢ — g¢(t) is a non-decreasing function such
that lim; 9 g(t) = 0. Let N > g be as in Figure 4. Then

_at

2
0 0

AT RO

[e.e] o0

| e P2 aN(A) > é | e dg(N)

[e o]

| e g(X)dA
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Assuming that g(A7)/g(7) has dominated convergence as 7 — 0 to some
integrable function (in fact, always to the function A — A% 0 < a < oo,

see [7]) we obtain
6T —a

lim inf He(0) > - S 5% 0% ds = %F(l + ).

This simple observation leads us to some examples presented in Table 2.

Table 2. Some examples of slowly decaying functions

t— 1(0)
g(t) < at zero 1(0) = at infinity
1 t*, a>0 =
2 exp{—(log1)®}, 0<a<l exp{—(logt)*}
3 (log%)fl/a, a>0 (1o,1gt)1/a
4 [log(log %)}_1/0‘, a>0 [m]l/o<
5 [log ) %]71/0‘, a>0 [IOg(lk-) t]l/a

THEOREM 4.3. Let G be a countable periodic abelian group. For any non-
decreasing function R : Ry — Ry such that R(t) — oo at oo there exists a
symmetric admissible probability measure p on G such that

—logu™(e)/R(n) — 0  at oo.

Proof. Choose a concave increasing non-negative function ¢ — ]A%(t) such
that R(t)/R(t) — 0, R(t) — oo and R(t) = o(t) as t — oo. That such a
choice is possible follows from a simple geometric construction: see Figure 5.

t, t, t

Fig. 5. Construction of the function R

Define g(z) = e=£" @) and construct a step function N > ¢ as in
Figure 4. Applying (4.5) and Theorem we obtain

17 17 5 1 5
M*n(e) > 5 S e~ oA dg()\) _ 5 S e~ oA de—ﬁ*(R)(/\) - 5 e—ﬁ(ﬁ*(R))(nﬁ)_
0 0

Since R is concave, £(£*(R)) = R and we get the desired result. m
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REMARK 4.1. It is well known that if a locally compact non-compact
group G is compactly generated (in particular, for discrete G, finitely gen-
erated) the upper rate of decay of the function n — p*"(e) with symmetric
admissible p exists and is a geometric invariant of the group G. See for in-
stance [3], [19], [20]. In particular, let G be an abelian compactly generated
group. By structure theory [13, Thm. 9.8|,

G~R' xZ" x K,

where K is a compact group. Then, for any symmetric admissible g on G,
we must have

Iu*2n(6) < n—(l+m)/2 at oo.

Theorem shows that if G is not compactly generated, the upper rate
of decay of the function n +— p*?"(e) may not exist in the sense explained
above.

5. General case: proof of Theorem Let G be a locally compact
non-compact metric abelian group. According to structure theory [13], 24.30],

G=R"x 1T,

where n > 0 and the group I contains an open compact subgroup Iy C I'. In
particular, I'/I7 is a countable abelian group. We shall consider the following
two cases:

1. Assume that n > 0. Define a probability measure p on G by

= p1 @ [,
where p; and po are symmetric admissible probability measures on R and
on R"~! x I respectively. Let p1(z) and pz(y) be their symmetric and con-
tinuous densities. Then u(x,y) = p1(z)u2(y) is the density of p. Theorem
2.2 and the equality above show that Theorem [I.1]is true in this case.

2. Assume that n = 0. Then G = I" and I'/I} is a countable group, say
F/FO = {CLO = id,al,ag,...}.

The following two cases are possible:

(a) Assume that I'/T contains an element a of infinite order, that is,
a® #1id for k = 1,2,.... Let {(a) be the subgroup of I'/T} generated by a.
Clearly the mapping

v:iZ—(a), y(n)=a",
is an isomorphism between the group Z and (a). Let # : I' — I'/Iy be

the canonical homomorphism of I" onto I'/Iy. Evidently 7~!({a)) is an open
subgroup of I'. It is clear that the group 7~ ({a)) is generated by the compact
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set Iy Um !(a). By structure theory [I3, Thm. 9.8],
71 ((a)) 2 R™ x Z! x K,
where K is a compact group. Evidently m = 0 and since
7((@)/ o 2 7,
we must have [ = 1. Thus
7 Y({a)) 2 Z x I.

Let pq be a symmetric probability measure on Z and po be the Haar measure
on Iy. Consider the probability measure 1 ® uo on Z x Iy and lift it to the
group 7~ ((a)). Call this lifting u. Clearly p will have the property claimed
in Theorem provided p; is chosen as in Theorem [3.1]

(b) Assume that all elements of the group I'/I} are of finite order, i.e.
I'/T} is a countable periodic group. Let p be a probability measure on I/
with values p; := u({a;}), i =0,1,2,.... Define a probability measure i on
I’ as follows: Set ji on each compact set 7 !(a;) to be a uniform distribution
such that (7 '(a;)) = pi, i = 0,1,2,.... Since I" = ;507 '(a;) and the
cosets m1(a;) do not intersect, the definition is correct. Evidently fi is a
probability measure on I" and 7(f1) = p. It follows (see [9, Proposition 2.4])
that for alln=1,2,...,

p = ()" = (i)
In particular, since 7~ 1(id) = Iy we obtain
FM(Ip) = pmGd), n=1,2,....

It remains to choose the measure p on I'/I as in Theorem to get the
desired result in this last case.
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