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Abstract

We consider the motion of an incompressible magnetohydrodynamic (mhd) fluid in a domain
bounded by a free surface. In the external domain there exists an electromagnetic field generated
by some currents which keeps the mhd flow in the bounded domain. Then on the free surface
transmission conditions for electromagnetic fields are imposed. In this paper we prove existence
of local regular solutions by the method of successive approximations. The L2 approach is used.
This helps us to treat the transmission conditions.
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1. Introduction

In this paper we show local existence of solutions to a free boundary problem for the
incompressible magnetohydrodynamics. The motion of an incompresible magnetohydro-

dynamic fluid is considered in a domain
1

Ωt ⊂ R3 bounded by a free surface St as being

caused by an electromagnetic field in a domain
2

Ωt exterior to
1

Ωt, generated by some

currents located on a fixed external boundary B of
2

Ωt. In
1

Ωt the motion is described by

(1.1)

vt + v · ∇v − divT(v, p)− div(µ1T(
1

H)) = f in Ω̃T1 ,

div v = 0 in Ω̃T1 ,

µ1(
1

Ht + v · ∇
1

H −
1

H · ∇v)− 1

σ1
∆

1

H = 0 in Ω̃T1 ,

div
1

H = 0 in Ω̃T1 ,

where Ω̃T1 =
⋃

0≤t≤T
1

Ωt×{t}, v = v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) ∈ R3 is the velocity
of the fluid, p = p(x, t) ∈ R is the pressure, x = (x1, x2, x3) the global Cartesian coordi-

nates,
i

H =
i

H(x, t) = (
i

H1(x, t),
i

H2(x, t),
i

H3(x, t)) ∈ R3, i = 1, 2, is the magnetic field,
f = f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3 is the external force field, µ1 is the constant
magnetic permeability coefficient and σ1 the constant electric conductivity coefficient

in
1

Ωt. By T(v, p) we denote the stress tensor of the form

(1.2) T(v, p) = νD(v)− pI,

where ν is the constant viscosity coefficient, I is the unit matrix and

(1.3) D(v) = {vixj + vjxi}i,j=1,2,3,

is the dilatation tensor. Moreover, we denote by T(
1

H) the stress tensor of the magnetic
field described by

(1.4) T(
1

H) =

{
1

Hi

1

Hj −
1

H2

2
δij

}
i,j=1,2,3

.

In
2

Ωt there is no fluid motion but there is a fluid under a constant pressure p0 and the
magnetic field is described by the system of equations

(1.5)
µ2

2

H ′t −
1

σ2
∆

2

H ′ = 0 in Ω̃T2 ,

div
2

H ′ = 0 in Ω̃T2 ,

[5]
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where σ2, µ2 are the constant electric conductivity and magnetic permeability coefficients

in
2

Ωt and Ω̃T2 =
⋃

0≤t≤T
2

Ωt × {t}. We assume the following initial conditions hold:

(1.6)

i

Ωt|t=0 =
i

Ω, St|t=0 = S, i = 1, 2,

v|t=0 = v0,
1

H|t=0 =
1

H0 in
1

Ω,
2

H ′|t=0 =
2

H ′0 in
2

Ω.

On St we impose the following boundary conditions:

(1.7)
n̄ · T(v, p) + µ1n̄ · T(

1

H) = −p0n̄ on St,

v · n̄ = − ϕt
|∇ϕ|

on St,

where n̄ is the unit outward vector normal to
1

Ωt and ϕ(x, t) = 0 describes St at least
locally. Since the fluid considered is incompressible we can set p0 = 0. This also means
that p− p0 is p.

Finally, we assume that

(1.8)
2

H ′|B = H∗.

In view of the relation between the current and the magnetic field, for simplicity we
assume that the magnetic field is given on B.

To derive transmission conditions on the free surface St we recall the Maxwell equa-

tions in the form appropriate for mhd. In
1

Ωt the field equations take the form

(1.9)

µ1

1

Ht = − rot
1

E,

rot
1

H = σ1(
1

E + µ1v ×
1

H),

div(µ1

1

H) = 0,

and in
2

Ωt,

(1.10) µ2

2

H ′t = − rot
2

E, rot
2

H ′ = σ2

2

E,

where
1

E,
2

E are electric fields. Eliminating the electric fields, equations (1.9) and (1.10)
take the form

µ1

1

Ht = − 1

σ1
rot rot

1

H + µ1 rot(v ×
1

H),(1.11)

µ2

2

H ′t = − 1

σ2
rot rot

2

H ′.(1.12)

For the divergence free vectors
i

H we have

(1.13) rot rot
i

H = −∆
i

H, i = 1, 2.

Hence, we obtain equations (1.1)3,4 and (1.5).
To obtain energy type estimates we need homogenous boundary conditions on B.

Therefore, we construct a divergence free extension of H∗ denoted by H ′∗ such that it
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vanishes in a neighborhood of St. Then the function

(1.14)
2

H =
2

H ′ −H ′∗
is a solution to the problem

(1.15)

µ2

2

Ht +
1

σ2
rot rot

2

H = −µ2H
′
∗t −

1

σ2
rot rotH ′∗ ≡

2

G,

div
2

H = 0,
2

H|B = 0.

From [5, 3] we have the following transmission conditions on St:
1

Hτ =
2

Hτ , µ1

1

Hn = µ2

2

Hn, µ1 = µ2,(1.16)
1

Eτ =
2

Eτ ,(1.17)

where the subscript τ means the tangent coordinates to St and the subscript n the normal
ones.

In view of (1.9)2 and (1.10)2 condition (1.17) takes the form

(1.18)

(
1

σ1
rot

1

H − µ1v ×
1

H

)
τ

=
1

σ2
(rot

2

H)τ .

Since the electric currents are determined by the relations

(1.19) j1 = σ1(
1

E + µ1v ×
1

H), j2 = σ2

2

E,

continuity of the tangent components of the electric field for different conductivity coeffi-
cients means that the tangent components of currents are not continuous across St. Hence,
there are different electric currents on different sides of St. Summarizing, we formulate
our problem in compact form as

(1.20)

vt + v · ∇v − divT(v, p)− µ1

1

H · ∇
1

H +
µ1

2
∇

1

H2 = f in Ω̃T1 ,

div v = 0 in Ω̃T1 ,

n̄ · T(v, p) + µ1n̄ · T(
1

H) = 0 on St,

µ1(
1

Ht + v · ∇
1

H −
1

H · ∇v) +
1

σ1
rot rot

1

H = 0 in Ω̃T1 ,

div
1

H = 0 in Ω̃T1 ,

1
v|t=0 =

1
v(0),

1

H|t=0 =
1

H(0), in
1

Ω

and

(1.21)

µ2

2

Ht +
1

σ2
rot rot

2

H =
2

G in Ω̃T2 ,

div
2

H = 0 in Ω̃T2 ,
2

H = 0 on B,
2

H|t=0 =
2

H(0) in
2

Ω.

Moreover, on St we have the transmission conditions (1.16), (1.18).
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The equations of mhd (magnetohydrodynamics) describe mutual interaction between
the magnetic field and the fluid. Therefore the motion of a highly conducting fluid under
the electromagnetic field (the Lorentz force) and generation of electromagnetic field by
the motion of currents are considered. To describe the above interaction in the mhd
description we recall the Maxwell equations

(1.22)

divE = %e,

divH = 0,

rotE = −µHt,

rotH = j + Et,

where µ is the magnetic permeability, j is the current density, %e is the charge density.
Equations (1.22)1,4 imply the charge conservation

(1.23) %et + div j = 0.

Moreover, the incompressible and divergence free fluid motion is described by the Navier–
Stokes equations with the external electromagnetic force of the form

(1.24) fem = %eE + j ×H.

Finally, we have the Ohm law

(1.25) j = σ(E + v ×H).

For simplicity, we assume that B = H and D = E, where B and D are, respectively, the
magnetic and electric inductions.

In the mhd framework the electric force %eE is minute by comparison with the Lorentz
force, so it is cancelled. Moreover, the displacement currents are negligible, so one sets
%et = 0. This means that electric currents move in closed circuit. This also means that the
concentration of charges does not influence the fluid motion because the charge density
is negligible, unlike the current density j.

The above properties of conducting fluids imply the following electrodynamic equa-
tions used in mhd:

(1.26)
rotH = j, div j = 0, µHt = − rotE, divH = 0,

j = σ(E + v ×H), fem = µj ×H.
Then

(1.27) fem = µ rotH ×H = −µ
(

1

2
∇H2 −H · ∇H

)
.

Finally, H satisfies

(1.28) Ht = − 1

µ
rot

(
1

σ
rotH − v ×H

)
.

The above description implies problem (1.20) under some changes of constants. The aim
of this paper is to prove

Theorem 1.1. Assume that v0 ∈ H2(
1

Ω),
i

H0 ∈ H2(
i

Ω), i = 1, 2, ∂kt v|t=0 ∈ L2(
1

Ω),

∂kt
i

H|t=0 ∈ L2(
i

Ω), i = 1, 2, k ≤ 2, ∂it f̄ ∈ L2(
1

ΩT ), i ≤ 2,
2

Ḡ,
2

Ḡt ∈ L2(
2

ΩT ), S ∈ H5/2 and
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1
Ω
p dx = 0, where

i

ΩT =
i

Ω× [0, T ], i = 1, 2. Assume the transmission conditions (1.16),
(1.18) hold on St and µ1 = µ2. Then for T sufficiently small there exists a solution to
problem (1.20), (1.21), (1.16), (1.18) such that

∂it v̄ ∈ L∞(0, T ;H2−i(
1

Ω)) ∩ L2(0, T ;H3−i(
1

Ω)), i ≤ 2,

∂kt

i

H̄ ∈ L∞(0, T ;H2−k(
i

Ω)) ∩ L2(0, T ;H3−k(
i

Ω)) ≡ X(
i

ΩT ), k ≤ 2, i = 1, 2,

and

(1.29) ‖v̄‖
X(

1
ΩT )

+ ‖p̄‖2L2(0,T ;Γ2
0(Ω)) +

2∑
i=1

‖
i

H̄‖
X(

i
ΩT )

≤ c
[ 2∑
k=0

(‖∂kt v|t=0‖H2−k(Ω) +

2∑
i=1

‖∂kt
i

H|t=0‖
H2−k(

i
Ω)

)

+ ‖f̄‖
L2(0,T ;H2(

1
Ω))

+ ‖f̄t‖
L2(

1
ΩT )

+ ‖f̄tt‖
L2(

1
ΩT )

+ ‖
2

Ḡ‖
L2(0,T ;H2(

2
Ω))

+ ‖
2

Ḡt‖
L2(

2
ΩT )

+ ‖
2

Ḡtt‖
L2(

2
ΩT )

]
≡ D̄,

where
2

Ḡ is given by (1.15) and v̄, H̄, p̄ are expressed in lagrangian coordinates (see (2.2)).

Theorem 1.1 follows from Lemmas 7.1 and 8.1. Moreover, for D̄ small, the existence
time T can be chosen large (see Remark 7.2).

The paper is organized as follows. In Section 2 the notation is introduced. Moreover,
the lagrangian coordinates are recalled and the Navier–Stokes equations are formulated
in these coordinates. Finally, in Remark 2.4, the relations between the norms used in this
paper, expressed in both the lagrangian and eulerian coordinates, are proved. In Section 3,
by the Galerkin method, existence of solutions to the linearized problem (1.20)–(1.21) is
proved. Then we prove local existence of solutions to problem (1.20)–(1.21) by the method
of successive approximations in Sections 4–8. In Sections 4, 5 we derive appropriate
estimates for velocity using the formulation of the Navier–Stokes equations in lagrangian
coordinates. In Section 6 similar estimates are shown for the magnetic field. In this case
we use eulerian coordinates because in these coordinates the transmission conditions are
much simpler. For sequences constructed by the method of successive approximations,
boundedness is shown in Section 7 and convergence is shown in Section 8.

2. Notation and auxiliary results

First we introduce the notation employed in this paper. We do not distinguish between
norms of scalar and vector-valued functions. Let ω be a vector, ω = (ω1, . . . , ωn). Then

|ω| =
( n∑
i=1

|ωi|2
)1/2

.

Let Lp(Ω) =
{
u :

	
Ω
|u|p dx <∞

}
, p ∈ [1,∞]. The space of functions with the norm

‖u‖V 0
2 (ΩT ) = ‖u‖L∞(0,T ;L2(Ω)) + ‖u‖L2(0,T ;H1(Ω))
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is denoted by V 0
2 (ΩT ). We shall use the notation

‖u‖Γlk(Ω) =
∑
i≤l−k

‖∂itu‖Hl−i(Ω), l, k ∈ N,

where H l(Ω) =
{
u :
∑
|α|≤l ‖Dα

xu‖L2(Ω) <∞
}
and

‖u‖Γlk,r(ΩT ) = ‖u‖Lr(0,T ;Γlk(Ω)).

Let
‖u‖Lkp(Ω) =

∑
|α|=k

‖Dα
xu‖Lp(Ω), ‖u‖L1

2(Ωt) = ‖ux‖L2(Ωt) + ‖ut‖L2(Ωt),

where α = (α1, α2, α3) and |α| = α1 + α2 + α3, αi ∈ N0 ≡ N ∪ {0}, i = 1, 2, 3, Dα
x =

∂α1
x1
∂α2
x2
∂α3
x3

.
We denote by c a generic constant which changes its value from formula to formula.

Similarly we denote by ϕ a generic function which is always positive and increasing.
To examine free boundary problems in hydrodynamics we use lagrangian coordinates

which are the initial data to the following Cauchy problem:

(2.1)
dx

dt
= v(x, t), x|t=0 = ξ ∈

1

Ω.

Therefore,

(2.2) xv(ξ, t) = ξ +

t�

0

v̄(ξ, s) ds,

where v̄(ξ, t) = v(xv(ξ, t), t). To define lagrangian coordinates in
2

Ωt we need

Lemma 2.1 ([9]). Let X(
1

Ωt) be some Sobolev space. Let v ∈ X(
1

Ωt) be divergence free.

Then there exists an extension v′ of v on
1

Ωt∪
2

Ωt such that v′ is divergence free, v′| 1
Ωt

= v

and there exists a constant c such that

(2.3) ‖v′‖
X(

1
Ωt∪

2
Ωt)
≤ c‖v‖

X(
1
Ωt)
.

In view of the definition of lagrangian coordinates we have
1

Ωt = {x ∈ R3 : x = xv(ξ, t), ξ ∈
1

Ω}, St = {x ∈ R3 : x = xv(ξ, t), ξ ∈ S},
1

Ωt ∪
2

Ωt = {x ∈ R3 : x = xv′(ξ, t), ξ ∈
1

Ω ∪
2

Ω}.
To formulate our problem in lagrangian coordinates we need the notation

(2.4)
∇v̄ =

∂ξk
∂x

∂

∂ξk
, Dv̄ū = ∇v̄ū+ (∇v̄ū)T ,

Tv̄(ū, p̄) = Dv̄(ū)− p̄I, divv̄ v̄ = ∂xiξk∂ξk v̄i = ∇v̄ · v̄,

where summation over repeated indices is assumed, ξ = ξ(x, t) is the inverse transforma-
tion to x = xv̄(ξ, t). From [11, 10] we have

Lemma 2.2. Let Ω ⊂ R3 be a given bounded domain. Let v ∈ L2(Ω) be such that

(2.5) EΩ(v) =
�

Ω

(vjxi + vixj )
2 dx.
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Then there exists a constant c such that

(2.6) ‖v‖2H1(Ω) ≤ c(EΩ(v) + ‖v‖2L2(Ω)).

Lemma 2.3. Let (2.2) describe the relation between the eulerian x and the lagrangian ξ

coordinates. Then

|xξ − I| ≤
∣∣∣ t�

0

v̄ξ(ξ, s) ds
∣∣∣,(2.7)

|ξx| ≤ exp

t�

0

|v̄ξ(ξ, s)| ds.(2.8)

Proof. Expressing (2.2) in the form that

(2.9) x = ξ +

t�

0

v̄(ξ, s) ds,

we see that (2.7) is obvious. To show (2.8) we obtain from (2.9) the relation

ξx = I −
t�

0

v̄ξ(ξ, s)ξx ds,

so

(2.10)
d

dt
ξx = −v̄ξξx.

From (2.10) it follows that

(2.11)
1

2

d

dt
ln |ξx|2 ≤ |v̄ξ|,

so (2.8) holds.

To show higher space regularity of velocity we express equations (1.1) in lagrangian
coordinates

(2.12)

v̄t −∇v̄ · Tv̄(v̄, p̄) = f̄ −∇v̄ §̄,
divv̄ v̄ = 0,

n̄v̄ · Tv̄(v̄, p̄) = −µ1n̄v̄ · §̄,
v̄|t=0 = v0,

where

(2.13)
§ = §(H) = {Sij(H)} =

{
HiHj − 1

2H
2δij

}
i,j=1,2,3

,

§̄ = §(H̄), n̄v̄(ξ, t) = n̄(x(ξ, t), t).

Continuing, we linearize (2.12) in the form

(2.14)

v̄t −∇ξ · Tξ(v̄, p̄) = −(∇2
ξ −∇2

ū)v̄ + (∇ξ −∇ū)p̄+ f̄ −∇ū§̄ ≡ F,
divξ v̄ = divξ v̄ − divū v̄ ≡ g,
n̄ξ · Tξ(v̄, p̄) = n̄ξ · Tξ(v̄, p̄)− n̄ū · Tū(v̄, p̄)− n̄ū · §̄ ≡ h,
v̄|t=0 = v0,
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where n̄ξ is the unit outward vector normal to S = ∂Ω, Tξ(v̄, p̄) = Dξ(v̄)− p̄I and ū is a
given function. Finally,

Dξ(v̄) = ∇ξ v̄ + (∇ξ v̄)T .

To show higher regularity with respect to space variables we need local considerations.

For this purpose we introduce a partition of unity {
i

Ω̃k,
i

ζk},
i

Ω =
⋃
k

i

Ω̃k, supp
i

ζk ⊂
i

Ω̃k,
i = 1, 2.

Let
i

Ω̃ be one of the
i

Ω̃k and
i

ζ(ξ) =
i

ζk(ξ) the corresponding function. If
i

Ω̃ is an interior

subdomain we introduce ω̃i such that ¯̃ωi ⊂
i

Ω̃ and
i

ζ(ξ) = 1 for ξ ∈ ω̃i, i = 1, 2. Otherwise

we assume that
i
¯̃Ω ∩ S 6= ∅, ¯̃ωi ∩ S 6= ∅, ¯̃ωi ⊂

i
¯̃Ω, i = 1, 2. In this case we introduce a local

coordinate system y = (y1, y2, y3) with origin in the middle of S̃ = S ∩
i
¯̃Ω obtained from

the lagrangian coordinates by translation and rotation. In these local coordinates we can

express S̃ by y3 = F (y1, y2) with the y3 axis directed into
1

Ω. Then

(2.15)

1

Ω̃ = {y : |y′| < λ, F (y′) < y3 < F (y′) + λ, y′ = (y1, y2)},
2

Ω̃ = {y : |y′| < λ, F (y′)− λ < y3 < F (y′)}.
Having coordinates y = (y1, y2, y3) we introduce a new system of coordinates z = z(y)

by the relations

(2.16) zi = yi, i = 1, 2, z3 = y3 − F (y′).

In these coordinates S̃ is described by the equation z3 = 0. Let

(2.17) z = Φ(ξ) ≡ Ψ(y).

In view of the above transformation we have

(2.18)
i

Ω̂ = Φ(
i

Ω), i = 1, 2,

where by (2.15) we derive

(2.19)
1

Ω̂ = {z : |z′| < λ, 0 < z3 < λ},
2

Ω̂ = {z : |z′| < λ, −λ < z3 < 0},

where z′ = (z1, z2).
Let ū = ū(ξ, t) be any vector in lagrangian coordinates. Then

(2.20) û(z, t) = ū(Φ−1(z), t), ũ(z, t) = û(z, t)ζ̂(z).

For the interior subdomain
i

Ω̃ we have

(2.21) ũ(ξ, t) = ū(ξ, t)ζ(ξ).

Moreover, we introduce

(2.22) ∇̂j =
∂zi
∂ξj
∇zi .

To derive the space regularity of weak solutions we restrict our considerations to neigh-
borhoods of S, because proofs of estimates in interior subdomains are simpler. Necessary
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estimates in the whole domains
1

Ω and
2

Ω follow from the properties of the partition of
unity.

Next, we transform problem (2.14) to the local coordinates z and localize it to supp
1

ζ.
Then problem (2.14) takes the form

(2.23)

ṽt − ν divz Dz(ṽ) +∇z p̃ = F̃ + (∇z − ∇̂)p̃+ ∇̂
1

ζ̂ p̂

− ν(∇2
z − ∇̂2)ṽ − ν(2∇̂

1

ζ̂∇̂v̂ + v̂∇̂2
1

ζ̂ v̂) ≡ F0,

∇z · ṽ = ∇z · ṽ − ∇̂ · ṽ + ∇̂
1

ζ̂ v̂ + g̃ ≡ g0,

n̄z · Tz(ṽ, p̃) = n̄z · Tz(ṽ, p̃)− n̂ · T̂(ṽ, p̃) + n̂ · B̂(
1

ζ̂) · v̂ + h̃ ≡ h0,

ṽ|t=0 = ṽ0,

where B̂(
1

ζ̂) = {∇̂i
1

ζ̂δjk + ∇̂j
1

ζ̂δik}i,j=1,2,3.
Finally, we formulate results describing relations between eulerian and lagrangian

coordinates.

Remark 2.4. Let x = ξ +
	t
0
v̄(ξ, t′) dt′ ≡ x(ξ, t) and ξ = x −

	t
0
v(x, t′) dt′ ≡ ξ(x, t).

Let α(v̄) = t1/2‖v̄‖L2(0,t;H3(Ω)). Let ϕ be some increasing positive function. Let ω be any
function. Then

ω(x, t) = ω̄(ξ(x, t), t), ω̄(ξ, t) = ω(x(ξ, t), t).

First we have

(2.24)

�

Ω

ω̄2
ξ dξ =

�

Ω

ω2
x(x(ξ, t), t)x2

ξ dξ ≤ ‖xξ‖2L∞(Ω)

�

Ωt

ω2
x dx,

�

Ωt

ω2
x dx =

�

Ωt

ω̄2
ξ (ξ(x, t), t)ξ2

x dx ≤ ‖ξx‖2L∞(Ω)

�

Ω

ω̄2
ξ dξ,

where

xξ = δ +

t�

0

v̄ξ(ξ, t
′) dt′, so ‖xξ‖L∞(Ω) ≤ c(1 + α(v̄))

and

ξx = δ −
t�

0

v̄ξ(ξ, t
′)ξx dt

′, so
d

dt
ξx = −v̄ξξx,

where δ is the unit matrix.

Then

ξ2
x ≤ exp

t�

0

|v̄ξ(ξ, t′)| dt′ ≤ exp cα(v̄).

Next we calculate
ω̄ξξ = ωxxx

2
ξ + ωxxξξ.

Hence

(2.25) ‖ω̄ξξ‖2L2(Ω) ≤ c‖ω‖
2
H2(Ωt)

ϕ(α(v̄)),
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because

‖xξξ‖L4(Ω) ≤ c
t�

0

‖v̄ξξ(t′)‖H1(Ω) dt
′ ≤ cα(v̄).

Moreover

ωxx = ω̄ξξξ
2
x + ω̄ξξxx and

d

dt
ξxx = −(v̄ξξξ

2
x + v̄ξξxx).

Hence

‖ξxx‖L4(Ω) ≤ exp
(t�

0

|v̄ξ| dt′
) t�

0

‖v̄ξξ‖L4(Ω) dt
′ sup
t
|ξx| ≤ ϕ(α(v̄)).

Therefore, we have

(2.26) ‖ωxx‖2L2(Ωt)
≤ c‖ω̄‖2H2(Ω)ϕ(α(v̄)).

Next, we calculate
ω̄ξξξ = ωxxxx

3
ξ + 2ωxxxξxξξ + ωxxξξξ,

where xξξξ =
	t
0
v̄ξξξ dt

′.
We have

(2.27) ‖ω̄ξξξ‖L2(Ω) ≤ ‖ω‖H3(Ωt)ϕ(α(v̄))

and for the inverse transformation

(2.28) ‖ωxxx‖L2(Ωt) ≤ ‖ω̄‖H3(Ω)ϕ(α(v̄)).

Next,
ω̄t(ξ, t) = ωx(x(ξ, t), t)v(x(ξ, t), t) + ωt(x, t),

ωt(x, t) = ω̄ξ(ξ(x, t), t)ξt + ω̄t(ξ, t),

ξt = −v̄(ξ, t).

Then

(2.29)
‖ω̄t‖L2(Ω) ≤ c‖ωx‖L2(Ωt)‖v‖H2(Ωt) + ‖ωt‖L2(Ωt),

‖ωt‖L2(Ωt) ≤ c‖ω̄ξ‖L2(Ω)‖v̄‖H2(Ω) + ‖ω̄t‖L2(Ω).

Next, we calculate the second time derivatives:

ω̄tt = ωxxv
2 + 2ωxtv + ωx(vxv + vt) + ωtt, ωtt = ω̄ξξξ

2
t + 2ω̄ξtξt + ω̄ξξtt + ω̄tt.

Hence, we have

(2.30)

‖ω̄tt‖L2(Ω) ≤ c‖ω‖H2(Ωt)(‖v‖
2
H2(Ωt)

+ ‖vt‖H1(Ωt))

+ c‖ωxt‖L2(Ωt)‖v‖H2(Ωt) + ‖ωtt‖L2(Ωt),

‖ωtt‖L2(Ωt) ≤ c‖ω̄‖H2(Ω)(‖v̄‖2H2(Ω) + ‖v̄t‖H1(Ω))

+ c‖ω̄ξt‖L2(Ω)‖v̄‖H2(Ω) + ‖ω̄tt‖L2(Ω).

Next we calculate the third derivatives:

ω̄ttξ = ωxxxv
2xξ + 2ωxxvvxxξ + 2ωxxtvxξ + ωxtvxxξ

+ ωxx(vxv + vt)xξ + ωx(vxv + vt)xxξ + ωttxxξ.
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Then

(2.31) ‖ω̄ttξ‖L2(Ω) ≤ c[‖ω‖H3(Ωt)(‖v‖
2
H2(Ωt)

+ ‖vt‖H1(Ωt))

+ ‖ωt‖H2(Ωt)‖v‖H2(Ωt) + ‖ωttx‖L2(Ωt)]ϕ(α(v̄)).

Similarly,

ωttx = ω̄ξξξξxξ
2
t + 2ω̄ξξξxtξt + ω̄ξξtξxξt + ω̄ξtξxt

+ ω̄ξξξxξtt + ω̄ξξttx + ω̄ttξξx,

where ξtt = −v̄t, ξttx = −v̄ξtξx. Hence

(2.32) ‖ωttx‖L2(Ωt) ≤ c[‖ω̄‖H3(Ω)(‖v̄‖2H2(Ω) + ‖v̄t‖H1(Ω))

+ ‖ω̄t‖H2(Ω)‖v̄‖H2(Ω) + ‖ω̄ttξ‖L2(Ω)]ϕ(α(v̄)).

Consider the relations

ω̄tξ = ωxx(x(ξ, t), t)v(x(ξ, t), t)xξ + ωx(x(ξ, t), t)vx(x(ξ, t), t)xξ + ωtx(x(ξ, t), t)xξ,

ωtx = ω̄ξξ(ξ(x, t), t)v̄(ξ(x, t), t)ξx + ω̄ξ v̄ξξx + ω̄tξξx.

Then

(2.33) ‖ω̄tξ‖L2(Ω) ≤ c(‖ωxx‖L2(Ωt)‖v‖H2(Ωt) + ‖ωx‖H1(Ωt)‖vx‖H1(Ωt)

+ ‖ωtx‖L2(Ωt))α(v̄)

and

(2.34) ‖ωtx‖L2(Ωt) ≤ c(‖ω̄ξξ‖L2(Ω)‖v̄‖H2(Ω) + ‖ω̄ξ‖H1(Ω)‖v̄ξ‖H1(Ω)

+ ‖ω̄tξ‖L2(Ω))ϕ(α(v̄)).

Finally, we calculate

ω̄tξξ = ωxxxx
2
ξv + ωxxxξξv + 2ωxxx

2
ξvx + ωxvxxx

2
ξ + ωxvxxξξ + ωtxxx

2
ξ + ωtxxξξ,

ωtxx = ω̄ξξξξ
2
xv̄ + ω̄ξξξxxv̄ + 2ωξξξ

2
xv̄ξ + ω̄ξ v̄ξξξ

2
x + ω̄ξ v̄ξξxx + ω̄tξξξ

2
x + ω̄tξξxx.

Then we have

‖ω̄tξξ‖L2(Ω) ≤ c(‖ω‖H3(Ωt)‖v‖H2(Ωt) + ‖ωtx‖H1(Ωt))ϕ(α(v̄)),(2.35)

‖ωtxx‖L2(Ωt) ≤ c(‖ω̄‖H3(Ω)‖v̄‖H2(Ω) + ‖ω̄tξ‖H1(Ω))ϕ(α(v̄)).(2.36)

Consider the problem

(2.37)

rot
i

H =
i
g in

i

Ωt, i = 1, 2,

div(µi
i

H) = 0 in
i

Ωt, i = 1, 2,
1

Hτ =
2

Hτ , µ1

1

Hn = µ2

2

Hn on St,
2

H|B = 0,

where t is fixed. From [5, Theorem 6] we have
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Lemma 2.5. Assume that
i
g ∈ L2(

i

Ωt), i = 1, 2. Then there exists a solution to problem

(2.37) such that
i

H ∈
1

H(
i

Ωt), i = 1, 2, and

(2.38)

2∑
i=1

‖
i

H‖
H1(

i
Ωt)
≤ c

2∑
i=1

‖ ig‖
L2(

i
Ωt)
.

3. Existence for the linearized problem

To prove existence of solutions to problem (1.16), (1.18) (1.20), (1.21) we formulate
it in the form of integral identities. This approach implies a natural treatment of the
transmission problem for the electromagnetic field. Moreover, the formulation restricts
our considerations to the L2-approach.

Now we present an integral formulation of problem (1.20)–(1.21). Multiplying (1.20)1

by a divergence free function ϕ, integrating the result over
1

Ωt and using the boundary
conditions (1.20)3 we get

(3.1)
�
1
Ωt

(vt + v · ∇v)ϕdx+
�
1
Ωt

D(v) · D(ϕ) dx =
�
1
Ωt

f · ϕdx− µ1

�
1
Ωt

T(
1

H) · D(ϕ) dx.

Multiplying (1.20)4 by a function
1
ϕ and integrating over

1

Ωt we obtain

(3.2) µ1

�
1
Ωt

(
1

Ht + v · ∇
1

H) · 1
ϕdx− µ1

�
1
Ωt

1

H · ∇v · 1
ϕdx− 1

σ1

�
1
Ωt

∆
1

H · 1
ϕdx = 0.

Multiplying (1.21)1 by a function
2
ϕ and integrating over

2

Ωt implies

(3.3) µ2

�
2
Ωt

2

Ht ·
2
ϕdx− 1

σ2

�
2
Ωt

∆
2

H · 2
ϕdx =

�
2
Ωt

2

G · 2
ϕdx.

To prove existence of solutions to integral identities (3.1), (3.2) and (3.3) we first
transform them to lagrangian coordinates. Passing to lagrangian coordinates in (3.1)
yields

(3.4)
�
1
Ω

v̄t · ϕ̄ dξ+
�
1
Ω

Dv̄(v̄) ·Dv̄(ϕ̄) dξ =
�
1
Ω

f̄ · ϕ̄ dξ−µ1

�
1
Ω

T(
1

H̄) ·Dv̄(ϕ̄) dξ ≡
�
1
Ω

0

K̄(v̄) · ϕ̄ dξ.

To prove estimates and existence of solutions to integral identities (3.2)–(3.4) we trans-
form identities (3.2) and (3.3) to the forms

(3.5) µ1

�
1
Ωt

(
1

Ht + v · ∇
1

H) · 1
ϕdx+

1

σ1

�
1
Ωt

rot rot
1

H · 1
ϕdx = µ1

�
1
Ωt

1

H · ∇v · 1
ϕdx

and
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(3.6) µ2

�
2
Ωt

(
2

Ht + v′ · ∇
2

H) · 2
ϕdx+

1

σ2

�
2
Ωt

rot rot
2

H · 2
ϕdx

= µ2

�
2
Ωt

v′ · ∇
2

H · 2
ϕdx+

�
2
Ωt

2

G · 2
ϕdx.

Adding (3.5) and (3.6) and applying the transmission conditions (1.16), (1.18) we get

1

σ1

�
1
Ωt

rot rot
1

H · 1
ϕdx+

1

σ2

�
2
Ωt

rot rot
2

H · 2
ϕdx =

2∑
i=1

1

σi

�
i
Ωt

rot
i

H · rot
i
ϕdx

+
1

σ1

�

St

rot
1

H ·
1
n̄× 1

ϕdSt +
1

σ2

�

St

rot
2

H ·
2
n̄× 2

ϕdSt

=

2∑
i=1

1

σi

�
i
Ωt

rot
i

H · rot
i
ϕdx− µ1

�

St

v ×
1

H ·
1
n̄× ϕdSt,

where we have used the facts that
1
n̄ = −

2
n̄,

i
n̄ is the unit normal vector to St outward to

i

Ωt and
1
ϕτ =

2
ϕτ = ϕτ on St. Then we obtain

(3.7)
2∑
i=1

[
µi

�
i
Ωt

(
i

Ht +
i
v · ∇

i

H) · iϕdx+
1

σi

�
i
Ωt

rot
i

H · rot
i
ϕdx

]

= µ1

�
1
Ωt

1

H · ∇1
v · 1
ϕdx+ µ2

�
2
Ωt

2
v · ∇

2

H · 2
ϕdx+

�
2
Ωt

2

G · 2
ϕdx

+ µ1

�

St

1
v ×

1

H ·
1
n̄× ϕdSt ≡

�
1
Ωt

1

K · 1
ϕdx+

�
2
Ωt

2

K · 2
ϕdx+

�

St

3

K · ϕdSt,

where we have used the notation

(3.8)
1
v = v,

2
v = v′.

In (3.7) the quantities
i

K, i = 1, 2, 3, are treated as given.
To prove existence of solutions to (3.4) and (3.7) we introduce the lagrangian coordi-

nates
1

ξ,
2

ξ as the Cauchy data to the problems

(3.9)
dx

dt
=

i
v(x, t), x|t=0 =

i

ξ, x ∈
i

Ωt, i = 1, 2.

In this section we prove existence of solutions to linearized integral identities (3.4) and
(3.7) by the Galerkin method. Existence of solutions to the nonlinear equations will be
proved in Sections 4–8 by the method of successive approximations.

Let
1
u be given. Then the linearized (3.4) takes the form

(3.10)
�
1
Ω

v̄t · ϕ̄ d
1

ξ +
�
1
Ω

D1
ū
(v̄) · D1

ū
(ϕ̄) d

1

ξ =
�
1
Ω

0

K̄(
1
ū) · ϕ̄ d

1

ξ.

To linearize (3.7) we introduce the notation: H = (
1

H,
2

H), ψ = (
1
ϕ,

2
ϕ), u = (

1
u,

2
u), K =
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(
1

K,
2

K), ξ = (
1

ξ,
2

ξ), Ω =
1

Ω ∪
2

Ω, µ = (µ1, µ2), σ = (σ1, σ2). Then we express (3.7) in
compact form as

(3.11) µ
�

Ω

H̄t · ψ̄ dξ +
1

σ

�

Ω

rotū H̄ · rotū ψ̄ dξ =
�

Ω

K̄ · ψ̄ dξ +
�

S

3

K̄ · ϕ̄ dS.

Now we prove the existence of solutions to the integral identities (3.5)–(3.7).

Lemma 3.1. Assume that
0

K̄ ∈ L2(
1

ΩT ), v(0) ∈ L2(
1

Ω), H(0) ∈ L2(Ω), K̄ ∈ L2(ΩT ),
3

K̄ ∈ L2(ST ),
1
ū ∈ L2(0, T,H3(

1

Ω)), ū ∈ L2(0, T ;H3(
1

Ω)) and T is sufficiently small.
Assume the transmission condition (1.16), (1.18) hold. Then there exist solutions to the
integral identities (3.10), (3.11) and

‖v̄‖2
L∞(0,T ;L2(

1
Ω))

+ ‖∇v̄‖2
L2(

1
ΩT )
≤ c(‖v̄(0)‖2

L2(
1
Ω)

+ ‖
0

K̄‖2
L2(

1
ΩT )

),(3.12)

‖H̄‖2L∞(0,T ;L2(Ω)) + ‖∇H̄‖2L2(ΩT ) ≤ c(‖H̄(0)‖2L2(Ω) + ‖K̄‖2L2(ΩT ) + ‖
3

K̄‖2L2(ST )).(3.13)

Proof. To prove existence of solutions we use the Galerkin method. Therefore we are
looking for the approximate solutions to system (3.10)–(3.11) in the form

(3.14)

v̄n =

n∑
k=1

αkn(t)ϕk(ξ),

1

H̄n =

n∑
k=1

1

βkn(t)
1
ϕk(ξ),

2

H̄n =

n∑
k=1

2

βkn(t)
2
ϕk(ξ), so

H̄n =

n∑
k=1

βkn(t)ψk(ξ),

where supp
i
ϕk ⊂

i

Ω, i = 1, 2. Inserting (3.14) in (3.10)–(3.11), respectively, and replacing
ϕ̄ by ϕk,

i
ϕ̄ by

i
ϕk, i = 1, 2, we obtain the system of ordinary differential equations:

(3.15)
d

dt
αkn = aklαln + dk, µi

d

dt

i

βkn =
i
akl

i

βln +
i

dk, i = 1, 2,

where k = 1, . . . , n, and the summation convention over repeated indices is assumed.
Moreover

(3.16)

akl =
�
1
Ω

D1
ū
(ϕl) · D1

ū
(ϕk) dξ, dk =

�
1
Ω

0

K̄ϕk d
1

ξ,

i
akl = − 1

σi

�

Ω

rotū ψk · rotū ψl dξ, i = 1, 2,

i

dk =
�

Ω

K̄ · ψk dξ +
�

S

3

K̄ · 1
ϕkd

1

ξ, i = 1, 2.

Finally, we have the initial conditions

(3.17) αkn|t=0 = αkn(0),
i

βkn|t=0 =
i

βkn(0), i = 1, 2,

which follow from (1.6)2,3.
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Existence of solutions to the ordinary differential equations (3.15) with initial condi-
tions (3.17) is evident.

To prove the existence of solutions in L∞(0, T ;L2(
i

Ω)) ∩ L2(0, T ;H1(
i

Ω)), only corre-
sponding estimates will be shown. Multiply (3.15) by αkn, βkn, respectively, next sum
the results with respect to k and add. Adding the expressions with respect to k, inte-
grating with respect to time, letting n → ∞ and using Lemma 2.5 we obtain (3.12),
(3.13).

Similarly we can prove

Lemma 3.2. Assume that
0

K̄ ∈ H2(0, T ;L2(
1

Ω)), ∂kt v̄(0) ∈ L2(
1

Ω), ∂kt H̄(0) ∈ L2(Ω),

k = 1, 2, K̄ ∈ H2(0, T ;L2(Ω)),
3

K̄ ∈ H2(0, T ;L2(S)),
1
ū ∈ L2(0, T ;H3(

1

Ω)),
1
ūt ∈ L2(0, T ;

H2(
1

Ω)), ū ∈ L2(0, T ;H3(Ω)), ūt ∈ L2(0, T ;H2(Ω)), v̄t ∈ L2(0, T ;H2(
1

Ω)), H̄t ∈ L2(0, T ;

H2(Ω)) and T is sufficiently small. Assume the transmission conditions (1.16), (1.18)
hold. Then a weak solution to problem (3.10), (3.11) satisfies

(3.18) ‖v̄‖2
W 2
∞(0,T ;L2(

1
Ω))

+ ‖v̄‖2
H2(0,T ;H1(

1
Ω))

≤ c
(
α(

1
ū)
(
‖v̄‖2

L2(0,T ;H2(
1
Ω))

+
√
T

T�

0

‖
1
ūt‖2

H1(
1
Ω)
dt ‖v̄‖2

L∞(0,T ;H2(
1
Ω))

+ ‖v̄t‖2
L∞(0,T ;H1(

1
Ω))

)
+ ‖

0

K̄‖2
H2(0,T ;L2(

1
Ω))

+

2∑
k=0

‖∂kt v̄(0)‖2
L2(

1
Ω)

)
,

(3.19) ‖H̄‖2W 2
∞(0,T ;L2(Ω)) + ‖H̄‖2H2(0,T ;H1(Ω))

≤ c
(
α(ū)

(
‖H̄‖2L2(0,T ;H2(Ω)) +

√
T

T�

0

‖ūt‖2H1(Ω) dt ‖H̄‖
2
L∞(0,T ;H2(Ω))

+ ‖H̄t‖2L∞(0,T ;H1(Ω))

)
+ ‖K̄‖2H2(0,T ;L2(Ω)) + ‖

3

K̄‖2H2(0,T ;L2(S))

+

2∑
k=0

‖∂kt H̄(0)‖2L2(Ω)

)
,

where α(
1
ū) is given by Remark 2.4.

4. Space regularity of solutions to (2.14)

Lemma 4.1. Assume that F ∈ L2(
1

Ωt), g ∈ Γ1
0,2(

1

Ωt), h ∈ L2(0, t;H1/2(S)) ∩

L∞(0, t;L2(S)), ht ∈ L2(St), t ≤ T , v(0) ∈ H1(
1

Ω). Moreover, v̄ξt ∈ L2(
1

Ωt), t ≤ T .
Then a weak solution to problem (2.14) satisfies
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(4.1) ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄‖2
Γ2
1,2(

1
Ωt)

+ ‖p̄‖2
L2(0,t;H1(

1
Ω))

≤ ε‖v̄ξt‖2
L2(

1
Ωt)

+ c(1/ε)(‖F‖2
L2(

1
Ωt)

+ ‖g‖2
Γ1
0,2(

1
Ωt)

+ ‖h‖2L2(0,t;H1/2(S))∩L∞(0,t;L2(S)) + ‖ht‖2L2(St)) + c‖v(0)‖2
H1(

1
Ω)
,

where t ≤ T , ε ∈ (0, 1).

Proof. Multiplying (2.14) by v̄, integrating the result over
1

Ω and integrating by parts we
obtain

(4.2)
1

2

d

dt

�
1
Ω

|v̄|2 dξ + ν
�
1
Ω

|D(v̄)|2 dξ −
�

S

n̄ · T(v̄, p̄) · v̄ dS −
�
1
Ω

p̄g dξ =
�
1
Ω

F v̄ dξ.

Applying the Korn inequality (2.6) to the second integral, the boundary condition (2.14)3

and the Hölder and Young inequalities we obtain

(4.3)
1

2

d

dt
‖v̄‖2

L2(
1
Ω)

+ ν‖v̄‖2
H1(

1
Ω)

≤ c(‖v̄‖2
L2(

1
Ω)

+ ‖h‖2L2(S) + ‖F‖2
L2(

1
Ω)

) + ε‖p̄‖2
L2(

1
Ω)

+ c(1/ε)‖g‖2
L2(

1
Ω)
,

where ε ∈ (0, 1), c(1/ε) ∼ ε−a, a > 0.
Integrating (4.3) with respect to time and employing the Gronwall inequality yields

(4.4) ‖v̄(t)‖2
L2(

1
Ω)

+ ν

t�

0

‖v̄(t′)‖2
H1(

1
Ω)
dt′

≤ c(t)
t�

0

(‖h(t′)‖2L2(S) + ‖F (t′)‖2
L2(

1
Ω)

) dt′ + ε

t�

0

‖p̄(t′)‖2
L2(

1
Ω)
dt′

+ c(1/ε, t)

t�

0

‖g(t′)‖2
L2(

1
Ω)
dt′ + ‖v(0)‖2

L2(
1
Ω)
,

where c(t) and c(1/ε, t) are increasing functions of t.

Multiplying (2.14)1 by v̄t and integrating the result over
1

Ω implies

(4.5)
�
1
Ω

v̄2
t dξ +

ν

2

d

dt

�
1
Ω

|D(v̄)|2 dξ ≤ c‖F‖2
L2(

1
Ω)

+
�

S

(hv̄)t dS

−
�

S

htv̄ dS + ε‖p̄‖2
L2(

1
Ω)

+ c(1/ε)‖gt‖2
L2(

1
Ω)
.

Integrating (4.5) with respect to time and applying the Hölder and the Young inequalities
we get

(4.6) ‖v̄t‖2
L2(

1
Ωt)

+
ν

2
‖v̄(t)‖2

H1(
1
Ω)

≤ ε(‖v̄‖2
L2(0,t;H1(

1
Ω))

+ ‖p̄‖2
L2(

1
Ωt)

) + c(1/ε)(‖ht‖2L2(St) + ‖gt‖2
L2(

1
Ωt)

)

+ c(‖F‖2
L2(

1
Ωt)

+ ‖h(t)‖2L2(S) + ‖v(0)‖2
H1(

1
Ω)

+ ‖v̄(t)‖2
L2(

1
Ω)

).
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Adding (4.4) and (4.6) and assuming that ε is sufficiently small we obtain

(4.7) ‖v̄(t)‖2
L2(

1
Ω)

+ ‖v̄t‖2
L2(

1
Ωt)

+ ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄‖2
L2(0,t;H1(

1
Ω))

≤ ε‖p̄‖2
L2(

1
Ωt)

+ c(1/ε)(‖g‖2
L2(

1
Ωt)

+ ‖gt‖2
L2(

1
Ωt)

+ ‖ht‖2L2(St))

+ c(‖F‖2
L2(

1
Ωt)

+ ‖h‖2L∞(0,t;L2(S)) + ‖v(0)‖2
H1(

1
Ω)

).

To estimate pressure from the r.h.s. of (4.7) we introduce a function ψ such that

(4.8) divψ = p̄, ψ|S = 0.

Then [4] implies the existence of such a function in H1(
1

Ω) and the estimate

(4.9) ‖ψ‖
H1(

1
Ω)
≤ c‖p̄‖

L2(
1
Ω)
.

Multiplying (2.14) by ψ, integrating the result over
1

Ωt and using (4.9) yields

(4.10) ‖p̄‖
L2(

1
Ωt)
≤ c(‖v̄t‖

L2(
1
Ωt)

+ ‖∇v̄‖
L2(

1
Ωt)

+ ‖F‖
L2(

1
Ωt)

).

In view of (4.7) and (4.10) and sufficiently small ε we derive

(4.11) ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄t‖2
L2(

1
Ωt)

+ ‖v̄‖2
L2(0,t;H1(

1
Ω))

+ ‖p̄‖2
L2(

1
Ωt)

≤ c(‖g‖2
L2(

1
Ωt)

+ ‖gt‖2
L2(

1
Ωt)

+ ‖ht‖2L2(St) + ‖F‖2
L2(

1
Ωt)

+ ‖h‖2L∞(0,t;L2(S)) + ‖v(0)‖2
H1(

1
Ω)

).

To estimate higher derivatives we use the local coordinates. Therefore we shall re-
strict our considerations to examine problem (2.23) only because estimates in interior

subdomains are simpler. Finally, the estimate in the whole
1

Ω follows from the properties
of the partition of unity. Therefore, we consider problem (2.23) in the half-space z3 > 0.

In reality we consider it in
1

Ω̂ because all functions in (2.23) have compact supports in
1

Ω̂.
Differentiating (2.23)1 with respect to z′, multiplying the result by ṽz′ and integrating

over
1

Ω̂ we get

(4.12)
1

2

d

dt
‖ṽz′‖2

L2(
1

Ω̂)
− ν

�

S

h0z′ ṽz′ dS +
ν

2

�
1

Ω̂

|Dz(ṽz′)|2 dz −
�
1

Ω̂

p̃z′g0z′ dz =
�
1

Ω̂

F0ṽz′dz.

By the Korn inequality and some imbedding we obtain

(4.13)
d

dt
‖ṽz′‖2

L2(
1

Ω̂)
+ ν‖ṽz′‖2

H1(
1

Ω̂)
≤ c(‖ṽz′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0‖2L2(S) + ‖F0‖2
L2(

1

Ω̂)
)

+ ε‖p̃z′‖2
L2(

1

Ω̂)
+ c(1/ε)‖g0z′‖2

L2(
1

Ω̂)
.

Let ψ be a solution to the problem

(4.14)
divψ = p̃z′ in

1

Ω̂,

ψ = 0 on ∂
1

Ω̂.



22 P. Kacprzyk

Then by [4] there exists a solution to (4.14) such that ψ ∈ H1(
1

Ω̂) and

(4.15) ‖ψ‖
H1(

1

Ω̂)
≤ c‖p̃z′‖

L2(
1

Ω̂)
.

Multiplying (2.23)1 by ψ, integrating the result over
1

Ω̂ and using (4.15) we get

(4.16) ‖p̃z′‖2
L2(

1

Ω̂)
≤ c(‖ṽt‖2

L2(
1

Ω̂)
+ ‖ṽz′‖2

H1(
1

Ω̂)
+ ‖F0‖2

L2(
1

Ω̂)
).

Employing (4.16) in (4.13) and assuming that ε is sufficiently small we obtain

(4.17)
d

dt
‖ṽz′‖2

L2(
1

Ω̂)
+ ‖ṽz′‖2

H1(
1

Ω̂)
+ ‖p̃z′‖2

L2(
1

Ω̂)

≤ c(‖ṽt‖2
L2(

1

Ω̂)
+ ‖ṽz′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0‖2L2(S) + ‖F0‖2
L2(

1

Ω̂)
+ ‖g0z′‖2

L2(
1

Ω̂)
).

Let us express (2.23)1 in coordinates

(4.18) ṽit − ν∆ṽi +∇ip̃ = ν∇ig0 + F0i, i = 1, 2, 3.

From (4.18) for i = 1, 2, we calculate

(4.19) ‖ṽiz3z3‖2
L2(

1

Ω̂)

≤ c(‖ṽt‖2
L2(

1

Ω̂)
+ ‖ṽiz′z′‖2

L2(
1

Ω̂)
+ ‖p̃z′‖2

L2(
1

Ω̂)
+ ‖g0z′‖2

L2(
1

Ω̂)
+ ‖F0‖2

L2(
1

Ω̂)
).

Differentiating (2.23)2 with respect to z3 yields

(4.20) ‖ṽ3z3z3‖2
L2(

1

Ω̂)
≤ c(‖g̃0z3‖2

L2(
1

Ω̂)
+ ‖ṽz′z3‖2

L2(
1

Ω̂)
).

Finally from (4.18) for i = 3 we have

(4.21) ‖p̃z3‖2
L2(

1

Ω̂)
≤ c(‖ṽ3z3z3‖2

L2(
1

Ω̂)
+ ‖ṽ3,z′z′‖2

L2(
1

Ω̂)

+ ‖ṽt‖2
L2(

1

Ω̂)
+ ‖F0‖2

L2(
1

Ω̂)
+ ‖g0z3‖2

L2(
1

Ω̂)
).

Using the inequality

d

dt
‖ṽz3‖2

L2(
1

Ω̂)
≤ ε‖ṽz3t‖2

L2(
1

Ω̂)
+ c(1/ε)‖ṽz3‖2

L2(
1

Ω̂)

in (4.17) yields

(4.22)
d

dt
‖ṽz‖

L2(
1

Ω̂)
+ ‖ṽz′‖2

H1(
1

Ω̂)
+ ‖p̃z′‖2

L2(
1

Ω̂)

≤ ε‖ṽz3t‖2
L2(

1

Ω̂)
+ c(1/ε)‖ṽz3‖2

L2(
1

Ω̂)
+ c(‖ṽt‖2

L2(
1

Ω̂)
+ ‖ṽz′‖2

L2(
1

Ω̂)
)

+ c(‖F0‖2
L2(

1

Ω̂)
+ ‖g0z′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0‖2L2(S)).

Adding (4.19)–(4.22) and integrating the result with respect to time we obtain



Local free boundary problem for incompressible magnetohydrodynamics 23

(4.23) ‖ṽz(t)‖2
L2(

1

Ω̂)
+ ‖ṽz‖2

L2(0,t;H1(
1

Ω̂))
+ ‖p̃z‖2

L2(
1

Ω̂t)

≤ ε‖ṽzt‖2
L2(

1

Ω̂t)
+ c(1/ε)‖ṽz‖2

L2(
1

Ω̂t)

+ c(‖ṽt‖2
L2(

1

Ω̂t)
+ ‖ṽz‖2

L2(
1

Ω̂t)
)

+ c(‖F0‖2
L2(

1

Ω̂t)
+ ‖g0‖2

L2(0,t;H1(
1

Ω̂))
+ ‖h0‖2L2(0,t;H1/2(S))) + c‖ṽ(0)‖2

H1(
1

Ω̂)
.

From (2.23) and the properties of the partition of unity we have

(4.24) ‖F0‖
L2(

1

Ω̂t)
≤ cλ‖ṽzz‖

L2(
1

Ω̂t)
+ cλ‖p̃z‖

L2(
1

Ω̂t)

+
c

λ
(‖p̂‖

L2(
1

Ω̂t)
+ ‖v̂‖

L2(0,t;H1(
1

Ω̂))
) + c‖F̃‖

L2(
1

Ω̂t)
,

(4.25) ‖g0‖
L2(0,t;H1(

1

Ω̂))
≤ cλ‖ṽzz‖

L2(
1

Ω̂t)
+
c

λ
‖v̂‖

L2(0,t;H1(
1

Ω̂))
+ ‖g̃‖

L2(0,t;H1(
1

Ω̂))
,

(4.26) ‖h0‖L2(0,t;H1/2(S)) ≤ cλ‖ṽzz‖
L2(

1

Ω̂t)
+ cλ‖p̃‖

L2(0,t;H1(
1

Ω̂))

+
c

λ
‖v̂‖

L2(0,t;H1(
1

Ω̂))
+ c‖h̃‖L2(0,t;H1/2(S)).

Employing (4.24)–(4.26) in (4.23), passing to variables ξ, summing over all subdomains
of the partition of unity and using that λ is sufficiently small we have

(4.27) ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄‖2
L2(0,t;H2(

1
Ω))

+ ‖p̄‖2
L2(0,t;H1(

1
Ω))

≤ c(1/ε)(‖v̄‖2
L2(0,t;H1(

1
Ω))

+ ‖p̄‖2
L2(

1
Ωt)

+ ‖v̄t‖2
L2(

1
Ωt)

) + ε‖v̄ξt‖2
L2(

1
Ωt)

+ c(‖F‖2
L2(

1
Ωt)

+ ‖g‖2
L2(0,t;H1(

1
Ω))

+ ‖h‖2L2(0,t;H1/2(S))) + c‖v(0)‖2
H1(

1
Ω)
.

Finally, inequalities (4.11) and (4.27) imply

(4.28) ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄t‖2
L2(

1
Ωt)

+ ‖v̄‖2
L2(0,t;H1(

1
Ω))

+ ‖p̄‖2
L2(0,t;H1(

1
Ω))

≤ ε‖v̄ξt‖2
L2(

1
Ωt)

+ c(1/ε)(‖F‖2
L2(

1
Ωt)

+ ‖g‖2
L2(0,t;H1(

1
Ω))

+ ‖gt‖2
L2(

1
Ωt)

+ ‖h‖2L2(0,t;H1/2(S)) + ‖h‖2L∞(0,t;L2(S)) + ‖ht‖2L2(St))

+ c‖v(0)‖2
H1(

1
Ω)
, t ≤ T.

Inequality (4.28) gives (4.1).

Next, we need estimates for the third derivatives.

Lemma 4.2. Assume that F ∈ L2(0, T ; Γ1
0(

1

Ω)), g ∈ Γ2
1,2(

1

ΩT ), h ∈ L2(0, T ;H3/2(S)),

ht ∈ L2(0, T ;H1/2(S)), v0 ∈ H2(
1

Ω), v̄ ∈ Γ2
0,2(

1

ΩT ), v̄tt ∈ L2(0, T ;H1(
1

Ω)), p̄ ∈ Γ1
0,2(

1

ΩT ).
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Then a weak solution to problem (2.14) satisfies

(4.29) ‖v̄ξξ(t)‖2
L2(

1
Ω)

+ ‖v̄ξt(t)‖2
L2(

1
Ω)

+ ν‖v̄ξξ‖2
L1

2(
1
Ωt)

+ ‖p̄ξ‖2
L1

2(
1
Ωt)

≤ ε‖v̄ξtt‖2
L2(

1
Ωt)

+ c(‖v̄‖2
Γ2
0,2(

1
Ωt)

+ ‖p̄‖2
Γ1
0,2(

1
Ωt)

)

+ c(‖F‖2
L2(0,t;H1(

1
Ω))

+‖Ft‖2
L2(

1
Ωt)

+‖g‖2
Γ2
1,2(

1
Ωt)

+‖h‖2L2(0,t;H3/2(S))+‖ht‖2L2(0,t;H1/2(S)))

+ c(‖vξξ(0)‖2
L2(

1
Ω)

+ ‖vξt(0)‖2
L2(

1
Ω)

),

where t ≤ T .

Proof. Differentiating (2.23)1 twice with respect to z′, multiplying the result by ṽz′z′ and

integrating over
1

Ω̂ we get

(4.30)
1

2

d

dt

�
1

Ω̂

ṽ2
z′z′ dz + ν

�
1

Ω̂

|D(ṽz′z′)|2 dz =
�

S

h0z′z′ ṽz′z′ dS

−
�
1

Ω̂

p̃z′z′g0z′z′ dz +
�
1

Ω̂

F0z′z′ ṽz′z′ dz.

Applying the Korn inequality and performing some integration by parts yields

(4.31)
d

dt
‖ṽz′z′‖2

L2(
1

Ω̂)
+ ν‖ṽz′z′‖2

H1(
1

Ω̂)

≤ c(‖ṽz′z′‖2
L2(

1

Ω̂)
+ ε‖p̃z′z′‖2

L2(
1

Ω̂)
+ ‖F0z′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0z′‖2L2(S) + c(1/ε)‖g0z′z′‖2
L2(

1

Ω̂)
),

where ε ∈ (0, 1).
Let us introduce a function ϕ1 such that

(4.32)
divϕ1 = p̃z′z′ in

1

Ω̂,

ϕ1 = 0 on ∂
1

Ω̂.

Assuming that p̃z′z′ ∈ L2(
1

Ω̂), [4] implies existence of solutions to (4.32) such that ϕ1 ∈

H1(
1

Ω̂) and

(4.33) ‖ϕ1‖
H1(

1

Ω̂)
≤ c‖p̃z′z′‖

L2(
1

Ω̂)
,

where p̃z′z′ means that only one derivative is chosen from the derivatives p̃zizj , i, j = 1, 2.
Differentiating (2.23)1 twice with respect to z′, multiplying the result by ϕ1, integrat-

ing over
1

Ω̂, next integrating by parts and using (4.32) and (4.33) we obtain

(4.34) ‖p̃z′z′‖2
L2(

1

Ω̂)
≤ c(‖ṽtz′‖2

L2(
1

Ω̂)
+ ‖∇ṽz′z′‖2

L2(
1

Ω̂)
+ ‖F0z′‖2

L2(
1

Ω̂)
).

Using (4.34) in (4.31) and assuming that ε is sufficiently small we obtain
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(4.35)
d

dt
‖ṽz′z′‖2

L2(
1

Ω̂)
+ ν‖ṽz′z′‖2

H1(
1

Ω̂)
+ ‖p̃z′z′‖2

L2(
1

Ω̂)

≤ c(‖ṽtz′‖2
L2(

1

Ω̂)
+ ‖ṽz′z′‖2

L2(
1

Ω̂)
+ ‖F0z′‖2

L2(
1

Ω̂)
+ ‖g0z′z′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0z′‖2L2(S)).

Consider (4.18) for i = 1, 2. Differentiating it with respect to z′ and integrating over
1

Ω̂

we get the inequality

(4.36) ‖ṽiz3z3z′‖2
L2(

1

Ω̂)
≤ c(‖ṽiz′z′z′‖2

L2(
1

Ω̂)
+ ‖p̃z′z′‖2

L2(
1

Ω̂)

+ ‖g̃0z′z′‖2
L2(

1

Ω̂)
+ ‖F0z′‖2

L2(
1

Ω̂)
+ ‖ṽitz′‖2

L2(
1

Ω̂)
),

where i = 1, 2.

Differentiating (2.23)2 with respect to z′ and z3, integrating the result over
1

Ω̂ we
derive

(4.37) ‖ṽ3z3z3z′‖2
L2(

1

Ω̂)
≤ c

2∑
i=1

‖ṽiz′z′z3‖2
L2(

1

Ω̂)
+ c‖g0z3z′‖2

L2(
1

Ω̂)
.

Differentiating the third component of (4.18) with respect to z′ and integrating the result

over
1

Ω̂ yields

(4.38) ‖p̃z3z′‖2
L2(

1

Ω̂)
≤ c(‖ṽ3zzz′‖2

L2(
1

Ω̂)
+ ‖ṽtz′‖2

L2(
1

Ω̂)
+ ‖g0z′‖2

L2(
1

Ω̂)
+ ‖F0z′‖2

L2(
1

Ω̂)
).

Adding appropriately (4.35)–(4.38) gives

(4.39)
d

dt
‖ṽz′z′‖2

L2(
1

Ω̂)
+ ν‖ṽz′zz‖2

L2(
1

Ω̂)
+ ‖p̃z′z‖2

L2(
1

Ω̂)

≤ c(‖ṽtz′‖2
L2(

1

Ω̂)
+ ‖ṽz′z′‖2

L2(
1

Ω̂)
+ ‖F0z‖2

L2(
1

Ω̂)

+ ‖g0z′‖2
L2(

1

Ω̂)
+ ‖g0zz′‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0z′‖2L2(S)).

Differentiating the first two components of (2.23)1 with respect to z3 and integrating the

result over
1

Ω̂ implies

(4.40) ‖ṽiz3z3z3‖2
L2(

1

Ω̂)
≤ c(‖ṽiz′z′z3‖2

L2(
1

Ω̂)
+ ‖p̃z3z3‖2

L2(
1

Ω̂)
+ ‖F0z3‖2

L2(
1

Ω̂)

+ ‖g0z′z3‖2
L2(

1

Ω̂)
+ ‖ṽtz3‖2

L2(
1

Ω̂)
),

where i = 1, 2.

Differentiating (2.23)2 twice with respect to z3 and integrating the result over
1

Ω̂ we
get

(4.41) ‖ṽ3z3z3z3‖2
L2(

1

Ω̂)
≤ c
( 2∑
i=1

‖ṽiz′z3z3‖2
L2(

1

Ω̂)
+ ‖g0z3z3‖2

L2(
1

Ω̂)

)
.

Finally, differentiating the third component of (4.18) with respect to z3 and integrating
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over
1

Ω̂ we have

(4.42) ‖p̃z3z3‖2
L2(

1

Ω̂)
≤ c(‖ṽ3zzz3‖2

L2(
1

Ω̂)
+ ‖ṽtz‖2

L2(
1

Ω̂)
+ ‖F0z‖2

L2(
1

Ω̂)
).

Adding (4.39)–(4.42) yields

(4.43)
d

dt
‖ṽz′z′‖2

L2(
1

Ω̂)
+ ν‖ṽzzz‖2

L2(
1

Ω̂)
+ ‖p̃zz‖2

L2(
1

Ω̂)

≤ c(‖ṽtz‖2
L2(

1

Ω̂)
+‖ṽzz‖2

L2(
1

Ω̂)
+‖F0z‖2

L2(
1

Ω̂)
+‖g0z‖2

L2(
1

Ω̂)
+‖g0zz‖2

L2(
1

Ω̂)
+‖∂1/2

z′ h0z′‖2L2(S)).

Employing the inequality

(4.44)
d

dt
‖ṽzz‖2

L2(
1

Ω̂)
≤ ε‖ṽzzt‖2

L2(
1

Ω̂)
+ c(1/ε)‖ṽzz‖2

L2(
1

Ω̂)

in (4.43) gives

(4.45)
d

dt
‖ṽzz‖2

L2(
1

Ω̂)
+ ν‖ṽzzz‖2

L2(
1

Ω̂)
+ ‖p̃zz‖2

L2(
1

Ω̂)

≤ ε‖ṽzzt‖2
L2(

1

Ω̂)
+ c(‖ṽtz‖2

L2(
1

Ω̂)
+ c(1/ε)‖ṽzz‖2

L2(
1

Ω̂)

+ ‖F0z‖2
L2(

1

Ω̂)
+ ‖g0z‖2

L2(
1

Ω̂)
+ ‖g0zz‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0z′‖2L2(S)),

where ε ∈ (0, 1).
Now we have to find an estimate for the first term on the r.h.s. of (4.45). Adding

(4.19)–(4.22) we obtain

(4.46)
d

dt
‖ṽz‖2

L2(
1

Ω̂)
+ ‖ṽzz‖2

L2(
1

Ω̂)
+ ‖p̃z‖2

L2(
1

Ω̂)

≤ ε‖ṽzt‖2
L2(

1

Ω̂)
+ c(1/ε)(‖ṽz‖2

L2(
1

Ω̂)
+ ‖ṽt‖2

L2(
1

Ω̂)
)

+ c(‖F0‖2
L2(

1

Ω̂)
+ ‖g0z‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0‖2L2(S)).

Differentiating (2.23) with respect to time and repeating the considerations leading to
(4.46) we have

(4.47)
d

dt
‖ṽtz‖2

L2(
1

Ω̂)
+ ν‖ṽtzz‖2

L2(
1

Ω̂)
+ ‖p̃tz‖2

L2(
1

Ω̂)

≤ ε‖ṽztt‖2
L2(

1

Ω̂)
+ c(1/ε)(‖ṽzt‖2

L2(
1

Ω̂)
+ ‖ṽtt‖2

L2(
1

Ω̂)
)

+ c(‖F0t‖2
L2(

1

Ω̂)
+ ‖g0zt‖2

L2(
1

Ω̂)
+ ‖∂1/2

z′ h0t‖2L2(S)).

Adding (4.45) and (4.47) and assuming that ε in (4.45) is sufficiently small we derive

(4.48)
d

dt
(‖ṽzz‖2

L2(
1

Ω̂)
+ ‖ṽtz‖2

L2(
1

Ω̂)
)

+ ν(‖ṽzzz‖2
L2(

1

Ω̂)
+ ‖ṽtzz‖2

L2(
1

Ω̂)
+ ‖p̃zz‖2

L2(
1

Ω̂)
+ ‖p̃tz‖2

L2(
1

Ω̂)
)
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≤ ε‖ṽztt‖2
L2(

1

Ω̂)
+ c(1/ε)(‖ṽzt‖2

L2(
1

Ω̂)
+ ‖ṽtt‖2

L2(
1

Ω̂)
+ ‖ṽzz‖2

L2(
1

Ω̂)
)

+ c(‖F0z‖2
L2(

1

Ω̂)
+ ‖F0t‖2

L2(
1

Ω̂)
+ ‖g0zz‖2

L2(
1

Ω̂)
+ ‖g0tz‖2

L2(
1

Ω̂)

+ ‖∂1/2
z′ h0z′‖2L2(S) + ‖∂1/2

z′ h0t‖2L2(S)).

Using the form of F0, g0, h0 from the r.h.s. of (2.23) we estimate the last term in paren-
theses on the r.h.s. of (4.48). Then we have

‖F0z‖
L2(

1

Ω̂)
≤ cλ(‖ṽzzz‖

L2(
1

Ω̂)
+ ‖p̃zz‖

L2(
1

Ω̂)
)(4.49)

+ c(1/λ)(‖v̂‖
H2(

1

Ω̂)
+ ‖p̂‖

H1(
1

Ω̂)
) + c‖F̃z‖

L2(
1

Ω̂)
,

‖F0t‖
L2(

1

Ω̂)
≤ cλ(‖ṽzzt‖

L2(
1

Ω̂)
+ ‖p̃zt‖

L2(
1

Ω̂)
)(4.50)

+ c(1/λ)(‖v̂t‖
H1(

1

Ω̂)
+ ‖p̂t‖

L2(
1

Ω̂)
) + c‖F̃t‖

L2(
1

Ω̂)
,

‖g0zz‖
L2(

1

Ω̂)
≤ cλ‖ṽzzz‖

L2(
1

Ω̂)
+ c(1/λ)‖v̂‖

H2(
1

Ω̂)
c‖g̃zz‖

L2(
1

Ω̂)
,(4.51)

‖g0tz‖
L2(

1

Ω̂)
≤ cλ‖ṽtzz‖

L2(
1

Ω̂)
+ c(1/λ)‖ṽt‖

H1(
1

Ω̂)
+ c‖g̃tz‖

L2(
1

Ω̂)
,(4.52)

‖∂1/2
z′ h0z′‖L2(S) ≤ cλ(‖ṽzz‖

H1(
1

Ω̂)
+ ‖p̃z‖

H1(
1

Ω̂)
)(4.53)

+ c(1/λ)(‖v̂‖
H2(

1

Ω̂)
+ ‖p̃‖

H1(
1

Ω̂)
) + c‖∂1/2

z′ h̃z′‖L2(S),

‖∂1/2
z′ h0t‖L2(S) ≤ cλ(‖ṽzt‖

H1(
1

Ω̂)
+ ‖p̃t‖

H1(
1

Ω̂)
)(4.54)

+ c(1/λ)(‖v̂t‖L2(S) + ‖p̃t‖L2(S)) + c‖∂1/2
z′ h̃t‖L2(S).

Employing (4.49)–(4.54) in (4.48) and using that λ is sufficiently small we have

(4.55)
d

dt
(‖ṽzz‖2

L2(
1

Ω̂)
+ ‖ṽzt‖2

L2(
1

Ω̂)
)

+ ν(‖ṽzzz‖2
L2(

1

Ω̂)
+ ‖ṽzzt‖

L2(
1

Ω̂)
+ ‖p̃zz‖2

L2(
1

Ω̂)
+ ‖p̃zt‖2

L2(
1

Ω̂)
)

≤ ε‖ṽztt‖2
L2(

1

Ω̂)
+ c(1/ε)(‖ṽzz‖2

L2(
1

Ω̂)
+ ‖ṽzt‖2

L2(
1

Ω̂)
+ ‖ṽtt‖2

L2(
1

Ω̂)
)

+ c(‖v̂‖2
H2(

1

Ω̂)
+ ‖p̂‖2

H1(
1

Ω̂)
+ ‖v̂t‖2

H1(
1

Ω̂)
+ ‖p̂t‖2

L2(
1

Ω̂)
)

+ c(‖F̃‖2
L2(

1

Ω̂)
+ ‖F̃t‖2

L2(
1

Ω̂)
+ ‖g̃zz‖2

L2(
1

Ω̂)
+ ‖g̃zt‖2

L2(
1

Ω̂)

+ ‖∂1/2
z′ h̃z′‖

2
L2(S) + ‖∂1/2

z′ h̃t‖
2
L2(S)),

where we have used that

‖p̃t‖2L2(S) ≤ ε‖p̃zt‖
2

L2(
1

Ω̂)
+ c(1/ε)‖p̃t‖2

L2(
1

Ω̂)

and ε ∈ (0, 1) is sufficiently small and ‖p̃t‖
L2(

1

Ω̂)
≤ ‖p̂t‖

L2(
1

Ω̂)
.
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Integrating (4.55) with respect to time, passing to variables ξ and summing over all
neighborhoods of the partition of unity we obtain

(4.56) ‖v̄ξξ(t)‖2
L2(

1
Ω)

+ ‖v̄ξt(t)‖2
L2(

1
Ω)

+ ν(‖v̄ξξξ‖2
L2(

1
Ωt)

+ ‖v̄ξξt‖2
L2(

1
Ωt)

+ ‖p̃ξξ‖2
L2(

1
Ωt)

+ ‖p̃ξt‖2
L2(

1
Ωt)

)

≤ ε‖v̄ξtt‖2
L2(

1
Ωt)

+ c(‖v̄‖2
L2(0,t;H2(

1
Ω))

+ ‖v̄t‖2
L2(0,t;H1(

1
Ω))

+ ‖v̄tt‖2
L2(

1
Ωt)

)

+ c(‖p̄‖2
L2(0,t;H1(

1
Ω))

+ ‖p̄t‖
L2(

1
Ωt)

)

+ c(‖F‖
L2(

1
Ωt)

+ ‖Ft‖2
L2(

1
Ωt)

+ ‖g‖2
L2(0,t;H2(

1
Ω))

+ ‖gt‖2
L2(0,t;H1(

1
Ω))

+ ‖h‖2L2(0,t;H3/2(S)) + ‖ht‖2L2(0,t;H1/2(S)) + ‖vξξ(0)‖2
L2(

1
Ω)

+ ‖vξt(0)‖2
L2(

1
Ω)

).

Hence we obtain (4.29).

Finally, we formulate the lemma which summarizes all estimates concerning velocity
and pressure.

Lemma 4.3. Assume that the following quantities are finite:

A2
1(t) = ‖F‖2

L2(0,t;Γ1
0(

1
Ω))

+ ‖g‖2
Γ2
1,2(

1
Ωt)

+ ‖h‖2
L2(0,t;Γ

3/2
0 (S))

+ ‖ht‖2L2(0,t;H1/2(S)) + ‖h‖2L∞(0,t;L2(S)) + ‖v(0)‖2
Γ2
0(

1
Ω)
,

A2
2(t) =

2∑
i=1

〈∂itF1, ∂
i
t v̄〉L2(

1
Ωt)

+

2∑
i=0

‖f̄‖2
Hi(0,t;L2(

1
Ω))
,

where t ≤ T and

〈F1, v̄〉
L2(

1
Ωt)

= µ1

�
1
Ωt

T(
1

H̄) · D1
ū
(v̄) dξ dt′.

Then

(4.57) ‖v̄(t)‖2
Γ2
0(

1
Ω)

+ ‖v̄‖2
L2(0,t;Γ3

1(
1
Ω))

+ ‖p̄‖2
L2(0,t;Γ2

1(
1
Ω))
≤ c(A2

1(t) +A2
2(t)), t ≤ T.

Proof. Consider problem (2.14). For sufficiently small ε inequality (4.1) implies

(4.58) ‖v̄(t)‖2
H1(

1
Ω)

+ ‖v̄‖2
Γ2
1,2(

1
Ωt)

+ ‖p̄‖2
L2(0,t;H1(

1
Ω))

≤ c(‖F‖2
L2(

1
Ωt)

+ ‖g‖2
Γ1
0,2(

1
Ωt)

+ ‖h‖2L2(0,t;H1/2(S))

+ ‖h‖2L∞(0,t;L2(S)) + ‖ht‖2L2(St) + ‖v(0)‖2
H1(

1
Ω)

),

where t ≤ T and F , g, h are defined in (2.14).
Inequality (4.29) can be expressed in the form

(4.59) ‖v̄ξξ(t)‖2
L2(

1
Ω)

+ ‖v̄ξt(t)‖2
L2(

1
Ω)

+ ‖v̄ξξ‖2
L1

2(
1
Ωt)

+ ‖p̄ξ‖2
L1

2(
1
Ωt)

≤ ε‖v̄ξtt‖2
L2(

1
Ωt)

+ c(‖v̄tt‖2
L1

2(
1
Ωt)

+ ‖v̄‖2
Γ2
1,2(

1
Ωt)

+ ‖p̄t‖2
L2(

1
Ωt)

+ ‖p̄‖2
L2(0,t;H1(

1
Ω))

)
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+ c(‖F‖2
L2(0,t;H1(

1
Ω))

+ ‖Ft‖2
L2(

1
Ωt)

+ ‖g‖2
Γ2
1,2(

1
Ωt)

+ ‖h‖2L2(0,t;H3/2(S)) + ‖ht‖2L2(0,t;H1/2(S))

+ ‖vξξ(0)‖2
L2(

1
Ω)

+ ‖vξt(0)‖2
L2(

1
Ω)

).

Adding (4.58) and (4.59) yields

(4.60) ‖v̄(t)‖2
H2(

1
Ω)

+ ‖v̄ξt‖2
L2(

1
Ω)

+ ‖v̄‖2
L2(0,t;H3(

1
Ω))

+ ‖v̄t‖2
L2(0,t;H2(

1
Ω))

+ ‖p̄‖2
L2(0,t;H2(

1
Ω))

+ ‖p̄ξt‖2
L2(

1
Ωt)

≤ ε‖v̄ξtt‖2
L2(

1
Ωt)

+ c(‖v̄tt‖2
L2(

1
Ωt)

+ ‖p̄t‖2
L2(

1
Ωt)

)

+ cA2
1(t), t ≤ T.

Employing (3.18) in (4.60) and assuming that T is sufficiently small we get

(4.61) ‖v̄(t)‖2
Γ2
0(

1
Ω)

+ ‖v̄‖2
L2(0,t;Γ3

1(
1
Ω))

+ ‖p̄‖2
L2(0,t;Γ2

1(
1
Ω))

≤ c‖p̄t‖2
L2(

1
Ωt)

+ c(A2
1(t) +A2

2(t)) +

2∑
k=0

‖∂kt v(0)‖2
L2(

1
Ω)
, t ≤ T.

To estimate the first term on the r.h.s. of (4.61) we use (2.14)1 in the form

(4.62) v̄t − divξ Dξ(v̄) +∇ξp̄ = F.

Differentiating (4.62) with respect to t gives

(4.63) v̄tt − divξ Dξ(v̄t) +∇ξp̄t = Ft.

Let ϕ be a function such that

(4.64) divξ ϕ = p̄t, ϕ|S = 0.

Heving p̄t ∈ L2(
1

Ω), [4] implies existence of solutions to (4.64) in H1(
1

Ω) and the esti-
mate

(4.65) ‖ϕ‖
H1(

1
Ω)
≤ c‖p̄t‖

L2(
1
Ω)
.

We multiply (4.63) by ϕ, integrate the result over
1

Ω, integrate by parts using (4.64)2 and
next apply (4.64)1. Finally, employing (4.65) we get

(4.66) ‖p̄t‖
L2(

1
Ωt)
≤ c(‖v̄t‖

L2(0,t;Γ1
0(

1
Ω))

+ ‖Ft‖
L2(

1
Ωt)

).

Exploiting (3.18) in (4.66) and assuming that T is sufficiently small, we get

(4.67) ‖v̄tt(t)‖2
L2(

1
Ω)

+ ‖v̄t‖2
L2(0,t;Γ1

0(
1
Ω))

+ ‖p̄t‖2
L2(

1
Ωt)

≤ c
2∑
i=1

(〈∂itF̄1, ∂
i
t v̄〉L2(

1
Ωt)

+ ‖∂it f̄‖2
L2(

1
Ωt)

+ ‖∂itv(0)‖2
L2(

1
Ω)

) +A2
1(t).

From (4.61) and (4.67) we obtain (4.57).
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5. Method of successive approximations. Estimates for velocity

We prove the existence of solutions to problem (1.1) by the method of successive approxi-
mations. We restrict ourselves to proving estimates only because convergence is then easy

to show. In this section we derive estimates for velocity and pressure. For given vn,
1

H̄n

we calculate vn+1, pn+1 from the following problem:

(5.1)

vn+1 t + vn · ∇vn+1 − divT(vn+1, pn+1) = − µ1 divT(
1

Hn) + f

in
⋃

0≤t≤T
1

Ωnt × {t} = Ω̃T1n,

div vn+1 = 0 in Ω̃T1n,

n̄ · T(vn+1, pn+1) = −µ1n̄ · T(
1

Hn) on
⋃

0≤t≤T Snt × {t} = S̃Tn ,

vn+1|t=0 = v(0) in
1

Ω,

where
1

Ωnt = {x ∈ R3 : x = ξ +
	t
0
v̄n(ξ, t′) dt′, ξ ∈

1

Ω}, Snt = {x ∈ R3 : x = ξ +	t
0
v̄n(ξ, t′) dt′, ξ ∈ S}.
To show convergence of the sequence we have to use lagrangian coordinates.
Using the notation introduced in Section 2 we express problem (5.1) in lagrangian

coordinates in the form

(5.2)

v̄n+1 t − divv̄n Tv̄n(v̄n+1, p̄n+1) = −µ1 divv̄n T(
1

H̄n) + f̄ ,

divv̄n v̄n+1 = 0,

n̄v̄n · Tv̄n(v̄n+1, p̄n+1) = −µ1n̄v̄nT(
1

H̄n),

v̄n+1|t=0 = v(0).

To apply Lemma 4.3 we express (5.2) in the form

(5.3)

v̄n+1 t − divξ Tξ(v̄n+1, p̄n+1)

= −(divξ Tξ(v̄n+1, p̄n+1), − divv̄n Tv̄n(v̄n+1, p̄n+1))− µ1 divv̄n T(
1

H̄n) + f̄ ,

divξ v̄n+1 = divξ v̄n+1 − divv̄n v̄n+1,

n̄ξ · Tξ(v̄n+1, p̄n+1) = n̄ξ · Tξ(v̄n+1, p̄n+1)− n̄v̄nTv̄n(v̄n+1, p̄n+1)− µ1n̄v̄nT(
1

H̄n),

v̄n+1|t=0 = v(0).

Comparing (5.3) with (2.14) we have

(5.4)

F = −(divξ Tξ(v̄n+1, p̄n+1)− divv̄n Tv̄n(v̄n+1, p̄n+1))− µ1 divv̄n T(
1

H̄n) + f̄ ,

g = divξ v̄n+1 − divv̄n v̄n+1,

h = n̄ξ · Tξ(v̄n+1, p̄n+1)− n̄v̄n · Tv̄n(v̄n+1, p̄n+1)− µ1n̄v̄nT(
1

H̄n),

〈F1, v̄n+1〉
L2(

1
Ωt)

= µ1

�
1
Ωt

T(
1

H̄n) · Dv̄n(v̄n+1) dξ dt′.

Let us introduce the quantities

(5.5)
X̄1(u, t) = ‖ū‖

L∞(0,t;Γ2
0(

1
Ω))

+ ‖ū‖
L2(0,t;Γ3

1(
1
Ω))
, P̄1(u, t) = ‖ū‖

L2(0,t;Γ2
1(

1
Ω))
,

D̄1 = ‖f̄‖
L2(0,t;Γ1

0(
1
Ω))

+ ‖f̄tt‖
L2(

1
Ωt)

+ ‖v(0)‖
Γ2
0(

1
Ω)
.
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Lemma 5.1. Assume that D̄1 < ∞, X̄1(v̄n) < ∞, X̄1(
1

H̄n) < ∞. Then for sufficiently
small t there exists a positive increasing function ϕ such that

(5.6) X̄1(v̄n+1, t) + P̄1(p̄n+1, t) ≤ ϕ(taX̄1(v̄n, t))D̄1 + ϕ(taX̄1(
1

H̄n, t))D̄1 + cD̄1,

where a > 0.

Proof. We take some extension of v(0) and
1

H(0) as a zero approximation. Then p(0) is
a solution to the problem

(5.7)
∆p(0) = div(

1

H(0) · ∇
1

H(0)−
1

Hk(0)∇
1

Hk(0))− div(v(0) · ∇v(0)) + f(0),

p(0)|S = n̄ · D(v(0)) + n̄ · (
1

H(0) · ∇
1

H(0)−
1

Hk(0) · ∇
1

Hk(0)).

Since v(0),
1

H(0) ∈ H2(Ω) we have p(0) ∈ H1(Ω).
To prove the lemma we use Lemma 4.3. In view of (5.4) we use assumptions of Lemma

4.3. Consider the expression

‖F‖2
L2(0,t;H1(

1
Ω))
≤ ‖∇ξDξ(v̄n+1)−∇v̄nDv̄n(v̄n+1)‖

L2(0,t;H1(
1
Ω))

+ ‖∇ξp̄n+1 −∇v̄n p̄n+1‖2
L2(0,t;H1(

1
Ω))

+ ‖divv̄n T(
1

H̄n)‖
L2(0,t;H1(

1
Ω))

+ ‖f̄‖2
L2(0,t;H1(

1
Ω))
≡

4∑
i=1

Ii.

Hence,

I1 ≤ ‖(1− ξ2
x(v̄n))∇2

ξ v̄n+1‖2
L2(0,t;H1(

1
Ω))

+ ‖ξx(v̄n)ξxx(v̄n)∇ξ v̄n+1‖2
L2(0,t;H1(

1
Ω))

≤ α(v̄n)ϕ(v̄n)‖v̄n+1‖2
L2(0,t;H3(

1
Ω))

+ ϕ(α(v̄n))‖ξxxv̄n+1 ξξ‖2
L2(

1
Ωt)

+ ϕ(α(v̄n))‖ξxxxv̄n+1 ξ‖2
L2(

1
Ωt)
≡ I1

1 ,

where α(v̄n) = t1/2‖v̄n‖
L2(0,t;H3(

1
Ω))

.

Using

|ξx| ≤ ϕ(α(v̄n)), |ξxx| ≤ ϕ(α(v̄n))
∣∣∣ t�

0

v̄nξξ dt
′
∣∣∣, |ξxxx| ≤ ϕ(α(v̄n))

∣∣∣ t�
0

v̄nξξξ dt
′
∣∣∣,

we obtain
I1
1 ≤ α(v̄n)ϕ(α(v̄n))‖v̄n+1‖2

L2(0,t;H3(
1
Ω))
.

Hence for α(v̄n) sufficiently small, so for t sufficiently small because ‖v̄n‖
L2(0,t;H3(

1
Ω))

is

bounded by a given constant, in view of inductive assumption, we see that I1
1 is absorbed

by the second term on the l.h.s. of (4.57).
Similarly we have

‖divv̄n T(
1

H̄n)‖
L2(0,t;H1(

1
Ω))
≤ ϕ(α(v̄n))(‖

1

H̄n

1

H̄nξξ‖
L2(

1
Ωt)

+ ‖
1

H̄2
nξ‖L2(

1
Ωt)

)

+ ϕ(α(v̄n))‖ |ξxx| |
1

Hn| |
1

Hnξ| ‖
L2(

1
Ωt)
.
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Consider the integral( t�
0

‖
1

H̄n

1

H̄nξξ‖2
L2(

1
Ω)
dt′
)1/2

≤
( t�

0

‖
1

H̄n‖2
L4(

1
Ω)
‖

1

H̄nξξ‖2
L4(

1
Ω)
dt′
)1/2

≤ sup
t

(ε1‖
1

H̄n‖
H1(

1
Ω)

+c(1/ε1)‖
1

H̄n‖
L2(

1
Ω)

)
[ t�

0

(ε2‖
1

H̄nξξ‖2
H1(

1
Ω)

+c(1/ε2)‖
1

H̄n‖2
L2(

1
Ω)

)dt′
]1/2

≤ sup
t

(
ε1‖

1

H̄n‖
H1(

1
Ω)

+ c(1/ε1)
∥∥∥ t�

0

1

H̄nt′ dt
′ +

1

H(0)
∥∥∥
L2(

1
Ω)

)

·
[
ε2

t�

0

‖
1

H̄nξξ‖2
H1(

1
Ω)
dt′ + c(1/ε2)t

∥∥∥ t�
0

1

H̄nt′ dt
′ +

1

H(0)
∥∥∥2

L2(
1
Ω)

]1/2
≤ sup

t

[
ε1

∥∥∥ t�
0

1

H̄nt′ dt
′ +

1

H(0)
∥∥∥
H1(

1
Ω)

+ c(1/ε1)(t1/2‖
1

H̄nt‖
L2(

1
Ωt)

+ ‖
1

H(0)‖
L2(

1
Ω)

)
]

· [ε2‖
1

H̄n‖
L2(0,t;H3(

1
Ω))

+ c(1/ε2)t(t1/2‖
1

H̄nt‖
L2(

1
Ωt)

+ ‖
1

H(0)‖
L2(

1
Ω)

)]

≤ cta(X̄2
1 (

1

H̄n) + ‖
1

H(0)‖2
H1(

1
Ω)

).

Similar considerations can be applied to the other terms in I3. Finally, we have

I3 ≤ ϕ(α(v̄n))ta(X̄2
1 (

1

H̄n, t) + ‖
1

H(0)‖2
H1(

1
Ω)

).

Applying similar considerations to the other terms on the r.h.s. of (5.3) we obtain (5.6).

6. Method of successive approximations.
Estimates for magnetic fields

The functions
i

Hn+1, i = 1, 2, are solutions to the problems

(6.1)

µ1(
1

Hn+1 t +
1
vn · ∇

1

Hn+1 −
1

Hn · ∇
1
vn)− 1

σ1
∆

1

Hn+1 = 0 in Ω̃T1n,

div
1

Hn+1 = 0 in Ω̃T1n,
1

Hn+1|t=0 =
1

H(0) in
1

Ω,

and

(6.2)

µ2(
2

Hn+1 t +
2
vn · ∇

2

Hn+1)− 1

σ2
∆

2

Hn+1 = µ2
2
vn · ∇

2

Hn +
2

G

in
⋃

0≤t≤T
2

Ωnt × {t} = Ω̃T2n,

div
2

Hn+1 = 0 in Ω̃T2n,
2

Hn+1|t=0 =
2

H(0) in
2

Ω,

where vn| i
Ωnt

=
i
vn,

i

Ωnt =
{
x ∈ R3 : x = ξ +

	t
0

i
v̄n(ξ, t′) dt′, ξ ∈

i

Ω
}
, i = 1, 2.



Local free boundary problem for incompressible magnetohydrodynamics 33

Assume the following transmission conditions hold:

(6.3)

[τ̄ ·Hn+1] = 0, [µn̄ ·Hn+1] = 0,(
1

σ1
rot

1

Hn+1 − µ1vn ×
1

Hn+1

)
τ

=
1

σ2
(rot

2

Hn+1)τ on S̃Tn .

Moreover, we have
(6.4) [vn] = 0, [τ̄ ·Hn] = 0, [µn̄ ·Hn] = 0, on S̃Tn ,

where [µn̄ ·H] = µ1n̄ ·
1

H − µ2n̄ ·
2

H and µ1 = µ2.
In this section we perform calculations in eulerian coordinates because the trans-

mission conditions in these coordinates are clearer. In virtue of Remark 2.4 the derived
estimates in eulerian coordinates will be easily transformed to lagrangian coordinates.

Let us introduce the quantities
Xi(u, n) = ‖u‖

V 0
2 (

i
Ωtnt)

+ ‖ut‖
V 0
2 (

i
Ωtnt)

+ ‖u‖
L∞(0,t;Γ2

0(
i
Ωnt))

+ ‖u‖
H3,1(

i
Ωtnt)

, i = 1, 2,

where
‖u‖H3,1(Ωtt)

= ‖u‖H2,1(Ωt×(0,t)) + ‖u‖L2(0,t;H3(Ωt)).

Moreover
D2 = ‖f‖

L2(0,t;H1(
1
Ωt))

+ ‖ft‖
L2(

1
Ωtt)

+ ‖
2

G‖
H1(

2
Ωtt)

+ ‖
2

Gt‖
L2(

2
Ωtt)

+

2∑
i=1

(‖ iv(0)‖
Γ1
0(
i
Ω)

+ ‖
i

H(0)‖
Γ1
0(
i
Ω)

),

where we use the notation

‖u‖L2(Ωtt)
= ‖u‖L2(0,t;L2(Ωt)), X0(n) =

2∑
i=1

(Xi(
i
vn, n) +Xi(

i

Hn, n)).

Lemma 6.1. Assume that X0(n) <∞, D2 <∞. Then

(6.5)

2∑
i=1

(‖
i

Hn+1‖
V 0
2 (

i
Ωnt)

+ ‖
i

Hn+1 t‖
V 0
2 (

i
Ωnt)

) ≤ taϕ(taX0(n))(1 +D2
2) + cD2

2.

Proof. The subscript n in
i

Ωnt will be omitted for simplicity. Multiply (6.1) by
1

Hn+1 and

integrate the result over
1

Ωt, next multiply (6.2) by
2

Hn+1 and integrate over
2

Ωt. Adding
the results, using the transmission conditions and Lemma 2.5 yields

(6.6)
2∑
i=1

(
µi

�
i
Ωt

i

H2
n+1 dx+

1

σi

t�

0

‖
i

Hn+1‖2
H1(

i
Ωt′ )

dt′
)

≤ c
∣∣∣ t�

0

�
1
Ωt′

1

Hn · ∇
1
vn ·

1

Hn+1 dx dt
′
∣∣∣

+ c
∣∣∣ t�

0

�
2
Ωt′

2
vn · ∇

2

Hn ·
2

Hn+1 dx dt
′
∣∣∣+ c

∣∣∣ t�
0

�
2
Ωt′

2

G
2

Hn+1 dx dt
′
∣∣∣

+ µ1

∣∣∣ t�
0

�

St′

vn ×
1

Hn+1 · n̄×
1

Hn+1St′ dt
′
∣∣∣+

2∑
i=1

µi‖
i

H(0)‖2
L2(

i
Ω)
.
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The first term on the r.h.s. of (6.6) is estimated by

ε1

t�

0

‖
1

Hn+1‖2
L6(

1
Ωt′ )

dt′ + c(1/ε1) sup
t
‖1
vn‖2

H1(
1
Ωt)

t�

0

‖
1

Hn‖2
L3(

1
Ωt′ )

dt′,

where
t�

0

‖
1

Hn‖2
L3(

1
Ωt′ )

dt′ ≤ ε2

t�

0

‖
1

Hn‖2
H1(

1
Ωt′ )

dt′ + c(1/ε2)

t�

0

‖
1

Hn‖2
L2(

1
Ωt′ )

dt′

≤ ε2‖
1

Hn‖2
L2(0,t;H1(

1
Ωt))

+ c(1/ε2)t
(
ϕ(α(

1
vn))t

t�

0

(‖
1

Hnt′‖2
L2(

1
Ωt′ )

+ ‖
1

Hnx‖2
L2(

1
Ωt′ )
‖1
vn‖2

H2(
1
Ωt′ )

) dt′ + ‖
1

H(0)‖2
L2(

1
Ω)

)
.

Summarizing, the first term on the r.h.s. of (6.6) is bounded by

ε1‖
1

Hn+1‖2
L2(0,t;H1(

1
Ωt))

+ c(1/ε1)taϕ(taX1(
1
vn, n))[X1(

1

Hn, n) + ‖
1

H(0)‖
L2(

1
Ω)

].

The second term on the r.h.s. of (6.6) is estimated by

ε2

t�

0

‖
2

Hn+1‖2
L6(

2
Ωt′ )

dt′ + c(1/ε2) sup
t
‖

2

Hn‖2
H1(

2
Ωt)

t�

0

‖2
vn‖2

L3(
2
Ωt′ )

dt′,

where

t�

0

‖2
vn‖2

L3(
2
Ωt′ )

dt′ ≤ ε3

t�

0

‖2
vn‖2

H1(
2
Ωt′ )

dt′

+c(1/ε3)tϕ(α(
2
vn))

(
t

t�

0

(‖2
vnt′‖2

L2(
2
Ωt′ )

+ ‖2
vnx‖2

L2(
2
Ωt′ )
‖2
vn‖2

H2(
2
Ωt′ )

) dt′ + ‖2
v(0)‖2

L2(
2
Ω)

)
.

Hence the second term on the r.h.s. of (6.6) is bounded by

ε2‖
2

Hn+1‖2
L2(0,t;H1(

2
Ωt))

+ c(1/ε2)taϕ(taX2(
2
vn, n))[X2(

2
vn, n) + ‖2

v(0)‖2
L2(

2
Ω)

].

Finally, the third term on the r.h.s. of (6.6) is bounded by

ε3‖
2

Hn+1‖2
L2(

2
Ωtt)

+ c(1/ε3)‖
2

G‖2
L2(

2
Ωtt)

and the fourth term by

t�

0

[ε4‖
1

Hn+1‖2
H1(

1
Ωt′ )

+ c(1/ε4)‖
1

Hn+1‖2
L2(

1
Ωt′ )

] dt′ϕ(taX1(
1
v̄n, n)).

Employing the above estimates in (6.6), using the fact that ε1–ε4 are sufficiently small
and the Gronwall inequality we get
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(6.7)
2∑
i=1

(σi‖
i

Hn+1‖2
L2(

i
Ωt)

+ ‖
i

Hn+1‖2
L2(0,t;H1(

i
Ωt))

)

≤ ctaϕ(taX1(
1
vn, n))[X1(

1

Hn, n) + ‖
1

H(0)‖2
L2(

1
Ω)

]

+ ctaϕ(taX2(
2
vn, n))X2(

2

Hn, n)[X2(
2
vn, n) + ‖2

v(0)‖2
L2(

2
Ω)

] + c‖
2

G‖2
L2(

2
Ωtt)
.

Differentiate (6.1) with respect to t, multiply by
1

Hn+1 t and integrate over
1

Ωt. Next,

differentiate (6.2) with respect to t, multiply by
2

Hn+1 t and integrate over
2

Ωt. Adding
the results and using the transmission conditions we get

(6.8)
2∑
i=1

(
µi

�
i
Ωt

i

H2
n+1 t dx+

t�

0

‖
i

Hn+1 t′‖2
H1(

i
Ωt′ )

dt′
)

=

2∑
i=1

µi

t�

0

�
i
Ωt′

i
vnt′ · ∇

i

Hn+1 ·
i

Hn+1 t′ dx dt
′

+ µ1

t�

0

�
1
Ωt′

(
1

Hn · ∇
1
vn)t′ ·

1

Hn+1 t′ dx dt
′

+ µ2

t�

0

�
2
Ωt′

(
2
vn · ∇

2

Hn)t′ ·
2

Hn+1 t′ dx dt
′ +

t�

0

�
2
Ωt′

2

Gt′ ·
2

Hn+1 t′ dx dt
′

+ µ1

t�

0

�

St′

(vn ×
1

Hn+1)t′ · n̄×
1

Hn+1 t′ dSt′ dt
′ +

2∑
i=1

µi‖
i

Ht(0)‖2
L2(

i
Ω)
.

Now we examine the particular terms from the r.h.s. of (6.8). The first integral is bounded
by

ε

2∑
i=1

t�

0

‖
i

Hn+1 t′‖2
L6(

i
Ωt′ )

dt′ + c(1/ε)

2∑
i=1

t�

0

‖ ivnt′‖2
L3(

i
Ωt′ )
‖∇

i

Hn+1‖2
L2(

i
Ωt′ )

dt′,

where the second integral is estimated by

2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)

t�

0

‖ ivnt′‖2
L3(

i
Ωt′ )

dt′

≤
2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)

t�

0

(ε‖ ivnt′x‖2
L2(

i
Ωt′ )

+ c(1/ε)‖ ivnt′‖2
L2(

i
Ωt′ )

) dt′

≤
2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)

[ε‖ ivntx‖2
L2(0,t;L2(

i
Ωt))

+ c(1/ε)t sup
t
‖ ivnt‖2

L2(
i
Ωt)

]

≤
2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)
taX2

i (
i
vn, n).
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The second integral on the r.h.s. of (6.8) is bounded by∣∣∣ t�
0

�
1
Ωt

1

Hnt′ · ∇
1
vn ·

1

Hn+1 t′ dx dt
′
∣∣∣+
∣∣∣ t�

0

�
1
Ωt

1

Hn · ∇
1
vnt′ ·

1

Hn+1 t′ dx dt
′
∣∣∣ ≡ I1 + I2.

First, we examine

I1 ≤ ε‖
1

Hn+1 t‖2
L2(0,t;L6(

1
Ωt))

+ c(1/ε) sup
t
‖

1

Hnt‖2
L2(

1
Ωt)

t�

0

(ε1‖∇21
vn‖2

L2(
1
Ωt′ )

+ c(1/ε1)‖1
vn‖2

L2(
1
Ωt′ )

) dt′

≤ ε‖
1

Hn+1 t‖2
L2(0,t;H1(

1
Ωt))

+ c(1/ε) sup
t
‖

1

Hnt‖2
L2(

1
Ωt)

[
ε1‖∇21

vn‖2
L2(0,t;L2(

1
Ωt))

+ c(1/ε1)tϕ(α(
1
vn))

·
(
t

t�

0

(‖1
vnt′‖2

L2(
1
Ωt′ )

+ ‖1
vnx‖2

L2(
1
Ωt′ )
‖1
vn‖2

H2(
1
Ωt′ )

) dt′ + ‖1
v(0)‖2

L2(
1
Ω)

)]
≤ ε‖

1

Hn+1 t‖2
L2(0,t;H1(

1
Ωt))

+ c(1/ε)ϕ(taX1(
1
vn, n))taX2

1 (
1
vn, n)X2

1 (
1

Hn, n).

Next, we have

I2 =
∣∣∣ t�

0

�
1
Ω

( t′�
0

(
1

Hnt′′ +
1

Hnx
1
vn) dt′′ +

1

Hn(0)
)
· ∇1

vnt′ ·
1

Hn+1 t′ dξ dt
′
∣∣∣

≤
∣∣∣ t�

0

�
1
Ω

t′�

0

(
1

Hnt′′ +
1

Hnx
1
vn) dt′′ · ∇1

vnt′
1

Hn+1 t′ dξ dt
′
∣∣∣

+
∣∣∣ t�

0

�
1
Ω

1

H(0) · ∇1
vnt′ ·

1

Hn+1 t′ dξ dt
′
∣∣∣ = I1

2 + I2
2 ,

where

I1
2 ≤ ε

t�

0

‖
1

Hn+1 t′‖2
L6(

1
Ωt′ )

dt′ + c(1/ε)‖∇1
vnt‖2

L2(
1
Ωtt)
tϕ(α(

1
vn))

·
t�

0

(‖
1

Hnt′‖2
L3(

1
Ωt′ )

+ ‖
1

Hnx‖2
L2(

1
Ωt′ )
‖1
vn‖2H2(Ωt′ )

) dt′

≤ ε
t�

0

‖
1

Hn+1 t‖2
H1(

1
Ωt′ )

dt′

+ c(1/ε)tϕ(α(
1
vn))X2

1 (
1
vn, n)

t�

0

(‖
1

Hnt′‖2
H1(

1
Ωt′ )

+ ‖
1

Hnx‖2
L2(

1
Ωt′ )
‖1
vn‖2

H2(
1
Ωt′ )

) dt′,
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and

I2
2 ≤ ‖

1

Hn+1 t‖
L10/3(

1
Ωtt)

( t�
0

�
1
Ωt′

|
1

H(0)∇1
vnt′ |10/7 dx dt′

)7/10

≤ ‖
1

Hn+1 t‖
L10/3(

1
Ωtt)

( t�
0

‖
1

H(0)‖10/7

L6(
1
Ωt′ )
‖∇1

vnt′‖10/7

L15/8(
1
Ωt′ )

dt′
)7/10

≤ ‖
1

Hn+1 t‖
L10/3(

1
Ωtt)
‖

1

H(0)‖
H1(

1
Ω)

( t�
0

‖∇1
vnt′‖10/7

L15/8(
1
Ωt′ )

dt′
)7/10

≤ ‖
1

Hn+1 t‖
L10/3(

1
Ωtt)
‖

1

H(0)‖
H1(

1
Ω)
ta‖∇1

vnt‖
L2(

1
Ωtt)

≤ ε‖
1

Hn+1 t‖2
V 0
2 (

1
Ωtt)

+ c(1/ε)taX2
1 (

1
vn, n)‖

1

H(0)‖2
H1(

1
Ω)
.

Finally, we examine the third term on the r.h.s. of (6.8). We express it in the form
t�

0

�
2
Ωt′

2
vnt′ · ∇

2

Hn ·
2

Hn+1 t′ dx dt
′ +

t�

0

�
2
Ωt′

2
vn · ∇

2

Hnt′ ·
2

Hn+1 t′ dx dt
′ ≡ J1 + J2.

First, examine

|J1| ≤ ε
t�

0

‖
2

Hn+1 t′‖2
L6(

2
Ωt′ )

dt′ + c(1/ε) sup
t
‖2
vnt‖2

L2(
2
Ωt)

t�

0

‖∇
2

Hn‖2
L3(

2
Ωt′ )

dt′.

To find an estimate for J1 we examine
t�

0

‖∇
2

Hn‖2
L3(

2
Ωt′ )

dt′ ≤ ε1

t�

0

‖∇2
2

Hn‖2
L2(

2
Ωt′ )

dt′ + c(1/ε1)

t�

0

‖
2

Hn‖2
L2(

2
Ωt′ )

dt′,

where
t�

0

‖
2

Hn‖2
L2(

2
Ωt′ )

dt′

≤ taϕ(α(
2
vn))

(
t

t�

0

(‖
2

Hnt′‖2
L2(

2
Ωt′ )

+ ‖
2

Hnx‖2
L2(

2
Ωt′ )
‖2
vn‖2

H2(
2
Ωt′ )

) dt′ + ‖
2

H(0)‖2
L2(

2
Ω)

)
.

Summarizing,

|J1| ≤ ε
t�

0

‖
2

Hn+1 t′‖2
H1(

2
Ωt′ )

dt′

+ c(1/ε)taX2
2 (

2
vn, n)ϕ(taX2(

2
vn, n))(tX2

2 (
2

Hn, n) + ‖
2

H(0)‖2
L2(

2
Ω)

).

Next, we examine

|J2| ≤
∣∣∣ t�

0

�
2
Ω

( t′�
0

(
2
vnt′′ +

2
vnx

2
vn) dt′′ +

2
v(0)

)
· ∇

2

Hnt′ ·
2

Hn+1 t′ dξ dt
′
∣∣∣
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≤
∣∣∣ t�

0

�
2
Ω

t′�

0

(
2
vnt′′ +

2
vnx

2
vn) dt′′ · ∇

2

Hnt′ ·
2

Hn+1 t′ dξ dt
′
∣∣∣

+
∣∣∣ t�

0

�
2
Ω

2
v(0) · ∇

2

Hnt′ ·
2

Hn+1 t′ dξ dt
′
∣∣∣

≡ J1
2 + J2

2 ,

where

J1
2 ≤ ε

t�

0

‖
2

Hn+1 t′‖2
L6(

2
Ωt′ )

dt′ + c(1/ε)‖∇
2

Hnt‖2L2(Ωtt)
tϕ(α(

2
vn))

·
(
‖2
vnt‖2

L2(0,t;H1(
2
Ωt))

+

t�

0

‖2
vnx‖2

L2(
2
Ωt′ )
‖2
vn‖2

H2(
2
Ωt′ )

dt′
)

and
J2

2 ≤ ‖
2

Hn+1 t‖
L10/3(

2
Ωtt)
‖2
v(0)∇

2

Hnt‖
L10/7(

2
Ωtt)

≤ ε‖
2

Hn+1 t‖2
V 0
2 (

2
Ωtt)

+ c(1/ε)taX2
2 (

2

Hn, n)‖2
v(0)‖2

H1(
2
Ω)
,

where similar estimations to those used in the bound of I2
2 are employed.

The last but one term on the r.h.s. of (6.8) is estimated by
t�

0

[ε‖
1

Hn+1 t′‖2
H1(

1
Ωt′ )

+ c(1/ε)‖
1

Hn+1 t′‖2
Γ1
0(

1
Ωt′ )

ϕ(taX1(
1
vn, n))] dt′.

Employing the above estimates in (6.8) and using the Gronwall lemma yields

(6.9)
2∑
i=1

‖
i

Hn+1 t‖2
V 0
2 (

i
Ωtt)
≤ ε

2∑
i=1

‖
i

Hn+1 t‖2
V 0
2 (

i
Ωtt)

+ c(1/ε)

2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)
taX2

i (
i
vn, n)

+ c(1/ε)ϕ(taX1(
1
vn, n))taX1(

1
vn, n)(X2

1 (
1

Hn, n) + ‖
1

H(0)‖2
H1(

1
Ω)

)

+ c(1/ε)taϕ(taX2(
2
vn, n))X2

2 (
2

Hn, n)(X2
2 (

2
vn, n) + ‖2

v(0)‖2
H1(

2
Ω)

)

+ c(1/ε)taϕ(taX2(
2
vn, n))X2

2 (
2
vn, n)‖

2

H(0)‖2
H1(

2
Ω)

+

2∑
i=1

‖
i

Ht(0)‖2
L2(

i
Ω)

+ c‖
2

G‖2
L2(

2
Ωtt)

+ c‖
2

Gt‖2
L2(

2
Ωtt)
.

From (6.9), for sufficiently small ε, we obtain

(6.10)
2∑
i=1

‖
i

Hn+1 t‖2
V 0
2 (

i
Ωtt)
≤ c

2∑
i=1

sup
t
‖∇

i

Hn+1‖2
L2(

i
Ωt)
taX2

i (
i
vn, n)

+ cϕ(taX1(
1
vn, n), taX1(

1

Hn, n), taX2(
2
vn, n), taX2(

2

Hn, n))
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·
[
1 + (‖2

v(0)‖2
H1(

2
Ω)

+ ‖
1

H(0)‖2
H1(

1
Ω)

+ ‖
2

H(0)‖2
H1(

2
Ω)

)ta
]

+

2∑
i=1

c‖
i

Ht(0)‖2
L2(

i
Ω)

+ c‖
2

G‖2
L2(

2
Ωtt)

+ c‖
2

Gt‖2
L2(

2
Ωtt)
.

From (6.7) and (6.10) we obtain (6.5).

We need local considerations to obtain estimates for space derivatives. For this purpose
we make

Remark 6.2. Let us introduce a partition of unity
i

ζk(x), i = 1, 2, k ∈ M ∪ N , where

supp
i

ζk, k ∈ M, is an interior subdomain of
i

Ωt and supp
i

ζk, k ∈ N , is a boundary

subdomain. Then
i

ζk, k ∈ N , are equal to 1 in some neighborhood of St. Moreover,
1

ζk(x) =
2

ζk(x), x ∈ St, k ∈ N .

Let ξk ∈ St, k ∈ N , be in supp
i

ζk ∩St, i = 1, 2. In the subdomain supp
i

ζk, k ∈ N , we
introduce local curvilinear coordinates τ1(x), τ2(x), n(x) such that for x ∈ St, τ1(x), τ2(x)

are tangent coordinates to St and n(x) is the normal coordinate. With these coordinates
there is connected a system of orthonormal vectors such that τ̄1(x), τ̄2(x), x ∈ St, are
vectors tangent to St and n̄(x), x ∈ St, is the unit outward normal vector to St. Moreover
we assume that ∇τα = τ̄α, ∇n = n̄, |τ̄α| = 1, |n̄| = 1, α = 1, 2, and τ̄1, τ̄2, n̄ are
orthogonal.

To localize problems (6.1) and (6.2) we introduce the notation
i,k

H =
i

H
i

ζk, i = 1, 2,
k ∈M∪N .

To obtain an estimate for second space derivatives for solutions to (6.1) and (6.2) we
restrict our considerations to a neighbourhood of St. For this purpose we take a partition

of unity such that
1

ζk and
2

ζk are equal to one near St and they vanish at some positive
distance from St. Moreover, in a neighborhood of St there exists a curvilinear system of
orthonormal vectors τ̄1(x), τ̄2(x), n̄(x) for x from this neighborhood.

Multiplying (6.1) by
1

ζk we obtain

(6.11)

µ1(
1,k

H n+1 t+
1
vn ·∇

1,k

H n+1−
1,k

H n ·∇
1
vn)+

1

σ1
rotrot

1,k

H n+1

=µ1

1

Hn+1

1

ζkt+µ1

1

Hn+1
1
vn ·∇

1

ζk+
1

σ1
rot(∇

1

ζk×
1

Hn+1)+
1

σ1
∇

1

ζk×rot
1

Hn+1,

1,k

H n+1|t=0 =
1,k

H (0).

Similarly, multiplying (6.2) by
2

ζk yields

(6.12) µ2(
2,k

H n+1 t +
2
vn · ∇

2,k

H n+1) +
1

σ2
rot rot

2,k

H n+1

= µ2

2

Hn+1

2

ζkt + µ2
2
vn · ∇

2

ζk
2

Hn+1 +
1

σ2
rot(∇

2

ζk ×
2

Hn+1)

+
1

σ2
∇

2

ζk × rot
2

Hn+1 + µ2
2
vn · ∇

2

Hn

2

ζk +
k

G.
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Lemma 6.3. Let X0(n) <∞, D2 <∞. Then

(6.13)

2∑
i=1

‖
i

Hn+1 x‖2
V 0
2 (

i
Ωtt)
≤ taϕ(taX0(n))[taX2

0 (n) +D2
2] + cD2

2.

Proof. We need

(6.14)

τ̄ · ∇
i,k

H t =
i,k

Hτt − τ̄t · ∇
i,k

H,

τ̄ · ∇(v · ∇
i,k

H) = vτ · ∇
i,k

H + v · ∇
i,k

Hτ − v · ∇(τ · ∇)
i,k

H,

τ̄ · ∇∆
i,k

H = ∇(τ̄ · ∇∇
i,k

H)−∇(τ̄ · ∇)∇
i,k

H = ∆
i,k

Hτ −∆(τ̄ · ∇)
i,k

H −∇(τ̄ · ∇)∇
i,k

H,

τ̄ · ∇(∇ div
i,k

H) = ∇(τ̄ · ∇
i,k

H)−∇(τ̄ · ∇) div
i,k

H

= ∇ div
i,k

Hτ −∇((∇j τ̄ · ∇)
i,k

H j)−∇(τ̄ · ∇) div
i,k

H.

Applying the tangent derivative to (6.11), multiplying the result by
1,k

H n+1 τ and integrat-

ing over
1

Ωk =
1

Ωt ∩ supp
1

ζk and using (6.14) we get

(6.15) µ1

�
1
Ωk

(
1,k

H n+1 τt +
1
vn · ∇

1,k

H n+1 τ ) ·
1,k

H n+1 τ dx+
1

σ1

�
1
Ωk

rot rot
1,k

H n+1 τ ·
1,k

H n+1 τ dx

= µ1

�
1
Ωk

(τ̄t · ∇
1,k

H n+1 − τ̄ · ∇(
1
vn) · ∇

1,k

H n+1 +
1
vn · ∇(τ̄ · ∇)

1,k

H n+1) ·
1,k

H n+1 τ dx

+ µ1

�
1
Ωk

∂τ (
1

Hn+1

1

ζkt +
1

Hn · ∇
1
vn

1

ζk +
1

Hn+1
1
vn · ∇

1

ζk) ·
1,k

H n+1 τ dx

+
1

σ1

�
1
Ωk

∂τ (rot(∇
1

ζk ×
1

Hn+1) +∇
1

ζk × rot
1

Hn+1) ·
1,k

H n+1 τ dx

− 1

σ1

�
1
Ωk

[(rot rot
1,k

H n+1)τ − rot rot
1,k

H n+1 τ ] ·
1,k

H n+1 τ dx.

Similarly we obtain

(6.16) µ2

�
2
Ωk

(
2,k

H n+1 τt +
2
vn · ∇

2,k

H n+1 τ ) ·
2,k

H n+1 dx+
1

σ2

�
2
Ωk

rot rot
2,k

H n+1 τ ·
2,k

H n+1 τ dx

= µ2

�
2
Ωk

(τ̄t · ∇
2,k

H n+1 − τ̄ · ∇(
2
vn) · ∇

2,k

H n+1 +
2
vn · ∇(τ̄ · ∇)

2,k

H n+1) ·
2,k

H n+1 τ dx

+ µ2

�
2
Ωk

∂τ (
2

Hn+1

2

ζkt +
2

Hn+1 · ∇
2
vn

2

ζk +
2

Hn+1
2
vn · ∇

2

ζk +
2
vn · ∇

2

Hn

2

ζk) ·
2,k

H n+1 τ dx

+
1

σ2

�
2
Ωk

∂τ (rot(∇
2

ζk ×
2

Hn+1) +∇
2

ζk × rot
2

Hn+1) ·
2,k

H n+1 τ dx

+
�
2
Ωk

k

Gτ ·
2,k

H n+1 τ dx−
1

σ2

�
2
Ωk

[(rot rot
2,k

H n+1)τ − rot rot
2,k

H n+1 τ ] ·
2,k

H n+1 τ dx,

where
2

Ωk =
2

Ωt ∩ supp
2

ζk.
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Adding (6.15) and (6.16) and integrating with respect to time we obtain

(6.17)
2∑
i=1

µi
2

�
i
Ωk

|
i,k

Hn+1 τ |2 dx+

2∑
i=1

1

σi

t�

0

�
i
Ωk

rot rot
i,k

Hn+1 τ ·
i,k

Hn+1 τ dx dt
′

=

2∑
i=1

µi

t�

0

�
i
Ωk

(τ̄t′ · ∇
i,k

Hn+1 − τ̄ · ∇(
i
vn) · ∇

i,k

Hn+1 +
i
vn · ∇(τ̄ · ∇)

i,k

Hn+1) ·
i,k

Hn+1 τ dx dt
′

+

2∑
i=1

µi

t�

0

�
i
Ωk

∂τ (
i

Hn+1

i

ζkt +
i

Hn+1 ·∇
i
vn

i

ζk +
i

Hn+1
i
vn ·∇

i

ζk)·
i,k

Hn+1 τ dx dt
′

+ µ2

t�

0

�
2
Ωk

∂τ (
2
vn · ∇

2

Hn

2

ζk) ·
2,k

H n+1 τ dx dt
′

+

2∑
i=1

1

σi

t�

0

�
i
Ωk

∂τ (rot(∇
i

ζk ×
i

Hn+1) +∇
i

ζk × rot
i

Hn+1) ·
i,k

Hn+1 τ dx dt
′

+

t�

0

�
2
Ωk

k

Gτ ·
2,k

H n+1 τ dx dt
′ +

2∑
i=1

µi
2
‖
i

Hτ (0)‖2
L2(

i
Ωk)

−
2∑
i=1

1

σi

�
i
Ωtk

[(rot rot
i,k

Hn+1)τ − rot rot
i,k

Hn+1 τ ] ·
i,k

Hn+1 τ dx dt.

Now, we estimate the terms from the r.h.s. of (6.17). The first term is estimated by

2∑
i=1

(
ε1

t�

0

‖
i,k

Hn+1 τ‖2
H1(

i
Ωk)

dt′

+ c(1/ε1) sup
t
‖ ivn‖2

H2(
i
Ωk)

t
( t�

0

‖
i,k

Hn+1 t′‖2
H1(

i
Ωk)

dt′ + ‖
i

H(0)‖2
H1(

i
Ωk)

))
,

and the second by

2∑
i=1

(
ε2

t�

0

‖
i,k

Hn+1 τ‖2
H1(

i
Ωk)

dt′

+ c(1/ε2) sup
t
‖ ivn‖2

H2(
i
Ωk)

t
( t�

0

‖
i,k

Hn+1 t′‖2
H1(

i
Ωk)

dt′ + ‖
i

H(0)‖2
H1(

i
Ωk)

))
.

In view of (6.14) the last term on the r.h.s. of (6.17) is bounded by

2∑
i=1

ε3

t�

0

‖
i,k

Hn+1 τ‖
H1(

i
Ωk)

dt′ + c(1/ε3)t

t�

0

‖ ivn‖2
H3(

i
Ωk)

dt ·
t�

0

‖
i,k

Hn+1‖2
H2(

i
Ωk)

dt′.

The other terms in (6.17) can be estimated in a similar way.
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Next we examine the last two terms on the l.h.s. of (6.17). Integrating by parts they
are equal to

(6.18)

2∑
i=1

[
1

σi

t�

0

�
i
Ωk

|rot
i,k

Hτ |2 dx dt′ −
1

σi

t�

0

�

Sk

rot
i,k

Hn+1 τ ·
i,k

Hn+1 τ ×
i
n̄ dSt′ dt

′
]
.

By applying transmission conditions the sum of the last two terms becomes

(6.19)

t�

0

�

Sk

∂τ (
1
vn ×

1,k

H n+1) · τ̄µτ̄µ · n̄×
1,k

H n+1 τ dSk dt
′ ≡ I0,

where Sk = St ∩ supp
1

ζk. Hence

|I0| ≤ ε‖
1,k

H n+1 τ‖2
L2(0,t;H1(

1
Ωk))

+ c(1/ε)

t�

0

(‖1
vn‖2L3(Sk)‖

1,k

H n+1 τ‖2L3(Sk) + ‖1
vnτ‖2L3(Sk)‖

1,k

H ‖2L3(Sk)) dt
′

≤ ε‖
1,k

H n+1 τ‖2
L2(0,t;H1(

1
Ωk))

+ c(1/ε) sup
t
‖1
vnτ‖2

H1(
1
Ωk)

[
ε1

t�

0

‖
1,k

H n+1 τ‖2
H1(

1
Ωk)

dt′+c(1/ε1)t sup
t
‖

1,k

H n+1 τ‖2
L2(

1
Ωk)

]
.

Using −∆ +∇div = rot rot we express problems (6.11) and (6.12) in the form

(6.20)

µ1(
1,k

H n+1 t +
1
vn · ∇

1,k

H n+1 −
1,k

H n · ∇
1
vn)− 1

σ1
∆

1,k

H n+1

= µ1

1

Hn+1

1

ζkt + µ1
1
vn · ∇

1

ζk
1

Hn+1 −
1

σ1
∇

1

Hn+1∇
1

ζk −
1

σ1

1

Hn+1∆
1

ζk,

1,k

H n+1|t=0 =
1

H(0)

and

(6.21)

µ2(
2,k

H n+1 t +
2
vn · ∇

2,k

H n+1)− 1

σ2
∆

2,k

H n+1 =
k

G+ µ2

2

Hn+1

2

ζkt

+ µ2
2
vn · ∇

2

ζk
2

Hn+1 + µ2
2
vn · ∇

2

Hn

2

ζk −
1

σ2
∇

2

ζk∇
2

Hn+1 −
1

σ2

2

Hn+1∆
2

ζk,

2,k

H |B = 0,
2,k

H |t=0 =
2

H(0).

Using curvilinear coordinates we have

∆u = unn + uτατα + ∆ταuτα + ∆nun,

where the summation convention over α = 1, 2 is assumed. Then (6.20) implies

(6.22)
1,k

H n+1nn = −
1,k

H n+1 τατα −∆τα
1,k

H n+1 τα −∆n
1,k

H n+1n

+ σ1µ1(
1,k

H n+1 t +
1
vn · ∇

1,k

H n+1 −
1,k

H n · ∇
1
vn)

− σ1µ1(
1

Hn+1

1

ζkt +
1
vn · ∇

1

ζk
1

Hn+1) +∇
1

Hn+1∇
1

ζk +
1

Hn+1∆
1

ζk
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and (6.21) gives

(6.23)
2,k

H n+1nn = −
2,k

H n+1 τατα −∆τα
2,k

H n+1 τα −∆n
2,k

H n+1n

+ σ2µ2(
2,k

H n+1 t +
2
vn · ∇

2,k

H n+1)− σ2

k

G

− σ2µ2(
2
vn · ∇

2

ζk
2

Hn+1 +
2
vn · ∇

2

Hn

2

ζk)

+∇
2

ζk∇
2

Hn+1 +
2

Hn+1∆
2

ζk.

We estimate (6.22), (6.23) in a similar way to (6.39). Now using the expression

1

2
µi
d

dt

�
i
Ωt

i

H2
n+1 x dx = µi

�
i
Ωt

(
i

Hn+1 x

i

Hn+1 xt +
i
vn · ∇

i

Hn+1 x ·
i

Hn+1 x) dx, i = 1, 2,

and summing up over all neighborhoods of the partition of unity, taking t, εi sufficiently
small and using (6.5) we derive (6.13).

Let

(6.24)

X2(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t) =

2∑
i=1

(‖ ivn‖2
L∞(0,t;Γ2

0(
i
Ωt))

+ ‖ ivn‖2
L2(0,t;Γ3

1(
i
Ωt))

+ ‖
i

Hn‖2
L∞(0,t;Γ2

0(
i
Ωt))

+ ‖
i

Hn‖2
L2(0,t;Γ3

1(
i
Ωt))

),

D2 =

2∑
i=1

(‖ iv(0)‖2
Γ2
0(
i
Ω)

+ ‖
i

H(0)‖2
Γ2
0(
i
Ω)

) + ‖f‖2
L2(0,t;Γ2

0(
1
Ωt))

+ ‖
2

G‖2
L2(0,t;Γ2

0(
2
Ωt))

.

Lemma 6.4. Let X(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t) <∞, D <∞. Then

(6.25)
2∑
i=1

(‖
i

Hn+1 tt‖2
V 0
2 (

i
Ωtt)

+ ‖
i

Hn+1 xt‖2
V 0
2 (

i
Ωtt)

+ ‖
i

Hn+1 xx‖2
V 0
2 (

i
Ωtt)

)

≤ taϕ(taX(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t)) + ϕ(D).

Proof. Differentiate (6.1)1 and (6.2)1 with the operator −∆ replaced by rot rot twice

with respect to time, multiply by
1

Hn+1 tt and
2

Hn+1 tt, respectively, integrate over
1

Ωt

and
2

Ωt, and with respect to time. Adding we get

(6.26)
2∑
i=1

(
µi

�
i
Ωt

i

H2
n+1 tt dx+

1

σi

t�

0

�
i
Ωt′

|rot
i

Hn+1 t′t′ |2 dx dt′
)

+ I0

≤
∣∣∣µ1

�
1
Ωtt

(
1
vnt′t′ · ∇

1

Hn+1 + 2
1
vnt′ · ∇

1

Hn+1 t′) ·
1

Hn+1 t′t′ dx dt
′
∣∣∣

+
∣∣∣µ1

�
1
Ωtt

(
1

Hnt′t′ · ∇
1
vn + 2

1

Hnt′ · ∇
1
vnt′ +

1

Hn · ∇
1
vnt′t′) ·

1

Hn+1 t′t′ dx dt
′
∣∣∣

+
∣∣∣µ2

�
2
Ωtt

(
2
vnt′t′ · ∇

2

Hn+1 +
2
vnt′ · ∇

2

Hn+1 t′) ·
2

Hn+1 t′t′ dx dt
′
∣∣∣
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+
∣∣∣µ2

�
2
Ωtt

(
2
vnt′t′ · ∇

2

Hn +
2
vnt′ · ∇

2

Hnt′ +
2
vn · ∇

2

Hnt′t′) ·
2

Hn+1 t′t′ dx dt
′
∣∣∣

+
∣∣∣ �

2
Ωtt

2

Gt′t′ ·
2

Hn+1 t′t′ dx dt
′
∣∣∣+

2∑
i=1

σi‖
i

Htt(0)‖2
L2(

i
Ω)
≡

6∑
i=1

Ii,

where

I0 =
1

σ1

t�

0

�

St′

rot
1

Hn+1 t′t′ ·
1
n̄×

1

Hn+1 t′t′ dSt′ +
1

σ2

�

St′

rot
2

Hn+1 t′t′ ·
2
n̄×

2

Hn+1 t′t′ dSt′ .

Since
1
n̄ = −

2
n̄ ≡ n̄ we express I0 in the form

I0 =
1

σ1

t�

0

�

St′

rot
1

Hn+1 t′t′ · τ̄µτ̄µ · n̄×
1

Hn+1 t′t′ dSt′ dt
′

− 1

σ2

t�

0

�

St′

rot
2

Hn+1 t′t′ · τ̄µτ̄µ · n̄×
2

Hn+1 t′t′ dSt′ dt
′,

where τ̄µ, µ = 1, 2, is a tangent vector to St, τ̄1, τ̄2 are linearly independent and the
summation convention over repeated indices is assumed.

Continuing,

I0 =

[
1

σ1

t�

0

�

St′

(rot
1

Hn+1 · τ̄µ)t′t′ τ̄µ × n̄ ·
1

Hn+1 t′t′ dSt′ dt
′

− 1

σ2

t�

0

�

St′

(rot
2

Hn+1 · τ̄µ)t′t′ τ̄µ × n̄ ·
2

Hn+1 t′t′ dSt′ dt
′
]

− 1

σ1

t�

0

�

St′

(rot
1

Hn+1 · τ̄µt′t′ + 2 rot
1

Hn+1 t′ · τ̄µt′)τ̄µ × n̄ ·
1

Hn+1 t′t′ dSt′ dt
′

+
1

σ2

t�

0

�

St′

(rot
2

Hn+1 · τ̄µt′t′ + 2 rot
2

Hn+1 t′ · τ̄µt′) · τ̄µ × n̄ ·
2

Hn+1 t′t′ dSt′ dt
′

≡ I1
0 + I2

0 + I3
0 ,

where

(6.27) I1
0 =

t�

0

�

St′

(vn ×
1

Hn+1 · τ̄µ)t′t′ τ̄µ × n̄ ·
1

Hn+1 t′t′ dSt′ dt
′.

Hence

|I1
0 | ≤ ε‖

1

Hn+1 tt‖2
L2(0,t;H1(

1
Ωt))

+ c(1/ε)

t�

0

(‖
1

Hn+1 t′t′‖2L3(St′ )
‖vn‖2L3(St′ )

+ ‖
1

Hn+1 t′‖2L3(St′ )
‖vnt′‖2L3(St′ )

+ ‖
1

Hn+1‖2L3(St′ )
‖vnt′t′‖2L3(St′ )

) dt′,
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where
t�

0

‖
1

Hn+1 t′t′‖2L3(St′ )
‖vn‖2L3(St′ )

dt′

≤ sup
t′
‖vn‖2

H1(
1
Ωt′ )
·
t�

0

[ε1‖
1

Hn+1 t′t′‖2
H1(

1
Ωt′ )

+ c(1/ε1)‖
1

Hn+1 t′t′‖2
L2(

1
Ωt′ )

] dt′

≤ c sup
t′
‖vn‖2

H1(
1
Ωt′ )

ε1

t�

0

[
‖

1

Hn+1 t′t′‖2
H1(

1
Ωt′ )

+ c(1/ε1)t′ sup
t′
‖

1

Hn+1 t′t′‖2
L2(

1
Ωt′ )

]
dt′.

Let us consider I2
0 . Then we have

|I2
0 | ≤ c

t�

0

�

St′

(|
1

Hn+1 x| |
1
vnt′ |+ |

1

Hn+1 xt′ | |
1
vn|)|

1

Hn+1 t′t′ | dSt′ dt′

≤ ε
t�

0

‖
1

Hn+1 t′t′‖2
H1(

1
Ωt′ )

dt′

+ c(1/ε)

t�

0

(‖
1

Hn+1 x‖2L3(St′ )
‖1
vnt′‖2L3(St′ )

+ ‖
1

Hn+1 xt′‖2L3(St′ )
‖1
vn‖2L3(St′ )

) dt′,

where the second integral is bounded by

c(1/ε)
(

sup
t′
‖1
vnt′‖2

H1(
1
Ωt′ )

+sup
t′
‖1
vn‖2

H1(
1
Ωt′ )

)[ t�
0

(ε1‖
1

Hn+1‖2
H2(

1
Ωt′ )

+ε1‖
1

Hn+1 t′‖2
H2(

1
Ωt′ )

) dt′

+ c(1/ε1)t sup
t

(‖
1

Hn+1‖2
L2(

1
Ωt)

+ ‖
1

Hn+1 t‖2
L2(

1
Ωt)

)
]
.

The other terms in I0 can be estimated in a similar way.
To obtain an estimate for the r.h.s. of (6.26) we restrict ourselves to I1 only, because

the other integrals can be treated in a similar way. We have

I1 ≤ ε1

t�

0

‖
1

Hn+1 t′t′‖2
L6(

1
Ωt′ )

dt′ + c(1/ε1)

t�

0

‖1
vnt′t′‖2

L3(
1
Ωt′ )
‖∇

1

Hn+1‖2
L2(

1
Ωt′ )

dt′

+ c(1/ε1)

t�

0

‖1
vnt′‖2

L2(
1
Ωt′ )
‖

1

Hn+1 xt′‖2
L3(

1
Ωt′ )

dt′,

where the second integral in bounded by(
ε2

t�

0

‖1
vnxt′t′‖2

L2(
1
Ωt′ )

dt′ + c(1/ε2) sup
t
‖1
vntt‖2

L2(
1
Ωt)

)
· sup

t
‖

1

Hn+1‖2
H1(

1
Ωt)
.

Continuing, assuming that t is sufficiently small and applying Lemma 6.1 we get
2∑
i=1

‖
i

Hn+1 tt‖2
V 0
2 (

i
Ωtt)
≤ taϕ(taX(

1
vn,

2
vn,

1

Hn,
2

Hn, n, t)) + ϕ(D).
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Lemma 6.5. Let X(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t) <∞, D <∞. Then

(6.28)
2∑
i=1

(‖
i

Hn+1 xx‖2
L2(

i
Ωt)

+ ‖
i

Hn+1‖2
L2(0,t;H3(

i
Ωt))

)

≤ tαϕ(tαX(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t)) + ϕ(D).

Proof. As in the proof of Lemma 6.3, we restrict ourselves to neighborhoods of St. First
we differentiate (6.11) twice with respect to τ . To obtain an energy estimate, we need

(6.29)

τ̄ · ∇(τ̄ · ∇
l,k

H t) =
l,k

Hττt − τ̄t · ∇(τ̄) · ∇
l,k

H − τ̄ · ∇(τ̄t · ∇
l,k

H) + τ̄ · ∇(τ̄t) · ∇
l,k

H,

τ̄ · ∇(τ̄ · ∇(v ·
l,k

H)) = τ̄ · ∇(τ̄ · ∇(v) · ∇
l,k

H) + τ̄ · ∇(vj τ̄ · ∇∇j
l,k

H)

= ∂τ (vjτ · ∇j
l,k

H) + τ̄ · ∇(vj)τ̄ · ∇∇j
l,k

H + vj τ̄ · ∇(τ̄ · ∇∇j
l,k

H)

= v · ∇
l,k

Hττ + ∂τ (vjτ · ∇
l,k

H) + τ̄ · ∇(vj)τ̄∇∇j
l,k

H − vj∇j(τlτi)∇l∇i
l,k

H,

τ̄ · ∇(τ̄ · ∇)∆
l,k

H = ∇i(τ̄ · ∇(τ̄ · ∇)∇i
l,k

H)−∇i(τ̄ · ∇(τ̄ · ∇))∇i
l,k

H

= ∆(τ̄ · ∇(τ̄ · ∇)
l,k

H)−∇i(∇i(τ̄ · ∇(τ̄ · ∇))
l,k

H)

−∇i(τ̄ · ∇(τ̄ · ∇))∇i
l,k

H = ∆
l,k

Hττ +
l,k

A,

τ̄ · ∇(τ̄ · ∇)∇ div
l,k

H = ∇i(τ̄ · ∇(τ̄ · ∇)∇
l,k

H i)−∇i(τ̄ · ∇(τ̄ · ∇))∇
l,k

H i

= ∇ div
l,k

Hττ −∇(∇iτ̄ · ∇(τ̄ · ∇))
l,k

H i −∇i(τ̄ · ∇(τ̄ · ∇))∇
l,k

H i

≡ ∇div
l,k

Hττ +
l,k

B, l = 1, 2,

where the summation convention over repeated indices from 1 to 3 is assumed.
In view of (6.29) we obtain from (6.11) the equation

(6.30) µ1(
1,k

H n+1 ττt + vn · ∇
1,k

H n+1 ττ )− 1

σ1
rot rot

1,k

H n+1 ττ

= τ̄t · ∇(τ̄) · ∇
1,k

H n+1 + τ̄ · ∇(τ̄t · ∇
1,k

H n+1)− τ̄ · ∇(τ̄t) · ∇
1,k

H n+1

− ∂τ (vnjτ · ∇j
1,k

H n+1)− τ̄ · ∇(vnj)τ̄ · ∇∇j
1,k

H n+1

+ vnj∇j(τlτi)∇l∇i
1,k

H n+1 −
1,k

A −
1,k

B

+ ∂2
τ

(
µ1

1

Hn+1

1

ζkt + µ1vn · ∇
1

ζk
1

Hn + µ1

1,k

H n · ∇vn

+
1

σ1
rot(∇

1

ζk ×
1

Hn+1) +
1

σ1
∇

1

ζk × rot
1

Hn+1

)
.

Multiplying (6.30) by
1,k

H n+1 ττ and integrating over
1

Ωk we get

(6.31)
d

dt

�
1
Ωk

|
1,k

H n+1 ττ |2 dx+
1

σ1

�
1
Ωk

rot rot
1,k

H n+1 ττ ·
1,k

H n+1 ττ dx

=
�
1
Ωk

(τ̄t · ∇(τ̄) · ∇
1,k

H n+1 − τ̄ · ∇(τ̄t) · ∇
1,k

H n+1
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− τ̄ · ∇(vjn)τ̄ · ∇∇j
1,k

H n+1 + vnj∇j(τlτi)∇l∇i
1,k

H n+1) ·
1,k

H n+1 ττ dx

+
�
1
Ωk

∂τ (τ̄t · ∇
1,k

H n+1 − vnjτ∇j
1,k

H n+1) ·
1,k

H n+1 ττ dx

−
�
1
Ωk

(
1,k

A +
1,k

B ) ·
1,k

H n+1 ττ dx+
�
1
Ωk

∂2
τ

[
(µ1

1

Hn

1

ζkt + µ1vn · ∇
1

ζk
1

Hn + µ1

1,k

H n · ∇vn

+
1

σ1
(rot(∇

1

ζk ×
1

Hn+1) +∇
1

ζk × rot
1

Hn+1))

]
·

1,k

H n+1 ττ dx.

Now we estimate the terms from the r.h.s. of (6.31). The first term is estimated by

ε1‖
1,k

H n+1 ττ‖2
L6(

1
Ωk)

+ c(1/ε1)‖vn‖2
H2(

1
Ωk)
‖

1,k

H̃ n+1‖2
H2(

1
Ωk)

.

Integrating by parts in the second term we can bound it by

ε2‖
1,k

H n+1 τττ‖2
L2(

1
Ωk)

+ c(1/ε2)‖vn‖2
H2(

1
Ωk)
‖

1,k

H n+1‖2
H2(

1
Ωk)

.

We estimate the third term by

ε3‖
1,k

H n+1 ττ‖2
L2(

1
Ωk)

+ c(1/ε3)‖
1,k

H n+1‖2
H2(

1
Ωk)

,

and the last one by

ε4‖
1,k

H n+1 τττ‖2
L2(

1
Ωk)

+ c(1/ε4)(‖vn‖2
H1(

1
Ωk)
‖

1

Hn‖2
H2(

1
Ωk)

+ ‖
1

Hn+1‖2
H2(

1
Ωk)

).

Employing the above estimates in (6.31) yields

(6.32)
d

dt
‖

1,k

H̃ n+1 ττ‖2
L2(

1
Ωk)

+
1

σ1

�
1
Ωk

rot rot
1,k

H ττ ·
1,k

H ττ dx

≤ ε‖
1,k

H n+1 ττ‖2
H1(

1
Ωk)

+ c(1/ε)(‖vn‖2
H2(

1
Ωk)

(‖
1

Hn+1‖2
H2(

1
Ωk)

+ ‖
1

Hn‖2
H2(

1
Ωk)

) + ‖
1

Hn‖2
H2(

1
Ωk)

+ ‖
1

Hn+1‖2
H2(

1
Ωk)

).

Expressions (6.29) hold also for
2,k

H , where v is replaced by v′. Then from (6.12) we obtain

(6.33) µ2(
2,k

H n+1 ττt + v′ · ∇
2,k

H n+1 ττ ) +
1

σ2
rot rot

2,k

H n+1 ττ

= µ2(τ̄t · ∇(τ̄) · ∇
2,k

H n+1 + τ̄ · ∇(τ̄t · ∇
2,k

H n+1)− τ̄ · ∇(τ̄t) · ∇
2,k

H n+1)

− µ2∂τ (v′njτ · ∇j
2,k

H n+1)− µ2τ̄ · ∇v′nj τ̄ · ∇∇j
2,k

H n+1

+ µ2v
′
nj(τlτi)∇l∇i

2,k

H n+1 − (
2,k

A +
k,2

B )

+ ∂2
τ

(
k

G+ µ2

2

Hn

2

ζkt + µ2v
′ · ∇

2

ζk
2

Hn+1 + µ2v
′ · ∇

2

Hn

2

ζk

+
1

σ2
rot(∇

2

ζk ×
2

Hn+1) +
1

σ2
∇

2

ζk × rot
2

Hn+1

)
.
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Multiplying (6.33) by
2,k

H n+1 ττ and integrating over
2

Ωk we obtain

(6.34)
d

dt

�
2
Ωk

|
2,k

H n+1 ττ |2 dx+
1

σ2

�
2
Ωk

rot rot
2,k

H n+1 ττ ·
2,k

H n+1 ττ dx

=
�
2
Ωk

µ2(τ̄t · ∇(τ̄) · ∇
2,k

H n+1 − τ̄ · ∇(τ̄t) · ∇
2,k

H n+1

− τ̄ · ∇(v′nj)τ̄ · ∇∇j
2,k

H n+1 + v′nj∇j(τlτi)∇l∇i
2,k

H n+1) ·
2,k

H n+1 ττ dx

+
�
2
Ωk

µ2∂τ (τ̄t · ∇
2,k

H n+1 − v′njτ∇j
2,k

H n+1) ·
2,k

H n+1 ττ dx

−
�
2
Ωk

(
2,k

A +
2,k

B )
2,k

H n+1 ττ dx

+
�
2
Ωk

∂2
τ (

k

G+ µ2(
2

Hn+1

2

ζkt + v′ · ∇
2

ζk
2

Hn+1 + v′n · ∇
2

Hn

2

ζk)

+
1

σ2
(rot(∇

2

ζk ×
2

Hn+1) +∇
2

ζk × rot
2

Hn+1)) ·
2,k

H ττ dx.

Now, we estimate the terms from the r.h.s. of (6.34). We estimate the first term by

ε1‖
2,k

H n+1 ττ‖2
L6(

2
Ωk)

+ c(1/ε1)‖v′n‖2
H2(

2
Ωk)
‖

2,k

H n+1‖2
H2(

2
Ωk)

.

Integrating by parts in the second term we bound it by

ε2‖
2,k

H n+1 τττ‖2
L2(

2
Ωk)

+ c(1/ε2)‖v′n‖2
H2(

2
Ωk)
‖

2,k

H n+1‖
H2(

2
Ωk)

.

The third term is estimated by

ε3‖
2,k

H n+1 ττ‖2
L2(

2
Ωk)

+ c(1/ε3)‖
2,k

H n+1‖2
H2(

2
Ωk)

.

Integrating by parts in the last term we bound it by

ε4‖
2,k

H n+1 τττ‖2
L2(

2
Ωk)

+ c(1/ε4)(‖
k

Gτ‖2
L2(

2
Ωk)

+ ‖v′n‖2
H2(

2
Ωk)
‖

2

Hn‖2
H2(

2
Ωk)

+ ‖
2

Hn+1‖2
H2(

2
Ωk)

).

Employing the above estimates in (6.34) yields

(6.35)
d

dt
‖

2,k

H n+1 ττ‖2
L2(

2
Ωk)

+
1

σ2

�
2
Ωk

rot rot
2,k

H n+1 ττ ·
2,k

H n+1 ττ dx

≤ ε‖
2,k

H n+1 ττ‖2
H1(

2
Ωk)

+ c(1/ε)(‖
k

Gτ‖2
L2(

2
Ωk)

+ ‖v′n‖2
H2(

2
Ωk)

(‖
2

Hn‖2
H2(

2
Ωk)

+ ‖
2

Hn+1‖
H2(

2
Ωk)

+ ‖
2

Hn+1‖2
H2(

2
Ωk)

)).
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Adding (6.32) and (6.35) implies

(6.36)
d

dt
‖

1,k

H n+1 ττ‖2
L2(

1
Ωk)

+
d

dt
‖

2,k

H n+1 ττ‖2
L2(

2
Ωk)

+
1

σ1

�
1
Ωk

rot rot
1,k

H n+1 ττ ·
1,k

H n+1 ττ dx+
1

σ2

�
2
Ωk

rot rot
2,k

H n+1 ττ ·
2,k

H n+1 ττ dx

≤ ε
2∑
i=1

‖
i,k

Hn+1 ττ‖2
H1(

i
Ωk)

+ c(1/ε)

2∑
i=1

(‖ ivn‖2
H2(

i
Ωk)

(‖
i

Hn‖2
H2(

i
Ωk)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

)

+ ‖
i

Hn+1‖2
H2(

i
Ωi)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

) + c(1/ε)‖
k

Gτ‖2
L2(

2
Ωk)

.

Next we examine the last two terms on the l.h.s. of (6.36). Integrating by parts they are
equal to

(6.37)
[

1

σ1

�
1
Ωk

|rot
1,k

H n+1 ττ |2 dx+
1

σ2

�
2
Ωk

|rot
2,k

H n+1 ττ |2 dx
]

+
�

Sk

[
1

σ1
rot

1,k

H n+1 ττ ·
1,k

H n+1 ττ ×
1
n̄+

1

σ2
rot

2,k

H n+1 ττ ·
2,k

H n+1 ττ ×
2
n̄

]
dSk

≡ I1 + I2.

I2 can be estimated as in (6.27), where t is replaced by τ .
From the above inequalities we obtain

(6.38)
2∑
i=1

(
d

dt
‖
i,k

Hn+1 ττ‖2
L2(

i
Ωk)

+ ‖
i,k

Hn+1 ττ‖2
H1(

i
Ωk)

)

≤
2∑
i=1

[ε‖
i,k

Hn+1‖2
H3(

i
Ωk)

+ c(1/ε)‖ ivn‖2
H2(

i
Ωk)

(ε1(‖
i

Hn‖2
H3(

i
Ωk)

+ ‖
i

Hn+1‖2
H3(

i
Ωk)

+ ‖
i,k

Hn+1‖2
H3(

i
Ωk)

)

+ c(1/ε1)(‖
i

Hn‖2
L2(

i
Ωk)

+ ‖
i

Hn+1‖2
L2(

i
Ωk)

+ ‖
i,k

Hn+1‖2
L2(

i
Ωk)

)

+ ‖ ivnττ‖2
H1(

i
Ωk)
‖
i,k

Hn+1‖2L3(Sk) + ‖
i

Hn‖2
H2(

i
Ωk)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

)] + c‖
k

Gττ‖2
L2(

i
Ωk)

,

where v =
1
v, v′ =

2
v.

From (6.20) and (6.21) we have

(6.39)
2∑
i=1

‖
i,k

Hn+1nn‖2
H1(

i
Ωk)
≤ c

2∑
i=1

(‖
i,k

Hn+1 ττ‖2
H1(

i
Ωk)

+ ‖
i,k

Hn+1 t‖2
H1(

i
Ωk)

+ ‖
i

Hn‖2
H2(

i
Ωk)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

+ ‖ ivn‖2
H2(

i
Ωk)

(‖
i

Hn+1‖2
H2(

i
Ωk)

+ ‖
i

Hn‖2
H2(

i
Ωk)

)) + c‖
k

G‖2
H1(

2
Ωk)

.
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Then we calculate the derivatives with respect to time of the second derivatives with
respect to space variables:

(6.40) J ′ =
d

dt

2∑
i=1

σi
2
‖
i

Hxx‖2
L2(

1
Ωt)

=

2∑
i=1

σi
d

dt

�
i
Ωt

i

H2
xx dx

=

2∑
i=1

σi
2

d

dt

�
i
Ωt

(
i

H2
xx)(x(ξ, t), t) dξ

=

2∑
i=1

σi
2

�
i
Ωt

[(
i

H2
xx)x(x(ξ, t), t)

i
v + (

i

H2
xx)t] dξ

=

2∑
i=1

σi

�
i
Ωt

(
i

Hxx

i

Hxxx
i
v +

i

Hxx

i

Hxxt) dx

≤ ε
2∑
i=1

(‖
i

Hxxx‖2
L2(

i
Ωt)

+ ‖
i

Hxxt‖2
L2(

i
Ωt)

)

+ c(1/ε)

2∑
i=1

(‖ iv‖2
L∞(

i
Ωt)
‖
i

Hxx‖2
L2(

i
Ωt)

+ ‖
i

Hxx‖2
L2(

i
Ωt)

).

Repeating the considerations leading to (6.38) for interior subdomains we obtain

(6.41)
2∑
i=1

(
d

dt
‖
i,k

Hn+1 xx‖2
L2(

i
Ωk)

+ ‖
i,k

Hn+1‖2
H3(

i
Ωk)

)

≤ c
2∑
i=1

[‖ ivn‖2
H2(

i
Ωk)

(‖
i

Hn‖2
H2(

i
Ωk)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

)

+ ‖
i

Hn‖
H2(

i
Ωk)

+ ‖
i

Hn+1‖2
H2(

i
Ωk)

] + c‖
2

Gxx‖2
L2(

2
Ωk)

.

Integrating (6.41) with respect to time we obtain (6.28).

Lemma 6.6. Let the assumptions of Lemma 6.5 be satisfied. Then

(6.42)
2∑
i=1

(‖
i

Hn+1 xt‖2
L2(

i
Ω)

+ ‖
i

Hn+1 xt‖2
L2(0,T ;H1(

i
Ω))

)

≤ ctαϕ(tαX(
1
vn,

2
vn,

1

Hn,
2

Hn, n, t)) + ϕ(D).

The proof is similar to the proof of Lemma 6.5.

7. Boundedness

From Sections 5 and 6 we have

Lemma 7.1. Let (6.24) for lagrangian coordinates be introduced. Let D̄ <∞. Then there
exists a constant M such that for t sufficiently small we have

(7.1) X̄(
1
v̄n,

2
v̄n,

1

H̄n,
2

H̄n, n, t) ≤M.
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Proof. From Sections 5, 6 and Remark 2.4 there exists an increasing positive function ϕ
such that

X̄(
1
v̄n+1

2
v̄n+1,

1

H̄n+1,
2

H̄n+1, n+ 1, t) ≤ taϕ(taX̄(
1
v̄n,

2
v̄n,

1

H̄n,
2

H̄n, n, t), D̄) + ϕ(D̄),

where a > 0. Let M be such that taϕ(0, D̄) + ϕ(D̄) ≤ 1
2M. Then there exists t so small

that

(7.2) taϕ(taM, D̄) + ϕ(D̄) ≤M.

This implies (7.1).

Remark 7.2. Since M can be calculated in terms of D̄, inequality (7.2) for D̄ small
implies (7.1) for large time.

8. Convergence

Let us introduce the quantities

(8.1) Vn = vn − vn−1, Pn = pn − pn−1,
i

Hn =
i

Hn −
i

Hn−1, i = 1, 2.

The functions, after passing to lagrangian coordinates, are solutions to the problems

(8.2)

V̄n+1 t − divv̄n Tv̄n(V̄n+1, P̄n+1) = −(∇v̄nTv̄n −∇v̄n−1Tv̄n−1)(v̄n, p̄n)

+
1

H̄n · ∇v̄n
1

H̄n +
1

H̄n−1 · ∇v̄n
1

H̄n +
1

H̄n−1 · (∇v̄n −∇v̄n−1
)

1

H̄n−1

+
1

H̄n∇v̄n
1

H̄n +
1

H̄n−1∇v̄n
1

H̄n +
1

H̄n−1∇v̄n
1

H̄n−1,

divv̄n V̄n+1 = −(divv̄n −divv̄n−1
)v̄n,

n̄v̄n · Tv̄n(V̄n+1, P̄n+1) = −(n̄v̄nTv̄n − n̄v̄n−1
Tv̄n−1

)(v̄n, p̄n)

+
1

H̄n+1n̄v̄n · ∇
1

H̄n+1 −
1

H̄nn̄v̄n−1 · ∇
1

H̄n

+ 1
2 (n̄v̄n · ∇

1

H̄2
n+1 − n̄v̄n−1

· ∇
1

H̄2
n),

σ1

1

H̄n+1 t −∇2
1
v̄n

1

H̄n+1 = ∇2
v̄n

1

H̄n − (∇2
1
v̄n
−∇2

1
v̄n−1

)H̄n

+ σ1(
1

H̄n∇1
v̄n

1
v̄n −

1

H̄n−1∇1
v̄n−1

1
v̄n−1),

σ2

2

H̄n+1 t −∇2
2
v̄n

2

H̄n+1 = −∇2
2
v̄n

2

H̄n − (∇2
2
v̄n
−∇2

2
v̄n−1

)
2

H̄n

+ σ2(
2
v̄n · ∇2

v̄n

2

H̄n −
2
v̄n−1 · ∇2

v̄n−1

2

H̄n−1).

Let

(8.3) Ȳn(t) = ‖V̄n‖
V 0
2 (

1
Ωt)

+ ‖V̄nξ‖
V 0
2 (

1
Ωt)

+

2∑
i=1

(‖
i

H̄n‖
V 0
2 (

i
Ωt)

+ ‖
i

H̄nξ‖
V 0
2 (

i
Ωt)

).

Lemma 8.1. Let the assumptions of Lemma 7.1 hold. Then

(8.4) Ȳn+1(t) ≤ taϕ(M, D̄)Ȳn(t), a > 0.

The proof can be conducted similarly to Sections 4–6.
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