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$&%�')(�*+'-,+'/.�01(324(�'-*65-78.�5/'-.�09*:2;09'-,678.<,+(='-5->?2;@A(B*+7DCB@E'-FG,IH?*+7DFJ09%�'K,+7L5M24@E@N'-OQP�%�R�(�'/*+5-78FS(�@N'UT
24.324@VR�,+>E,�W:XY$&%B'Z,�0[24*�09>E.�\1(=7D>N.�0�>E,�09%B'Z(�*+78C�@E'/F]7DH^\8'-.�'/*:24@E>E_->N.�\I09%�'Z.B7409>N7D.`7DH"5/78FS(�@E'-TK,�09*+a�5-b
09a�*+'�c#H?a�.�O�2;FG'-.�0[24@�>N. 5-78FS(B@E'UT 24.324@VR�,+>E,/X^de'�>N.�09*+7�O�a�5-'Z2f.�7D09>E78. 78H^gA@N>Eh�78*+O�bi0�R�(�'�,�09*+a�5U09aB*+'8c
24.�Oj24,�265-78.�,+'Mk#a�'-.�5/'8c�09%�'Z.B7409>N7D.l78HYgA@N>Eh�78*+O�bi0�R�(�'mFK2;.B>EHn78@EOoX
$&%B'�%B7D@N7D.B7DFIR1\8*+7DaB(�,A78HpF 24.�>EH?78@EO�,�%32-q�>E.�\624.K24rS.�'�5-78.�.�'/5U09>E78.1s�>E09%G_-'-*+7f0978*+,+>E78.G%�2Uq�'

C�'/'-.)5-@?2;,+,+>Nt�'-O)C�RluvX�w�'-*+\8'/*ZxVyUz{X�$&%B'm(�78,+,+>EC�@E'Z*+'-,�09*+>E5-09'-OK%�78@E78.�78F|RK\8*+7DaB(�,&H?78*&>E*+*+'/O�a�5->NC�@E'
} >E'/F 24.�.�>?2;.)FK24.�>EH?7D@NO�,�s�%�>N5:%~24*+'Z.B740�,�R�FGFS'U09*+>N5m,+(3245-'/,�24*+'m09%B'ZH?7D@N@E7Ms�>E.�\B�

SO(n), U(n), SU(n), Sp(n)× Sp(1),

Sp(n)
H?78*�24@E@

n ≥ 2,
09%�'Z,+(�'/5->n24@p\8*+78a�(�,/�

G2, Spin(7), Spin(9).
� 'U0 a�,G*+'/5M24@E@&09%32;0G09%�'`F 24.�>EH?78@EO�,1s�>V09%�%�78@E78.�78F|R�\8*+78a�(�, >E.

SO(n)
2;*+'l09%�'~78*+>E'-.�09'/O

} >E'/F 24.�.�>?2;.LFK2;.B>EHn78@EOB,Z2;.BOQ7D.B@VRj\8'-.�'/*:2;@�*+'/,+a�@V09,ZF 2-R~C='178C�0[24>E.�'-O�24C�78a�0m09%B'60978(�78@E78\4R~78H
09%�>E,
@?2;*+\8'Z5-@?2;,+,/X
} >E'-FK2;.B.�>n24.`FK2;.B>EHn78@EOB,
s�>V09%~%�78@E78.�78F|R`\8*+78a�(�,�>E.

U(n)
24*+'|.�7D09%�>E.B\ C�a�0m�|�4%�@E'/*�FK24.�>Vb

H?7D@NO�,/X"$&%�'/,+'AF 24.�>EH?78@EO�,"%32-q8'AC='-'-.I'UT�09'-.�,+>Eq8'/@VRm,�09a�O�>N'-OIHn78*"FK2;.#RmR�';2;*+,Y24.�OIC�RfF 24.�RI24a�09%�78*+,
>E.�5/@Ea�O�>N.�\GgA%B'-*+.�c���7�O�\8'�c�de'->E@p'-0958X
uQ2;.B>EHn78@EOB,�s�%�78,+'�%�78@E78.�78FIRG\8*+78a�(�,�H?78*+F�,+a�C�\8*+78a�(�,&78H

Sp(n)×Sp(1)
%32-q�'f2;@N,+7|09a�*+.�'/O

78a�0^097mC�'Aq8'/*�R|>E.�09'/*+'-,�09>E.�\BX^$&%�'-,+'�FK24.�>EH?7D@NO�,�24*+'�5;24@E@E'-OZP�k�a�2M09'/*+.�>E78.�>E5AFK24.�>EH?7D@NO�,�W:X"uL24.�RI(32;b
(�'/*+,�%32-q�'&C�'-'/.6O�'-q�7409'/OI097m,�09a�O�R�>E.B\�09%�'/>E*^(�*+78(�'/*�09>E'-,�C�R1wA'/*+\8'-*/c8w�78.324.�c8uL24*+5[%�>n24H�2-q�2�c8uL24*�b
09>E.�'/@E@E>{c���24@n24FS78.l24.�OK7409%B'-*+,/X���.�'m*+'M24,+78.KH?7D*�\8>Vq�>E.�\Ik#a32;09'/*+.�>E78.�>E5��|�4%�@N'-*�F 24.�>EH?78@EO�,A,+'-*+>N7DaB,
5-78.�,+>NO�'-*:2;09>E78.`>E,
de78@EH/� ,�78C�,+'-*�q�2;09>E78.vx �D�;zo09%32;0�H?78*�'M245:%~5/78FS(3245U0�,+>EFG(�@E' � >N'f\D*+78a�(

G
09%�'/*+'

'UT�>E,�09, 2Lk#a32;09'-*+.B>E78.�>E5Ub{�I�4%�@E'-*6,�R�FGFS'U09*+>N5K,+(3245-'
G/H

X�$&%�>N,609%�'-78*�R<5/7D.#09*:2;,�09,GH�2-q�78a�*:24C�@VR
s�>V09%`09%�'fFG78*+'f,+(�78*:24O�>E5I,+>V09a32;09>E78.`7DH���'/*+FS>V09>n24.l,�R�FGFS'U09*+>N5Z,+(3245-'/,/c=24.�O`09%B'f'-T�>N,�09'-.�5/'f7DH�2
5-78FG(�@E'UT)5-78.�0[245U0�F 24.�>EH?78@EOlt�CB*+>E.�\S7Mq�'-*

G/H
\D'/.�'-*:24@E>N_-'-,&097S09%�'f.�78.�b{,�R�FSFG'U09*+>E5f5M24,+'8X�$&%�'

(�*+'/,+'-.�5/'178H�2K5-@E78,+'-OocpC�a�0Z%B>E\8%�@VR~.B7D.�b{\D'/.�'-*+>N58c��4b{H?78*+F�78.e2Kk#a32;09'/*+.�>E78.�>E56�I�;%B@E'-*mFK24.�>EH?7D@NO
>E,
*+'/,+(�78.�,+>EC�@E'ZH?78*
C�7D09%l,+>EFS>N@n24*+>V09>E'-,A097 24.�OlO�>Eh='-*+'-.B5-'-,
H?*+78F],�R�FG(�@E'/5U09>E5m\8'-78FS'-09*�R�X
� 'U0fa�,f*+'/5M24@E@^09%�2M0Z09%�'Gk#a32;09'-*+.B>E78.�>E56a�.�>E0[2;*�RL\8*+78a�(

Sp(n)
>E,f.�7D0I2KFK2MT�>EFK24@^,+aBC�\8*+7DaB(

78H
SO(4n)

c",+>E.B5-'K>V0I5/7DFGFIa�09'/,|s�>V09%e09%�'l245U09>E78.v78H&09%�'K\8*+7DaB(
Sp(1)

7DH
aB.�>V01k#a32;09'/*+.�>E78.�,/X
$&%�'Q\D*+78a�(

Sp(n) × Sp(1)
>E,)78.�@VR�2<(�*+78(�'-*),+a�CB\D*+78a�(�78H

SO(4n)
>NH
n > 1

X���.�'Q5M24.
5-78.�,+>NO�'-*

4n
b{O�>NFS'-.B,+>E78.324@ } >E'/F 24.�.�>?2;.GF 24.�>EH?78@EO�,�s�>V09%G%�78@E78.�78FIR1\8*+78a�( 5/7D.#0[2;>N.�'-O >E.

Sp(n)78*
Sp(n)× Sp(1)

X&$&%�'/,+'|0�s�7G5;2;,+'/,m24*+'|>E.~Hi245U0�k#a�>E09'fO�>Nh�'-*+'/.�0McBFG7D*+'I,+7G09%324.~Hn78*�'UTB24FS(B@E'
SU(n)

Hn*+78F
U(n)

X^u~78*+'�(�*+'/5->E,+'/@VR�c
Sp(n)

>E,Y>E.�5/@Ea�O�'/OI>E.
SU(2n)

c4,+7 } >E'-FK24.�.�>n24.IFK24.�>EH?7D@NO�,
s�>V09%|%�78@E78.�78F|RZ5-78.�0[24>E.�'/O|>E.

Sp(n)
24*+'�(324*�09>E5-a�@?2;*o5;2;,+'/,"78H��I�;%B@E'-*"FK2;.B>EHn78@EOB,ps�>E09%f_-'-*+7 } >N5-5->

5-aB*�q82;09a�*+'8XA��.)09%B'Z7D09%�'-*
%�2;.BO�c
Sp(n)× Sp(1)

>E,
.�7D0m2I,+aBC�\8*+7DaB(`78H
U(2n)

X^de'f%32-q8'

� ���
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�����������! |X#"�$&%('*),+.-�/102)23

Sp(n)× Sp(1) 4 '658795�: 4 795�;<'1),+=-2/102)23>0@?
SO(4n) A

B 5/5-78*+O�>E.B\6097109%�'|24C�7Mq�'f*+'-FK2;*DC�,
7D.B'fO�'-t�.B'-,/�
E �!FHGJI�GJKLGM��IYX B

4n
b{O�>EFG'-.�,+>N7D.�2;@ } >E'-FK2;.B.�>n24.)FK24.�>EH?7D@NO)>E,
5M24@E@E'/O

N 2POQ$PR�3!%�/TS2U2$�;V%�/ 4 52WS>NH">V09,
%�78@E78.�78F|RK\8*+78a�(`>E,
5/7D.#0[2;>N.�'-Ol>E. Sp(n)
c

N CLO�XT),5�Y=%T/TW 4 02W 4.Z\[^] U2$�;V%�/&>EH">V09,
%�78@E78.�78FIRK\8*+7DaB(l>N,
5-78.�0[24>E.�'/O)>E. Sp(n)× Sp(1)
X

N � 'U0IaB,124O�Oe09%32;0I09%�>E,I'-,�0[24C�@N>E,+%�'-Oe09'-*+FG>E.�78@E78\DRLFK2-R�C�' 5-78.�H?a�,+>E.B\�c�C�'-5;2;aB,+')2~k#a32;09'-*�b
.�>E78.�>N5Ub{�|�4%�@N'-*1FK2;.B>EHn78@EO�F 2-R�.�7D0 C�'j2L�I�4%�@E'-*SFK2;.B>EHn78@EO�>E.�09%�'`7D*+OB>E.324*�R N > X '�X�5/7DFG(�@E'-T�O
,+'-.B,+'8X_O
$&%B'ZFS78,�0�*+'/F 24*DCD24C�@E'Z*+'-,+a�@V09,�24*+'Z09%�'ZH?78@E@E7Ms�>E.�\B�

�����������! N xVyUzMO[X6`a$PRT3!%�/TS�U2$�;V%T/ 4 52Wb7852W 4 ?�0�;dc 4 'Qe 4.Z1Z�4^[gf 5�Y A
�����������! N x h;zMO[X6iJ?

n ≥ 2
cj5kX�)�5�Y=%�/TW 4 02W 4lZ\[^] U2$�;V%�/67852W 4 ?�0�;Vc 4 'nm 4 W�'TY=% 4 W A

�����������! N x h8�Mz^O[X6`Q;J;�XT),5�Y=%T/TW 4 02W 4.Z\[^] U2$�;V%�/(7852W 4 ?�0�;Vc2'nop$&02'\%qc 4 79%TW�' 4 02W 4 '(5r7r)&;_Y 4 3s;V%q0@? 852/1%('=3 4 Wt7852W 4 ?�0�;dc2' A
$&%B'-*+')24*+')2;.�2;@N7D\8>E'/,fC='U0�s�'-'/.e09%�'G09%�'-78*�R�78H N 5/7DFG(�@E'-T�O��|�4%�@E'/*|F 24.�>NHn78@EO�,624.�Oe09%32;0I78H

k#a32;09'-*+.�>N7D.B>E5Ub{�I�;%B@E'-*�F 24.�>EH?78@EO�,/Xpdv'�*+'-5;2;@N@409%�2M0�2 N 5-78FS(B@E'UT,O��|�4%�@E'/*�F 24.�>EH?78@EO
(M, g, J)

F 2-R
C�'|q�>E'Us�'/OL24,Z2 } >E'/F 24.�.�>?2;.~FK24.�>EH?7D@NO

(M, g)
097D\8'-09%�'-*�s�>V09%Q24.Q24@EFS78,�0�5-78FS(B@E'UTl,�09*+a�5-09a�*+'

J
,+aB5:% 09%�2M0

(g, J)
>N,&24@EFG7D,�0���'-*+FG>V09>n24.K24.�O

J
>E,�(324*:24@E@E'-@3H?78*�09%B' � '-q�>Vb�gA>Vq�>V0[2m5-78.�.B'-5U09>N7D. ∇78H

g
Xju 0Y09aB*+.�,�78a�0 N ,+>E.�5-' ∇ >N,�0978*+,+>E78.�b{H?*+'-'2Oo09%32;0 ∇J = 0

>EFG(�@E>E'/,^09%32;0
J
>E,�>E.1Hi245U0�2�5/7DFG(�@E'-T

,�09*+a�5-09a�*+'8X
v a32;09'-*+.�>N7D.B>E5I24.324@E78\D,�7DH�09%�'|.�7D09>E78.�,�78H�24@EFG7D,�0�5-78FG(�@E'UTl,�09*+a�5U09aB*+'I24.�O~5/7DFG(�@E'-T),�09*+a�5-b

09a�*+'l%�2Uq�'`C�'/'-.�@E7�7wC8'-O�H?78*/c�C�a�0109%B'-*+'l>E,SFG7D*+'l09%324.�7D.B'l(�78,+,+>EC�@E'`5:%�78>E5/')%�'/*+'8X�$&%�'-*+'`>E,
.�7 \87�7�O~.�7D09>E78.`78HoP�%B7D@N7DFG78*+(�%�>E5|HnaB.�5U09>E78.�,�W|>E.`09%�'Ik#a32;09'-*+.B>E78.�>E5f5M24,+'�X�x�'Uq�'/*�09%�'-@E'/,+,/c�09%�'/*+'
'UT�>E,�09,I2GP�k#a32;09'-*+.B>E78.�>E5S%�78@E78FS78*+(�%�>N515;24@E5-a�@Na�,�W:coO�'Uq�'-@N7D(='-O�C�R } X�y3a�'U09'/* x y{z�cAy8y[z�24.�Oe@?2M09'/*
C�R B X3�#aBO�C�'-*�R�x �whMz c�C�a�0�>V0
O�7�'/,
.�7D0�t�0�24@E@p'-T�(�'-5-09'-Ol(�a�*+(�78,+'-,/X

u 0�>E,"s�'/@E@�C�.�7Ms�.|09%�2M0�>E.65-78FS(�@N'UT|24.324@VR�,+>E,"09%�'-*+'&24*+'�F 24.�R|5-78.�O�>V09>N7D.B,"'Mk�aB>Vq824@E'/.�0o097�%�78@E7Db
FS78*+(�%#R�X�u 0Zs
2;,ZO�>E,+5-7Mq�'-*+'/OLC�Rj,+'-q�'-*:24@�2;a�09%�78*+,�09%32;0m09%�'I09*:24.�,+FG>E,+,+>E78.L7DH�09%�78,+'65/7D.BO�>V09>E78.�,
097`09%�' k#a32;09'-*+.B>E78.�,f\8>Vq�'/,f>E.v'M245:%v5M24,+' O�>Eh�'/*+'-.�0I5-@n24,+,+'/,|78H�HnaB.�5U09>E78.�, N ,+'-'G'8X \BX�x ��yUz^O[X)$&%�'
FS78,�0G(�*+78FS>N,+>E.�\�2;0+09'/FS(�01s
24,S09%�'lO�'/t�.�>V09>E78.�78H&P�k#a32;09'-*+.B>E78.�>E5l%�78@E78FS78*+(�%�R#W:c�(�*+78(�78,+'-O�>E.
y�|8�D�mC#Rry3a�'U09'/*�x y{z4z c8s�%�>N5:%S\8'/.�'-*:24@E>E_/'-O609%B'�g&24a�5[%�R�} } >E'-FK2;.B.S'/k#a32;09>E78.�,/X^��'-.B5-'-H?78*�09%109%�'-,+'
F 24(�(B>E.�\8,m2;(B(�'M24*+'-O~>N.`09%�'|@E>V09'/*:2;09a�*+'I24,�P�*+'/\8a�@n24*�F 24(�(�>E.B\D,�>E.`09%B'|,+'-.�,+'I78Hjy3a�'U09'/*�W:X�$&%�'UR
%32-q�'�F 24.�RS(B*+7D(='-*�09>E'/,�P�24.324@E78\87DaB,�W�097f09%B7D,+'�78Hp%�78@E78FG7D*+(B%�>E5�FK2;(B(�>E.�\8,&24@V09%�78a�\8%G09%�'�(�*+7�78H?,
24*+'GO�>ErS5-aB@V0|Hn*+78F 09%�'S09'-5[%�.�>E5;2;@�(�78>E.�0|78HAq�>E'-s C�'-5;24a�,+'G78H�c�24FS78.�\~7D09%�'-*f09%�>E.�\8,/co09%�'G.�78.�b
5-78FGFIa�0[2;09>Vq�>V0�R�78H�k#a32;09'-*+.�>E78.�,/X�u�.|F 24.�RZ5M24,+'/,o09%�'�2;.�2;@N7D\�O�7�'-,".�7D0"'-T�>E,�0McMH?7D*"'UTB24FS(�@N'8c/09%�'/*+'
24*+'�.�76,+>EFS(B@E'�Hna�.B5U09>E78.�,�s�%�>N5:%)24*+'�*+'/\8a�@n24*A>E.G09%�'�,+'-.�,+'�78H�y3a�'U09'/*/Xju�.jy�|P~�| B X��#aBO�C�'-*�RLx �wh;z
5-78@E@N'-5U09'/O�c�5-@n24,+,+>Et�'/O 24.�O�(B*+7/q�'/O�09%�'`FG7D,�0GH?a�.�O324FG'-.�0[24@&(B*+7D(='-*�09>E'/,178H�*+'-\8a�@n24*1FK2;(B(�>E.�\8,/X
B .�R�s
2-R�cpa�(j097).�7Ms|c�09%�'/*+'6O�7�'-,m.�7D0Z'UT�>E,�0f21P�k�a�2M09'/*+.�>E78.�>E5124.324@VR�,+>E,�WI>E.j09%�'6,:24FG'6,+'-.�,+'G24,
09%�'
5-78FS(�@N'UT624.324@VR�,+>E,{�8.B7D.B'U09%�'/@E'-,+,Y>E.609%�'Zy�|P~�z�� ,Y�GX2u�FK24'-O326xVy-�DzB(�*+'-,+'/.�09'-O 2;.S'UT�5-'/(�09>E78.324@E@VR
C�';2;a�09>EHnaB@{c�,+>EFG(�@E'f24.�O`5/7D.#q�>N.�5->E.B\G24(�(�@E>E5;2;09>E78.)7DH�k#a32;09'-*+.�>N7D.B,�097S'-@E'/5U09*+78F 24\8.�'-09>E,+F`X

x�'-q�'-*�09%�'/@E'-,+,/c�78.�'G5M24.�t�.BO�,+78FS' 24.324@E78\8,/XG$&%#a�,/c">EH
(M, g)

>N,|2 } >E'/F 24.�.�>n24.QFK2;.B>EHn78@EO
09%�'/.l78.�'ZO�'/t�.�'/,/�
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E �!FHGJI�GJKLGM��IYX
N 2PO B . 5�;g7902'*YqX�)�5�Y=%�/TW 4 02W 4lZ 'TY^/T) Z Y^)H/*%6>E,SO�'/t�.�'-O 24,K2j5/7/q�'/*+>E.�\ {Ui} 78H M s�>V09%�0�s�7
24@EFS78,�015-78FG(�@E'UTe,�09*+a�5-09a�*+'-,

Ii
24.�O

Ji
78.<';245:%

Ui
,+a�5:%<09%32;0

IiJi = JiIi
24.�O<09%�'

�;b{O�>EFS'/.�,+>E78.324@=q�'-5-097D*
,+(3245-'Z78H"'/.�O�78FS78*+(�%B>E,+FS,&\8'-.�'/*:2;09'-OlC�R
Ii, Ji

24.�O
Ki := IiJi>E,&09%�'f,:2;FG'Z78.j24@E@p78H

M
X

N CLO B } >N'-F 24.�.B>n24.)FS'U09*+>N5
g
>E, XT),5�Y=%T/TW 4 02W 4lZ\[�� %�/T7 4 Y 4 52W >NH g >E,&��'/*+FS>V09>?2;.KH?78*&'M245[%)78H Ii24.�O

Ji
24C�7Mq�'8X

u�.j2;.�2;@N7D\DRK097109%�'Z5/78FS(�@E'-T 5;24,+'Z78.�'Z>N.�09*+7�O�a�5-'/,
E �!FHGJI�GJKLGM��IYX B X�)�5�Y=%�/TW 4 02W 4.Z 7952W 4 ?\0�;Vc >E,S24.�24@EFS78,�01k#a32;09'-*+.�>N7D.B>E5 F 24.�>NHn78@EO�24O�FG>V0+09>E.�\Q20978*+,+>E78.�b{H?*+'-'

Gl(n,H)× Sp(1)
b{5/7D.B.�'-5-09>E78.�X

$&%B'G,+a�C�\8*+78a�(
Gl(n,H) × Sp(1)

78H
Gl(4n,R)

>E,|O�'/t�.�'-O<24,|H?78@E@E7Ms�,/XSde'G>EO�'/.�09>EHnR
R4n
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�;z^O[X "�$&% '�% Z Y 4 02WL5�; Z )&/$#25�Y^)&/1% K(σ)

0@? 5 ] U2$�;V%�/ 7852W 4 ?�0�;Vc
(Mn, g, J,Ω)

0@? Z 02W�'TY=52W,Y $&0�;V027802/	3,$ 4.Z '\% Z Y 4 02WL5�; Z )&/$#25�Y^)&/1% 1 4 ' - 4 #2%�W>+�R
1
4 [1 + 3 cos2 α(σ)],

op$&%�/1%
σ 4 '(5 3s;V52WL%(Y=52WH-P%�W,Y Y=0 Mn c 4.A % A 5r/1%*5�; 2 [ c 4 79%TW�' 4 02Ws5�;L'*)�+�'.3�5 Z % 0@? TxMn c x ∈Mn52WLc

cosα(σ) := |g(X, JY )| c�op$&%�/1% (X,Y ) 4 ' 52W 02/�Y^$&02WL02/T795�;�+*52' 4 ' 4 W σ A
uj7D*+'/7Mq8'/*/c�24,S24.�24(�(B@E>E5M2;09>E78.es�'K78C�0[24>E.<k#a32;09'-*+.�>N7D.B>E5K24.�O�7#5-0978.�>E78.�>E5 5-78a�.�09'/*+(324*�09,I78H

09%�'fHn78@E@E7Ms�>E.B\6�f@E>E.�\8'-.�C�'-*+\609%B'-78*+'-F xVy/�;z �



� �������	��
������������
�����������! |X���%\Y

M2n +*% 5 ] U2$�;V%T/ 7952W 4 ?\0�;Vct0@?q/1%*5�; c 4 78%�W�' 4 02W 2n ≥ 4 A ` '1'*)&78%9Y^$&5�Y�?�02/
5�;J;

2 [ 3s;V52WL%�' σ Y=52WH-�%TW,Y Y=0
M2n c�Y^$&%('\% Z Y 4 02WL5�; Z )H/$#�5�Y^)H/1% K(σ)

'\5�Y 4 '�� %T'(Y^$&% 4 WL%*X�)�5�; 4 Y^R
9/16 < K(σ)/K1[α(σ)] ≤ 1,

op$&%�/1%
K1[α(σ)] := 1

4 [1 + 3 cos2 α(σ)].
"�$&%�W

M 4 ' Z 027n3�5 Z Y 52WLc8$&52' Y^$&%6$&02790�Y=0T3,R8Y^R�3!%q0@?�Y^$&% Z 027 3s;V%*:(3,/10��{% Z Y 4 #2% n [ '.3�5 Z % CPn A
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a�,+>E.B\e09%�'~HnaB.�O324FS'/.�0[24@�.B7409>N7D.B, 78HZk#a32;09'-*+.�>E78.�>N5j24.324@VR�,+>E,Gs�'~,+%�7Ms�09%�2M0K09%�'-*+'L24*+'j.�7v�Db
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F 24.�>EH?78@EO�,�s�%B>E5:%~24*+'f@E7�5M24@E@VRK5-78.�H?78*+F 24@E@VR��32;0�s�>V09%~26FS'-09*+>E5m78H
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4 [ c 4 78%�W�' 4 02WL5�; 5�;g7802'TY ] U2$�;V%�/ 7852W 4 ?�0�;dc (M4, g, J,Ω)
cP0�%�'8WL0�Y65Pc27 4 Y(52W�R;V0 Z 5�;J;gR Z 02W�?�02/T795�;J;gR f 5�Ype 4 %T7952W�W 4 52Wt79%�Y^/ 4.Z g 0@?�Y^$&% ?\02/T7

g := g0(p)[dw2 + dx2 + dy2 + dz2], p ∈ U ⊂M4,

g0(w, x, y, z) := g0(r), r2 := w2 + x2 + y2 + z2,
op$&%�/1%

g0(r) 4 'q5 /1%*5�; cL3�02' 4 Y 4 #2%�c 52WL5�;gRwY 4lZ cpWL02W [@Z 02W!'TY=52W,Y<?*)HW Z Y 4 02W 4 W r N
(U ;w, x, y, z) 4 'q52W52/{+ 4 Y^/152/TR8'*R�'TY=%T7 0@?�;V0 Z 5�; Z 0�02/1c 4 WL5�Y=%T'602W M4 O A

$&%B>E,�*+'-,+aB@V0&>E,�,+>N\D.B>Et�5M24.�0�2;0&@E';2;,�0&C�'/5M24a�,+'�09%�'�,�0[24.�O�2;*+O)FG7�O�'-@=78Ho�4b{OB>EFS'/.�,+>E78.324@�%�R�(�'/*�b
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C324@E@�>E.

R4 '/k#a�>E(�(='-O)s�>V09%K09%B'ZFS'-09*+>E5

g =
4

(1− r2)2
(dw2 + dx2 + dy2 + dz2).
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u~78*+'-7Mq�'-*/c�s�'`,+%�7Ms�09%32;0G0�s�7e>EFGFS'-*+,+>N7D.B,1s�%�>E5[%�@E';2;O�097<24. 24@EFG78,�0 k#a32;09'-*+.�>N7D.B>E5~24.�O 2
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$&%B'S(324(�'/*f'-.�O�,fs�>V09%v2)5-78*+*+'-5-09>E78.L097lFIRQ(�*+'Uq�>E78a�,f(324(�'-*� W��L)�%\Y=%T/�� � )H/To 4 Y��9/*%.-�)&;d52/795T3P3 4 WH-�' N�� >N,+,+'-*�0[2;09>E78.�'-,IuL2;09%�Xj�8�8��c&y�|w|
!wO[X#u 06%324,|09aB*+.�'-Ov78a�0I09%32;06$&%�'/78*+'-F h�X !�X h~7D.

(324\8'|�
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V
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E �!FHGJI�GJKLGM��I�y8XEyDX B .>5�;g7802'TY �p; 4 � 02/1c [ Y^R�3!%�'TY^/T) Z Y^)H/1% Cn 78. V >E,�2I,+'U0
78H n 24@EFS78,�0&5-78FS(�@N'UT,�09*+a�5-09a�*+'-, {I1, . . . , In} ,+aB5:%l09%32;0

IαIβ + IβIα = −2δαβ Id, α, β = 1, . . . , n,

∗ J
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s�%�'/*+'
Id
,�0[2;.BO�,AH?78*�09%�'�>EOB'-.�09>V0�RS'-.BO�78FS78*+(�%�>E,+F 78H

V
c�2;.BO

δ
>E,�09%�'��f*+7D.B'-5*C8'/*AO�'-@V0[2&�#FS78*+'Ub

7Mq�'-*As�'f24,+,+a�FG'�09%�2M0
.�7
Ij
>E,
2|(�*+7�O�aB5U0&78H�0�s�7Bc�H?7DaB*�'-0958X�7D09%�'-*+,&Hn*+78F 09%�'m,+'U0 {I1, . . . , In} X

� �� �������yDXEy8X N 2wOQu�H
n = 1

cp09%�'-. C1 = {I} s�>V09% I2 = − Id
X6$&%#aB,/c C1 >E,Z.�7D09%�>E.�\lC�a�062;.24@EFS78,�0A5-78FG(�@E'UTS,�09*+a�5-09a�*+'8X } '/5M24@E@B09%32;0�09%B'�,�0[24.�O324*+OKHn78*+F 78Ho24.)24@EFG78,�0�5/78FS(�@E'-T1,�09*+aB5U09a�*+'

>E,

I0 =

(
0 I

−I 0

)
(I = Id),

s�%�'/*+'
V
%�2;,�24.`'Uq�'-.lOB>EFS'/.�,+>E78. N ,+'/'Z'8X \�X�xVy�~MzMO[X

N CLOju�H
n = 2

c�09%�'/. C2 = {I, J} s�>V09% I2 = J2 = − Id
24.�O

IJ +JI = 0.
� '-t�.B'

K := IJ
�

09%�'/.
IJK = − Id

24.�O
K2 = − Id

X $&%�a�,/c C2 5-78*+*+'-,+(=7D.BO�,S097�09%�'j2;@NFS78,�0 k�a�2M09'/*+.�>E78.�>E5,�09*+a�5-09a�*+' N ,+'/')'8X \BX x ��c�y"��c�y{|�c hP~�cA��z4zMO[X<$&%B'),�0[24.�O324*+O�H?78*+F 7DHm24.�24@EFG78,�0Sk�a�2M09'/*+.�>E78.�>E5
,�09*+a�5-09a�*+'Z>E,

I0 =




0 I 0 0

−I 0 0 0

0 0 0 −I
0 0 I 0



, J0 =




0 0 I 0

0 0 0 I

−I 0 0 0

0 −I 0 0



,

K0 =




0 0 0 I

0 0 −I 0

0 I 0 0

−I 0 0 0



,

s�%�'/*+'
dimR V = 4n.

x�7D09'Z09%32;0m24.�R~24@EFG78,�0mgA@E>Nh�78*+O�bi0�R�(�'Z,�09*+a�5-09a�*+' Cn = {I1, . . . , In}
>N.�O�a�5/'-,�09%�'fH?7D@N@E7Ms�>E.�\

,+'U0�78HY24@EFS78,�0
5/78FS(�@E'-T ,�09*+aB5U09a�*+'/,/�

• I1, . . . , In;

• I1I2, I1I3, . . . , I1In, . . . , In−1In;

• .�7S09*+>E(�@E'm>N,�2;.j2;@NFS78,�0
5/7DFG(�@E'-T ,�09*+a�5-09a�*+'w�

• I1I2I3I4, . . . , In−3In−2In−1In;

• .�7G7#OBO)09a�(�@E'Z>E,�24.j24@EFS78,�0
5-78FG(�@E'UT),�09*+a�5U09a�*+'P��'-0958X
� '-.�7D09'ZC�R

p′n
09%�'Z.�a�FIC�'/*
78H"09%�'|24C�7Mq�'|24@EFG78,�0
5-78FG(�@E'UTK,�09*+a�5-09a�*+'-,/X�$&%�'/.

p′n =





(
n

1

)
+

(
n

2

)
+

(
n

4

)
+ · · ·+

(
n

n− 1

) >EH
n
>N,
7#OBO�c

(
n

1

)
+

(
n

2

)
+

(
n

4

)
+ · · ·+

(
n

n

) >EH
n
>N,
'Uq�'-.�X

��'U0
p′′n := 2n − p′n.
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n ≥ 3
s�'Z%�2Uq�'Z09%�'fHn78@E@N7/s�>N.�\6\8'/.�'-*:24@�Hn78*+FIaB@n24'8�

p′n = 2n − 2p′′n − (n− 3), p′′n = 2p′′n−1 + (n− 3).
wAR),�09*:2;>N\D%#09Hn78*�s
24*+Ol5M24@E5/a�@n2;09>E78.�,As�'f\8'-0

p′1 = 1, p′2 = 3, p′3 = 6, p′4 = 11, p′5 = 20, p′6 = 37, p′7 = 70, p′8 = 135
'U0958X

� '-.�7D09'~C�R
V (n)

2�*+';24@
q�'/5U0978*G,+(�2;5/'~'/.�O�7Ms�'-O s�>V09% 2vgA@E>Nh�78*+O�bi0�R�(�'`,�09*+a�5-09a�*+' Cn =

{I1, . . . , In}
X

�����������! y8XEyDX��q%6$&5 #�%
dimR V (n) = 2ns,

op$&%�/1%
s > 0 4 '652W 4 W,Y=%=-P%�/ A

� /10�0@? A B ,+,+a�FS'
09%32;0A2m*+'M24@�q�'/5U0978*Y,+(�2;5/' V >N,Y'Mk�aB>E(�(�'/O6s�>V09%G24. 24@EFG78,�0�gA@E>Eh�78*+O�bi0�R�(�'&,�09*+a�5-b09a�*+' Cn = {I1, . . . , In}
XA�#>E.�5/'

G := {a1I1 + · · ·+ anIn; a1, . . . , an ∈ R 2;.BO (a1)2 + · · ·+ (an)2 = 1}
>E,�2|5/7DFG(3245U0
\8*+78a�(�c

V
5;24.)C�'Z,+(�@E>V0&>N.�097G2IO�>N*+'-5U0
,+a�F]7DH">N*+*+'-O�a�5/>EC�@E'�q�'/5U0978*&,+a�C�,+(3245-'/, N ,+'/'

'8X \BX�x ��c�(�X
y-�DzMO&24.�Ol09%#a�,�>V0�,+a�rS5-'-,�0971(B*+7/q�'Z09%�'m09%�'/78*+'-F]Hn78*
V
>E*+*+'/O�a�5/>EC�@E'�X

� 'U0
X ∈ V c X 6= 0

XAgA78.�,+>NO�'-*&09%�'Zq�'/5U0978*
,+a�C�,+(3245/'
V1
7DH
V
\8'-.�'/*:2;09'-OlC�R

X, I1X, I2X,

. . . , In−1X
X^$&%�'/.

InV1
5M24.�.�7D0YC�'/@E78.�\�097

V1
X u�.�O�'/'-O�cD7D09%�'-*�s�>N,+'�09%�'/*+'�s�78a�@NOI'UT�>E,�0�2�F 2;09*+>VT

A =




a0
0 . . . an−1

0XXX X X X XXX

a0
n−1 . . . an−1

n−1


 ∈M(n;R)

NM(n;R)
OB'-.�7D09'-,Z09%�'S,+'U0|7DH

n × n F 2;09*+>E5-'/,ms�>V09%Q*+'M24@Y5-7�'/r15/>E'-.#09,TO
s�>E09% detA 6= 0
,+aB5:%

09%32;0
InX = a0

0X + a1
0I1X + · · ·+ an−1

0 In−1X,

In(I1X) = a0
1X + a1

1I1X + · · ·+ an−1
1 In−1X,X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X

In(In−1X) = a0
n−1X + a1

n−1I1X + · · ·+ an−1
n−1In−1X.

�#>E.B5-'
In(InX) = −X c�s�'Z\8'U0

In(InX) = In(a0
0X + a1

0I1X + · · ·+ an−1
0 In−1X)

= a0
0InX + a1

0In(I1X) + · · ·+ an−1
0 In(In−1X)

= a0
0(a0

0X + a1
0I1X + · · ·+ an−1

0 In−1X)

+ a1
0(a0

1X + a1
1I1X + · · ·+ an−1

1 In−1X)

+
X-XUX-X-X-X-XUX-X-X-X-XUX-X/XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X

+ an−1
0 (a0

n−1X + a1
n−1I1X + · · ·+ an−1

n−1In−1X),
,+7

[(a0
0)2 + a1

0a
0
1 + · · ·+ an−1

0 a0
n−1]X

+ [a0
0a

1
0 + a1

0a
1
1 + · · ·+ an−1

0 a1
n−1]I1X

+
X-XUX-X-X-X-XUX-X-X-X-XUX-X/XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX

+ [a0
0a
n−1
0 + a1

0a
n−1
1 + · · ·+ an−1

0 an−1
n−1]In−1X = −X.
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$&%�>E,
>NFS(�@E>N'-,

(1.1)

(a0
0)2 + a1

0a
0
1 + · · ·+ an−1

0 a0
n−1 = −1,

a0
0a

1
0 + a1

0a
1
1 + · · ·+ an−1

0 a1
n−1 = 0,

X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X

a0
0a
n−1
0 + a1

0a
n−1
1 + · · ·+ an−1

0 an−1
n−1 = 0.

��.l09%�'Z7D09%�'/*
%324.�O�c�s�'f%32-q�'

0 = In(IαX) + Iα(InX)
H?7D*

α = 1, . . . , n− 1,
s�%�>E5[%l\8>Vq�'-,

a0
αX + a1

αI1X + · · ·+ an−1
α In−1X + Iα[a0

0X + a1
0I1X + · · ·+ an−1

0 In−1X] = 0,
>{X '8X

a0
αX + a1

αI1X + · · ·+ an−1
α In−1X + a0

0IαX + a1
0IαI1X + · · ·+ an−1

0 IαIn−1X = 0.
yB78*

α = 1
s�'f\8'U0

a0
1 − a1

0 = 0,
>{X '�X

a0
1 = a1

0,

a1
1 + a0

0 = 0,
>{X '�X

a0
0 = −a1

1,

a2
1 = a3

1 = · · · = an−1
1 = 0,

a2
0 = a3

0 = · · · = an−1
0 = 0.yB78*

α = 2
s�'f\8'U0

a0
2 = a2

0,

a2
2 = −a0

0,

a1
2 = a3

2 = · · · = an−1
2 = 0,

a1
0 = a3

0 = · · · = an−1
0 = 0.

� '-.B'-*:24@E@VR#c�H?7D*
α = m

s�'f%32-q8'

a0
m = am0 , m = 1, . . . , n− 1,

a0
0 = −a1

1 = −a2
2 = · · · = −an−1

n−1,

am0 = 0, m = 1, . . . , n− 1,

a2
1 = a3

1 = · · · = an−1
1 = 0,

a1
2 = a3

2 = · · · = an−1
2 = 0,

a1
3 = a2

3 = a4
3 = · · · = an−1

3 = 0,
X-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X

a1
n−1 = a2

n−1 = · · · = an−2
n−1 = 0.

�#a�CB,�09>V09a�09>E.�\<09%�'e24C�7Mq�'Q*+'-@?2M09>N7D.B,K097<09%�'Q,�R�,�09'-F N y8XVy�OGs�'Q\D'-0
(a0

0)2 = −1
c�s�%�>N5:%�>E,~2

5-78.�09*:24O�>N5U09>E78.�X
gA78.�,+>NO�'-*A09%�'�,+aBC�,+(3245-'

V0
7DH
V
\D'/.�'-*:2;09'/O C�R

V1
24.�O

InV1
X���>E.�5-'

V0
>E,�>E.�q�2;*+>?2;.#0Aa�.�OB'-*

09%�'Zs�%�78@E'Z\D*+78a�( G c�s�'fFIa�,�0�%32-q�' V0 = V
,+>E.�5/'

V
>E,
>E*+*+'-OBa�5->ECB@E'8X�$&%�a�,

V = V1 ⊕ InV1.
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$&%�'/.

dimV = dimV1 + dim(InV1)
c#,+7

dimV = 2 dimV1
c�>{X '�X

dimV (n) = 2 dimV (n− 1)
X

�#>E.B5-'
dimV (1) = 2s

H?78*
,+7DFG'Z>E.#09'-\8'-*
s > 0

c�s�'f5-78.�5-@Na�O�'m09%32;0
dimV (n) = 2ns

X

%"&��?&�� 9�=��
;7G'0	��6�
<FH3C. ,/2 BH3IG'@"& u�.<78*+O�'/*I097j5-78.�,+>NO�'-*S2M0609%�'K,:24FS' 09>EFS')k�a�2M09'/*+.�>E78.�,
24.�O`7�5U0978.�>E78.�, N 'Uq�'-.l5/78FS(�@E'-T .�a�FIC�'/*+,TO�s�'f>E.�09*+7�O�a�5/'�P+gA@E>Eh�78*+O�bi0�R�(�'Z.#a�F6C�'-*+,�W:X

B ,+,+aBFS'm09%�2M0
n = 1, 3, 7.

E �!FHGJI�GJKLGM��I h�XEyDX � '-.�7D09'1C�R An 09%�'6tB'-@EOL78H �j; 4 � 02/1c [ Y^RT3!%rW�)H79+*%T/T'8X B 0�R�(�>E5;24@^'-@E'/FS'/.�0 a78H An 5;2;.`C�'Zs�*+>V0+09'-.`24,

a := x0 + e1x1 + e2x2 + · · ·+ enxn, x0, x1, . . . , xn ∈ R, n = 1, 3, 7,
24.�Ols�'|24,+,+a�FG'Z09%32;0
09%�' �j; 4 � 02/1c [ Y^RT3!%()&W 4 Y^' e1, . . . , en

,:2;09>E,+HNR

ekem + emek = −2δkm, k,m = 1, . . . , n,
09%32;0�>E,/c

e2
k = −1, k = 1, . . . , n; ekem = −emek, k 6= m, k,m = 1, . . . , n,

24.�O

{ekem} = {±e1, . . . ,±en}, ek = −ek, ekem = −ekem, k 6= m, k,m = 1, . . . , n.
dv'|24@E,+7S%32-q�'

ab = ba, a, b ∈ An.
�� �� ������#h�XEy8X
y8X C �

5-78FS(�@N'UTI.#aBFIC�'/*+,Ys�>V09%609%�'
5-78FS(B@E'UTIa�.�>V0
e1 = i

,:2;09>E,+HnR�>E.�\
i2 = −1

24.�O
i = −i XN gA78FS(�@N'UTKFIa�@V09>N(�@E>E5;2M09>N7D.K>E,
5-78FSF6a�0[2;09>Vq�'Z24.�Oj24,+,+7�5->n2;09>Vq�'�XgO

h�X
H �

k#a32;09'-*+.�>E78.�,&s�>V09%)09%�'fk#a32;09'-*+.B>E78.�>E5ma�.B>V09,
e1 = i

c
e2 = j

c
e3 = k

,:2M09>N,+HNR�>E.�\

i2 = j2 = k2 = ijk = −1, ij = k, jk = i, ki = j,

i = −i, j = −j, k = −k.N v a�2M09'/*+.�>E78.�>E5ZFIa�@V09>N(�@E>E5;2M09>N7D.K>E,
.�7D0�5-78FSF6a�0[2;09>Vq�'mC�a�0�>E0
>E,�24,+,+7�5->n2;09>Vq�'�XgO
��X
O �

7�5U0978.�>E78.�,&s�>V09%K09%B'Z7�5U0978.�>E78.�>N5ma�.�>V09,
e1, . . . , e7

,:2;09>E,+HnR�>E.�\

e2
k = −1, k = 1, . . . , 7, ekem + emek = 0, k 6= m, k,m = 1, . . . , 7,

e1e2 = e3, e2e3 = e1, e3e1 = e2, e1e4 = e5,

e2e4 = e6, e3e4 = e7, e5e1 = e4
'U0958XEc

e1e3 = −e2,

e1e5 = −e4, e1e6 = −e7, e1e7 = e6
'U095�X

24.�O
ek = −ek.N ��5-0978.�>E78.�>E5mF6a�@V09>E(B@E>E5M2;09>E78. >N,
.�7D0�5-78FSF6a�0[2;09>Vq�'Z24.�O`.�7D0�24,+,+7�5->n2;09>Vq�'8X_O

� 'U0 Apn ≡ R(n+1)p OB'-.�7D09'&09%�'AP+gA@E>Nh�78*+O�bi0�R�(�'[W���a�5-@N>EO�'M24. p b{,+(3245-'
s�>V09%15/7#78*+O�>N.32;09'-, A :=

(a1, . . . , ap)
c�s�%�'-*+'

as := xs0 + e1x
s
1 + e2x

s
2 + · · ·+ enx

s
n, s = 1, . . . , p,
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24.�O
A := X0 + e1X1 + · · · + enXn

s�>V09%
Xi = (x1

i , x
2
i , . . . , x

p
i )
c
i = 0, 1, . . . , n

X|$&%#a�,
RpO�'/.�7D09'-,&09%�'f,+a�C�,+'U0�78H Apn

s�>V09%
X1 = · · · = Xn = 0

X
� '-t�.�'Z09%�'Z*+>N\D%#0�FIa�@V09>N(�@E>E5;2M09>N7D. • : Apn ×An → Apn

C�R

A • a := (a1 · a, . . . , ap · a), A ∈ Apn, a ∈ An.
dv'�'/FS(�%�2;,+>N_-'A09%32;0 Apn

5;2;.1C�'&>EO�'/.�09>Et�'/O|s�>V09% R(n+1)p '/.�O�7Ms�'-O1s�>V09% n 24@EFG7D,�0Y5-78FS(�@N'UT,�09*+a�5-09a�*+'-,
I1, . . . , In

,:2;09>E,+HnR�>E.�\
IαIβ + IβIα = − 2δαβ Id,

I1X := e1X, . . . , InX := enX, X ∈ R(n+1)p,
s�%�'/*+'

Id
,�0[24.�O�,AH?78*�09%�'�>NO�'-.�09>E0�R1F 24(�(�>E.B\f>E.

R(n+1)p XY$&%#a�,�s�'�5M24.G09*+'M2;0 Apn ≡ R(n+1)p 24,
2
p
b{OB>EFS'/.�,+>E78.324@�*+>E\8%�0&FG7�O�a�@E'�7Mq�'-* An XA��.�'mOB'-t�.�'/,�2|C�>E@E>E.B'M24*AH?78*+F 〈 , 〉 7D. Apn

24,&H?7D@N@E7Ms�,/�
>EH
A = (a1, . . . , ap)

c
B = (b1, . . . , bp) ∈ Apn

c�09%B'-.

〈A,B〉 :=
1

2

p∑

α=1

(aαbα + bαaα) = Re(A,B) := Re

p∑

α=1

aαbα,

s�%�'/*+'
as := xs0 − e1x

s
1 − e2x

s
2 − · · · − enxsn, s = 1, . . . , p.

$&%�'/. 〈A,B〉 >E,�2;.G>E.�.�'/*Y(B*+7#OBa�5U0�>N. Apn
5/7D.B,+>EO�'-*+'/O 2;,�24.

(n+1) ·p b{O�>NFS'-.B,+>E78.324@�*+';24@�q�'/5U0978*,+(3245-'�Xpx�7D09'�09%�2M0
〈A,B〉 = 1

2 [(A,B) + (B,A)].
� '-.�7D09'mC�R

SPn+1(p)
09%�'m,+'U0
78H^24@E@p'-.�OB7DFG78*+(�%�>E,+FG,�78H Apn

s�%B>E5:%)(�*+'/,+'-*�q�'�09%�'IgA@E>Eh�78*+O�b
0�R�(�'6,�R�FS(�@N'-5U09>N5|(B*+7#OBa�5U0 N c�O[X N u�.j09%�'1k#a32;09'/*+.�>E78.�>E565M24,+'

(n = 3) SP4(p)
>E,m.�7D09%�>E.B\K'-@N,+'

09%324.)09%�'Zs�'-@E@�C�.�7Ms�.l\8*+78a�(`a�,+a324@E@VRKOB'-.�7D09'-O`C�R
Sp(p)

XgO
$&%B'Z.�78*+F]78H

A ∈ Apn
>N,
O�'-t�.B'-Oj24,
a�,+a324@oC�R

‖A‖2 := (A,A) =

p∑

β=1

aβaβ

24.�O`5M24.lC�'fa�,+'-Ol097S'UT�(�*+'/,+,&09%B'm>N.�q�'-*+,+'f'-@N'-FS'/.�0
78H
A 6= 0

�

A−1 :=
1

‖A‖2 A.x�7D09'm09%32;0
SPn+1(1) = {a ∈ An : ‖a‖ = 1} >E,�26\8*+78a�(�c324.�O SPn+1(p) ⊆ SO[(n+ 1)p]

X
� �� Q ��>h�XVy8X 〈A,B〉 4 ' 4 W #252/ 4 52W,Y )HWLcP%T/6Y^$&%r5 Z Y 4 02W>0@?

SPn+1(p) A
� /10�0@? A SPn+1(p)

>E,SO�'-t�.B'-O�24,609%B'),+'U0S78H�24@E@�'/.�O�78FS78*+(�%B>E,+FS,178H Apn
s�%�>E5[%�(�*+'/,+'-*�q�'K09%�'

P�,�R�FS(�@N'-5U09>N5�(B*+7#OBa�5U0�W
(A,B)

X���a�*&>E.�.B'-*�(�*+7�O�a�5U0
>E, 〈A,B〉 = 1
2 [(A,B) + (B,A)]

X^��'/.�5-'�>E0
>E,
5/@E'M24*+@VRK>E.�q�2;*+>?2;.#0MX

%'&�� &����<3	� ,-.<0/172 35.768179
�W;7G"2
Ω
& � 'U0

V
C�'�2Z*+'M24@�q�'-5-097D*�,+(3245-'�'Mk�aB>E(�(�'/O1s�>V09% 24.K24@EFS78,�0

gA@E>Eh=7D*+O�bi0�R�(='&,�09*+a�5-09a�*+' Cn = {I1, . . . , In}
X � '-0

(Apn)′
C�'
09%�'
O�a324@3,+(3245-'�7DH Apn

7/q�'/* An 24.�O
α1, . . . , αp

C�'|26C324,+>E,�78H
(Apn)′

X^de'fF 2-RKs�*+>V09'

αs := b0sα
0
s + b1sα

1
s + · · ·+ bnsα

n
s , b0s, b

1
s, . . . , b

n
s ∈ R, s = 1, . . . , p,

,+7109%�2M0
α0
s, α

1
s, . . . , α

n
s

Hn78*+FS,�21C324,+>E,
78H
(Apn)′

7Mq8'/*
R
X
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E �!FHGJI�GJKLGM��I���XEyDX � '-t�.B'

n
,DC8'Us ,�R�FSFS'-09*+>E5mC�>E@E>E.B'M24*&Hn78*+FS,

ω1, . . . , ωn
78. Apn

24,�Hn78@E@N7/s�,/�

(3.1) ωi(A,B) = 〈A, IiB〉, i = 1, . . . , n.B ,+,+aBFS'm09%�2M0
n+ 1 = 2w

H?7D*
,+78FG'Z>E.�09'/\8'-*
w > 0

X
E �!FHGJI�GJKLGM��I���Xgh�Xmde'ZO�'/t�.�'I2

2w
b{Hn78*+F

Ω
78. Apn

C#R

Ω := ω1 ∧ · · · ∧ ω1︸ ︷︷ ︸
w ��� ���	�

+ · · ·+ ωn ∧ · · · ∧ ωn︸ ︷︷ ︸
w �
� �����

.

E �!FHGJI�GJKLGM��I���X ��X � '-t�.B'624.Q245U09>E78.~78H�09%�'|\8*+78a�(
SPn+1(p)× SPn+1(1)

78. Apn
24,�H?7D@N@E7Ms�,/�

@E'-0
A ∈ Apn

2;.BO
(Λ, λ) ∈ SPn+1(p)× SPn+1(1)

��09%�'/.
(Λ, λ)A := ΛAλ,

>{X '8X�2;(B(�@VR
Λ
097
A
24.�O`F6a�@V09>E(�@ER 7D.l09%�'Z*+>E\8%�0�C#R

λ
X

E �!FHGJI�GJKLGM��I���X ��X � 'U0
λ ∈ SPn+1(1)

N >{X '8X
λ ∈ An

2;.BO ‖λ‖ = 1
O[X � '-t�.�'121F 24(

λ∗
78.`09%�'

C�>E@N>E.�'M24*&H?7D*+FG,
ω1, . . . , ωn

N OB'-t�.�'/OlC�R N ��XEy�ODO�24,�Hn78@E@E7Ms�,/�
λ∗ωi(A,B) := ωi(Aλ,Bλ), i = 1, . . . , n.�����������! ��XEyDXt"�$&% ?�02/T7

Ω 4 ' 4 W #�52/ 4 52W,Y )HWLcP%�/6Y^$&%q5 Z Y 4 02W 0@?
SPn+1(p)× SPn+1(1) A

� /10�0@? A wAR � '-FSFK2qh�XVy8c Ω >E,&>E.�q824*+>n24.�0
a�.�O�'/*�09%�'f245-09>E78.)7DH SPn+1(p)
78.)09%�'m@E'/HN0MXjx�7Ms|c�@E'-0

λ ∈ An
s�>V09% ‖λ‖ = 1

c�>{X '�X
λ
*+'/(�*+'-,+'/.�09,�2;.`'/@E'-FG'-.�0
78H

SPn+1(1)
XY$&%�'/.

λ∗Ω := λ∗ω1 ∧ · · · ∧ λ∗ω1︸ ︷︷ ︸
w �
� �����

+ · · ·+ λ∗ωn ∧ · · · ∧ λ∗ωn︸ ︷︷ ︸
w �
� �����

.

B 5-5/78*+O�>E.�\6097 � '/t�.�>V09>N7D.B,���X �G24.�O~��X �K24.�O`C�R`26,+>EFG(�@E'm5;2;@N5-a�@n2;09>E78.Ks�'f%32-q8'
λ∗ωi(A,B) = ωi(Aλ,Bλ) = 〈Aλ, IiBλ〉 = ‖λ‖2〈A, IiB〉 = ‖λ‖2ωi(A,B)

H?7D*
i = 1, . . . , n

XZ$&%#a�,
λ∗Ω = Ω

c=%B'-.�5/'
Ω
>E,�>N.�q824*+>n24.�0ma�.�O�'/*�09%�'1245-09>E78.j78H

SPn+1(1)
78.

09%�'f*+>E\8%�0MX

%'&�<&�� FH9�=�6d6>=P.���; � �W;7G"24@"& ��.B'�5;24.G'-T#09'/.�OS09%�'�OB'-t�.�>E09>E78.G7DH=09%�'&P�,�0[24*�W
78(�'/*:2;097D* ∗ 24.�O 09%�'78(�'-*:2;0978*+,
L
24.�O

Λ
c�C#.B7/s�.`H?*+78F 5/@n24,+,+>E5M24@pO�>Nh�'-*+'/.�09>n24@p\8'-78FS'-09*�R�c#097109%�'6gA@E>Eh�78*+O�bi0�R�(�'Z5M24,+'8X

� 'U0 ∧
(Apn)′

C='S09%�' 'UT�09'/*+>E78*I24@E\8'-CB*:2l7/q�'/* R 7DC�0[2;>N.�'-OvC�R�5/78.�,+>EO�'/*+>E.�\ (Apn)′
2;,12`*+'M24@

2wp
b{O�>EFG'-.�,+>N7D.�2;@�q�'-5-097D*�,+(3245-'8X ��q�'-*�R1'-@E'/FS'-.#0�78H ∧

(Apn)′
>E,�2m@E>N.�'M24*�5-78FIC�>N.32;09>E78.178H�,+>NFS(�@E'

r
b{H?7D*+FG,

ω := β1 ∧ · · · ∧ βr
c�s�%�'/*+'

βi
>N,
7D.B'Z78H

α0
s, α

1
s, . . . , α

n
s , s = 1, . . . , p

X
E �!FHGJI�GJKLGM��IL�BXEyDX � '-t�.B' ∗ c L 24.�O Λ 7D. (Apn)′

24,�H?78@E@E7Ms�,/��>EH
ω
>E,�21,+>EFS(B@E'

r
b{H?78*+F]09%�'-. ∗ω>E,&09%�'f,+>EFS(B@E'

[(n+ 1)p− r] = (2wp− r) b{H?78*+F],+a�5:%l09%32;0

ω ∧ ∗ω = α0
1 ∧ α1

1 ∧ · · · ∧ αn1 ∧ · · · ∧ α0
p ∧ α1

p ∧ · · · ∧ αnp .x�'UT�0
s�'Z'UT�09'/.�O ∗ C�R)@N>E.�'M24*+>V0�RG097 (Apn)′
XpyB78*�24.~24*+C�>E09*:2;*�R)'UT�09'-*+>E78*&H?7D*+F

ω
s�'fO�'-t�.B'

Lω := Ω ∧ ω, Λω := ∗(Ω ∧ ∗ω).
� �� ���������XEy8X
y8Xpy37D*�24@E@

ω ∈ (Apn)′
s�'f%32-q8' ∗∗ω = ω.
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h�X
L :
∧r

(Apn)′ → ∧r+(n+1)
(Apn)′ ≡ ∧r+2w

(Apn)′.��X
Λ :
∧r(Apn)′ → ∧r−(n+1)(Apn)′ ≡ ∧r−2w(Apn)′.

E �!FHGJI�GJKLGM��IL�BXgh�X � '-t�.B'|26CB>E@E>E.�';24*�H?78*+F N c,OA78. ∧r(Apn)′
C#R

(ω, ω′) := ∗(ω ∧ ∗ω′) H?78*
ω, ω′ ∈ ∧r(Apn)′.

� �� Q ��Q�BXVy8X��r% $&5 #�%
(Lω, ω′) = (ω,Λω′)

?\02/
ω ∈ ∧r(Apn)′

52Wsc
ω′ ∈ ∧r+(n+1)

(Apn)′ ≡∧r+2w(Apn)′ A
� /10�0@? A $&%�>E,
H?78@E@E7Ms�,&C�Rl,�09*:24>E\8%�09Hn78*�s
24*+Ol5;2;@N5-a�@n2;09>E78.�,/X
� �� Q ��Q�BX h�Xt"�$&%(795T3P3 4 W�-

L :
∧r

(Apn)′ → ∧r+(n+1)
(Apn)′ ≡ ∧r+2w

(Apn)′

4 '65 7902WL027802/	3,$ 4 '*7 ?\02/
r + (n+ 1) ≤ p+ 1 (r + 2w ≤ p+ 1) A

� /10�0@? A de'I%�2Uq�'I097 (�*+7Mq�'|09%32;0�H?78* ω ∈ ∧r(Apn)′, r + (n + 1) ≤ p + 1
c309%B'|*+'/@n2;09>E78.

Lω =

Ω ∧ ω = 0
>EFS(�@N>E'-,

ω = 0
X B ,+,+a�FS'Z09%32;0

ω 6= 0
24.�Ols�*+>V09'

ω =
∑

A0,A1,...,An

γA0,A1,...,Anα
0
A0
∧ α1

A1
∧ · · · ∧ αnAn ,

s�%�'/*+'
A0, A1, . . . , An ⊆ {1, . . . , p}

24.�O`>EH
Ai = {i1, . . . , is}

09%�'/.
αiAi := αii1 ∧ · · · ∧ αiis

X
u�.L09%�'1,+a�FSFK2M09>N7D.�2;C=7/q�'�cp5-78.�,+>EO�'/*�09%�'609'-*+FG,�s�>V09%j09%�'1%�>E\8%�'/,�0�097D0[24@�O�'-\8*+'/'8c=,:2-R

t
cp>E.

α0 � ,�24.�O α1 � ,/X � 'U0 ω′ C�'Z09%�'Z,+aBF�7DH"09%�'/,+'m09'-*+FG,/�

ω′ =
∑

γA0,A1,...,Anα
0
A0
∧ α1

A1
∧ · · · ∧ αnAn 6= 0,

s�%�'/*+'|09%�'6,+a�FSFK2M09>N7D.~>N,�0[2�C8'/.j7Mq8'/*�09%�'I>N.�O�>E5/'-,
A0, A1, . . . , An

,+a�5[%j09%32;0 |A0|+ |A1| = t

(|A0|, |A1|
O�'-.�7D09'Z09%�'Z5;2;*+OB>E.324@E>V09>E'/,�78H

A0
24.�O

A1
c�*+'-,+(�'/5U09>Vq�'-@ER�O[X

��>EFS>E@?2;*+@ER�c^s�'`'UT�(�*+'-,+,
Lω = Ω ∧ ω >E.�09'-*+FS,S7DH α0

A0
, α1

A1
, . . . , αnAn

2;.BO�5-78.�,+>EO�'/*609%�'
09'-*+FG,Ys�>V09%109%�'�%�>E\8%�'/,�0�097D0[2;@BO�'/\8*+'-'�>E.

α0 � ,�24.�O α1 � ,/XjyB*+78F 09%�'
'-T�(�*+'-,+,+>E78.�,�H?78* β1, . . . , βn
c

>V0�Hn78@E@E7Ms�,&09%32;0
09%�'Z,+a�F�78Ho09%�'/,+'m09'/*+FS,
>E,
\8>Vq�'-.lC�R
p∑

δ,κ=1

α0
δ ∧ α1

δ ∧ α0
κ ∧ α1

κ ∧ ω′.

$&%�'f'/k#a32;09>E78.
Lω = 0

>NFS(�@E>N'-,�09%32;0&09%�>N,
,+a�F]>E,
_/'-*+7Bc�s�%�>E5:%`FS'M24.�,&09%�2M0
∑

A2,...,An

( ∑

δ,κ,A0,A1

γA0,A1,...,Anα
0
δ ∧ α1

δ ∧ α0
κ ∧ α1

κ ∧ α0
A0
∧ α1

A1

)
∧ α2

A2
∧ · · · ∧ αnAn = 0.

$&%�>E,
>NFS(�@E>N'-,A09%32;0
( p∑

δ=1

α0
δ ∧ α1

δ

)
∧
( p∑

κ=1

α0
κ ∧ α1

κ

)
∧
( ∑

A0,A1

γA0,...,Anα
0
A0
∧ α1

A1

)
= 0

H?7D*
';245:%lt�T�'/O
A2, . . . , An

c�78*
(Ω′)2 ∧ ω′′ = 0,

s�%�'/*+'

Ω′ :=

p∑

δ=1

α0
δ ∧ α1

δ

24.�O
ω′′ :=

∑

A0,A1

γA0,...,Anα
0
A0
∧ α1

A1
6= 0.
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� 'U0�a�,�5-78.�,+>NO�'-*&09%�'

p
b{O�>EFS'/.�,+>E78.324@p5-78FG(�@E'UT q�'-5-097D*
,+(�2;5/'ms�>V09%l09%�'Z5-7�78*+O�>E.32;09'Z,�R�,�09'-F

α0
1 + iα1

1, . . . , α
0
p + iα1

p.
$&%�'/.

Ω′
>E,|09%�'KHnaB.�O324FS'/.�0[24@

2
b{Hn78*+F~X~wARQ09%�'K��7�O�\8'GO�'/5-78FS(=7D,+>E09>E78.Q09%B'-78*+'-F x yM�;z N ,+>E.�5/'

degω′′ ≤ p− 3
O[c�09%�'Z'Mk�a�2;@N>V0�R

Ω′ ∧ (Ω′ ∧ ω′′) = 0
>EFG(�@E>E'/,A09%�2M0

Ω′ ∧ ω′′ = 0,
s�%B>E5:%l>N.)09a�*+.l>EFG(�@E>E'/,A09%32;0

ω′′ = 0
c�s�%�>E5[%l>E,�265-78.�09*:24O�>N5U09>E78.�X

E �!FHGJI�GJKLGM��IL�BX ��X B .
r
b{H?78*+F

ω
>E,6,:2;>NOe097jC=' % � % Z Y 4 #�%)>EH Λω = 0

X~dv' OB'-.�7D09'KC�R ∧r
ef ⊂∧r(Apn)′

09%�'Z,+'-0�7DHY24@E@�'-h�'/5U09>Vq�'
r
b{H?78*+FS,/X

�����������! ��BXEyDX���02/
r ≤ p+1

52WLc
z := [r/(n+ 1)] (=[r/2w])

cLo % $&5 #2%nY^$&%�?\0�;J;V02o 4 WH-rc 4 /1% Z Y'*)H7 cP% Z 027n3�02' 4 Y 4 02W^�
∧r(Apn)′ =

∧r
ef ⊕ L

∧r−(n+1)
ef ⊕ · · · ⊕ Lz∧r−(n+1)·z

ef .
� /10�0@? A wAR � '/FSFK2Z�BX h�c L >E,&2|FS78.�78FG7D*+(B%�>E,+F`X�u~78*+'-7Mq�'-*/c�C�R � '-FGF 2f�BXVy8c Λ >E,A09%�'Z24O ��78>E.�078H
L
24.�O`>V0�>E,&09%�'-*+'/Hn78*+'Z78.�097SH?78*

r ≤ p+ 1
X

dv'ms�>E@E@p(B*+7/q�'Z09%�'m09%�'/78*+'-F]C�R)>N.�O�a�5-09>E78.)78.
r
X

$&%B'm,�0[2;09'/FS'-.#0&>E,�09*+a�'ZHn78*
r = 0, 1, 2, . . . , [(n+ 1)− 1] = 2w − 1

c�,+>E.�5-'
Λ
@E7Ms�'-*+,
O�'-\8*+'/'

C�R
n+ 1 = 2w

24.�O`%�'-.�5/'
Λr = Λref

Hn78*&09%�'/,+'
r
� ,/X

B ,+,+aBFS'f09%32;0�09%�'624,+,+'-*�09>E78.~>E,�09*+a�'|Hn78*
m < r

X�de'|,+%324@E@o(�*+7Mq�'I>V0�H?78*
m = r

X�de'|5-@?2;>NF
09%32;0 ∧r

ef

>E,&09%�'Z78*�09%�78\878.324@p5/78FS(�@E'/FS'/.�0
7DH
L
∧r−(n+1)(Apn)′

>E. ∧r(Apn)′
X

u 0�>N,
'M24,�RK0971,+%B7/s 09%�'f7D*�09%B7D\878.324@E>V0�R#X � 'U0
ω ∈ ∧ref

24.�O
Lω′ ∈ L∧r−(n+1)(Apn)′

X�$&%�'-.

(ω,Lω′) = (Λω, ω′) = (0, ω′) = 0.
$"7�(�*+7Mq�'�09%32;0 ∧r

ef

>E,o09%�'�78*�09%�78\D78.324@#5-78FS(B@E'-FG'-.�0"78H
L
∧r−(n+1)

(Apn)′
0[22C8'

ω ∈ ∧r(Apn)′,+a�5[%l09%32;0
(ω,Lω′) = 0

Hn78*�24@E@
ω′ ∈ ∧r−(n+1)

(Apn)′.
$&%�'-.

(Λω, ω′) = 0
24.�O~%�'-.�5/'

Λω = 0C�'/5M24a�,+' N cLO�>E,�21.�78.�O�'-\8'/.�'-*:2;09'ZCB>E@E>E.�';24*�H?78*+F`X
$&%�a�,/cBC�RK09%�'Z>E.BO�a�5U09>N7D.l%�R�(�7D09%�'/,+>E,&s�'Z%32-q�'
∧r(Apn)′ =

∧r
ef ⊕ L

∧r−(n+1)(Apn)′ =
∧r

ef ⊕ L
∧r−(n+1)

ef ⊕ · · · ⊕ Lz∧r−2w·z
ef .

�����������! ��BXgh�X��q%6$&5 #�%
Ωp 6= 0 A

� /10�0@? A �#>E.�5/' Ω := ω1 ∧ · · · ∧ ω1 + · · · + ωn ∧ · · · ∧ ωn
N s�>E09%

w
b{Hn78@EO`s�'/O�\8'|(�*+7�O�a�5-09,TO[c

Ωp>E,�26,+a�F�78H
2wp
b{H?7D*+FG,/X�$&%#a�,/c�>E0&s�>E@E@pC='|26,+a�F]78H

(4.1) εα0
1 ∧ α1

1 ∧ · · · ∧ αn1 ∧ α0
2 ∧ α1

2 ∧ · · · ∧ αn2 ∧ · · · ∧ α0
p ∧ α1

p ∧ · · · ∧ αnp ,
s�%�'/*+'

ε = ±1
X�de'Zs�>E@E@p,+%�7Ms 09%32;0

ε
'/k#a324@E,

+1
X

��245:%l09'/*+F 78H
Ωp
>E,�26(�*+7�O�aB5U0�78H

2
b{H?78*+FS,/�

(4.2)

α0
s ∧ α1

s, α2
s ∧ α3

s, . . . , αn−1
s ∧ αns ;

α0
s ∧ α2

s, α3
s ∧ α4

s, . . . , αn−2
s ∧ αn−1

s , αns ∧ α1
s;

α0
s ∧ α3

s, α1
s ∧ α2

s;X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X

α0
s ∧ αns .
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y378*�'UTB24FS(�@N' N *+'-5;24@E@=09%�2M0
n+ 1 = 2w

>EFG(�@E>E'/,�09%32;0
n
>E,�24.~7#OBO`>E.�09'/\8'-*TO[c�>EH

n = 3
c�09%�'-.

s�'Z%�2Uq�'

α0 ∧ α1 ∧ α2 ∧ α3,

24.�O
α0 ∧ α1, α2 ∧ α3,

α0 ∧ α2, α3 ∧ α1,

α0 ∧ α3, α1 ∧ α2.
yB78*

n = 5
�

α0∧α1 ∧ α2 ∧ α3 ∧ α4 ∧ α5,

α0∧α1, α2 ∧ α3, α4 ∧ α5,

α0∧α2, α3 ∧ α4, α5 ∧ α1,

α0∧α3, α1 ∧ α2,

α0∧α4,

α0∧α5

'U095�X
x�7Ms|c^@N'U0Ia�,I0[22CD' 78.�' 78H�09%B' ,+a�FSFK24.�O�,124.�Ov*+';24*+*:2;.B\D'K>V0|,+7j09%32;0|09%�' ,+a�CB,+5-*+>E(�09,Is�>E@E@

C�'L>E. .�78.�O�'/5-*+'M24,+>E.B\<78*+O�'-*/c�> X '�X ,+7<09%32;0K09%�'L,+a�FSFK24.�O s�>E@E@�C�'�24. '-T#09'/*+>E78* (�*+7�O�a�5-0)78H
(n+ 1)p (= 2wp)

'-@N'-FS'/.�09,/�

α0
1, α

1
1, . . . , α

n
1 ,

α0
2, α

1
2, . . . , α

n
2 ,X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X

α0
p, α

1
p, . . . , α

n
p ,

,+a�5[%Q09%�2M0f09%�'StB*+,�0
n + 1

'-@E'/FS'/.�09,Z>E.L09%B'S(�*+7�O�a�5-0fs�>E@E@Y%32-q8'G,+a�C�,+5/*+>E(�0
1
c�09%�'S.�'-T�0

n + 1s�>E@E@p%32-q�'Z,+a�C�,+5/*+>E(�0
2
'U095�X��#>N.�5-'Z>E.)09%B'm78*+>E\8>E.�2;@p(B*+7#OBa�5U0Mc�s�'ZF6a�@V09>E(�@ERG(324>E*+,&s�>V09%)09%�'Z,:24FS'

>E.�OB>E5-'/,/c^>N.<78*+O�'-*I097Q245[%�>E'Uq�' 09%�').�'Us (�*+7�O�aB5U0Mc^s�')%32-q�'K097j(�'-*+F6a�09' 09%�'K'/@E'-FG'-.�09,I>E.v09%�'
(�*+7�O�a�5-01C#R<FS'M24.�,178H�24.�'-q8'/.�(�'-*+F6a�0[2;09>E78.�X���'-.B5-' s�'lO�7Q.�7D0S5:%324.�\8')09%�'Kq824@EaB'K78H
09%�'
(�*+7�O�a�5-0MX
$�22C8'Z09%�'m09'/*+F]>E.)09%B'f(�*+7�O�a�5U0�5/78.�,+>E,�09>E.�\S78H

n+ 1
'/@E'-FG'-.�09,&s�>V09%l>E.�OB'UT

s
X��#>E.�5/'Z>V0�>E,�2

(�*+7�O�a�5-0�78H�09'-*+FG,A>N. N �BXghPO[c#>V0&FIa�,�0&C�'m7D.B'�78Hp09%�'�H?78@E@E7Ms�>E.�\
(n+ 1)− 1

Hn78*+FS, N '-@N,+'�>V0As�78a�@EO
C�'

0
O[�

α0
s ∧ α1

s ∧ α2
s ∧ · · · ∧ αn−1

s ∧ αns ,
α0
s ∧ α2

s ∧ α3
s ∧ · · · ∧ αns ∧ α1

s,

α0
s ∧ α3

s ∧ α4
s ∧ · · · ∧ αn−1

s ∧ αns ∧ α1
s ∧ α2

s,X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X

α0
s ∧ αns ∧ α1

s ∧ α2
s ∧ α3

s ∧ · · · ∧ αn−2
s ∧ αn−1

s ,

s�%�>E5[%j24*+'|'/k#a324@p097G'M245[%`7D09%�'-*/X
��7�c3'M245:%~,+a�FSFK24.�O`>E,�'/k#a324@�097 N ��XEy�O�s�>E09%
ε = +1

24.�O
Ωp>E,�26.�78.�_/'-*+7SF6a�@V09>E(B@E'�78H^>V0MX
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<F
3 2 17.-= �W;?9�0-@
E �!FHGJI�GJKLGM��I���XEyDX B ,+,+a�FS'�09%32;0

(M, g)
>N,�2 } >N'-F 24.�.B>n24.GF 24.�>EH?78@EO�X B . 5�;g7802'TY �j; 4 � 02/1c [ Y^RT3!%'TY^/T) Z Y^)H/1% Cn 78. (M, g)

>E,1O�'/t�.�'-O 24,G2j5-7Mq�'-*+>E.B\ {U i} 7DH�09%�')FK24.�>EH?7D@NO M s�>V09%�2j,+'U0S78H
24@EFS78,�0�5-78FS(�@N'UTK,�09*+a�5U09a�*+'/, {Ii1, . . . , Iin}

78.l'M245[%
U i
,+a�5:%l09%32;0

IiαI
i
β + IiβI

i
α = −2δαβ Id

24.�Ol09%�'
n
b{OB>EFS'/.�,+>E78.324@�q�'-5-0978*
,+(3245-'-,�78H"'/.�O�78FS78*+(�%B>E,+FS,
\8'-.B'-*:2;09'-OlC�RK09%B'Z5-78FG(�@E'UTK,�09*+a�5-b

09a�*+'/,
Ii1, . . . , I

i
n

c
EndUi := {a1Ii1 + · · ·+ anIin; a1, . . . , an ∈ R},

24*+'Z09%B'f,:24FS'|78.L24@E@o7DH^09%�'|F 24.�>NHn78@EO N s�'624,+,+a�FS'|09%32;0�.�7
Iij
>E,�2S(�*+7�O�a�5U0�7DH^0�s�7BcBH?78a�*�'U095�X

7D09%�'-*+,
H?*+78F 09%�'f,+'U0 {Ii1, . . . , Iin}
O[X

E �!FHGJI�GJKLGM��I���Xgh�X B } >E'/F 24.�.�>?2;.)FG'U09*+>E5
g
>N, �j; 4 � 02/*c [ Y^R�3!% [ � %T/T7 4 Y 4 52WG>EH g >E,&��'/*+FS>V09>n24.KH?7D*'M245[%

I1, . . . , In
X

E �!FHGJI�GJKLGM��I���X ��X N 2wO B } >E'-FK2;.B.�>n24.)FK24.�>EH?7D@NO
(M, g)

s�>E09%`24.j24@EFS78,�0�gA@N>Eh�78*+O�bi0�R�(�'Z,�09*+a�5Ub
09a�*+' Cn >N,
5M24@E@E'/O`2;. 5�;g7902'TY �p; 4 � 02/1c [ Y^R�3!%(7952W 4 ?\0�;Vc=XN CLO B . 24@EFG78,�0egA@N>Eh�78*+O�bi0�R�(�'vF 24.�>NHn78@EO

(M, g, Cn)
s�>V09% 09%�'<FG'U09*+>E5

g
gA@E>Eh�78*+O�bi0�R�(�'-b

��'-*+FG>V09>n24.K>N,
5M24@E@E'/O>5�;g7802'TY �p; 4 � 02/1c [ Y^R�3!% [�� %T/T7 4 Y 4 52W�XB ,+,+aBFS'�09%32;0
(M, g, Cn)

>N,^24.I24@EFG78,�0�gA@E>Eh�78*+O�bi0�R�(�'-b{��'-*+FG>V09>n24.�F 24.�>EH?78@EO�X � 'U0 {I1, . . . , In}
∈ Cn

XAgA78.�,+>EO�'/*&09%�'
2
b{H?78*+FS,

ω1, . . . , ωn
O�'-t�.B'-OlC�R

ωj(X,Y ) := g(X, IjY ), j = 1, . . . , n.
s�%�'/*+'

X
2;.BO

Y
24*+'I24*+C�>V09*:24*�R

C∞
biq�'-5U0978*
t�'-@EOB,
78.

M
X

E �!FHGJI�GJKLGM��I���X ��X�u�H
n+ 1 = 2w

c�O�'-t�.B'Z09%�'
2w
b{H?78*+F

Ω
24,�Hn78@E@E7Ms�,/�

Ω := ω1 ∧ · · · ∧ ω1︸ ︷︷ ︸
w ��� ���	�

+ · · ·+ ωn ∧ · · · ∧ ωn︸ ︷︷ ︸
w �
� �����

.

E �!FHGJI�GJKLGM��I���X ��X B .
(n + 1)p

b{O�>EFS'/.�,+>E78.324@ } >E'-FK2;.B.�>n24.~FK24.�>EH?7D@NO
M
>E,�5M24@E@E'/OL2 �j; 4 � 02/1c [Y^R�3!%�FK24.�>EH?7D@NO)>EH">V09,
%�78@E78.�78F|R)\D*+78a�(`>E,�26,+a�CB\D*+78a�(~78H

SP [(n+ 1)p]× Sp(n+ 1)
X

�� �� � �����f��XEyDX
y8Xl$&%�'GC324,+>E5G'UTB24FS(B@E'-,f78H�gA@E>Nh�78*+O�bi0�R�(�'SF 24.�>EH?78@EO�,I24*+' k#a32;09'-*+.�>E78.�>N5SF 24.�>NHn78@EO�,/X9x�7D09'

09%32;0�H?7D*
n = 2

09%�'/*+'�24*+'&09%�*+'/'�24@EFS78,�0�5-78FS(�@N'UTI,�09*+a�5U09a�*+'/,Y78. 2�\8>Vq�'/. } >N'-F 24.�.B>n24.6FK2;.B>EHn78@EO
(M, g)

cY.324FS'-@ER=�
I1, I2, I3 := I1I2

c�24.�O
dimRM = 22 = 4

XQ$&%�'/,+'KF 24.�>NHn78@EO�,124*+'K5;24@E@E'-O
5�;g7902'TY [ X�)�5�Y=%�/TW 4 02W 4lZ N ,+'/'Z'8X \BX�x �;z coxVy �;z c�x ��z4zMO[Xu�H

g
>E,
��'-*+FG>V09>n24.KHn78*

I1
24.�O

I2
09%B'-.

g
>E,
5M24@E@N'-O>5�;g7902'TY [ X�)�5�Y=%�/TW 4 02W 4lZ\[�� %�/T7 4 Y 4 52WBXu�HA09%�'GHna�.BO324FS'-.#0[2;@

4
b{Hn78*+F

Ω
>E,f5/@E78,+'-OQ09%�'/.v24.v24@EFS78,�0+b k#a32;09'-*+.B>E78.�>E5Ub{��'/*+FS>V09>?2;.jF 24.�b

>EH?78@EOe>E,|5M24@E@N'-O 5�;g7902'*Y [ XT),5�Y=%T/TW 4 02W 4lZ\[^] U2$�;V%�/UXj$&%�' FG7D,�06>EFS(�78*�0[24.�0I'UTB24FS(�@N'G7DH�24.�24@EFS78,�0+bk#a32;09'-*+.�>N7D.B>E5Ub{�I�;%B@E'-*YF 24.�>EH?78@EO6>N,�09%�'�k#a32;09'-*+.�>E78.�>N5�(B*+7 ��'/5U09>Vq�'
,+(3245-'
HPn

s�>V09%109%�'
,�0[24.�O324*+O
FS'-09*+>E5 N ,+'/'Z'8X \BX�x �;z c�x hP~MzMO[X

h�X�u~78*+'�\8'-.B'-*:24@E@VR#c�>E.K09%�'�5M24,+'�s�%�'-.K09%B'�%�78@E78.�78F|RG\8*+78a�()78H"2|\8>Vq�'-.l24@EFG7D,�0+b k#a32;09'/*+.�>E7Db
.�>E5-b{��'-*+FG>V09>n24.�F 24.�>NHn78@EO

(M4m, g)
>E,�5/7D.#0[2;>N.�'-O >E.�09%B' \8*+7DaB(

Sp(m) × Sp(1)
cQ09%�'/.

09%�' FK24.�>EH?7D@NO�>N,|5;24@E@E'-O XT),5�Y=%T/TW 4 02W 4lZ\[^] U2$�;V%�/ N ,+'/' '8X \BXvx �;z{c
x �2z4z^O[X B .<>EFS(=7D*�0[24.�0I*+'-,+aB@V06C�R
w�'-*+\8'-*1x h;z�,�0[2;09'/,�09%32;0Z2 k#a32;09'-*+.�>E78.�>N5Ub{�|�4%�@N'-*�F 24.�>EH?78@EO N 78HYO�>EFG'-.�,+>E78.

4n > 8
O
>N,���>N.�,�09'->E.



����� 
_���!�����
	������� �������������P���*� `Yb

N >{X '8XEc82 } >E'-FK2;.B.�>n24.IF 24.�>EH?78@EO|78HB5-78.�,�0[24.�0 } >E5/5->�5-a�*�q�2;09a�*+'�O[X^u~78*+'-7Mq�'-*/c8k#a32;09'-*+.B>E78.�>E5Ub{�I�4%�@E'-*
F 24.�>NHn78@EO�,�s�%�78,+'fO�>NFS'-.B,+>E78.)>E,�26F6a�@V09>E(�@N'�78H

8
24*+'Z,+(�>N.lF 24.�>EH?78@EO�, N x h8�;z{cox �2z4z^O[X

��7DFG'&'-T�24FG(�@E'-,Y78H3FK2;.B>EHn78@EOB,^s�>V09%1%�78@E78.�78F|R6\8*+78a�(S5-78.�0[24>E.�'/O1>E.
Sp(m), Sp(m)×Sp(1)78*

Spin(n)
5;2;.`C�'ZH?78a�.�O`>E.ex ��z;z X

� 'U0
M
C�'�24.

(n+1)p
b{O�>EFG'-.�,+>E78.324@�gA@E>Eh�78*+O�bi0�R�(�'&F 24.�>EH?78@EOS24.�O

x ∈M X"de'
5M24.S>EO�'-.#09>EHNR
TxM

s�>V09% Apn
X���7Ms�'Uq�'-*/c�09%B>E,&gA@E>Nh�78*+O�bi0�R�(�'�,�09*+a�5-09a�*+'�7DH

TxM
F 2-RS.B740�C='�>N.�q824*+>n24.�0Aa�.�OB'-*

(324*:24@E@E'/@�O�>N,+(�@n245-'/FS'-.#0MX���,+>N.�\�09%�>N,">EOB'-.�09>EtB5M2;09>E78.Zs�'�5-78a�@NO|OB'-t�.�'
Ω
s�%�>E5[%|>N,">E.#q824*+>n24.�0^a�.�OB'-*

(324*:24@E@E'/@pO�>E,+(�@n245/'-FS'/.�0MX���.�'f5M24.l(�*+7Mq�'
�����������! ��XEyDX

Ω 4 ' 4 W #�52/ 4 52W�Y )&WLcP%T/6Y^$&%r5 Z Y 4 02W>0@?
SP [(n+ 1)p]× SP (n+ 1) A

� /10�0@? A B .324@E78\87DaB,&097609%�2M0�78H�$&%�'-78*+'/F���XEy8X
��'/.�5-'

Ω
>E,f>E.BO�'-(�'/.�O�'/.�0|78HA09%�'S5[%�78>E5-'G78H
2~gA@E>Nh�78*+O�bi0�R�(�'1,�09*+a�5-09a�*+'S78.

TxM
X wARL09%�'

24C�7Mq�'ZO�>E,+5/a�,+,+>E78.j24.�O`$&%�'/7D*+'/F]�BXgh N
Ωp 6= 0

O�s�'Z%�2Uq�'
� �� Q ��e��XVy8Xt"�$&%�?�02/T7

Ω
cP%��pWL%*c#5P+*0 #2% 4 'r5 Z ;V02'\%*c c 4 � %�/1%�W�Y 4 5�;H?�02/T7 0@?qcP%=-2/1%*%

2w
52WLc#0@?

795�: 4 795�;</152W�S A
�����������! ��Xgh�X���%\Y

M
+*%(5

2wp [ c 4 78%�W�' 4 02WL5�; �j; 4 � 02/*c [ Y^R�3!%n7852W 4 ?�0�;dc 52WLcr;V%\Y Bi cP%TWL0�Y=% 4 Y^'
i
Y^$��n%�YlY 4 W�)H79+*%T/ A "�$&%�W B2wi 6= 0

?\02/
i = 0, 1, . . . , p A

� /10�0@? A wAR � '/FSF 2)��XEy8c Ω >N,|2K5/@E78,+'-O 2w
b{Hn78*+F 78HAF 2;T�>EF 24@�*:24.!C=X6��'/.�5-'

Ωi
>E,I2K.�78.�_-'/*+7

'-@N'-FS'/.�0
78H
H2wi(M,R)

2;.BOl,+7
B2wi = dimH2wi(M,R) 6= 0

X
E �!FHGJI�GJKLGM��I���X !�X � '-t�.B'<09%�'�78(�'-*:2;0978*+, ∗, L 24.�O

Λ
78. 09%�'�,+(3245-'�78HGO�>Eh�'/*+'-.�09>n24@6Hn78*+FS,

Er(M,R)
c�2;,GHn78@E@N7/s�,/�)>NH

ω
>E, 2LOB>Eh�'-*+'/.�09>n24@

r
b{H?7D*+F 09%�'-. ∗ω >E,109%�' (2wp − r)

b{H?7D*+F ,+a�5[%
09%32;0

(∗ω)x := ∗(ωx)
H?78*�24@E@

x ∈M,

Lω := Ω ∧ ω, Λω := ∗(Ω ∧ ∗ω).B O�>Eh='-*+'-.#09>n24@=H?7D*+F
ω
>E,
,:24>EOl0971C='9% � % Z Y 4 #2%
>EH Λω = 0

X
�����������! ��X ��X���%\Y

M
+*% 5

2wp [ c 4 79%TW�' 4 02WL5�; �p; 4 � 02/1c [ Y^R�3!%67952W 4 ?\0�;Vc 52WLc
ω
5 c 4 � %T/*%TW,Y 4 5�;?\02/T7 02W

M
0@?6cP%=-�/1%*%

r ≤ p+ 1 A "�$&%�W

ω =

[p/2w]∑

i=0

Liωp−2wi
ef ,

op$&%�/1%
ωkef

cP%�WL0�Y=%T' 52W>% � % Z Y 4 #2% k [ ?�02/T7 A
� /10�0@? A � '-0 Ekef(M,R)

O�'-.B7409' 09%�' ,+(3245-' 78HL'/h�'-5-09>Vq�'
k
b{H?78*+FS,/X wAR]$&%�'-78*+'/F �BXVy Hn78*

r ≤ p+ 1
09%�'/*+'Z>E,�26O�>N*+'-5U0
,+a�F�OB'-5-78FG(�78,+>V09>E78.

Er(M,R) = Eref(M,R)⊕ LEr−2w

ef (M,R)⊕ · · · ⊕ LtEr−2wt
ef (M,R),

s�%�'/*+'
t := [r/2w]

X
$&%B'6gA%�'-*+.l09%�'/7D*+'/F x �;zo,�0[2;09'-,
09%�'fHn78@E@E7Ms�>E.B\�X � '-0

M
C�'I265-78FS(3245-0 } >E'-FK24.�.�>n24.lF 24.�>Vb

H?7D@NO`s�>V09%j2S,�09*+aB5U09a�*+'|\8*+78a�(
G
24.�O

W1, . . . ,Wk
C�'f09%�'I>E*+*+'/O�a�5->NC�@E'f>E.�q�24*+>n24.�0�,+a�C�,+(�2;5/'-,�78H

Eq(M,R)
aB.�O�'-*�09%�'62;5-09>E78.`78H

G
24.�Oj@E'U0

PWi
: Eq(M,R) → Wi

C�'|09%�'f(B*+7 ��'/5U09>E78.~F 24(`78H
Eq(M,R)

>E.#097
Wi
XY$&%�'/.�c�>EH�2

q
b{Hn78*+F

ω
>E,
%324*+FS78.�>N58c�,+7S>N,

PWi
ω
X



� � �������	��
������������
gA@N'M24*+@VRL'M245:%�78H�09%�'

LiEr−2wi
ef (M,R)

>N,I2;.e>E.�q824*+>n24.�0f,+a�CB,+(3245-' 7DH Er(M,R)
a�.�O�'/*Z09%B'

245U09>E78.178HB09%�'
%�78@E78.�78F|R6\8*+78a�(
G
X��#7Z';245:%

LiEr−2wi
ef (M,R)

>N,�2�,+a�F 7DH�09%�'
Wi
� ,/X�$&%B'-*+'-H?78*+'

09%�'1(B*+7 ��'/5U09>E78.L78H�2K%324*+FS78.�>E56H?78*+F >N.�097
LiEr−2wi

ef (M,R)
>E,f24\#24>E.Q%324*+FS78.�>E5S24.�OQs�'1%32-q�'

09%�'fHn78@E@E7Ms�>E.B\��
�����������! ��X ��X iJ?

M 4 ' 5 �j; 4 � 02/1c [ Y^RT3!%k7952W 4 ?\0�;Vc 0@? c 4 79%TW�' 4 02W 2wp
cQY^$&%�Wt?�02/ %15 Z $ i =

0, 1, 2, . . . , 2w − 1
o 4 Y^$ i + 2wz ≤ p + 1

c
z = [p/2w]

cQo %k$&5 #�% Y^$&%�?\0�;J;V02o 4 WH- 4 W Z /1%*52' 4 WH-'\%*XT),%TW Z %r0@? �n%\YlY 4 W�)&78+*%�/T'8�
Bi ≤ Bi+2w ≤ · · · ≤ Bi+2wz .

����� � � !���� � �9���^������� ����� ! #|���B=��� #m�����]�Y���Y� !
!���!

%D%'&�()& %8.76DG>; 0-,/E"6>=�;?.
& ��,+>N.�\Z2mgA@E>Eh�78*+O�bi0�R�(�'A,�09*+aB5U09a�*+'As�'�O�'/t�.�'�gA@E>Nh�78*+O�bi0�R�(�'A%�78@E78FS78*+(�%�R
24.�Oe(�*+7Mq�'S0�s�7lH?'M2;09a�*+'/,f78H�gA@E>Eh�78*+O�bi0�R�(�'S%�78@E78FS78*+(�%�>E5SF 24(�(�>E.B\D,Zs�>E09%�78a�0f5/7DaB.�09'-*+(324*�09,|>E.
5-78FG(�@E'UTl24.324@VR�,+>E,/X

%D%'& �?& � 9�= �[;7G>0 � 6�
 F
3	�<;?9�;?2 ;7G'F
� 
�& $�22C8'
n
24@EFG78,�0�5/7DFG(�@E'-TI,�09*+a�5U09aB*+'-,

I1, . . . , In
O�'/t�.�'-O

78.j2I*+';24@=q�'-5-0978*
,+(3245-'
V
,:2;09>E,+HNR�>E.B\609%�'Z5/78.�O�>V09>E78.

IαIβ + IβIα = −2δαβ Id, α, β = 1, . . . , n,
,+7109%�2M0�.B7

Ij
>E,�21(�*+7�O�a�5-0�7DH"0�s�7Bc�H?78a�*�'U0958XY7D09%�'-*+,
H?*+78F�09%B'Z,+'U0 {I1, . . . , In} X� 'U0

X ∈ V c X 6= 0
XY$&%�'/. 09%�'�q�'-5-097D*�,+a�C�,+(�2;5/'

Ṽ
78H
V
\8'-.�'/*:2;09'-OKC#R

X, I1X, . . . , Ip′nXN ,+'-'f(�X
9
OA%324,
OB>EFS'/.�,+>E78.

dim Ṽ = p′n + 1.

�� �� ������#h�XEy8X N 2PO(u�H
n = 1

cY09%B'-.<s�')%32-q�')78.�'~24@EFS78,�015-78FG(�@E'UTv,�09*+a�5U09a�*+'�c
p′1 = 1

24.�O
dim Ṽ = dimV = 2

N
V ∼= R2 ∼= C O[XN CLOqu�H

n = 2
cA09%�'/.�s�'`%�2Uq�'`0�s�7�2;@NFS78,�0G5-78FS(�@N'UT�,�09*+a�5-09a�*+'-,/c

p′2 = 3
24.�O

dim Ṽ =

dimV = 4 (V ∼= R4 ∼= C⊕ C ∼= H)
X

N 52Opu�H
n = 3

c#09%�'/. s�'m%32-q�'�09%�*+'/'Z24@EFS78,�0&5-78FS(�@N'UTG,�09*+a�5U09aB*+'-,
I1, I2, I3

s�%�>E5:%K\8'-.B'-*:2;09'Z2
,+'U0�78H^,+>VT`24@EFS78,�0
5/78FS(�@E'-T ,�09*+aB5U09a�*+'/,
7D.

V
c�.324FG'-@VRp�

I1, I2, I3, I4 := I1I2, I5 := I1I3, I6 := I2I3 [(I1I2I3)2 6= − Id].
$&%#a�,

p′3 = 6
2;.BO

dim Ṽ = 7
'-0958X

E �!FHGJI�GJKLGM��I h�XEyDX � 'U0
V = (V, Cn)

24.�O
W = (W, C̃n)

C�'I0�s�7K*+'M24@"q�'-5U0978*�,+(3245/'-,m'/k#a�>E(�(='-O
s�>V09%Z0�s�7�24@EFS78,�0�gA@E>Nh�78*+O�bi0�R�(�'Ub{��'/*+FS>V09>n24.m,�09*+a�5U09aB*+'-, Cn= (I1, . . . , In)

2;.BO C̃n= (Ĩ1, . . . , Ĩn)
c

*+'-,+(='-5U09>Eq8'/@VR�X B ,+,+aBFS'I09%32;0
Φ : V → W

>E,f2G,+FG7#7D09%LF 24(�Xf$&%�'-.
Φ
>E,m5M24@E@N'-O �j; 4 � 02/1c [ Y^RT3!%$&0�;V027902/	3,$ 4lZ >EH

(2.1) Ĩα ◦ dΦ = dΦ ◦ Iα, α = 1, . . . , n.

� �� ������ h�XEy8X N 2wO u�H
n = 1

c�09%�'-. N h�XEy�OA*+'-O�aB5-'-,&097109%�'f'/k#a32;09>E78.
Ĩ ◦ dΦ = dΦ ◦ I.
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u�. 09%�>E,K5;2;,+'j09%�'QgA@N>Eh�78*+O�bi0�R�(�'~%�78@E78FS78*+(�%#R�>E,K.�7D09%�>E.�\vC�a�0 09%B'j%�78@E78FS78*+(�%�R�78Hf5-78FS(�@N'UT
24.324@VR�,+>E,/XYuj7D*+'/7Mq8'/*/c�s�'f%�2Uq�'

(Ĩ ◦ dΦ = dΦ ◦ I) ⇔
[

1

2

(
∂

∂x
+ i

∂

∂y

)
(u+ iv) = 0

s�>V09%
Φ = u+ iv

]
.

N CLO u�H
n = 2

c�09%�'/. N h�XVy�OA*+'-OBa�5-'/,&097609%B'Z,�R�,�09'-F
{
Ĩ ◦ dΦ = dΦ ◦ I,
J̃ ◦ dΦ = dΦ ◦ J.u�.K09%�>E,&5M24,+'�09%�'|gA@E>Eh�78*+O�bi0�R�(�'�%B7D@N7DFG78*+(�%�R >E,�.B7409%B>E.�\1C�a�0�09%�'fk�a�2M09'/*+.�>E78.�>E5 v b{%�78@E78FG7D*+(B%�R

N ,+'-'f'8X \BX�x y"�;z{cox h�yUz^O[X
� ���<I�GJI���X u 0Z>E,m>NFS(�78*�0[24.�0m097)'-FS(B%324,+>E_-'I09%32;0 v b{%�78@E78FG7D*+(B%�RQ24.�O yBa�'-09'-*m*+'/\8a�@n24*+>V0�R N ,+'-'
'8X \BX�x y8yUz c�xVy"�Mz cox h�y[z^O&24*+'m0�s�7GO�>Eh�'/*+'-.�0�.�7D09>E78.�,/c�> X '�X
{
Ĩ ◦ dΦ = dΦ ◦ I
J̃ ◦ dΦ = dΦ ◦ J

}
<

[
1

4

(
∂

∂x0
+ i

∂

∂x1
+ j

∂

∂x2
+ k

∂

∂x3

)
(u0 + iu1 + ju2 + ku3) = 0

]
,

s�%�'/*+'
Φ = u0 + iu1 + ju2 + ku3 X

%D%'&�� & ����; F/G>;7FH35G86>=�3I@�; � � 9�= �[;7G>0 � 6�
 F
3 � ;?9�;?2 ;7G'F
�-=�E 2 1)F-@"& B *+'M24@�q�'/5U0978*�,+(3245-'
Vs�>V09%<24.<24@EFG7D,�0SgA@E>Eh=7D*+O�bi0�R�(='S,�09*+a�5-09a�*+' Cn = {I1, . . . , In}

5M24.vC�'G09a�*+.�'-Ov>E.�097L2jgA@E>Nh�78*+O
q�'-5-097D*K,+(3245-'LC�R O�'/t�.�>E.B\v,+5;2;@?2;*KF6a�@V09>E(�@N>E5M2;09>E78.�C�R�gA@N>Eh�78*+O .#aBFIC�'/*+,l24,KH?78@E@E7Ms�,/�L>EH

a ∈
A(e1, . . . , en) := ACliff

n

c�09%�'-.

a = a0 + a1e1 + · · ·+ anen

+ a12e1e2 + · · ·+ a1ne1en + a23e2e3 + · · ·+ a(n−1)nen−1en

+ a123e1e2e3 + · · ·+ a(n−2)(n−1)nen−2en−1en + · · ·
+ a12...(n−1)e1e2 · · · en−1 + · · ·+ a23...ne2e3 · · · en + a12...ne1e2 · · · en,

s�%�'/*+'
a0, a1, . . . , an, . . . , a12...n ∈ R Xpy378* X ∈ V s�'f,+'-0

a ·X = (a0 + a1e1 + · · ·+ anen + a12e1e2 + · · ·+ a12...ne1e2 . . . en)X

:= a0X + a1I1X + · · ·+ anInX + a12I1(I2X) + · · ·+ a12...nI1(I2 . . . (InX).
E �!FHGJI�GJKLGM��I���XEyDXf$^22C8'~2j(�78>E.�0

a ∈ R2nk X�$&%�' / 4 -2$�Y��p; 4 � 02/1c ; 4 Ws% 3!52'*' 4 WH- Y^$P/*02)w-�$
a
>E,

O�'/t�.�'-O`C�R
C b{@E>E.B' (a) := {a′ ∈ R2nk; a′ = a · c, c ∈ CCliff

n }.B ,+,+aBFS'm09%�2M0
n > 1.

�����������! ��XEyDX���%\Y
U

+1%n52Wk0T3!%�W8WL% 4 -�$&+*02)H/T$&0�0�c 0@? Y^$&%n02/ 4 - 4 W 4 W R2nsA ��%\Y Φ : R2ns→R2n+*% 5 �j; 4 � 02/1c [ Y^RT3�%#$&0�;V027902/	3,$ 4lZ 795T3 o 4 Y^$ /*%T'=3!% Z Y Y=0 Y^$&% 5�;g7902'TY �j; 4 � 02/*c [ Y^R�3!%#'TY^/T) Z Y^)H/*%T'
{I1, . . . , In}

52WLc {Ĩ1, . . . , Ĩn} c�/1%�'.3�% Z Y 4 #2%\;gR A iJ?
Φ 4 ' ' 4 WH-�)&;V52/ 5�Y Y^$&% 02/ 4 - 4 W Y^$&%�W

Φ 4 ' 5
Z 02W�'*Y=52W,Y 795T3 A
� /10�0@? A � '-.B7409'SC�R Ũ ⊆ U

09%�'S>E.#09'-*+,+'-5-09>E78.L78H
U
s�>V09%e2K*+>E\8%�01gA@E>Eh�78*+OL@N>E.�'8c�>{X '8X609%�'S*+>E\8%�0

FIaB@V09>E(�@E'/,6C�R�'-@E'/FS'-.#09,678H ACliff
n = A(e1, . . . , en)

��%�'/*+' R2ns >N,1>NO�'-.�09>Nt�'-O<s�>V09% (ACliff
n )s

X
�#a�5[%j2

2ns
b{O�>EFS'/.�,+>E78.324@p,+a�C�FK24.�>EH?7D@NO)>E,
';24,+>E@VRK,+'-'-.l097SC�'I2;@NFS78,�0�gA@E>Nh�78*+O�bi0�R�(�'8X



� � �������	��
������������
$&%B'),+>E.�\8a�@n24*6,+'U0178H

Φ|Ũ
>E,6O�'-tB.�'-O�C�R

det[d(Φ|Ũ )] = 0
24.�O�>V06>N,S2~5-78FG(�@E'UTv,+a�C�q824*+>Vb

'U0�R
N
78H
Ũ
>E.�09%�'`5/7DFG(�@E'-T<,�09*+a�5-09a�*+'-,

I1, . . . , In
X u�.�(324*�09>E5/a�@n24*/c�>V0G5;2;.B.�7D0 C�'`>E,+78@n2;09'/O

C�'/5M24a�,+'G>V0|>E,f.�78.�b{.#a�@N@{X B 062)*+'/\DaB@n24*f(�78>E.�0
x ∈ N 09%�'G*+';24@�0[24.�\8'-.#0|,+(3245-'G78H

N
F6a�,�0|C�'

>E.�q�24*+>n24.�0fa�.�O�'/*f'M245:%
I1, . . . , In

X �#7Bc
N
>E,

2n
b{O�>EFG'-.�,+>E78.324@�2M0

x
24.�OQ09%�a�,I2;0I24@E@�(=7D>N.�09,Z78H

Ũ
X�$&%�'/.

Φ|Ũ
>N,15/78.�,�0[24.�0K24.�O�C='-5M24a�,+'

U
>E,109%�'`a�.�>E78.�7DH�09%B'l*+>E\8%�0G,+@E>E5/'-,

Ũ
c
Φ
>E, 24@E,+7

5-78.�,�0[24.�0MX
� �� ������v��XEy8X B gA@N>Eh�78*+O�bi0�R�(�'e24rS.�'eF 24(�Hn*+78F

R2ns1
097
R2ns2

>N,~2�F 24( 78H|09%�'�H?78*+F
Φ(X) = XA + B

c^s�%�'/*+'
A ∈ M(s1, s2;ACliff

n )
2;.BO

B ∈ R2ns2
X u�OB'-.�09>EHnR�>E.�\

R2ns1
24.�O

R2ns2
s�>E09%

(ACliff
n )s1

24.�O
(ACliff

n )s2
c�s�'Z%32-q�'

Φ(X) = ÃX̃ + B̃
c�s�%�'/*+'

Ã
>N,&09%�'m09*:24.�,+(�78,+'

F 2;09*+>VTQ7DH
A
s�>V09%Q*+';24@

2n × 2n
,+a�C�FK2M09*+>N5-'-,f*+'/(�@n245-'/O�C�R<gA@E>Eh�78*+O�.#a�FIC='-*+,624.�O�s�%�'/*+'

X̃24.�O
B̃
24*+'

s1
b�24.�O

s2
bi09a�(�@E'/,
78HYgA@E>Nh�78*+O).#a�FIC='-*+,/c�*+'/,+(�'-5-09>Vq�'-@VR#X

� �s� ��� �\GJKLGM��I���XVy8X���%\Y
U

52Wsc
V

+*%90T3!%�W '\%�Y^' 4 W R2ns1
52Wsc

R2ns2
c�/1%T'=3!% Z Y 4 #�%\;gR A ��%�Y Φ :

U → V
+*% �p; 4 � 02/1c [ Y^R�3!%Q$&0�;V027902/	3,$ 4lZ o 4 Y^$r/*%T'=3!% Z Y Y=0 �j; 4 � 02/1c [ Y^RT3!%Q'TY^/T) Z Y^)H/*%T' 02W R2ns1

52WLc
R2ns2

cQ/1%�'.3�% Z Y 4 #2%\;gR A "�$&%�W
Φ 4 'kY^$&% /1%�'TY^/ 4lZ Y 4 02W Y=0

U
0@? 5 �p; 4 � 02/1c [ Y^R�3!% 5�� Ws%#785T3b?1/1027

R2ns1
Y=0
R2ns2 A

� /10�0@? A �#>E.�5/'I09%B'Iq�2;@N>EO�>V0�R`78HY09%B'S24,+,+'-*�09>N7D.Q>E,m.�7D0|24h�'/5U09'/OjC#R~09*:24.�,+@n2;09>E78.�,m78H�09%�'6*:24.�\8'178*O�78F 24>E.oc47D.B'�5M24.S24,+,+a�FS'�09%32;0
U
24.�O

V
5-78.�0[24>E.I09%�'�7D*+>N\D>N.624.�O609%32;0

Φ(0) = 0
X�gA7D.B,+>EO�'-*^09%�'

F 24(
X 7→ Φ(X)−XdΦ(0)

X��#>E.�5/'
dΦ(0) ∈M(s1, s2;ACliff

n )
c#09%�>E,AH?a�.�5U09>N7D.K>E,
gA@E>Eh�78*+O�bi0�R�(�'

%�78@E78FS78*+(�%B>E5I24.�OLC�R`09%�'I5-78.�,�09*+a�5-09>E78.~>V09, �#2;5/78C�>n24.~>N,�_-'/*+7BX�$&%#a�,/c=5-78FG(�78,+>E.�\ >V0�s�>V09%L24.�R
(�*+7 ��'-5-09>E78.

πi : R2ns2 → R2n O�'/t�.�'-O`C�R

πi(x
1
1, . . . , x

2n

1 , . . . , x1
i , . . . , x

2n

i , . . . , x
1
s2 , . . . , x

2n

s2 ) := (x1
i , . . . , x

2n

i ), i = 1, . . . , s2,
78.�'Z\8'-09,�265-78.�,�0[24.�0�FK24(lC�Rl$&%B'-78*+'-F���XVy8X�$&%#aB,/c

Φ(X) = XdΦ(0)
X

�� �� ������`��XEy8XZ$&%�'m24C�7Mq�'
09%B'-78*+'-F >N,�.B740A09*+a�'�Hn78*
n = 1 (s = 1)

c#>{X '8X^>N.G5-78FS(�@N'UTG24.324@VR�,+>E,/X
$�2�C8'�c�H?7D*&>E.B,�0[2;.B5-'8c#09%�'ZF 24(

Φ : C→ C
O�'/t�.�'-O)C#R

Φ(z) := z2 Xju 0
,:2M09>N,+t�'-,�09%�'f24,+,+a�FS(�09>N7D.
78H^$&%B'-78*+'-F���XVyfC�a�0

Φ
>E,
,+>E.�\8a�@?2;*�2;0

0
24.�O`>V0
>E,
.B740�265/7D.B,�0[2;.#0�FK2;(oX

	�a�0+09>N.�\
n = 2

s�'f78C�0[24>E.)09%�'Z,+>NFS(�@E'/,�0Mc�k#a32;09'-*+.�>E78.�>N5mHn78*+F]78H^$&%B'-78*+'-F���XEy8c�.�2;FG'-@VR
�����������! ��Xgh�X���%\Y

U
+1%Q52W 0T3!%�W8Ws% 4 -2$&+*02)H/T$&0�0�c60@? 0 4 W R4s 52WLc Φ : R4s → R4 5��p; 4 � 02/1c [Y^R�3!% $&0�;d027802/	3,$ 4.Z 785T3 N X�)�5�Y=%�/TW 4 02W 4.Z�� [ $&0�;V027802/	3,$ 4.Z Obo 4 Y^$ /1%T'=3!% Z Y8Y=0 Y^$&% X�)�5�Y=%�/TW 4 02W 4lZ'TY^/T) Z Y^)H/1%�' (I1, I2)

52Wsc
(Ĩ1, Ĩ2)

c /1%�'=3!% Z Y 4 #�%�;gR A iM?
Φ 4 ' ' 4 WH-�)&;V52/k5�Y

0
Y^$&%�W

Φ 4 '95 Z 02W�'TY=52W�Y795T3 A
���������&�"������������6p�������^����������� � �������|���B	 �M�'! #|� #��B�
	��o������A� !^#��Y=�

%D%D%"&�()& %8.76DG>; 0-,/E"6>=�;?.
& $&%�'fFK24>E.j2;>NF]78H^09%�>E,�5:%324(�09'/*�>E,�21\8'-.B'-*:24@E>E_;2M09>N7D.)78H�2609%�'/7D*+'/F]78H
5-78FG(�@E'UTe24.324@VR�,+>E, N $&%�'-78*+'/F yDXEyGC�'/@E7Ms|c",+'-' '8X \�X�xVy�~�c^(�(�XQy"!P~�c��
!
�;zMO�097`09%B' k�a�2M09'/*+.�>E78.�>E5
24.�O`7�5U0978.�>E78.�>E5Z(�*+7 ��'-5U09>Eq8'Z,+(3245-'-, N $&%�'/7D*+'/F h�XghPO[X
� 'U0

(Mn, g, J)
C='j2Q�|�4%�@E'/*SFK2;.B>EHn78@EO�78H�5/7DFG(�@E'-T<O�>NFS'-.B,+>E78.

n
24.�O

x ∈ M
X � 'U0

σC�'e2v(�@n24.�'L>E.
TxM

N >{X '�X 2<*+'M24@
2
b{O�>EFG'-.�,+>N7D.�2;@m,+a�C�,+(�2;5/'Q78H

TxM
OK24.�O {X,Y } 24.�7D*�b09%�78.�78*+F 24@
C324,+>E,S>E.

σ
X�$&%�'~24.�\8@E'

α(σ)
C='U0�s�'-'/.

σ
24.�O

J(σ)
>N,1O�'-tB.�'-O�C�R

cosα(σ) :=

|g(X, JY )| X



����� 
_���!�����
	������� �������������P���*� � �

�����������! y8XEy N xVy�~MzMO[X "�$&% '\% Z Y 4 02WL5�; Z )H/$#�5�Y^)H/*% K(σ)
0@?95 ] U2$�;V%�/ 7952W 4 ?\0�;Vc (Mn, g, J)

0@?
Z 02W�'*Y=52W,Y $&0�;V027902/	3,$ 4.Z '�% Z Y 4 02WL5�; Z )H/$#�5�Y^)H/*% 1 4 ' - 4 #�%�W>+�R
(1.1) 1

4 [1 + 3 cos2 α(σ)].
uj7D*+'/7Mq8'/*/c�24,S24.�24(�(B@E>E5M2;09>E78.es�'K78C�0[24>E.<k#a32;09'-*+.�>N7D.B>E5K24.�O�7#5-0978.�>E78.�>E5 5-78a�.�09'/*+(324*�09,I78H

09%�'fHn78@E@E7Ms�>E.B\I09%�'/78*+'-F]78H"�f@E>E.�\8'-.�C�'-*+\BXju�H
M
>N,�2I�I�4%�@E'-*
FK24.�>EH?7D@NOK09%�'-.l78.�'fO�'-tB.�'-,

(1.1) K1[α(σ)] := 1
4 [1 + 3 cos2 α(σ)].

�f@E>E.�\8'/.#C�'-*+\~x yM�;z�(B*+7/q�'/O)09%B'ZH?7D@N@E7Ms�>E.�\B�
�����������! y8Xgh�X���%\Y

M
+1% 5 ] U2$�;V%T/67952W 4 ?\0�;Vc 0@?�/1%*5�; c 4 78%�W�' 4 02W 2n ≥ 4 A ` '1'*)&78%qY^$&5�YL?�02/5�;J;

2 [ 3s;d52Ws%�' σ Y=52WH-�%TW,Y Y=0
M
c Y^$&%6'�% Z Y 4 02WL5�; Z )H/$#�5�Y^)H/*% K(σ)

'\5�Y 4 '�� %�'(Y^$&% 4 WL%*XT),5�; 4 Y^R
9/16 < K(σ)/K1[α(σ)] ≤ 1.

"�$&%�W
M 4 ' Z 027 3!5 Z Y 52WLc $&52'�Y^$&%6$&02790�Y=0T3,R8Y^R�3!%q0@?�Y^$&% Z 027 3s;V%*:�3,/10��{% Z Y 4 #�% n [ '.3�5 Z % CPn A

%D%D%"&��?& � 3IE"6>=�;?. 179 E^,/G��51 6>,/GD34; � 1 � 9�=��
;7G'0	��6�
<FH34F-GD;���3IE"6>=��)3 @8F<1)EU3)& $&%B' � >E'124@E\8'-C�*:2
spn+1(p)

7DH
SPn+1(p)

>E,�09%�'
,+'U0�78Hp24@E@
p×p ,DCD'-s
b{,�R�FSFS'-09*+>E5 N gA@E>Nh�78*+O�bi0�R�(�'�.#a�F6C�'-*TO^F 2;09*+>Vb5-'/,/c�> X '�X�FK2M09*+>N5-'-,

(aij)
c�s�%�'-*+'f'M245:%

aij
>E,�2GgA@E>Eh�78*+O�bi0�R�(�'m.�a�FIC�'/*
,:2;09>E,+HnR�>E.�\609%B'm5/78.�O�>V09>E78.

aji = −aij ,
s�%�'/*+'

a
O�'-.B7409'/,&09%�'Z5/7D.���a�\#2;09'Z78H

a
X

� �� Q ��>h�XVy8X���%�Y B(A,B)
cP%�WL0�Y=%�Y^$&%�/1%*5�;�3!52/�Y�0@? Y^$&% Y^/15 Z % 0@? A·B c�op$&%�/1% A,B ∈ spn+1(p) A"�$&%�W B(A,B) 4 '�Y^$&% ]64 ;J; 4 WH-n?\02/T7 0@?

spn+1(p)
)�3 Y=0k5 Z 02W�'TY=52W�Ys?\5 Z Y=02/ A

� /10�0@? A �#>E.�5/'6Hn78*f24.�R�gA@E>Eh�78*+O�bi0�R�(�'I.#aBFIC�'/*+, a, b ∈ An s�'6%32-q�' Re(a · b) = Re(b · a)
c�09%�'

H?7D*+F

B(A,B) := Tr Re(A ·B)
>E,
5/@E'M24*+@VRK,�R�FSFS'-09*+>E58� B(A,B) = B(B,A)

X
��>E.�5-'

spn+1(p)
>E,m,+>EFS(B@E'8c�s�'678.�@VR~.�'/'-Oj097),+%�7Ms 09%32;0 B >E,m>E.�q�24*+>n24.�0�a�.BO�'-*�09%B'S2;5-09>E78.78H

SPn+1(p)
X8u�HAs�'S*+'/(�*+'-,+'/.�0

A
24.�O

B
24,|*+'M24@

(n + 1)p
b{O�>EFS'/.�,+>E78.324@Y,9k#a324*+'GF 2;09*+>E5/'-,

Ã24.�O
B̃
c�09%�'-.ls�'f7DC�0[2;>N.

Re Tr(A ·B) = Tr(Ã · B̃) =

(n+1)p∑

i,j=1

n∑

k=0

AkijB
k
ij ,

s�%�'/*+'
A = (Aij)

24.�O
Aij = A0

ij +e1A
1
ij + · · ·+enA

n
ij

c�2;.BOS,+>EFG>E@n24*+@VRIHn78*
B
X��#>N.�5-'

Tr(Ã · B̃)>E,
>E.#q824*+>n24.�0
aB.�O�'-*
O[(n+ 1)p] ⊃ SPn+1(p)

c�s�'f%32-q8'f78a�*
*+'/,+a�@V0MX
� 'U0

A = (a1, . . . , ap)
c
B = (b1, . . . , bp) ∈ Apn

c�s�%B'-*+'

as = xs0 + e1x
s
1 + · · ·+ enx

s
n, bs = ys0 + e1y

s
1 + · · ·+ eny

s
n, s = 1, . . . , p.

gA78.�,+>EO�'/*+>E.�\ Apn
24,�26*+'M24@

(n+ 1)p
b{O�>EFG'-.�,+>E78.324@p,+(3245/'8c�s�'f%32-q8'

〈A,B〉 =
1

2

p∑

i=1

(aibi + biai) =

p∑

i=1

n∑

j=0

xijy
i
j .



� � �������	��
������������
gA78.�,+>EO�'/*+>E.�\ Apn

24,�2fP+gA@E>Eh=7D*+O�bi0�R�(='m.#a�F6C�'-*�W
p
b{,+(3245-'8c�s�'Z%32-q�'

(A,B) =

p∑

i=1

aibi.

u 0�>E,
';2;,�RK097S5:%B'-5*C 09%32;0

(2.1) (A,B) = 〈A,B〉+

n∑

i=1

ei〈A,Bei〉.

�����������! h�XEyDXt"�$&%t'1)&7 ∑n
i=1 〈A,Bei〉

2 4 ' 4 W #252/ 4 52W,Y )HWLcP%T/tY^$&%>5 Z Y 4 02W 0@?
SPn+1(p) ×

SPn+1(1) A
� /10�0@? A SPn+1(p)

>E,SO�'-t�.B'-O�24,609%B'),+'U0S78H�24@E@�'/.�O�78FS78*+(�%B>E,+FS,178H Apn
s�%�>E5[%�(�*+'/,+'-*�q�')09%�'

P+gA@E>Eh=7D*+O�bi0�R�(='Y,�R�FS(B@E'-5-09>E5[WY(�*+7�O�a�5-0
(A,B) =

∑p
i=1 a

ibi
XY�#>E.�5/' 〈A,B〉 = 1

2 [(A,B)+(B,A)]
c

09%�'f>E.�.�'/*
(�*+7�O�a�5U0 〈 , 〉 >E,
>E.�q824*+>n24.�0�a�.�O�'/*&09%�'I245U09>E78.l7DH SPn+1(p)
X

SPn+1(1)
>E,K09%�'j,+'U0l78HI2;@N@�a�.�>E0`gA@N>Eh�78*+O�bi0�R�(�'j.#a�FIC='-*+,/X � 'U0

λ ∈ SPn+1(1)
X wAR 2

,�09*:24>E\8%�09H?7D*�s
24*+Ol5;24@E5-a�@?2M09>N7D.)78.�'f5M24.l,+%�7Ms 09%32;0

〈Aλ,Bλ〉 = 〈Bλ,Aλ〉 = ‖λ‖2〈A,B〉 = ‖λ‖2〈B,A〉.
$&%#a�, 〈 , 〉 >E,
>E.�q�2;*+>?2;.#0
a�.�OB'-* SPn+1(p)× SPn+1(1)

X
$&%B'�\8*+78a�(

SPn+1(p)×SPn+1(1)
245-09,�09*:2;.B,+>V09>Vq�'-@VR178.G09%B'�,+'-0�78Ho24@E@�a�.�>V0Aq�'-5U0978*+,A>E. Apn

c
%�'/.�5-'f>E.)09%�'f,+a�F N h�XEy�O�s�'fF 2-R`24,+,+a�FS'Z09%32;0

A = (a1, 0, . . . , 0)
X

� �� ������ h�XEy8X�u�H
A
24.�O

B
24*+'ZaB.�>V0
q�'-5-097D*+,&09%B'-. ∑n

i=1 〈A,Bei〉
2 ≤ 1

X
� /10�0@? A �#>E.�5/'8c�C�R`24,+,+a�FG(�09>E78.�c

ei = −ei, eiej = ±em, eiej = −±em,
s�'Z%�2Uq�'

(eiej)(eiej) = −(±em)(±em) = −(em)2 = +1.
u~78*+'-7Mq�'-* 〈A,Bei〉 ∈ R H?7D* i = 1, . . . , n

XY$&%#aB,

‖(A,B)‖2 = (A,B)(A,B) = 〈A,B〉2 +
n∑

i=1

〈A,Bei〉2 ≤ ‖A‖2‖B‖2.

�#>E.B5-' ‖A‖ = ‖B‖ = 1
24.�O 〈A,B〉2 ≥ 0

c�s�'f78C�0[24>E.K09%B'Z*+'/k#a�>N*+'-Ol>E.�'/k#a324@E>E0�R�X
� '-t�.�'Z09%�'IgA@N>Eh�78*+O�bi0�R�(�'m(�*+7���'/5U09>Vq�'Z,+(3245-' AnPp 24,

AnPp := Ap+1
n /A∗n,s�>V09%)09%�'Z\8*+78a�( A∗n := {a ∈ An : a 6= 0} 245U09>N.�\1C�Rl*+>E\8%�0
F6a�@V09>E(�@N>E5M2;09>E78.�X

� ��KL���6yB78* 09%�'L5-78FS(�@N'UT�(B*+7 ��'/5U09>Vq�'j,+(3245-' CPp s�'�24,+,+a�FS'j09%32;0 p = 2m ≥ 4
c
H?78* 09%�'

k#a32;09'-*+.�>N7D.B>E5S(�*+7 ��'-5U09>Eq8'S,+(3245/'
HPp

s�'K24,+,+a�FG'S09%�2M0
p = 4m ≥ 8

24.�OeHn78*f09%�'G7�5U0978.�>E78.�>N5
(�*+7 ��'-5-09>Vq�'Z,+(3245-'

OPp
s�'f%32-q8'

p = 8m = 16
X

B (�78>E.#0L78H AnPp *+'-(�*+'/,+'-.�09,e2 gA@N>Eh�78*+O�bi0�R�(�'v@E>E.B' γ >N. Ap+1
n

X $&%�'<@N>E.�'
γ
5;24. C�'

>EO�'/.�09>Et�'/O s�>V09% 09%�'�\8*+78a�(
SPn+1(1)

X]$&%�'�,+a�C�\8*+78a�( 78H
SPn+1(p + 1)

,�0[2;CB>E@E>E_/>E.�\
γ
>E,

SPn+1(p)×SPn+1(1)
X�$&%�>N,AO�'-,+5/*+>E(�09>E78. \D>Eq8'/, AnPp 09%�'�,�09*+a�5-09a�*+'�78Hp09%B'�,�R�FGFS'U09*+>N5�,+(3245-'

SPn+1(p+1)/SPn+1(p)×SPn+1(1)
s�%�78,+'�%�78@E78.�78F|R6\8*+78a�(G'/k#a324@E,

SPn+1(p)×SPn+1(1)
X
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E �!FHGJI�GJKLGM��I h�XEyDX � 'U0
M = AnPp

24.�O
x ∈ M

X yB78*124.�Rva�.�>V0|q�'/5U0978*+,
A
24.�O

B
>E.
TxMO�'/t�.�'m09%B'�P�24.�\8@E'[WZHnaB.�5U09>E78.

α(A,B), 0 ≤ α(A,B) ≤ π/2, C�RK09%�'Z'Mk�a�2;@N>V0�R

cos2 α(A,B) :=

n∑

i=1

〈A,Bei〉2.

� �� ������ h�Xgh�X
α(A,B)

>E,�s�'-@E@"O�'/t�.�'/Oj,+>E.�5/'|>E0�>N,�>E.�OB'-(�'/.�O�'-.#0�78H�09%B'|5[%�78>E5-'I78H�2KgA@E>Nh�78*+O�b
0�R�(�'Z,�09*+a�5U09aB*+'Z78.

TxM
N ,+'-'m09%B'ZO�'/t�.�>V09>E78.l78H

SPn+1(p)× SPn+1(1)).
dv'�,+%�2;@N@3.�7Ms 5M24@E5-aB@n2;09'&09%�'�,+'-5U09>N7D.�2;@35-a�*�q�2;09a�*+' K 78H=09%�'ZgA@E>Eh�78*+O�bi0�R�(�'�(�*+7 ��'-5-09>Vq�'�,+(3245-'

M
>E.<09'-*+FG,678H

α
X<gA%�7�78,+'`24.�24@EFS78,�0 gA@E>Eh�78*+O�bi0�R�(�'K,�09*+a�5-09a�*+')78.

TxM
Hn78*

x ∈ M
cA2;.BO

\8>Vq�'-.~24.l'-@E'/FS'/.�0
A
>E.
TxM

s�*+>V09'
A = (a1, . . . , ap)

24,�2;.`'-@E'/FS'-.#0&78H Apn
X�$&%�'/.K09%�'/*+'Z>E,�2

*+'-(B*+'-,+'-.#0[2M09>N7D.~78H
A
2;,Z24.~'-@E'/FS'-.#0�7DH

SPn+1(p+ 1)
C�Rl09%�'|,DCD'-s
b{,�R�FSFS'-09*+>E5IgA@N>Eh�78*+O�bi0�R�(�'

.#a�F6C�'-*
FK2;09*+>VT
(aij)

c�s�%�'/*+'

a1i = −ai1 = ai−1 H?7D*
i = 2, 3, . . . , p+ 1

24.�O
aij = 0

7D09%�'-*�s�>N,+' N ,+'/'Z'�X \BX�x h��;z^O[X
� �� Q ��>h�X h�X���02/

A,B ∈ TxM
o %6$&5 #2%

(2.2) B([A,B], [A,B]) = 2[(A,B)2 − (A,B)(B,A) + (B,A)2 − (A,A)(B,B)].
� /10�0@? A ��,+>E.�\L09%�')Hn78@E@N7/s�>N.�\L*+'-(�*+'/,+'-.�0[2;09>E78.�78H A = (a1, . . . , ap)

24.�O
B = (b1, . . . , bp)

24,
'-@N'-FS'/.�09,&78H Apn

�

A 7→ Ã =




0 a1 a2 . . . ap

−a1 0 0 . . . 0

−a2 0 0 . . . 0

. . . . . . .

−ap 0 0 . . . 0



∈ spn+1(p+ 1),

B 7→ B̃ =




0 b1 b2 . . . bp

−b1 0 0 . . . 0

−b2 0 0 . . . 0

. . . . . . .

−bp 0 0 . . . 0



∈ spn+1(p+ 1)

24.�Oj09%B'6'/k#a324@E>V0�R
(A,B)(B,A) = (B,A)(A,B)

c3s�%�>E5[%L>E,�';24,�R~097K5:%B'-5*C=c N h�XghPO
>N,�78C�0[24>E.�'/O
C�R`26,�09*:24>E\8%�09H?78*�s
24*+Ol5M24@E5/a�@n2;09>E78.�X
� �� Q ��>h�X ��X iJ?

A
52Wsc

B
52/1% 02/�Y^$&02Ws02/T795�; N 52'9/1%*5�; #�% Z Y=02/T'8c 4.A % A 〈A,B〉 = 0

c 〈A,A〉 =

〈B,B〉 = 1
O 4 W TxM c�Y^$&%�W

B([A,B], [A,B]) = 2 · [3(A,B)2 − 1].
� /10�0@? A �#>E.�5/'

〈A,Ae1〉 = · · · = 〈A,Aen〉 = 0, 〈B,Aei〉 = −〈A,Bei〉, i = 1, . . . , n,
H?7D*�24.�R

A,B ∈ Apn
c�09%�'f@E'-FGF 2IHn78@E@N7/s�,
>EFSFG'-O�>?2M09'/@VRGH?*+78F � '-FGF 2rh�Xgh�X



� � �������	��
������������
�����������! h�Xgh�X���%\Y

M = AnPp
c
x ∈M cp52Wsc9;V%\Y A 52Wsc

B
+*%6Y^o 0k02/�Y^$&02WL02/T795�; #�% Z Y=02/T' 4 W

TxM A �L)&/�Y^$&%T/T7902/1%�c ;V%\Y K cP%�Ws0�Y=% Y^$&%6'�% Z Y 4 02WL5�; Z )H/$#�5�Y^)H/*%q0@? M A "�$&%TW
(2.3) 0 < K(A,B) = 1

4 [1 + 3 cos2 α(A,B)] < 1.
� /10�0@? A yB78*�26,�R�FSFG'U09*+>E5m,+(3245-'�c

K(A,B) = −cB([A,B], [A,B]),
s�%�'/*+'

c
>E,�21(�78,+>V09>Vq�'m*+';2;@�.#a�F6C�'-* N ,+'/'Z'�X \BX�xVy�~Mz^O[X�wAR � '/FSF 2 h�X �Is�'f%32-q�'

K(A,B) = 2c[1− 3(A,B)2].x�7Ms|c�H?78*&09%�'Z78*�09%�78.�78*+FK2;@pq�'-5-097D*+,
A
24.�O

B
c�>V0�>E,
,�09*:24>E\8%�09Hn78*�s
24*+O)097S,+%�7Ms 09%32;0

(A,B)2 = −〈A,Be1〉2 − · · · − 〈A,Ben〉2 = − cos2 α(A,B).
��'-.B5-' K(A,B) = 2c[1+3 cos2 α(A,B)]

X"$&%�'�@n2;0+09'-*pH?a�.�5-09>E78.|2;0+0[24>E.�,"2�FK2;T�>NFIa�F�78H
8c
s�%B'-.

A = Be1
XZ��.j09%�'I7D09%�'/*�%324.�O�c�09%�'I,+'/5U09>E78.324@"5-aB*�q82;09a�*+'I78H

M
s�>V09%~09%�'Ia�,+a324@ } >N'-F 24.�.B>n24.

FS'-09*+>E5f2;0+0[24>E.�,�26F 2;T�>EF6a�F�78H
1
N ,+'/'Z'8X \BX
xVy�~/z^O[c�,+7

c = 1/8
X

%D%D%"& � &�� , 1 6835G'.-=�;?.-=�E�1)./0 ; E"6D;?./=�;?./=�E 241).-= �W;?9�0/@ ��= 6 � GD3I@�6>G'=�E"6D3I0 E^,/G��51 6>,/GD37& de'
24*+'Z\878>E.�\1097S(�*+7Mq�'m09%�'fHn78@E@E7Ms�>E.B\6\8'-.B'-*:24@E>E_;2M09>N7D.)78Ho09%�'f�Z@E>N.�\8'-.#C�'/*+\609%�'/7D*+'/F yDXgh��
�����������! ��XEyDX���%\Y

M
+*% 5 Z 027 3!5 Z Y XT),5�Y=%T/TW 4 02W 4lZ N /1%�'=3 A 0 Z Y=02W 4 02W 4.Z O#7952W 4 ?\0�;Vc 0@? /*%15�;

c 4 78%�W�' 4 02W 4n ≥ 8
N /1%�'.3 A 8n = 16

O A `n'*'*)H79%9Y^$&5�Y�?�02/k5�;J;
2 [ 3s;V52WL%T' σ Y=52WH-�%TW,YnY=0

M
c Y^$&%

'\% Z Y 4 02WL5�; Z )&/$#25�Y^)&/1% K(σ)
'�5�Y 4 '�� %T'(Y^$&% 4 WL%*XT),5�; 4 Y^R

9/16 < K(σ)/K1[α(σ)] ≤ 1,op$&%�/1%
K1[α(σ)] 4 'q%1:�3,/1%T'*'\%*c +�RkY^$&% ?�02/T7r)&;d5

(1.1)
cs3 A 23 A "�$&%TW

M
$&52'6Y^$&% '\5278% 4 W,Y=%=-�/15�;

Z 02$&02780�;d01-2R8/ 4 WH- 52'
HPn

N /1%T'=3 A OPn O Ay378*&09%�'f.�7D0[2;09>E78.`24.�O`O�'/t�.�>V09>E78.�,
78Ho09%�>N,
(324*�0
s�'Z*+'-H?'-*&097~xVyM�{}�y�~Mz{X
� 'U0

M
C�'l24.

m
b{O�>NFS'-.B,+>E78.324@A5-78FS(�@N'U09'l24.�O�,+>EFG(�@VRe5/78.�.�'-5-09'-O } >E'-FK2;.B.�>n24.vFK24.�>EH?7D@NO

24.�O`@E'U0
G = {p(s); 0 ≤ s <∞} C�'|26\8'-7�O�'/,+>E5Z*:2-RK>N. M c�(324*:24FS'-09*+>E_-'/O)C�R`24*+5Z@E'/.�\D09%�XE �!FHGJI�GJKLGM��I���XEy N xVyM�;zMO[X y378*

n = 1, 3, 7
s�'Z,:2-RK09%32;0

G
,:2;09>E,+t�'-, Z 02WLc 4 Y 4 02W (Π,n)

>EH
y8X�09%�'/*+'|24*+'Z.B715/78. ��aB\�2;09'f(�78>E.�09,
>E.

[0, π)
c

h�X�09%�'/*+'|24*+'
n
5/78. ��aB\�2;09'Z(�78>E.�09,
>N. [

π, 4
3π
) c

��X�09%�'/*+'|24*+'Z.B715/78. ��aB\�2;09'f(�78>E.�09,
>E. [ 4
3π, 2π

) c
�BX�09%�'/*+'|24*+'

λ
5-78. ��a�\#2M09'f(�78>E.�09,
>E.

[2π, 8
3π), λ ≥ n+ 1

X
B 5/5-78*+O�>E.B\e097�xVyM��c|y"!Mzm5/78.�O�>V09>E78.

(Π,n)
>N,K,:2;09>E,+t�'/O H?78*l24.�R \8'-7�O�'/,+>E5j*:2-R

G
>E.o�Q09%B'

5-78FG(�@E'UT`(�*+7 ��'-5-09>Vq�'|,+(3245-'
(n = 1)

c�k#a32;09'-*+.B>E78.�>E5|(�*+7���'-5-09>Vq�'|,+(3245-'
(n = 3)

24.�OL7�5U0978.�>E78.�>E5
(�*+7 ��'-5-09>Vq�'Z,+(3245-'

(n = 7)
X

�����������! ��Xgh�X���%\Y
M

+1% 5 XT),5�Y=%T/TW 4 02W 4lZ N /*%T'=3 A 0 Z Y=02W 4 02W 4.Z O97952W 4 ?\0�;Vc>0@? c 4 79%TW�' 4 02W 4nN /1%�'=3 A 8n
O[c
G

56-P%*0�cP%�' 4lZ /152R902W M c G0
Y^$&% 4 W 4 Y 4 5�;!-�%10�cP%T' 4.Z '\%.-�79%TW,Y 0@?Q;V%�WH-�Y^$ 2π/

√
δ
o 4 Y^$

δ = 9/16
N 5 Z*Z 02/1c 4 WH- Y=0�� %P�jW 4 Y 4 02W 3.1

O A `n'*'*)H79%nY^$&5�Y Y^$&%Q'\% Z Y 4 02Ws5�; Z )H/$#�5�Y^)H/*% K(σ)
0@?Q%*5 Z $3s;V52WL%6'�% Z Y 4 02W σ Y=52WH-�%TW,Y Y=0

G0
'\5�Y 4 '�� %�'

(3.1) δ < K(σ)/K1[α(σ)] ≤ 1."�$&%�W
G

'\5�Y 4 '�� %T' (Π, 3)
N /1%�'=3 A Π, 7 O A
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� /10�0@? A $&%�'|>EO�'M2678H"09%�'f(B*+7#78H^>N,�24.324@E78\878a�,&097S09%32;0�78H-	�*+78(�78,+>V09>E78.~��X �6>E.vxVyM�Mz X�de'Zs�>E@E@paB,+'$&%�'/7D*+'/F h�Xgh�X
y�>E*+,�0�78HY24@E@p@E'U0�a�,�*+'Us�*+>V09'm09%�'f>E.�'/k#a324@E>E09>E'-, N ��XVy�OA>E.)09%�'ZH?78*+F

(3.2) 1
4δ ≤ δK1[α(σ)] < K(σ) ≤ K1[α(σ)] ≤ 1

C�'/5M24a�,+'
1/4 ≤ K1[α(σ)] ≤ 1.

� 'U0
G′0
C�'|2|\8'-7�O�'/,+>E5m,+'-\8FS'/.�0
7DH"@E'-.B\409%

2π/
√
δ
>E. 09%�'fk�a�2M09'/*+.�>E78.�>E5 N *+'/,+(�X�7�5-097D.B>E78.�>E5�O

(�*+7 ��'-5-09>Vq�'|,+(3245-'
M ′ = HPn

N *+'/,+(�X
M ′ = OPn

O[X�$&%�'-*+'6'UT�>E,�09,Z2;.L>E,+78FS'U09*�R
I
c�5-78FS(�2M09>NC�@E'

s�>V09%
i, j
2;.BO

k (e1, . . . , e7)
c#F 24(�(�>N.�\Z09%B'�0[24.�\8'-.�0�,+(3245-'Z2M0A09%�'�>E.�>V09>?2;@B(�78>E.#0A78H

G0
78.�097f09%�'

0[24.�\8'-.�0|,+(�2;5/' 2;0Z09%B'S>E.�>E09>n24@^(=7D>N.�0f78H
G′0
s�%�>E5:%�5M24*+*+>E'/,Z09%�'S>E.�>V09>?2;@�O�>N*+'-5U09>N7D.Q78H

G0
097)09%�'

>E.�>E09>n24@�OB>E*+'-5-09>E78.)78H
G′0
X

$&%B'
>E,+78FS'U09*�R
I
\8>Vq�'-,Y*+>N,+'&097f21yUb9y&5-78*+*+'/,+(�78.�O�'-.B5-'
C�'-0�s�'-'-.109%�'
(�@n24.�'
,+'-5U09>N7D.

σ
0[24.�\8'-.#0

097
G0
24.�Ol09%�'Z(�@?2;.B'Z,+'-5-09>E78.

σ′ = I(σ)
0[24.�\8'-.#0
097

G′0
X

��>E.�5-'
α(σ)

24.�O
α(σ′)

24*+'S>E.�q824*+>n24.�0fa�.�O�'/*Z09%�'G245U09>E78.Q78H
Sp(n) × Sp(1) (= SP4(n) ×

SP4(1))
N *+'/,+(�X

SP8(n)×SP8(1)
O�24.�O

SPn+1(p) ⊆ SO[(n+ 1)p]
c809%�'UR 24*+'�>E.#q824*+>n24.�0�a�.BO�'-*

(324*:24@E@E'/@=09*:2;.B,+@n2;09>E78.`2;@N7D.B\
G0
24.�O

G′0
c�*+'/,+(�'-5-09>Vq�'-@VR#X

y378*
09%�'f5-78FG(�@E'UT)(�*+7 ��'-5U09>Eq8'Z,+(3245/' CPn s�>V09%)09%B'fa�,+a324@ } >E'-FK24.�.�>n24.lFG'U09*+>E5�c�09%�'f5-a�*�q�2;b09a�*+'
K(σ)

78H
σ
O�'/(�'-.BO�,
78.�@ERK78.)09%B'|24.�\8@E'

α(σ)
24.�O`>E,
\8>Vq�'-.lC#R

K(σ) = K1[α(σ)] = 1
4 [1 + 3 cos2 α(σ)]N ,+'-'�xVy�~Mz c x hw|;zMO[X wAR $&%�'/7D*+'/F h�Xgh�cfH?78*Lk#a32;09'-*+.�>E78.�>N5<24.�O 7�5U0978.�>E78.�>N5e(�*+7 ��'-5-09>Vq�'e,+(3245/'-,

K1[α(σ)]
*+'-O�aB5-'-,&097109%�'f,+'-5-09>E78.324@p5/a�*�q82;09a�*+'

K(σ)
N ,+'-' N h�X �PO[c�(oX h�!PO[X

$&%B'Z>E.�'Mk#a324@E>V0�R
K(σ) ≤ K1[α(σ)]

78H N ��XghPO�R�>E'-@EOB,
K(σ) ≤ K1[α(σ)] = K1[α(Iσ)] = K ′(Iσ).

x�7Ms�s�'Z.�'-'/O � '-FGF 2I��XEym78HAxVyM��c�(�X��D�
�;z X � 'U0
M
24.�O

M ′
C=' } >E'-FK2;.B.�>n24.KF 24.�>EH?78@EO�,�78H

09%�'�,:2;FG'�O�>EFG'-.�,+>E78.
n
X � 'U0

G = {p(s)} 24.�O G′ = {p′(s)} c s ∈ [0, a]
c�C�'�\D'/7�O�'-,+>E5�,+'-\8FS'/.�09,

>E.
M
24.�O

M ′
co*+'-,+(�'/5U09>Vq�'/@VR�cp(324*:24FS'-09*+>E_-'/OLC�Re24*+5S@N'-.�\D09%�X � 'U0

I : Mp(0) → M ′p′(0)

C�'K2;.
>E,+78FS'-09*�R)s�%B>E5:%j5;24*+*+>E'-,�09%�'I>E.B>V09>n24@oO�>E*+'-5-09>E78.~78H

G
>E.�097G09%�'6>E.�>V09>?2;@oO�>N*+'-5U09>N7D.~78H

G′
Xm$&%�'/.

IO�'-09'-*+FS>N.�'-,�24.~>E,+78FS'U09*�R
I
78H
Mp(s)

78.�097
M ′p′(s)

�AF 24(
Mp(s)

C#Rl(324*:24@E@E'/@p09*:24.�,+@n2;09>E78.j24@E78.�\
G
78.�097

Mp(0)
cA24(�(�@VR

I : Mp(0) → M ′p′(0)

c�24.�O�a�,+')(324*:24@E@E'/@�09*:24.�,+@n2;09>E78.�24@E78.�\
G′
Xv$&%�>N,

>E,+78FS'-09*�R
I : Mp(s) →M ′p′(s)

>E.�O�aB5-'-,&2Gy[b9y�F 24(G78H
2
b{(�@n24.�'/,

σ ⊂Mp(s)
c#0[2;.B\D'/.�0�097

G
c#78.�097

2
b{(�@n24.�'/,

σ′ ⊂M ′p′(s)
c�0[24.�\8'-.#0�097

G′
c�s�%�>N5:% s�>N@E@�2;@N,+76C�'mO�'/.�7D09'-O)C�R

I
X^d�>V09%K09%�>E,�.�7D0[2;09>E78.

s�'Z%�2Uq�'Z09%�'fHn78@E@N7/s�>N.�\
� �� Q ��e��XVy8X���%�Y

M
52WLc

M ′
+*%re 4 %�7852W�W 4 52W 7852W 4 ?�0�;Vc2'90@?rY^$&%8'\5279% c 4 78%�W�' 4 02W A � %�Ws0�Y=%+�R

K
52WLc

K ′
Y^$&%Qe 4 %�7852W�W 4 52W Z )H/$#�5�Y^)H/*%T'(0@? M 52WLc

M ′
c�/1%�'=3!% Z Y 4 #2%\;gR A iJ? K(σ) ≤ K ′(Iσ)Y^$&%�W

indexG′ ≥ indexG.
��>E.�5-'

G′0
%324,|.�7`5-78. ��a�\#2;09'1(=7D>N.�09,Z>E.

[0, π)
c�%�'/.�5-'G%324,f>E.BO�'UT

0
c^24@E,+7

G0
%�2;,|>E.�OB'UT

0
c

%�'/.�5-'f.�7S5/7D.���a�\#2;09'Z(�78>E.�09,
>E.l09%32;0
>E.�09'/*�q824@{X
��>E.�5-'

G′0
%324,

3
N *+'-,+(�X

7
O�5/7D.���a�\#2;09'S(=7D>N.�09,f>E.

[π, π/
√
δ)
c
G0
%324,62;0|FS78,�0

3
N *+'/,+(�X

7
O

5-78. ��a�\#2;09'Z(�78>E.#09,&>E.
[π, π/

√
δ).
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M ′′
C�'109%�'Gk#a32;09'-*+.B>E78.�>E5 N *+'-,+(�X17�5-097D.B>E78.�>E5�O�(�*+7 ��'-5-09>Vq�'1,+(3245-'G78C�0[24>E.�'-OQH?*+78F

M ′
C#RjF6a�@V09>E(�@ER�>N.�\G09%�'1a�,+a324@YFS'-09*+>E5IC#R

1/
√
δ > 1

24.�O�@E'U0
K ′′

C�'1>V09,m5-aB*�q82;09a�*+'8X � 'U0
G′′0C�'j2L\8'-7�O�'/,+>E5l78H�@N'-.�\D09%

2π/
√
δ
>E.
M ′′

24.�O�>E.#09*+7#OBa�5-')09%B'l>E,+78FS'-09*�R
I
2;,GC='-H?7D*+'�X�$&%�'-.

09%�'6>E.B'/k#a324@E>V0�R
δK1[α(σ)] < K(σ)

78H N ��X hPO
5M24.LC�'6*+'-s�*+>V0+09'-.Q24,
K ′′(Iσ) < K(σ)

c�C�'-5;24a�,+'
K1[α(σ)] = K1[α(Iσ)] = K ′(Iσ) = (1/δ)K ′′(Iσ)

X
��>E.�5-'

G′′0
%324,

3
N *+'/,+(�X

7
O^5-78. ��a�\#2;09'
(�78>E.�09,�>N.

[0, π/
√
δ
O[c
G0
%324,�'UTB245U09@ER

3
N *+'-,+(�X

7
O^5-78.�b

��a�\#2M09'�(=7D>N.�09,�>E.
[0, π/

√
δ)
XYw�R)2|,+>EFS>N@n24*�24*+\8a�FS'/.�0�s�'m5-78.�5-@Na�O�'�09%32;0

G0
%324,&.�765-78. ��a�\#2;09'

(�78>E.�09,
>N.
[π/
√
δ, 2π)

2;.BO
4n− 3

N *+'/,+(�X
8n− 7

OA5-78. ��a�\#2M09'f(�78>E.�09,
>E.
[2π, 2π/

√
δ).	�a�0+09>N.�\

δ = 9/16
R�>E'-@EOB,�09%�'I2;,+,+'/*�09>E78.l78Ho09%B'�09%B'-78*+'-F~X

� 'U0�a�,�*+'-5;24@E@=09%�'ZH?78@E@E7Ms�>E.�\I09%B'-78*+'-F�O�a�'m097S�f@E>E.�\8'-.�C�'-*+\`xVy"!�c�(�XA�8�
�Mz �
�����������! ��X ��X���%\Y

M
+*%r5 Z 027n3s;d%�Y=%r52WLc ' 4 7 3s;gR Z 02W�WL% Z Y=%*cqe 4 %�7852W�W 4 52Wb7952W 4 ?\0�;Vc 0@? /*%15�;

c 4 78%�W�' 4 02W (k + 1)n
o 4 Y^$ n ≥ 2

52WLc
k = 3

02/
7 A ` '*'*)H79% Y^$&5�Y(Y^$&%T/1% 4 ' 5 3!0 4 W,Y x0 4 W

M
'1) Z $ Y^$&5�Y Z 02WLc 4 Y 4 02W (Π, k)

$&0�;dc2' ?�02/r5�;J;L-�%*0�cP%�' 4.Z /152R�'�'TY=52/�Y 4 WH-�?1/1027 x0 A �L)H/�Y^$&%�/T7802/*%8c52'*'*)H79%�Y^$&5�Y
k+ λ ≥ m = dimM A "�$&%�W M $&52'nY^$&%�'\5278% 4 W,Y=%=-2/15�; Z 02$&02780�;V0*-2Rr/ 4 WH- 52'nY^$&%

'*R27r79%�Y^/ 4.Z '=3!5 Z % HPn ?�02/
k = 3

52WLc
OPn

?\02/
k = 7 A

��,+>N.�\109%�'|24C�7Mq�'m09%�'/78*+'-F s�'Z78C�0[24>E.)09%B'Zt�.324@�*+'/,+a�@V0Mc�>{X '8X�$&%�'-78*+'/F���XVy8X
� /10�0@? 0@?k"�$&%102/*%T7�� A��PA $&%�'/78*+'-F ��XEyfH?78@E@E7Ms�,�H?*+7DF $&%�'-78*+'-FG,m��Xgh 24.�OQ��X ��c�C�Rl.B7409>N.�\GH?*+78F09%�'f(�*+7�7DH^78H^$&%B'-78*+'-F���X h609%32;0

λ = 4n− 3
N *+'-,+(�X

λ = 8n− 7
O[X

��� ���<���������B�����������=�A��	�� ���������9����� ��� ������!����o��=� �A�
� �4	�� � �"��!#�������Y�1���
=�Y��� !�=�����9��� � �Y����!
	m�^���Y� � �A!8���� ������� � �Y�����9����	�! ∗

%�� &�()& %8.76DGD; 0H,/E"6>=�;?.[& ��,+>E.�\`09%�'GH?a�.�O324FS'/.�0[24@�.�7D09>E78.�,f78H
k#a32;09'-*+.�>N7D.B>E5 2;.�2;@ER�,+>N,Zs�'Gs�>E@E@
,+%�7Ms 09%�2M0�09%�'/*+'I24*+'|.�7G�Db{O�>NFS'-.B,+>E78.324@"24@EFG78,�0��I�;%B@E'-*�FK24.�>EH?7D@NO�,&s�%B>E5:%L2;*+'|@E7�5M24@E@ERK5-78.�H?78*�b
F 24@E@ER��32;0
s�>V09%~26FS'-09*+>E5m78H�26,+(�'/5->n24@�Hn78*+F~X

B C324,+>E5mk#a�'/,�09>E78. >E.)k#a32;09'-*+.�>E78.�>N5�24.324@VR�,+>E,A>N,�09%�'�(B*+7D(='-*�\D'/.�'-*:24@E>N_M2;09>E78.G78Hp09%�'�.�7D09>E78. 78H
%�78@E78FS78*+(�%#R�X B 0A09%�'�78a�09,+'-0A>V0�F 2-RS.�7D0AC='�5-@N'M24*�s�%�>E5:% 78Hp,+'-q�'-*:24@35/78.�O�>V09>E78.�,/c�'Mk#a�>Vq824@E'/.�0�H?78*
%�78@E78FS78*+(�%B>E5ZF 24(�(�>E.B\D,�78H^5-78FG(�@E'UT).#a�FIC='-*+,/cB5M24.`C�'-,�0�C�'f\8'-.B'-*:24@E>E_/'-O)097109%�'|k�a�2M09'/*+.�>E78.�>E5
,DC8'Us t�'-@NO

H
X

B 0�R�(�>N5M24@p'-@E'/FS'/.�0
7DH
H
5M24.lC='ms�*+>V0+09'/.`24,

q := w + ix+ jy + kz, w, x, y, z ∈ R,
24.�O�09%�'~k�a�2M09'/*+.�>E78.�>E5la�.�>E09,S,:2;09>E,+HnR

i2 = j2 = k2 = ijk = −1
X $&%�'`5-78. ��a�\#2M09'`78H

q
>N,

O�'/t�.�'-O`C�R
q := w − ix− jy − kz24.�Ol09%�'ZFG7�O�a�@Ea�, N .�78*+F OAC�R

‖q‖2 := q · q = q · q = w2 + x2 + y2 + z2.
$&%�'f.�78*+F]5M24.`C�'Za�,+'/Ol0971'-T�(B*+'-,+,
09%�'Z>E.#q8'/*+,+'Z'/@E'-FG'-.�0M��H?7D*

q ∈ H, q 6= 0
c�s�'f%32-q�'

q−1 =
q

‖q‖2 .
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�	� ] ��� � ] ��� �r� ��_ � �dc �
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$&%�'fHn78@E@E7Ms�>E.B\6*+'/@n2;09>E78.)>E,
'M24,�RK097S5:%�'/5*C=�
q1 · q2 = q2 · q1, q1, q2 ∈ H.E �!FHGJI�GJKLGM��I�y8XEyDX B Hna�.B5U09>E78.
f : H→ H

>E,
5M24@E@E'/O
(
;d%^?TY

)
c 4 � %�/1%TW,Y 4 5P+�;d%62M0 q >EHo09%�'f@E>EFS>E0

df

dq
(q) := lim

h→0
h−1[f(q + h)− f(q)]

'UT�>E,�09,/X
u 0�>E,�09%B'mFG78,�0
.32;09a�*:24@�O�'-t�.B>V09>E78.`2;0
t�*+,�0�,+>E\8%�0�C�a�0�>V0
@E'M24O�,&097G2Iq8'/*�RK*+'-,�09*+>N5U09'-O)5/@n24,+,&78H

H?a�.�5U09>N7D.B,/�
�����������! y8XEyDX iJ?

df/dq
%1: 4 'TY^'8c Y^$&%TW f(q) = a+ qb

c
a, b ∈ H A

v a32;09'-*+.�>N7D.B,GO�7e.�7D0G5-78FGFIa�09'�cA%�'-.�5/'j2L*+';24,+7D.�2;CB@E'`\8'-.B'-*:24@E>E_;2M09>N7D.�78H�09%�'l09'-*+F
anz

n

H?*+7DF 09%�'f5-78FS(B@E'UTK5M24,+'f>E,

a0qa1q · · · qan+1, ai ∈ H, i = 0, 1, . . . , n+ 1.
w�a�0Z09%�'SO�'/t�.�>V09>N7D.Q78HA%�78@E78FS78*+(�%�RLa�,+>E.�\`,+a�FS,f7DHA,+aB5:%Q09'/*+FS,Z@E'M24O�,m097~2lk�aB>V09'6\8'/.�'-*:24@

5-@?2;,+,
78H^HnaB.�5U09>E78.�,/c�.324FS'/@VR 097G24@E@p09%�'f*+'M24@Vb�24.324@VR�09>E5mF 24(�(�>E.B\D,
H?*+78F
R4 097 R4 Xu�.Qy�|8�8� } X&yBa�'-09'-*fx y{z4zp(B*+7D(=7D,+'/O`2|OB'-t�.�>E09>E78.K78H=P�*+'/\DaB@n24*+>V0�R#W�Hn78*
k#a32;09'-*+.�>E78.�>N5�Hna�.B5U09>E78.�,

q�>n2|2;.)24.324@E78\8a�'�7DH=09%B'mg&24a�5[%�R�} } >E'-FK24.�.G'/k#a32;09>E78.�,/X�$&%B'�5/@n24,+,�78H<yBaB'U09'-*A*+'-\8a�@n24*AHna�.B5U09>E78.�,
,+'-'/FS,Y>E.6F 24.�R|s
2-R�,^097Z'UT�(�*+'-,+,�q�'-*�R|s�'/@E@#09%�'&,+(�>E*+>V0Y78H35-78FS(B@E'UT62;.�2;@ER�,+>N,^>N.I09%�'
k�a�2M09'/*+.�>E78.�>E5
5-78.�09'-T�0Mc�24,&F 24.�R 5/@n24,+,+>E5M24@�*+'/,+a�@V09, N '8X \BX�g&2;aB5:%�Rp� ,&>E.�09'/\8*:2;@=Hn78*+FIaB@n2�c�uj7D*+'/*:2�� ,�09%�'/7D*+'/F`c#09%�'
� 24a�*+'/.�0�'UT�(324.�,+>E78.S'U095�XgOf5;2;*+*�R17Mq8'/*�>E.G2mFG78*+'&78*�@E'/,+,Y.32;09a�*:24@�s
2-R`x ��y8c#�wh;z X�w�a�0Mc8C�'/5M24a�,+'
78H
09%�'�.�78.�b{5-78FSF6a�0[2;09>Vq�>V0�R178H�k#a32;09'/*+.�>E78.�,/c#FK2;.#RG(�*+78(�'/*�09>E'-,A7DH�%�78@E78FS78*+(�%B>E5�Hna�.B5U09>E78.�,A5;2;.B.�7D0
C�'|\8'-.�'/*:2;@N>E_-'/O)0978yBa�'-09'-*�*+'-\8a�@?2;*�Hna�.B5U09>E78.�,/X y37D*�>E.B,�0[2;.B5-'8cB09%�'|5-78FS(�78,+>V09>N7D.`7DH^0�s�7 *+'-\8a�@n24*
H?a�.�5U09>N7D.B,f>E,|.�7D0Mc^>E.e\D'/.�'-*:24@{c"*+'/\8a�@n24*/co,+7~s�'G5;24.�.�7D0|OB'-t�.�')2 P�k#a32;09'-*+.�>N7D.B>E5[WSF 24.�>EH?78@EOLq�>n2
yBaB'U09'-*
*+'/\8a�@n24*&09*:24.�,+>V09>E78.)H?a�.�5U09>N7D.B,/Xjx�'Uq�'/*�09%�'-@E'/,+,/c�09%�>E,&09%�'/78*�RK>N,
,�09>E@E@=C='->E.�\SO�'-q�'-@E78(�'/O�X

%�� &��?&�� 1)@D=�E .<;�6>=�;?.<@ 1)./0�� 17=�. � � 3I;7GD352 ∗ & � '-0 M2n C�'e2v*+';24@ C∞ b{FK24.�>EH?7D@NO 78HO�>EFG'-.�,+>N7D.
2n
'-.BO�7Ms�'-Ols�>V09%~2;.j2;@NFS78,�0
5/7DFG(�@E'-T ,�09*+a�5-09a�*+'

J
2;.BO~2 } >N'-F 24.�.B>n24.)FS'U09*+>N5

g
X

u�H"09%�'ZFG'U09*+>E5
g
>N,
>E.�q824*+>n24.�0�a�.�O�'/*&09%B'|245U09>E78.l78H

J
c�>{X '�X

g(JX, JY ) = g(X,Y )
H?7D*624.�RLq�'/5U0978*ft�'-@NO�,

X
24.�O

Y
78.

M2n co09%B'-. (M2n, J, g)
>N,f5M24@E@E'/Oe24. 5�;g7902'*Y � %T/T7 4 Y 4 52W7952W 4 ?\0�;VcDX� '-t�.�'Z09%�'ZH?a�.�O�2;FG'-.�0[24@

2
b{Hn78*+F

Ω
C#R

Ω(X,Y ) := g(X, JY ).
B .`24@EFS78,�0&��'-*+FG>V09>n24. F 24.�>NHn78@EO

(M2n, J, g, Ω)
>E,&,:24>EOK0976C�'85�;g7902'TY ] U2$�;V%�/�>NH Ω >E,�2I5-@E78,+'/OH?7D*+F~c�>{X '8X

dΩ = 0
X

��a�(�(�78,+'Z09%32;0
n = 2

X
} '-5M24@E@&09%�2M0)2 } >E'-FK24.�.�>n24.�F 24.�>NHn78@EO

(M4, g)
>E,G5M24@E@E'/O ;V0 Z 5�;J;gR Z 02W�?\02/T785�;J;_R f 5�Y6>EH�H?7D*'Uq�'/*�RK(=7D>N.�0

p0 ∈M4 09%�'-*+'f'-T�>E,�09,�21,�R�,�09'-F]78H^@N7#5;24@p5/7#78*+O�>N.32;09'-, (Up0
;w, x, y, z)

,+aB5:%`09%32;0
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09%�'fFS'U09*+>N5

g
>E,
'UT�(�*+'/,+,+'-O`C�R

(g) g = g0(p)[dw2 + dx2 + dy2 + dz2], p ∈ Up0
,

s�%�'/*+'
g0
>N,�2I*+';24@�(�78,+>V09>Vq�'

C∞
b{HnaB.�5U09>E78.lOB'-t�.�'/Ol>E.

Up0

X
��a�*�2;>NF >N,�097S(�*+7Mq�'

� ��GJI �����!������ �q`
4 [ c 4 78%�W�' 4 02WL5�; 5�;_7802'TY ] U2$�;d%T/97852W 4 ?�0�;dc cP0�%�' WL0�Y(5Pc27 4 Y(52W!R ;V0 Z 5�;J;gR

Z 02W�?�02/T795�;J;gR f 5�Ype 4 %T7952W�W 4 52Wb78%\Y^/ 4.Z 0@?�Y^$&% ?\02/T7
g0(w, x, y, z) := g0(r), r2 := w2 + x2 + y2 + z2,

op$&%�/1%
g0(r) 4 '652W 52WL5�;gRwY 4.Z ?*)HW Z Y 4 02W 4 W r c 4 � %T/1%�W,Ys?1/*027 5 Z 02W�'TY=52W,Y A

dv'Zt�*+,�0�(�*+7Mq�'
� � �{G�� � �� n �� �riJ?

(M4, J, g, Ω) 4 ' 5 4 [ c 4 79%TW�' 4 02WL5�;!5�;g7902'TY ] U2$�;d%T/ 52WLc ;V0 Z 5�;J;gR Z 02W�?\02/T785�;J;_R
f 5�Y�7952W 4 ?\0�;Vc=cLY^$&%�W g0

N cP%P�pWs%*cq+�R N \&ODO 4 '�Y^$&% 780�c2)!;g)H'Q0@? 5qXT),5�Y=%T/TW 4 02W 4.Z ;V%l?TY N / 4 -2$�Y1O /*%.-�)&;d52/?*)HW Z Y 4 02W 4 W Y^$&%6'\%TW�'\%q0@? �L),%�Y=%�/
[10]

)&W 4 X�)�%\;gRkcP%\Y=%�/T7 4 WL%1ck+�R
J
52WLc

Ω A
%�� & � &���G>; ; �H; � � 1)@D=�E�� 3 2 2 1 & � 'U0Ya�,YOB'-.�7D09'�C�RI09%�'�,:24FS'�@N'U0+09'-*+,^09%�'&F 2;09*+>E5-'/,

g
c
J
24.�O

Ω
s�>V09%l*+'-,+(='-5U0
097109%�'Z5/7#78*+O�>N.32;09'mC�2;,+>N,/X�$&%�'-,+'fFK2M09*+>N5-'-,&,:2;09>E,+HnR 09%�'f'/k#a324@E>V0�R

g · J = Ω.
$&%�'fFS'U09*+>N5

g
c�C�R`24,+,+a�FS(�09>E78.�c�>N,
(�*+78(�78*�09>E78.324@=097109%�'f>EO�'-.#09>V0�R�c�,+7S>V0�%324,&09%�'fHn78*+F

g = g0 · I = g0 ·




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



.

B .K24@EFS78,�0�5-78FS(�@N'UT6,�09*+a�5U09aB*+'
J
,:2;09>E,+t�'/,Y09%�'�5-78.�O�>E09>E78.

J2 = −I X�$&%�>N,�Hn78*+F6a�@n2Z24.�OS09%B'Hi2;5-0Z09%32;0
Ω
>E,Z,DC8'Us
b{,�R�FSFG'U09*+>E56>NFS(�@VR~09%�2M0

J
>E,|2K,DC8'-s
b{,�R�FGFS'-09*+>E5S24.�O�78*�09%�78\87D.�2;@

4 × 4F 2;09*+>VTpX
u 0�>N,
'M24,�RK09715[%�'-5TC 09%32;0

J
>N,
7DH"09%�'fHn78*+F

(J) (a)




0 a b c

−a 0 c −b
−b −c 0 a

−c b −a 0




78*
(b)




0 a b c

−a 0 −c b

−b c 0 −a
−c −b a 0




s�>V09%
a2 + b2 + c2 = 1.

$�22C8'|2
4× 4

,DCD'-s
b{,�R�FSFS'-09*+>E5m78*�09%�78\878.324@pFK2M09*+>ET



0 a b c

−a 0 r s

−b −r 0 t

−c −s −t 0



.
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$&%�'f5-78.�O�>V09>N7D.B,
a2 + b2 + c2 = 1,

a2 + r2 + s2 = 1,

b2 + r2 + t2 = 1,

c2 + s2 + t2 = 1
>EFG(�@VR 09%32;0

a2 = t2, b2 = s2, c2 = r2.
�#7Bc�>EH

t = −a 6= 0
c�09%B'Z78*�09%�78\87D.�2;@N>V0�R 78H"09%�'Z*+7Ms�,�\8>Vq�'-,

as+ bt = 0, ac− rt = 0,
%�'/.�5-'

s = b, r = −c.
u�H
t = a 6= 0

c3s�'I78C�0[24>E.`09%�'I,+'-5/78.�OjF 2;09*+>VTpX u�H
t = a = 0

c�>V0�>E,m24\#24>E.j'M24,�Rl097 ,+'/'f09%�2M0�09%�'
F 2;09*+>VTK>E,
78H^7D.B'Z78Ho09%B'm0�s�710�R�(�'/, N �HO[X
��a�(�(�78,+'Z09%32;0

J
>E,
78Ho09%B'ZH?7D*+F N �#2PO[X�$&%�'/.

Ω = g0 ·




0 a −b c

−a 0 c b

b −c 0 a

−c −b −a 0




=:




0 A −B C

−A 0 C B

B −C 0 A

−C −B −A 0



.

�#>E.B5-'
(A/g0)2 + (B/g0)2 + (C/g0)2 = a2 + b2 + c2 = 1

s�'f\8'-0

(3.1) A2 +B2 + C2 = g2
0 .

��,+>N.�\109%�'ZHn78*+FIaB@n2 N ,+'-'Z'�X \BX�x y�~�c�(�X��
!;zMO
dΩ(X,Y, Z) = 1

3{XΩ(Y, Z) + Y Ω(Z,X) + ZΩ(X,Y )

−Ω([X,Y ], Z)−Ω([Z,X], Y )−Ω([Y, Z], X)},
09%�'f5-78.�O�>V09>N7D.

dΩ = 0
5M24.lC�'Zs�*+>V0+09'-.l>E.)09%B'mH?78*+F`�

(3.2)

0 = 3dΩ(∂x, ∂y, ∂z) = Ax +By + Cz ,

0 = 3dΩ(∂x, ∂y, ∂w) = Bx −Ay + Cw,

0 = 3dΩ(∂x, ∂z, ∂w) = Cx −Az −Bw,
0 = 3dΩ(∂y , ∂z, ∂w) = Cy −Bz + Aw.

$&%�'G,�R�,�09'-F N ��XghPO[c^24@V09%�78a�\8%e7Mq8'/*+O�'U09'/*+FS>E.B'-O�coO�7�'-,I%32-q8' ,+78@Ea�09>E78.�,/X de'Ss�>E@E@Y,+%�7Ms 09%32;0|>V0
%324,�2I.B>E5-'Z>E.�09'/*+(�*+'U0[2;09>E78.)>E.~k�a�2M09'/*+.�>E78.�>E5|2;.�2;@ER�,+>N,/X

%�� & <&�*/,<3 6835G��N@ GD3 �?,-9�1)G � ,-.<E"6'=�;?./@"& B .�RlHnaB.�5U09>E78.
F : H→ H

5;24.lC�'ms�*+>E0+09'-.~2;,

F = F0 + iF1 + jF2 + kF3,
s�%�'/*+'609%B'

Fi
24*+'S*+'M24@Vbiq�2;@Na�'-O�X

F0
>E,f5M24@E@E'/OL09%�' /1%*5�;L3!52/�Y�78H

F
c^24.�O

iF1 + jF2 + kF3
09%�'

4 785{- 4 WL52/TR(3!52/�YA78H F X



� � �������	��
������������
u�.vxVy{z;z�yBaB'U09'-*
>N.�09*+7�O�a�5-'/O)09%�'fHn78@E@E7Ms�>E.B\678(�'/*:2M0978*+,/�

∂left :=
1

4

(
∂

∂w
+ i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z

)
, ∂right :=

1

4

(
∂

∂w
+

∂

∂x
i+

∂

∂y
j +

∂

∂z
k

)
,

24.324@E78\87DaB,�097 ∂
∂z

= 1
2 ( ∂
∂x + i ∂∂y )

>E.~5-78FS(B@E'UT~2;.�2;@ER�,+>N,/cB097G\8'-.B'-*:24@E>E_/'Z09%�'Sg&2;aB5:%�R�} } >E'/F 24.�.
'/k#a32;09>E78.�,/X

B k#a32;09'-*+.B>E78.�>E5AH?a�.�5U09>N7D.
F
>E,�,:24>EOI097mC�' ;V%l?*Y�/1%=-2)!;V52/ 4 W Y^$&% '\%TW�'\%n0@?[�L),%�Y=%�/ N *+'/,+(�'-5-09>Vq�'-@VR#c

/ 4 -2$�Y /1%=-�)&;V52/ 4 W Y^$&%6'\%TW�'\%q0@? �L),%�Y=%�/1O�>EH">E0
>E,
O�>Eh�'/*+'-.�09>n24C�@N'm>E.)09%�'f*+'M24@pq824*+>n24C�@E'm,+'/.�,+'I24.�O
(4.1) ∂leftF = 0 (

*+'-,+(�X
∂rightF = 0).

x�7D09'm09%32;0
09%�'ft�*+,�0�'/k#a32;09>E78.l7DH N �BXVy�OA>E,
'Mk#a�>Vq824@E'/.�0�097109%�'f,�R�,�09'/F
∂wF0 − ∂xF1 − ∂yF2 − ∂zF3 = 0,

∂wF1 + ∂xF0 + ∂yF3 − ∂zF2 = 0,

∂wF2 − ∂xF3 + ∂yF0 + ∂zF1 = 0,

∂wF3 + ∂xF2 − ∂yF1 + ∂zF0 = 0.
$&%B'-*+'f2;*+'�FK24.�R 'UTB24FS(�@N'-,A78Ho@E'-Hn0
24.�OK*+>E\8%�0&*+'-\8a�@?2;*&Hna�.B5U09>E78.�,/XYuL24.�R (324(�'/*+,�%32-q�'�C='-'-.

O�'-q87D09'/O~097K,�09a�O�R�>E.�\ 09%�'/>E*�(�*+78(�'/*�09>E'-, N ,+'/'I'�X \BX1xVy �;z^O[X v a32;09'/*+.�>E78.�>E5I\8'-.�'/*:24@E>E_M2;09>E78.�,�7DH�09%�'
g&24a�5:%#Rl09%�'-78*+'/F`c=g&24a�5[%�R`>E.#09'-\8*:24@�H?78*+FIa�@?2�c�$^2-R�@E78*�,+'-*+>E'/,�>E.l09'/*+FS,�78H�,+(�'/5->n24@o(�78@VR�.�78FS>n24@E,
'U095�X�%32-q�'fC�'/'-.lH?78a�.�O�X

x�7Ms�s�' .B'-'-O�24.v>NFS(�78*�0[24.�0I*+'-,+a�@V0678H|x ��h;z X � 'U0
ν
C�'l2;.<a�.�78*+O�'/*+'-O<,+'U017DH

n
>E.�09'/\8'-*+,

{i1, . . . , in}
s�>V09%

1 ≤ ir ≤ 3
�
ν
>E,lO�'U09'/*+FS>E.�'/O C#R 09%�*+'-'Q>E.#09'-\8'-*+,

n1, n2
24.�O

n3
s�>V09%

n1 + n2 + n3 = n
cBs�%�'-*+'

n1
>E,�09%�'|.#a�F6C�'-*�7DH&y8� ,�>E.

ν
c
n2
09%�'|.#a�F6C�'-*�78H�h�� ,/cp24.�O

n3
09%�'

.#a�F6C�'-*A78H"��� ,/XY$&%�'/*+'m24*+' 1
2 (n+ 1)(n+ 2)

,+a�5:%K,+'-09,
ν
24.�O s�'�O�'/.�7D09'�09%�'�,+'U0�78Ho24@E@�78H=09%�'-F

C�R
σn
X

� 'U0
eir
24.�O

xir
O�'-.B7409'

i, j, k
24.�O

x, y, z
245/5-78*+O�>E.�\12;,

ir
>E,

1, 2
78*

3
c�*+'/,+(�'-5-09>Vq�'-@VR#X^$&%�'-.

s�'ZOB'-t�.�'Z09%B'ZH?7D@N@E7Ms�>E.�\1(�78@VR�.�78FS>n24@E,/�

Pν(q) :=
1

n!

∑
(wei1 − xi1) · · · (wein − xin),

s�%�'/*+'&09%�'
,+a�F >E,Y0[22CD'/.S7/q�'/*A24@E@
n!n1!n2!n3!

O�>Nh�'-*+'/.�0�78*+O�'-*+>E.B\D,�78H
n1
yD� ,/c

n2
h�� ,�2;.BO

n3
��� ,{�

s�%�'/.
n = 0

c�,+7
ν = ∅ c�s�'Z0[22C8' P∅(q) = 1.y378*�'UTB24FS(�@N'ms�'|\D>Eq8'Z09%�'f'UT�(�@N>E5->V0
H?78*+FS,�78H"09%�'f(=7D@ER�.B7DFG>n24@E,

Pν
78H"09%�'ft�*+,�0Z2;.BO~,+'-5-78.�O

O�'/\D*+'/'-,/�

P1 = wi− x,
P2 = wj − y,
P3 = wk − z,

P11 = 1
2 (x2 − w2)− xwi,

P12 = xy − wyi− wxj,
P13 = xz − wzi− wxk,

P22 = 1
2 (y2 − w2)− ywj,

P23 = yz − wzj − wyk,
P33 = 1

2 (z2 − w2)− zwk.
u�.vx �whMz��#a�OBC�'-*�R)(�*+7Mq�'-Ol09%�'fHn78@E@E7Ms�>E.B\
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� �s� ��� �\GJKLGM��IL�BXVy8X���)�3P3!02'\%
F 4 ' ;V%l?*Y�/1%=-2)!;V52/ 4 Wk5 WL% 4 -2$&+*02)&/T$&0�0�c60@? Y^$&%Q02/ 4 - 4 W 0 ∈ H A "�$&%�WY^$&%�/1% 4 ' 59+*5�;J; B = B(0, r) 4 W#op$ 4.Z $ F (q) 4 'Q/1%�3,/1%�'\%TW,Y=%*c8+�R95r)HW 4 ?�02/T7 ;gR Z 02W #�%T/=-P%�W,Yp'\%�/ 4 %�'

F (q) =

∞∑

n=0

∑

ν∈σn
Pν(q)aν , aν ∈ H.

� 'U0
F
,:2;09>E,+HnR 09%�'I2;,+,+aBFS(�09>E78.�,
78H-	�*+7D(=7D,+>E09>E78.)�BXEyDX�$&%B'-.

F (q) = a0 +

3∑

i=1

Piai +
∑

i≤j
Pijaij +

∑

i≤j≤k
Pijkaijk + · · ·

24.�O`,+7

F (q) = a0 +
3∑

i=1

aiP i +
∑

i≤j
aijP ij +

∑

i≤j≤k
aijkP ijk + · · · .

u~a�@E09>E(�@VR�>E.�\I09%B'|24C�7Mq�'Z'UT�(�*+'/,+,+>E78.�,&s�'f\8'U0

‖F (q)‖2 = ‖a0‖2 +

3∑

i=1

(Piaia0 + a0aiP i)(4.2)

+
∑

i≤j
(Pijaija0 + a0aijP ij) +

∑

i,j

PiaiajP j

+
∑

i≤j≤k
(Pijkaijka0 + a0aijkP ijk)

+

3∑

m=1

∑

i≤j
(PmamaijP ij + PijaijamPm) + · · · .

dv'|24*+'Z.�7Ms >E.~26(�78,+>V09>E78.K097S5-78FG(�@E'U09'm09%�'Z(�*+7�78H^7DH"09%�'|w&24,+>E5 � '-FSFK2�X���'U0

(4.3) FABC(q) := Ci+Bj +Ak,

s�%�'/*+' s�')%32-q�')>NO�'-.�09>Nt�'-O
q ∈ H s�>V09% (w, x, y, z) ∈ R4 Xe$&%�'-. N ��XghwOf>N,6.�7D09%�>E.�\QC�a�0609%�'

5-78.�OB>V09>E78.K09%32;0
FABC

>E,
@E'/HN0
*+'-\8a�@?2;*
>N.K09%�'f,+'-.�,+'f78H yBa�'-09'-*/X�$&%�'/.�c�C�R N ��XEy�O[c�s�'Z%�2Uq�'

(4.4) ‖FABC‖ = g0.

%�� & �?&���GD; ; � ; � � 17=P. � �<3^;7GD3 2 & B ,+,+a�FS'Z09%32;0
09%�'ZFS'U09*+>N5
g
>N.`k#a�'-,�09>E78.l>E,
\8>Vq�'-.lC�R

g0(w, x, y, z) := g0(r), r2 := w2 + x2 + y2 + z2,

s�%�'/*+'
g0(r)

>N,Z24.�24.324@VR�09>E56HnaB.�5U09>E78.jOB>Eh�'-*+'/.�0ZHn*+78F 2 5-78.�,�0[24.�0f>E.L,+7DFG'6.B'->E\8%#C�78a�*+%B7#7�OL78H
r = 0

c�>{X '8X^s�'f%�2Uq�'

(5.1) g2
0(r) = b0 + b1r + b2r

2 + · · ·+ bnr
n + · · · .

� 'U06a�,S24(�(�@ER�'Mk�a�2M09>N7D. N �BXghPO�097
FABC

OB'-t�.�'/OvC#R N �BX �PO[XQgA7DF6C�>E.�>N.�\ N �BX hPO[c N �BX �HO|24.�O
N ��XVy�O�s�'f\D'-0

b0 = ‖a0‖2,(5.2)



� � �������	��
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b1r =
3∑

i=1

(Piaia0 + a0aiP i),(5.3)

b2r
2 =

∑

i≤j
(Pijaija0 + a0aijP ij) +

∑

i,j

PiaiajP j ,(5.4)

b3r
3 =

∑

i≤j≤k
(Pijkaijka0 + a0aijkP ijk)(5.5)

+
3∑

m=1

∑

i≤j
(PmamaijP ij + PijaijamPm)

'U095�XY$&%#a�,As�'�78C�0[24>E.
b0 ≥ 0

Xju 0�>E,�'M24,�RG097|q�'-*+>EHnRS09%32;0�'/k#a324@E>V0�R N ��X �POY@N'M24O�,�097
a1, a2, a3 = 0

c
b1 = 0

XY��'-.�5/'8c N ��X �HO�5;24.lC�'Z*+'-s�*+>V0+09'-.~24,
(5.6) b2r

2 =
∑

i≤j
(Pijaija0 + a0aijP ij).

gA78.�,+>NO�'-*&09%�'f'/k#a324@E>V0�R N ��X !PO[XA�#'U0
dij := aija0 := d0

ij + d1
iji + d2

ijj + d3
ijkN

i, j,k
O�'/.�7D09'm09%�'fk#a32;09'-*+.�>N7D.B>E5ma�.�>E09,TO&2;.BOl*+'-s�*+>V09' N ��X !wOA>N.K09%�'fHn78*+F

b2(w2 + x2 + y2 + z2) = 2
∑

i≤j
Re(Pijdij).

$&%�'/.)s�'f\8'U0

b2(w2 + x2 + y2 + z2) = 2 Re
{[

1
2 (x2 − w2)− xwi

]
d11

}
+ 2 Re

{[
1
2 (y2 − w2)− ywj

]
d22

}

+ 2 Re
{[

1
2 (z2 − w2)− zwk

]
d33

}
+ · · ·

= (x2 − w2)d0
11 + (y2 − w2)d0

22 + (z2 − w2)d0
33.

gA78FS(324*+>E.B\�09%�'e09'/*+FS,j>E.
x2, y2 24.�O z2 s�'<78C�0[24>E. b2 = d0

11 = d0
22 = d0

33

C�a�0j09%�'-.
b2w

2 = −3w2b2
X�$&%#a�,

b2 = 0
24.�O�c324,�21*+'-,+a�@V0�78H N ��X !wO[c

aij = 0
X

$&%B'Z'/k#a324@E>E0�R N ��X �wO�0[22C8'-,&09%B'ZH?7D*+F
b3r

3 =
∑

i≤j≤k
(Pijkaijka0 + a0aijkP ijk).

$&%�>E,
>NFS(�@E>N'-,�09%32;0
b3 = 0

c
aijk = 0

X
x�7Ms�s�'Zs�>E@N@=(�*+7Mq�'Z09%32;0

b4 = 0
X�de'Z%32-q�'

(5.7) b4r
4 =

∑
(Pijklaijkla0 + a0aijklP ijkl).

$&%�'/*+'|24*+' 1
2 (4 + 1)(4 + 2) = 15

(�78@VR�.�78FG>n24@E,
Pijkl

X�de'Zs�>E@E@�s�*+>E09'f24@E@�78Ho09%B'-F`�

P1111 = 1
24 (wi− x)(wi− x)(wi− x)(wi− x),

P2222 = 1
24 (wj − y)(wj − y)(wj − y)(wj − y),

P3333 = 1
24 (wk − z)(wk − z)(wk − z)(wk − z),

P1112 = 1
24 (wi− x)(wi− x)(wi− x)(wj − y),

P1113 = 1
24 (wi− x)(wi− x)(wi− x)(wk − z),

P2223 = 1
24 (wj − y)(wj − y)(wj − y)(wk − z),



����� 
_���!�����
	������� �������������P���*� � �

P1222 = 1
24 (wi− x)(wj − y)(wj − y)(wj − y),

P1333 = 1
24 (wi− x)(wk − z)(wk − z)(wk − z),

P2333 = 1
24 (wj − y)(wk − z)(wk − z)(wk − z),

P1122 = 1
24 (wi− x)(wi− x)(wj − y)(wj − y),

P1133 = 1
24 (wi− x)(wi− x)(wk − z)(wk − z),

P2233 = 1
24 (wj − y)(wj − y)(wk − z)(wk − z),

P1123 = 1
24 (wi− x)(wi− x)(wj − y)(wk − z),

P1223 = 1
24 (wi− x)(wj − y)(wj − y)(wk − z),

P1233 = 1
24 (wi− x)(wj − y)(wk − z)(wk − z).

$&%B'Z'/k#a324@E>E0�R N ��X_~�OA5M24.`C�'Z*+'-s�*+>V0+09'-.)>N.)09%�'ZH?78*+F
b4(w2 + x2 + y2 + z2)2 = 2

∑
Re(Pijkldijkl),

s�%B'-*+'
dijkl := aijkla0.x�7D09'm09%32;0

b4(w2 + x2 + y2 + z2)2 = 2
∑

Re(Pijkldijkl)

= 1
12 [w4 + x4 + · · · ]d0

1111 + 1
12 [w4 + y4 + · · · ]d0

2222 + 1
12 [w4 + z4 + · · · ]d0

3333

+ 1
12 [w4 + · · · ]d0

1122 + 1
12 [w4 + · · · ]d0

1133 + 1
12 [w4 + · · · ]d0

2233

= 1
12w

4(d0
1111 + d0

2222 + d0
3333 + d0

1122 + d0
1133 + d0

2233)

+ 1
12x

4d0
1111 + 1

12y
4d0

2222 + 1
12z

4d0
3333.s�%�'/*+'

d0
ijkl := Re dijkl.

gA78FS(324*+>E.B\609%�'m09'/*+FS,
>E.
x4, y4, z4 24.�O w4 s�'f\8'-0

b4x
4 = 1

12d
0
1111x

4,

b4y
4 = 1

12d
0
2222y

4,

b4z
4 = 1

12d
0
3333z

4,

b4w
4 = 1

12w
4(d0

1111 + d0
2222 + d0

3333 + d0
1122 + d0

1133 + d0
2233).

gA78FS(324*+>E.B\609%�'m09'/*+FS,
>E.
x2y2, x2z2 24.�O y2z2 s�'f%32-q�'

2b4x
2y2 = 1

24x
2y2d0

1122, 2b4x
2z2 = 1

24x
2z2d0

1133, 2b4y
2z2 = 1

24y
2z2d0

2233.
$&%�'/.)s�'f\8'U0

b4 = b4 + b4 + b4 + 1
12 (d0

1122 + d0
1133 + d0

2233),

−2b4 = 1
12 (d0

1122 + d0
1133 + d0

2233)
24.�O`t�.324@E@VR −2b4 = 12b4

c�s�%�>E5[%l>E,
>EFG(�78,+,+>EC�@E'�X�$&%#a�,
b4 = 0

c
aijkl = 0

X
wARl24.324@E78\878a�,�5-78.�,+>EO�'/*:2;09>E78.�,�s�'f78C�0[24>E.

b1 = b2 = b3 = b4 = · · · = bn = · · · = 0
X

$&%�a�,
g0(r)

%324,
0971C='|265-78.�,�0[24.�0M�
g0(r) =

√
b0
c�5/78.�09*:24*�R 097 24,+,+a�FG(�09>E78.�X

� �� ������v��XEy8X�u�H
J
>E,178H
09%�')H?78*+F N �8CsOZ09%B'-.<09%�')(�*+7�78Hn,S7DH�09%�'lw
2;,+>N5 � '/FSFK2j24.�O�uL24>E.

$&%�'/7D*+'/F 2;*+'),+>EFS>N@n24*/X���.�'K%�2;,6097L*+'-(�@?2;5/' 09%�'K@E'/HN01*+'-\8a�@n24*1k�a�2M09'/*+.�>E78.�>E5KHna�.B5U09>E78.<>E.v09%�'
,+'-.B,+'f7DH yBaB'U09'-*&s�>E09%K09%�'f*+>E\8%�0�78.�' N ,+'/'GxVy"��cB(�X
y{z;z^O[X



� � �������	��
������������
%�� &�� &���� 172 F-9�3I@
�� �� ������ !�XEy8X � '-0

g0(w, x, y, z) =
1

1 + r
, r2 = w2 + x2 + y2 + z2.

$&%�'/.

(6.1) g2
0(r) =

1

(1 + r)2
= 1− 2r + 3r2 − 4r3 + · · ·+ (−1)n(n+ 1)rn + · · · .

gA78FS(324*+>E.B\609%�'Z*+>N\D%#0�,+>EO�'-,
78H N �BX hPO&24.�O N !�XVy�O�s�'f,+'-'Z09%32;0

a0 6= 0, −2r =

3∑

i=1

(Piaia0 + a0aiP i),

s�%�>E5[%l>E,
>EFG(�78,+,+>EC�@E'�X
�� �� ������ !�Xgh�XZ$�2�C8'

g0(w, x, y, z) =
1√

1 + r2
, r2 = w2 + x2 + y2 + z2.

$&%�'/.

(6.2) g2
0(r) =

1

1 + r2
= 1− r3 + r6 − r9 + · · ·+ (−1)kr3k + · · · .

gA78FS(324*+>E.B\609%�'Z*+>N\D%#0�,+>EO�'-,
78H N �BX hPO&24.�O N !�X hPO�s�'f\8'U0
a0 6= 0

c
ai = 0

c
aij = 0

24.�O

−r3 =
∑

i≤j≤k
(Pijkaijka0 + a0aijkP ijk),

s�%�>E5[%l>E,
>EFG(�78,+,+>EC�@E'�X
�� �� ������ !�X ��X � '-0

g0(w, x, y, z) =
1√

1− r2
, r2 = w2 + x2 + y2 + z2.

$&%�'/.

(6.3) g2
0(r) =

1

1− r2
= 1 + r2 +

4

3
r3 + · · · .

gA78FS(324*+>E.B\609%�'Z*+>N\D%#0�,+>EO�'-,
78H N �BX hPO&24.�O N !�X �PO�s�'f%32-q�'
a0 6= 0

c
ai = 0

24.�O

(6.4) r2 =
∑

i≤j
(Pijaija0 + a0aijP ij).

�#'-0
dij := aija0 := d0

ij + d1
iji + d2

ijj + d3
ijk24.�O`*+'Us�*+>V09' N !�X �HOA>E.)09%�'ZH?78*+F

w2 + x2 + y2 + z2 = 2
∑

i≤j
Re(Pijdij).

$&%�'/.)s�'f\8'U0

w2 + x2 + y2 + z2 = 2 Re
{[

1
2 (x2 − w2)− xwi

]
d11

}

+ 2 Re
{[

1
2 (y2 − w2)− ywj

]
d22

}

+ 2 Re
{[

1
2 (z2 − w2)− zwk

]
d33

}
+ · · ·

= (x2 − w2)d0
11 + (y2 − w2)d0

22 + (z2 − w2)d0
33).



����� 
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	������� �������������P���*� � �

gA78FS(324*+>E.B\609%B'Z09'/*+FS,�>E.
x2, y2 24.�O z2 s�'|\8'U0 d0

11 = d0
22 = d0

33 = 1
CBa�0
09%B'-.

w2 = −3w2 c
24.�Ol09%�>E,
>E,
>EFS(=7D,+,+>NC�@E'8X
�� �� ������ !�X �BX � '-0

g0(w, x, y, z) =
1

(1− r2)2
, r2 = w2 + x2 + y2 + z2.

$&%�'/.

(6.5) g2
0(r) =

1

(1− r2)4
= 1 + 4r2 + · · · .

gA78FS(324*+>E.B\609%�'Z*+>N\D%#0�,+>EO�'-,
78H N �BX hPO&24.�O N !�X �wO�s�'f78C�0[24>E.
a0 6= 0

c
ai = 0

24.�O

4r2 =
∑

i≤j
(Pijaija0 + a0aijP ij).

B ,
>E. ��TB24FS(�@N' !�X ��c�s�'f%32-q8'
2w2 + 2x2 + 2y2 + 2z2 =

∑

i≤j
Re(Pijdij).

$&%�>E,|09>EFS'�co5-78FG(324*+>E.�\l09%B'S09'/*+FS,|>E.
x2, y2 24.�O z2 cos�' \8'U0 a0 6= 0

c
ai = 0

c
d0

11 = d0
22 =

d0
33 = 4

cBC�a�0
09%�'/. −6w2 = 2w2 c�s�%B>E5:%l>N,�2;\#24>E.l>NFS(�78,+,+>EC�@N'8X
� �� ������ !�XEy8Xf$&%�' 	�78>E.�5;2;*��fFS7�O�'/@{c�>{X '8X�09%�'ZaB.�>V0
C�2;@N@

B4 >E. R4 s�>V09%)09%�'ZFG'U09*+>E5

g :=
4

(1− r2)2
(dw2 + dx2 + dy2 + dz2), r2 := w2 + x2 + y2 + z2,

>E,
.�7D0�24.~24@EFG7D,�0��|�4%�@E'/*
F 24.�>EH?78@EO�X

%�� &��?& �+;?.)6>G'=�BH, 6>=�;?. 68; 6 �<346 � 3^;7G 
 ; �+*/,<3 6835G GD3 �?,-9�1)G � ,-.<E"6'=�;?./@"& yB*+78F�09%B'6(�*+7�78H
78Ho09%B'fuL24>E.`$&%B'-78*+'-F]78.�'ZFK2-RK5/78.�5-@EaBO�'
� �s� ��� �\GJKLGM��I>~�XVy8Xt"�$&%+�L),%�Y=%�/8%*XT),5�Y 4 02W (4.1)

cP0�%�'6Ws0�YQ5Pc27 4 Y 52W�Rk'�0�;_)&Y 4 02W o 4 Y^$#790�c2)!;g)H'
0@?�Y^$&% ?�02/T7

‖F‖ := g(r), r2 := w2 + x2 + y2 + z2,
op$&%�/1%

g(r) 4 '652W>52Ws5�;_R�Y 4.Z ?1)&W Z Y 4 02W 4 W r c 4 � %�/1%TW,Ys?*/1027 5 Z 02W�'TY=52W,Y A

� � � ���&���������B�����A������I�������Y���A���Y��!���	 � �Y�����+�A��	�!

� &�()&�%8.76DG>; 0-,/E"6>=�;?.
& u�.),+7DFG'f24.324@E78\DRS097609%�'�5/78FS(�@E'-TG5;2;,+'�s�'m(�*+'/,+'-.�0
%�'/*+'m,+78FS'm*+'-,+a�@E09,
78.vk#a32;09'-*+.B>E78.�>E5 � 24\8*:24.�\8>n24.�,+aBC�F 24.�>EH?78@EO�,/X yB78*|>N.�,�0[24.�5-'�cos�'G\8>Vq�' 2l.B'-5-'/,+,:24*�Re24.�Ov,+a�r1b
5->N'-.�0m5-78.�O�>V09>N7D.~H?78*Z2G\D*:24(�%j097KC�'6k#a32;09'-*+.�>N7D.B>E5 � 24\8*:24.�\8>n24.�X�dv'124@E,+7 (�*+'/,+'-.�0m09%�'6'UT�(�@E>E5/>V0
H?7D*+FG,A78Hp,+78FS'�5:%324*:245U09'/*+>E,�09>E5�O�>Eh='-*+'-.#09>n24@B'/k#a32;09>E78.�,A.�2M09aB*:2;@N@VR15/78.�.�'-5-09'-OGs�>E09%G,+78FS'�0�R�(�'�78H
k#a32;09'-*+.�>N7D.B>E5 � 24\8*:24.�\8>n24.l,+a�C�FK24.�>EH?7D@NO�,/X
uj7D*+'/7Mq8'/*/cos�' ,+%�7Ms 09%32;0|09%�' >EFSFG'-*+,+>E78.�,Zs�%�>E5:%v@E'M24O�097l09%B'K2;@NFS78,�0+b k#a32;09'-*+.�>E78.�>N5G24.�O

� 24\8*:24.�\8>n24.~,+aBC�F 24.�>EH?78@EO�,/c�*+'/,+(�'-5-09>Vq�'-@VR#cB5;2;.B.�7D0mC�'I%�78FG740978(�>N58X�$o7KO�7K>V0�s�'Ia�,+'I09%B' � >E5:%�b
.�'/*+7/s�>N5-_`%B7DFG7D097D(#R�>E.�q�24*+>n24.�0

K(Φ)
78HZF 24(�,

Φ : M → N
C�'-0�s�'-'-. 2�5/7DFG(3245U0 ,+(�'/5->n24@

24@EFS78,�0���'/*+FS>V09>n24.)FK2;.B>EHn78@EO
M
2;.BOj24.j24@EFG7D,�0��I�4%�@E'-*�F 24.�>NHn78@EO

N
N ,+'/' x h8��csh4�4z^O[X u 0
09aB*+.�,

78a�0&09%32;0&09%�'m>EO�';2|78Ho09%�'m5-78.�,�09*+aB5U09>E78.)78H
K(Φ)

5;2;.)C='f24(�(�@E>E'/OK0976FK24.�R OB>Eh�'-*+'/.�0&5/7D.#09'UT�09,/X



� � �������	��
������������
��.�O�'/*�2|,+a�>E0[2;CB@E'�\8'-.�'/*:2;@p%�R�(�7D09%�'-,+>N,
2I%�78FS7D0978(�RK>E.�q�2;*+>?2;.#0

Kξ,η(Φ)
5;24.)C�'m5-78.�,+>NO�'-*+'/OKH?7D*

,+FS7�7D09%LFK24(�,
Φ : (M, g) → (N, h)

C�'U0�s�'/'-. } >E'/F 24.�.�>?2;.LF 24.�>EH?78@EO�,�s�%�>E5:%e24O�FS>V0�P�5M24.�78.�b
>E5;2;@N@VR#WSO�'/t�.�'/O

p
b{H?78*+FS,

ξ ∈ ∧pM 24.�O
η ∈ ∧pN (�@n2-R�>E.�\~09%B' *+78@E'K7DH
09%�'K�|�4%�@N'-*

2
b{H?78*+F

>E.e09%�'G5-78FS(B@E'UTQ5M24,+'�Xku�.v(324*�09>E5-a�@?2;*Zs�' ,+a�5/5-'-'/Ov>E.<24(�(�@VR�>E.�\`09%�' � >N5:%�.�'/*+7Ms�>E5-_G%�78FG740978(�R
>E.�q�24*+>n24.�0&097 24@EFS78,�0�k#a32;09'-*+.�>N7D.B>E5Ub{�I�;%B@E'-*&F 24.�>NHn78@EO�,/X

� & �?& ��GD3 9�=�2�=�.<1)G'=�35@"& } '-5;24@E@�09%32;0
Hn

5M24.vC='K>EO�'/.�09>Et�'/Oes�>V09%
R4n '/.�O�7Ms�'-Ovs�>E09%e09%�*+'/'

24@EFS78,�0�5-78FS(�@N'UTK,�09*+a�5U09a�*+'/,
I, J

24.�O
K
,:2;09>E,+HNR�>E.B\I09%�'f5-78.�O�>E0+>N7D.B,/�

I2 = J2 = K2 = − Id,

IX := iX, JX := jX, KX := kX
H?78*�2;@N@

X ∈ R4n,
s�%�'/*+'

Id
,�0[24.�O�,�Hn78*&09%�'f>EO�'-.#09>V0�R FK24(�(�>E.�\S>E. R4n X

dv'I09*+'M2;0
Hn ≡ R4n 24,f24. n b{OB>EFS'/.�,+>E78.324@"*+>N\D%#0mFG7#OBa�@E'I7Mq8'/*�09%�'1k#a32;09'-*+.B>E78.�, H X|��.�'O�'/t�.�'-,m2SC�>E@E>N.�'M24*
H?7D*+F 〈 , 〉 78. Hn 24,�Hn78@E@N7/s�,/��>EH Q = (q1, . . . , qn)

c
P = (p1, . . . , pn) ∈ Hn c09%�'/.

〈Q,P 〉 :=
1

2

n∑

α=1

(qαpα + pαqα) = Re(Q,P ) := Re

n∑

α=1

qαpα.

u 0�>E,
';2;,�RK097S5:%B'-5*C 09%32;0
〈Q,P 〉 = 1

2 [(Q,P ) + (P,Q)].
$&%�'/. 〈Q,P 〉 >E,�24.l>E.�.�'/*
(�*+7�O�a�5-0�7D. Hn 5-78.�,+>EOB'-*+'-Oj2;,�2 4

b{O�>EFS'/.�,+>E78.324@�*+'M24@=q�'/5U0978*&,+(3245/'8X
} '-5M24@E@�09%32;0

Sp(n)
>E,G09%�'j\D*+78a�( 78Hf24a�0978FS78*+(�%�>E,+FG,G78H�09%B'~*+>E\8%�0)k#a32;09'-*+.�>N7D.B>E5lq8'/5U0978*

,+(3245-' Hn s�%�>E5[%~24*+'fa�.�>V0[24*�R s�>V09%l*+'-,+(='-5U0
097109%�'Z5;2;.B7D.B>E5M24@���'-*+FS>E09>n24.K(�*+7�O�a�5-0 N c,O[X
E �!FHGJI�GJKLGM��I h�XEyDXIgA7D.B,+>EO�'-*&09%B'

2
b{Hn78*+FG,

ω1, ω2
2;.BO

ω3
O�'/t�.�'/OlC#R

ω1(Q,P ) := (Q, IP ),

ω2(Q,P ) := (Q, JP ),

ω3(Q,P ) := (Q,KP ).
� '/t�.�'Gx hP~Mz

Ω := ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3.
�����������! h�XEy N x �DzMO[X

Ω 4 'r5ko %�;J;�cP%��pWL%*c
4 [ ?�02/T7jc 4 WLcP%	3�%TWLcP%�W�YQ0@? (I, J,K)

52Wsc 4 W #252/ 4 52W,Y02W Y^$&%n-2/*02)�3
Sp(n)× Sp(1) A�� 02/*%10 #�%�/�c 4 Y 4 '�WL02W [ cP%=-P%�WL%T/15�Y=% +1% Z 52)H'\%

Ωn = (2n+ 1)!vol(R4n).
N�� 0�Y=%6Y^$&5�Y

Sp(1) Z 52W +*% 4 cP%TW,Y 4 � %*c8o 4 Y^$ Y^$&%n-�/102)23>0@? )HW 4 Y=52/TRkXT),5�Y=%T/TW 4 02W�' A O

� &�� &�� 1 �7G>17.��?=�1). FH9�17.<3I@
E �!FHGJI�GJKLGM��I���XEy N x hwh;zMO[X B .`7D*+>N'-.�09'/O)*+';2;@

n
b{(�@n24.�'

ξ
>N. Hn >E,
5;24@E@E'-O ��5{-2/152WH- 4 52WG>EH

(3.1)
09%�'ZH?78a�*
,+aBC�,+(3245-'/,

ξ, Iξ, Jξ, Kξ
24*+'Z097D0[24@E@VR 78*�09%�78\878.324@p>E.

Hn.
x�7D09'm09%32;0
s�'ZFK2-RK*+'/(�@n245-' N ��XEy�OAC#R 09%B'ZH?7D@N@E7Ms�>E.�\15-78.�O�>V09>N7D.o�

(3.2) Ω
*+'-,�09*+>N5U09'-OK097

ξ
q824.�>E,+%B'-,/X
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E �!FHGJI�GJKLGM��I���Xgh�X B .
n
b{O�>EFG'-.�,+>N7D.�2;@B7D*+>N'-.�09'/O1,+aBC�F 24.�>EH?78@EO

M
78H
Hn
>E,�5M24@E@E'/OG2+��5{-�/152WH- 4 52W'*)�+�7852W 4 ?�0�;dcK78H Hn >EH"09%�'Z0[2;.B\D'/.�0�,+(3245-'Z097 M 2M0�';245:%l(�78>E.#0
>E, � 2;\8*:24.�\8>n24.�X

�����������! ��XEyDX��!)23P3!02'\%
Ω ⊆ Rn 4 ' 0T3!%TW 52WLc

f : Ω → Rn 4 '#5
C1 [ 785T3P3 4 WH- A ��%\Y McP%�Ws0�Y=%nY^$&% -2/15T3,$90@?

f 4 W Hn = Rn+ iRn+jRn+kRn A "�$&%�W M 4 ':��5{-�/152WH- 4 52W 4 ?n52WLcr02W,;gR
4 ? Y^$&%��&5 Z 0P+ 4 52W 795�Y^/ 4 : [∂f i/∂xj ] 4 '6'*R27r78%\Y^/ 4.Z{A i1W#3!52/�Y 4.Z )!;V52/�c 4 ? Ω 4 '6' 4 7n3s;_R Z 02W�WL% Z Y=%*c=cY^$&%�W

M 4 'A��5{-�/152WH- 4 52W 4 ?k52WLc 02W,;gR 4 ? f 4 '9Y^$&% -�/15Pc 4 %TW,YH� %\;Vc>0@?8'�0279% 3!0�Y=%�W�Y 4 5�;s?*)HW Z Y 4 02W
F ∈ C2(Ω) A
� /10�0@? A de'�*+'-(B@n245-' f C�RG>E09,:�#2;5/78C�>n24. f∗ 2;0&,+78FS'�t�T�'/OK(�78>E.�0MXY$&%�'-. f∗ : Rn → Rn

>E,�@E>E.B'M24*
24.�O`>V09,&\8*:24(�%`>E,
78H"09%�'ZH?78*+F

TM = {x+ if∗(x) + jf∗(x) + kf∗(x); x ∈ Rn}.
wAR`O�'/t�.�>V09>E78.

TM
>E, � 24\8*:2;.B\D>?2;.j>EH�2;.BOj78.�@VR`>EH

Iv ⊥ TM, Jv ⊥ TM
2;.BO

Kv ⊥ TM
H?78*

24@E@
v ∈ TM X��a�(�(�78,+'

v = x+ if∗(x) + jf∗(x) + kf∗(x)
X�$&%�'-.

Iv = −f∗(x) + ix− jf∗(x) + kf∗(x).

$&%#a�,/c
TM

>N, � 24\8*:24.�\8>n24.)>EH^24.�O`7D.B@VR >NH −f∗(x) + ix− jf∗(x) + kf∗(x)
24.�O

x′ + if∗(x′) +

jf∗(x′) + kf∗(x′)
24*+'f7D*�09%B7D\878.324@�H?78*�2;@N@

x, x′ ∈ Rn c�>{X '�X�>EH�24.�O`78.�@VR)>EH

−〈f∗(x), x′〉+ 〈x, f∗(x′)〉 − 〈f∗(x), f∗(x
′)〉+ 〈f∗(x), f∗(x

′)〉 = 0,

>{X '8XY>EH

−〈f∗(x), x′〉+ 〈x, f∗(x′)〉 = 0
H?78*�24@E@

x, x′ ∈ Rn X

gA78.�,+'/k#a�'/.�09@VR#c
M
>N, � 24\8*:2;.B\D>?2;.L>EH�24.�OQ78.�@VR~>EH�09%�'A�#245-78C�>?2;.LF 2;09*+>VT`78H

f
>E,�,�R�FSFG'U09*+>E512M0

'M245[%v(�78>E.#0678H
Ω
X��#>E.B5-'

Ω
>E,I,+>EFG(�@VR�5/7D.B.�'-5-09'-O�c�09%�>E,I>E,I'Mk#a�>Vq824@E'/.�0|097~09%�'K'UT�>E,�09'/.�5-' 78H�2

(�7D09'-.#09>n24@pHna�.B5U09>E78.
F : Ω → R

s�>V09% ∇F = f
X

� �s� ��� �\GJKLGM��I���XVy8X iJ?
ξ ⊂ C2n 4 ' ��5{-�/152WH- 4 52W N 4 W Y^$&% Z 027 3s;V%1: '\%�W!'\%2O Y^$&%TW

ξ ⊂ H2n 4 '��5{-2/152WH- 4 52W>52' o %�;J; N 4 WbY^$&%qX�)�5�Y=%�/TW 4 02W 4.Z '\%TW�'\%2O A
� /10�0@? A � '-0|a�,ftB*+,�0|(�*+7Mq�'S09%�'K2;,+,+'/*�09>E78.eHn78* n = 1

X8u�H
ξ ⊂ C2 09%�'-.eH?7D*I24@E@ uC, vC ∈ ξ s�'%32-q�' 〈IuC, vC〉C = 0

cBs�%�'-*+'
I
O�'/.�7D09'-,m215-78FG(�@E'UTl,�09*+a�5U09aB*+'f>E.

C2 X � '/.�7D09'fC�R (z1, z2)
09%�'

5-7�78*+O�>E.�2M09'/,&>E. C2 X�d�>V09%�78a�0
@N7D,+,
78H^\8'-.�'/*:2;@N>V0�RGs�'f5M24.j24,+,+a�FS'Z09%32;0

ξ = {(z1, z2) ∈ C2; z2 = 0}.
de'l%32-q�'

C2 ⊂ H2 ≡ C4 X � '-0 (q1, q2)
O�'/.�7D09'K09%�'l5-7�78*+O�>E.32;09'-,1>E.

H2 Xvd�>V09%�78a�01@E78,+,178H
\8'-.�'/*:24@E>V0�R s�'Z5M24.j24,+,+a�FS'Z09%32;0

q1 := z1 + z2j, q2 := z3 + z4j,

s�%�'/*+'
(I, J,K := IJ)

>E,�21k#a32;09'-*+.�>E78.�>N5m,�09*+a�5U09aB*+'Z>E. H2 X�$&%�'-.

ξ = {(q1, q2) ∈ H2; q1 = z1, q2 = 0}.



� � �������	��
������������
� '-0

uH, vH ∈ ξ
XYwARK09%�'ZO�'/t�.�>V09>N7D.l78Ho09%B'm>N.�.�'-*
(B*+7#OBa�5U0 〈 , 〉H

s�'f%32-q�'

〈IuH, vH〉H = Re{i(x1 + iy1)j(x′1 + iy′1)} = Re{(ix1 − y1)(jx′1 + jiy′1)}
= Re{(ix1 − y1)(−jx′1 − jiy′1)}
= Re{−ijx1x

′
1 − ijix1y

′
1 + jy1x

′
1 + jiy1y

′
1}

= {−kx1x
′
1 − jx1y

′
1 + jy1x

′
1 − ky1y

′
1} = 0.B .�2;@N7D\878a�,+@VRKs�'Z\8'U0

〈JuH, vH〉H = 〈KuH, vH〉H = 〈IuH, JvH〉H = 〈IuH,KvH〉H = 〈JuH,KvH〉H = 0.x�7Ms|c�@E'-0
n > 1.

wARI09%�'�O�'-tB.�>V09>E78.178H
ξ ⊂ C2n c�Hn78*A24@E@ uC, vC ∈ ξ s�'�%32-q�' 〈IuC, vC〉C �

z�X
� '/.�7D09'IC�R

(z1, . . . , zn, zn+1, . . . , z2n)
09%�'65/7�7D*+OB>E.32;09'-,�>E.

C2n X�d�>V09%�78a�0m@E78,+,m7DH�\D'/.�'-*:24@E>E0�R
s�'Z5;24.~24,+,+a�FG'm09%32;0

ξ = {(z1, z2, . . . , z2n) ∈ C2n; zn+1 = · · · = z2n = 0}.
� 'U0

(q1, . . . , qn, qn+1, . . . , q2n)
OB'-.�7D09'm09%B'Z5-7�78*+O�>E.�2M09'/,&>E.

H2n X�de'Z5;2;.j24,+,+a�FG'm09%32;0

q1 = z1 + zn+1j,X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X

qn = zn + z2nj,

qn+1 = z2n+1 + z3n+1j,

qn+2 = z2n+2 + z3n+2j,X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-XUX-X-X-X-X

q2n = z3n + z4nj.
$&%�'/.

ξ = {(q1, . . . , qn, qn+1, . . . , q2n) ∈ H2n; q1 = z1, . . . , qn = zn, qn+1 = 0, . . . , q2n = 0}.
��'-.B5-'8c�H?7D*�24@E@

uH, vH ∈ ξ
s�'f\8'U0

〈IuH, vH〉H = 〈JuH, vH〉H = 〈KuH, vH〉H
= 〈IuH, JvH〉H = 〈IuH,KvH〉H = 〈JuH,KvH〉H = 0.

} '-5M24@E@=09%B'Z5-@?2;,+,+>N5M24@pH�245-09, N ,+'-'Z'�X \BX�xVy�hMz^O[�
� �� Q ��v��XEy8X ��)�3P3!02'\%tY^$&5�Y

f1, . . . , fn
52/1% '1790�0�Y^$pc /1%*5�; [ #�5�;g),%1c ?1)&W Z Y 4 02W�'t02W 52W 0T3!%�W '\%\Y

Ω ⊂ Cn 52WLc6'*)�3P3!02'\%QY^$&5�Y
df1, . . . , dfn

52/1%Q; 4 WL%152/�;_R 4 WLcP%	3�%TWLcP%�W�Y�5�Y,3�0 4 W,Y^'Q0@? M := {z ∈ Ω;

f1(z) = · · · = fn(z) = 0} A "�$&%�W>Y^$&%q'*)�+�7852W 4 ?�0�;Vc M 4 '���5{-�/152WH- 4 52W 4 ?r52WLc#02W,;gR 4 ?r5�;J; Y^$&%
� 0 4 '*'\02W +�/15 Z S2%\Y^'

{fj , fk} :=
n∑

l=1

(
∂fj
∂xl

∂fk
∂yl
− ∂fj
∂yl

∂fk
∂xl

)
= 2i

n∑

l=1

(
∂fj
∂zl

∂fk
∂zl
− ∂fj
∂zl

∂fk
∂zl

)

#�52W 4 '*$ 02W
M A�����������! ��Xgh�X��!)23P3!02'\%8Y^$&5�Y

F ∈ C2(Ω)
o 4 Y^$ Ωopen ⊂ Rn c F : Ω → R A ��%�Y f := ∇FcP%�Ws0�Y=%rY^$&%(-2/*5Pc 4 %�W,Y � %�;dc 52WLck;V%\Y

M
cP%�Ws0�Y=%rY^$&%(-2/*5T3,$t0@?

f 4 W Cn = Rn ⊕ iRn A "�$&%�W
MN o 4 Y^$kY^$&% Z 02/T/*% Z Y 02/ 4 %�W�Y=5�Y 4 02W�O 4 ' ��5{-�/152WH- 4 52W 4 ?652Wsck02W,;gR 4 ?

(3.3) Im{detC(I + iHessF )} = 0.



����� 
_���!�����
	������� �������������P���*� � `

� �� ������v��Xgh�Xfw�R1,�09*:24>E\8%�09Hn78*�s
24*+OS5M24@E5/a�@n2;09>E78.�,�09%�'
5/7D.BO�>V09>E78. N ��X �wO^5M24.GC�'
*+'Us�*+>V0+09'/.1>E.109%�'
H?7D@N@E7Ms�>E.�\|P�*+'M24@ WmH?78*+F`�

• H?78* n = 1
�

(Fxx = 0) 4F = 0
c

• H?78* n = 2
�

(Fxx + Fyy = 0) 4F = 0
c

• H?78* n = 3
� 4F = det(HessF )

N u~78.�\8'T} B FS(��/*+'Z'/k#a32;09>E78.sO[c
• H?78* n = 4

�

4F = det(HessF )123 + det(HessF )234 + det(HessF )134 + det(HessF )124,
s�%�'/*+'

det(HessF )123 := det




F11 F12 F13

F21 F22 F23

F31 F32 F33


 ,

det(HessF )234 := det




F44 F42 F43

F24 F22 F23

F34 F32 F33


 = det




F22 F23 F24

F32 F33 F34

F42 F43 F44


 ,

det(HessF )134 := det




F11 F14 F13

F41 F44 F43

F31 F34 F33


 = det




F11 F13 F14

F31 F33 F34

F41 F43 F44


 ,

det(HessF )124 := det




F11 F12 F14

F21 F22 F24

F41 F42 F44


 .

$&%B'fk#a32;09'-*+.�>N7D.B>E5�q�'-*+,+>E78.l78H�$&%�'-78*+'/F���X h6@E7�7wC�,�24,�Hn78@E@E7Ms�,/�
�����������! ��X ��X��!)23P3!02'\%rY^$&5�Y

F ∈ C2(Ω)
o 4 Y^$ Ωopen ⊂ Rn, n = 1, 2, 3, 4 (F : Ω → R).��%�Y

G := 1√
3
F

52WLc
g := ∇G cP%TWL0�Y=% Y^$&%�-2/15Pc 4 %�W�Y?� %�;dck52WLc ;V%�Y

Mg
cP%TWL0�Y=%qY^$&% -�/15T3,$#0@?

g

4 W Hn = Rn ⊕ iRn ⊕ jRn ⊕ kRn, n = 1, 2, 3, 4.
"�$&%�W

Mg

N o 4 Y^$ Y^$&% Z 02/T/1% Z Y 02/ 4 %�W�Y=5�Y 4 02W�O 4 '��5{-2/152WH- 4 52W 4 ?652WLck02W,;gR 4 ?
(3.4) Imi{detH(I + iHessG+ jHessG+ kHessG)}

= Imj{detH(I + iHessG+ j HessG+ kHessG)}
= Imk{detH(I + iHessG+ j HessG+ kHessG)} = 0.i*Wb/1%*5�; #�52/ 4 5P+\;V%�'(Y^$&% Z 02WLc 4 Y 4 02W (3.4)

;V0�02S�'652'p?\0�;J;V02op'8�
• ?�02/ n = 1

� 4G = 4F = 0
c

• ?�02/ n = 2
� 4G = 4F = 0

c
• ?�02/ n = 3

� 4G = det(HessG)
c 4F = 3 det(HessF )

c
• ?�02/ n = 4

�

4G = det(HessG)123 + det(HessG)234 + det(HessG)134 + det(HessG)124,

4F = 3[det(HessF )123 + det(HessF )234 + det(HessF )134 + det(HessF )124].
� /10�0@? A $&%�>E,
H?78@E@E7Ms�,&C�Rl,�09*:24>E\8%�09Hn78*�s
24*+Ol5;2;@N5-a�@n2;09>E78.�,/X



� � �������	��
������������
� &�<& � 9P9�=�F 6'=�E^= 6�
�& �#a�(�(=7D,+'j09%32;0

F
>N,)2�*+'M24@Vbiq�2;@Na�'-O�H?a�.�5-09>E78. O�'-t�.B'-O 78.�2�O�78F 24>E.

Ω ⊂ Rn 24.�OQ5/78.�,+>EO�'/*�09%�'1\D*:24O�>N'-.�0ZFK24( f := ∇F : Ω → Rn, f =
(
∂F
∂x1

(x), . . . , ∂F∂xn (x)
)

s�>V09%)09%�'��#245/7DCB>n24.lF 2;09*+>VT
f∗ = F∗∗ = HessF =

(
∂2F

∂xi∂xj

) 2;0
';245:%`(�78>E.�0MX
B ,+,+aBFS'm09%�2M0
09%B'ZH?7D@N@E7Ms�>E.�\1*+'-@n2;09>E78.�,�24*+'Z,:2;09>E,+t�'/O��

(4.1)

Re{detH(I + if∗ + jf∗ + kf∗)} > 0,

Imi{detH(I + if∗ + jf∗ + kf∗)} = 0,

Imj{detH(I + if∗ + jf∗ + kf∗)} = 0,

Imk{detH(I + if∗ + jf∗ + kf∗)} = 0.
$&%�'ft�*+,�0�>N.�'/k#a324@E>V0�R OB'U09'-*+FG>E.�'/,�09%�'|24(�(�*+78(�*+>n2;09'f7D*+>N'-.�0[2;09>E78.�X
gA78.�,+>NO�'-*�26,+5M24@n24*
H?a�.�5-09>E78.

U
78.

Ω
24.�Ol,+'-0

u := ∇U : Ω → R
X�$&%�'-.

u∗ = U∗∗ = HessU.B ,+,+a�FG>E.�\I09%32;0
F
>N,
2|\8>Vq�'/. ,+78@Ea�09>E78. 78H N ��XEy�O�s�'Z5-78.�,+>EO�'/*A09%�'m@E>E.�';24*+>E_-'/OG78(�'/*:2M0978*+,&O�'/t�.�'-O

24,
H?78@E@E7Ms�,/�

LiF := Imi
d

dt
{detH[I + i(f∗ + tu∗) + j(f∗ + tu∗) + k(f∗ + tu∗)]}|t=0,

LjF := Imj
d

dt
{detH[I + i(f∗ + tu∗) + j(f∗ + tu∗) + k(f∗ + tu∗)]}|t=0,

LkF := Imk
d

dt
{detH[I + i(f∗ + tu∗) + j(f∗ + tu∗) + k(f∗ + tu∗)]}|t=0

78.j2;@N@p,+a�5:%~Hna�.B5U09>E78.�,
U
X�yB78*
,+>EFG(�@E>E5/>V0�R�c�,+'U0

A := I + if∗ + jf∗ + kf∗
24.�O`78C�,+'-*�q�'m09%�2M0

detH(A+ itu∗ + jtu∗ + ktu∗) = detH{A[I + (it+ jt+ kt)]A−1u∗}
= (detHA)(detH[I + (it+ jt+ kt)A−1u∗]).gA78.�,+'/k#a�'/.�09@VR#c

d

dt
detH(A+ itu∗ + jtu∗ + ktu∗)|t=0 = (detHA)(detH[I + (it+ jt+ kt)A−1u∗]|t=0)

= (detHA) Tr[(i+ j + k)A−1u∗]

= Tr[(i+ j + k)A−1(detHA)u∗].� '-t�.�'
A∗ := A−1 detA.

$&%�'/.
Tr[(i+ j + k)A−1(detA)u∗] = Tr[(i+ j + k)A∗u∗].

��>E.�5-'
u∗
>N,�26*+'M24@

n× n F 2;09*+>VTpc#s�'f%�2Uq�'

Imi,j,k{Tr[(i+ j + k)A∗u∗]} = Tr{Imi,j,k [(i+ j + k)A∗u∗]} = Tr[Re(A∗u∗)].
��'-.B5-'m09%�'Z@N>E.�'M24*+>E_;2;09>E78.K5M24.lC='ms�*+>V0+09'/.`2;,

LiF (U) = LjF (U) = LkF (U) := LF (U), LF (U) := Tr[Re(A∗u∗)] = Tr[Re(a∗U∗∗)]
24.�Ol09%�'Z>N.�'/k#a324@E>V0�R H?*+78F N ��XEy�OA5M24.lC�'f'UT�(�*+'/,+,+'-Oj24,

detA > 0
X



����� 
_���!�����
	������� �������������P���*� � �

��C�,+'-*�q�'j09%32;0
LF (= Tr[Re(A∗U∗∗)])

>E,K'-@N@E>E(�09>E5~>EH|24.�O 78.�@VR >EHm09%�'LF 2;09*+>VT
ReA∗

>N,
(�78,+>V09>Vq�'mOB'-t�.�>E09'8X
��7Ms�'-q8'/*/cB24Hn09'-*�24.~24(�(�*+78(�*+>?2M09'f78*�09%�78\D78.324@�5:%324.�\8'f78H^C324,+>E,&09%B'm,�R�FGFS'U09*+>N5mF 2;09*+>VT

f∗ = F∗∗ = HessF =

(
∂2F

∂xi∂xj

)

C�'/5-78FS'/,&O�>n24\878.324@o24.�Ols�'f5M24.ls�*+>V09'

A =




1 + iλ1 + jλ′1 + kλ′′1 0 0 . . . 0

0 1 + iλ2 + jλ′2 + kλ′′2 0 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1 + iλn + jλ′n + kλ′′n



.

$&%�'/.

A∗ = A−1 detA

=




1
1+iλ1+jλ′1+kλ′′1

0 0 . . . 0

0 1
1+iλ2+jλ′2+kλ′′2

0 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1
1+iλn+jλ′n+kλ′′n




detA.

��>E.�5-'
detA > 0

c�s�'f7DC�0[2;>N.

ReA∗ =




1
1+λ2

1+(λ′1)2+(λ′′1 )2 0 0 . . . 0

0 1
1+λ2

2+(λ′2)2+(λ′′2 )2 0 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1
1+λ2

n+(λ′n)2+(λ′′n)2




detA.

$&%#a�,
s�'f(�*+7Mq�'-Ol09%�'fHn78@E@E7Ms�>E.B\
�����������! ��BXEyDXt"�$&%�; 4 WL%*52/ 4 ��5�Y 4 02W 0@?nY^$&%�'.3�% Z�4 5�; ��5{-�/152WH- 4 52Wb0T3!%�/15�Y=02/65�Y 52W�Rr'\0�;g)!Y 4 02W F 0@?
Y^$&%6'1R�'TY=%T7

Re{detH (I + if∗ + jf∗ + kf∗)} > 0,

Imi,j,k{detH (I + if∗ + jf∗ + kf∗)} = 0

4 '65 $&027901-�%TWL%*02)H' '\% Z 02WLc 02/1cP%�/ %\;J; 4 3sY 4lZ 0T3�%T/15�Y=02/

LF (U) :=
n∑

i,j=1

aij(x)
∂2U

∂xi∂xj
,

op$&%�/1%
(aij(x)) 4 '65(3!02' 4 Y 4 #2%rcP%P�jW 4 Y=%('*R�7q79%\Y^/ 4lZ 795�Y^/ 4 :k5�Y�%*5 Z $q3!0 4 W�Y A

� &��?&���;?2 ;�6D;7F-=�E��<, 1 6D3IG'.-=�;?.-=�E 241)F/FH=�. �7@"& � 'U0�a�,�*+'-5;2;@N@
E �!FHGJI�GJKLGM��I���XEyDX � 'U0

(M, g)
C=' 2

4n
b{O�>EFG'-.�,+>E78.324@ } >E'/F 24.�.�>n24. F 24.�>NHn78@EO�X B . 5�;g7802'TY

X�)�5�Y=%�/TW 4 02W 4lZ 'TY^/T) Z Y^)&/1%)7D. M >E,)OB'-t�.�'/O 2;,~2v5/7Mq8'/*+>E.�\ {Ui} 7DHf09%�'QFK2;.B>EHn78@EO s�>E09% 0�s�724@EFS78,�0A5-78FG(�@E'UT1,�09*+aB5U09a�*+'/,
Ii
24.�O

Ji
,+a�5[%G09%32;0

IiJi = −JiIi
24.�OG09%�'

3
b{OB>EFS'/.�,+>E78.324@Bq�'-5U0978*



� � �������	��
������������
,+(3245-'/,
78H^'-.�OB7DFG78*+(�%�>E,+FG,
\D'/.�'-*:2;09'/OlC�R

Ii, Ji
24.�O

Ki := IiJi
�

EndUi := {αIi + βJi + γKi; α, β, γ ∈ R}
24*+'m09%�'f,:24FS'Z78.l09%�'ms�%�78@E'fF 24.�>EH?78@EO�X
uj7D*+'/7Mq8'/*/c�2 } >E'-FK2;.B.�>n24.1FS'-09*+>E5

g
>E, XT),5�Y=%T/TW 4 02W 4.Z\[�� %T/T7 4 Y 4 52W6>EH g >E,���'/*+FS>V09>?2;.1H?7D*�'M245:%

I
2;.BO

J
X

E �!FHGJI�GJKLGM��I���Xgh�Xf$&%�'6'TY=52WLcP52/1c %TW�$&52W Z %*c X�)�5�Y=%�/TW 4 02W 4lZ '*Y^/T) Z Y^)&/1%�78H Hn >E,�2 3
b{O�>NFS'-.B,+>E78.324@

,+a�C�,+(�2;5/'
Q0
78H=09%B'�,+(3245-'

EndRHn
\D'/.�'-*:2;09'/OGC�R N 24.�R,O�,+a�5[% 09*+>E(�@N'

(I, J,K) := (I1, I2, I3)
X

de'f5M24@E@
(I1, I2, I3)

24. 5Pc27 4 '*' 4 +\;V%6$PRT3�%T/ Z 027 3s;V%*: +152'\%|7DH
Q0
X

E �!FHGJI�GJKLGM��I���X ��X � 'U0
(I1, I2, I3) ∈ Q0

XAgA7D.B,+>EO�'-*
09%�'
2
b{Hn78*+FG,

ω1, ω2
2;.BO

ω3
O�'/t�.�'/OlC#R

ω1(X,Y ) := g(X, IY ), ω2(X,Y ) := g(X, JY ), ω3(X,Y ) := g(X,KY ),
s�%�'/*+'

X
2;.BO

Y
24*+'I24*+C�>V09*:24*�R

C∞
biq�'-5U0978*
t�'-@EOB,
78.

M
Xpx�'UT�0Mc�O�'-tB.�'

Ω := ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3.E �!FHGJI�GJKLGM��I���X ��X � 'U0
(M4m, g)

24.�O
(N4n, h)

C�'&24@EFS78,�0+b k#a32;09'-*+.�>N7D.B>E5Ub{��'/*+FS>V09>n24.mFK24.�>EH?7D@NO�,
24.�O

Φ : (M4m, g)→ (N4n, h)
2Z,+FG7#7D09% F 24(�XY$&%�'/.

Φ
>E,A5M24@E@E'/O

Q
bD$&0�;V027902/	3,$ 4.Z >EHpHn78*A'Uq�'-*�R

p ∈M4m 24.�OS';2;5[%1%�R�(�'/*+5-78FS(�@N'UTIC324,+' (I ′1, I
′
2, I
′
3) ∈ QMp

09%�'-*+'
'UT�>E,�09,�2�%�R�(�'/*+5-78FS(�@N'UTIC324,+'
(I1, I2, I3) ∈ QNΦ(p)

,+aB5:%l09%32;0

(5.1) Iα(Φ∗)p = (Φ∗)pI
′
α, α = 1, 2, 3.

�� �� ������`��XEy8X B .�R
4
b{OB>EFS'/.�,+>E78.324@{cZ78*+>E'-.�09'/O�c } >E'-FK2;.B.�>n24.�FK24.�>EH?7D@NO�5;2;. C�'v5-78.�,+>EOB'-*+'-O

24,`24.�24@EFS78,�0+b k#a32;09'-*+.�>N7D.B>E5Ub{�I�;%B@E'-* F 24.�>EH?78@EO�X B O�>Eh�'/7DFG78*+(�%�>E,+F
Φ : M4 → M4 >E, v b

%�78@E78FS78*+(�%B>E5m>Ehj>E0
(�*+'/,+'-*�q�'-,
09%�'Zt�T�'-O`78*+>E'-.#0[2M09>N7D.oX
� �� ������v��XEy8X � 'U0

(N4n, h)
C='&24.S24@EFS78,�0+b k#a32;09'-*+.B>E78.�>E5Ub{��'/*+FS>V09>?2;. N *+'/,+(�X"�|�4%�@E'/*TOpFK24.�>EH?7D@NO

24.�O
M4m 24.�R ,+FG7#7D09%�c�78*+>E'-.�0[24C�@N'

4m
b{O�>NFS'-.B,+>E78.324@ N *+'-,+(�X ≤ 4n

b{OB>EFS'/.�,+>E78.324@mF 24.�>NHn78@EOsO[X
�#a�(B(�78,+'f09%32;0

Φ : M4m → N4n >E,�21,+FG7#7D09%~>EFSFG'-*+,+>E78.~2;.BO~Hn78*�'-q8'/*�R p ∈ M4m 09%�'|,+(3245-'
Φ∗(TpM4m)

>E,�21k#a32;09'-*+.B>E78.�>E5m,+a�CB,+(3245-'|7DH
TΦ(p)N

4n X
gA78.�,+>NO�'-*f7D.

M4m 09%�' } >N'-F 24.�.B>n24.QFS'U09*+>N5 g := Φ∗h
XS$&%�'/.Q09%�'-*+'S>E,I2)a�.�>Nk#a�' N .�2M09a�b

*:24@MO�k#a32;09'-*+.B>E78.�>E56,�09*+a�5-09a�*+'
QM

7D.
M4m ,+a�5[%L09%32;0 (M4m, g)

>E,|24.e24@EFS78,�0+b k#a32;09'-*+.�>N7D.B>E5Ub
��'-*+FG>V09>n24. N *+'/,+(�XY�|�4%�@N'-*TOAF 24.�>NHn78@EO)'/.�O�7Ms�'-Ols�>V09%)09%�'fH?a�.�O324FS'/.�0[24@

4
b{H?78*+F

ΩM := Φ∗ΩN24.�O
Φ : (M4m, g) → (N4n, h)

>E, 2 v b{%�78@E78FS78*+(�%�>N5)FK2;(oX�$&%�'lFK24.�>EH?7D@NO
(M4m, Φ∗h)

>E,
5M24@E@N'-O`24. 4 7r78%�/T'\%*c 5�;g7902'TY [ X�)�5�Y=%�/TW 4 02W 4lZ '1),+T7952W 4 ?\0�;Vc)78H (N4n, h)

X
x�7Ms|c�s�'f.�'-'/O)09%�' � >E5[%�.�'-*+7Ms�>E5/_Z%�78FS7D0978(�RK>E.�q�24*+>n24.�0

K(Φ)
�

E �!FHGJI�GJKLGM��I���X � N x h8�Mz^O[X � 'U0
(M4m, g)

24.�O
(N4n, h)

C�' 24@EFG7D,�0+b k#a32;09'/*+.�>E78.�>E5-b{��'-*+FS>E09>n24.
F 24.�>NHn78@EO�,Zs�>V09%

dimRM4m = 4m
24.�O

dimRN4n = 4n
X)��a�(�(�78,+'S09%32;0

M4m >N,f5-78FS(3245-0MXB ,+,+a�FG'm09%32;0
Φ : (M4m, g)→ (N4n, h)

>N,�2I,+FG7�7409%`F 24(�(�>E.B\�X � '-tB.�'

K(Φ) :=
�
M
〈ΩM , Φ∗ΩN 〉 dVg,

s�%�'/*+'
ΩM

2;.BO
ΩN

*+'-(�*+'/,+'-.�0�09%�'fHna�.BO324FS'-.#0[2;@
4
b{Hn78*+FG,
7D.

M
24.�O

N
c�*+'-,+(='-5U09>Eq8'/@VR�X

�����������! ��XEy N x h8��csh4�DzMO[X���%\Y
(M4m, g)

52WLc
(N4n, h)

+1%qY^o 0 5�;_7802'TY [ X�)�5�Y=%�/TW 4 02W 4.Z�[l] U2$�;V%T/7952W 4 ?\0�;Vc2' N
M4m +*% 4 WH- Z 027 3!5 Z Y1O A ��)�3P3�02'�%#Y^$&5�Y

Φ : (M4m, g) → (N4n, h) 4 '#5 '1790�0�Y^$
795T3 A "�$&%�W K(Φ) 4 '658'*780�0�Y^$ $&02790�Y=0T3,R 4 W #252/ 4 52W,Y A
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�����������! ��Xgh N x y"�;zMO[X���%\Y
(M4m, g)

52Wsc
(N4n, h)

+*% 5�;_7802'TY [ X�)�5�Y=%�/TW 4 02W 4.Z�[l] U2$�;V%T/#7952W 4M[?\0�;Vc2' A ��)�3P3!02'\%#Y^$&5�Y
Φ : (M4m, g) → (N4n, h) 4 '#5

Q [ $&0�;d027802/	3,$ 4.Zk4 '\0278%\Y^/ 4.Z 795T3P3 4 WH- A"�$&%�W
K(Φ) = 12m(2m+ 1)Vol(M).i1W 3!52/�Y 4.Z )&;V52/ Φ Z 52W�WL0�Y�+*%($&02780�Y=0T3 4.Z Y=0k5 Z 02W�'TY=52W,Y 785T3 A

� /10�0@? A � '-0 p ∈M4m XAgA%B7#78,+'f7D*�09%B7D.B7D*+FK24@pC324,+'/,
78H"09%�'ZH?78*+F

(e1, I
′
1e1, I

′
2e1, I

′
3e1, . . . , em, I

′
1em, I

′
2em, I

′
3em),

24.�O
(f1, I1f1, I2f1, I3f1, . . . , fn, I1fn, I2fn, I3fn),

>E.
TpM

4m 2;.BO TΦ(p)N
4n c�*+'-,+(='-5U09>Eq8'/@VR�c=s�%�'-*+' (I ′1, I

′
2, I
′
3)
>N,|2K%�R�(�'/*+5-78FS(B@E'UTjC324,+'S78H

QMp24.�O
(I1, I2, I3)

>E,�26%�R�(�'/*+5-78FS(B@E'UTKC324,+'f78H
QNΦ(p)

c324.�O`5-78.�O�>E09>E78. N ��XEy�OA%�78@EO�,/X
��a�(�(�78,+'109%�2M0

Φ
>N, v b{%B7D@N7DFG78*+(�%�>E5�Xru 0f>E,f5/@E'M24*m09%32;0

ΩM = Φ∗ΩN
2;.BO 〈ΩM , Φ∗ΩN 〉p

= ‖ΩM‖2p
Xpx�7D09>E5/'�09%32;0
09%�'f7D.B@VR)5-78FS(�78.�'/.�09,
78H

ΩMp
s�%B>E5:%j24*+'ZO�>Nh�'-*+'/.�0�Hn*+78F

0
24*+'Z09%�78,+'

09%32;0�5-78*+*+'/,+(�78.�O N a�(l0971(�'/*+FIa�0[2;09>E78.�,TO�097109%�'
4
b{(�@E'/,
78Hoq�'-5-0978*+,/�

(5.2) (et, Iaet, es, Iaes), (Ibet, Icet, Ibes, Ices)
H?78*

t, s = 1, . . . ,m, t 6= s
24.�O

(5.3) (et, Iaet, Ibes, Ices)
H?7D*

t, s = 1, . . . ,m
H?7D*624.�RQ5/>E*+5-aB@n24*Z(�'/*+FIa�0[2;09>E78.

(a, b, c)
78H

(1, 2, 3)
X9u 0|>E,f';24,�RL097`,+'-'S09%32;0Mc"a�(�097`(�'/*+FIa�0[2;b

09>E78.�,/c=09%�'-*+'S24*+'
3m(m − 1)

O�>Eh�'/*+'-.�0Z5-78FS(=7D.B'-.�09,m78HY09%B'I0�R�(=' N ��XghPO[c
3m(m − 1)

O�>Eh�'/*+'-.�0
5-78FG(�78.�'-.�09,f78H�09%�'10�R�(�' N ��X �PO�s�>V09%

t 6= s
2;.BO

m
O�>Eh�'/*+'-.�0|5-78FS(=7D.B'-.�09,f7DHA09%�'10�R�(�' N ��X �PO

s�>V09%
t = s

X�wAR`2I,+>NFS(�@E'Z5M24@E5-aB@n2;09>E78.Ks�'Z\8'U0

Ω(et, Iaet, es, Iaes) = Ω(Ibet, Icet, Ibes, Ices) = Ω(et, Iaet, Ibes, Ices) = 2
H?78*

t 6= s
24.�O

Ω(et, Iaet, Ibet, Icet) = 6.
�#>E.B5-' ‖ΩM‖2p = 3m(m − 1)22 + 3m(m − 1)22 + m62 = 12m(2m + 1)

c�C�R~>E.�09'/\D*:2;09>E.B\Ss�'
\8'U0
09%�'Z*+'Mk�aB>E*+'-OlH?78*+FIa�@?2�X
� �� ������v��Xgh�Xf$&%�'-78*+'-F ��X h�c�s�>V09%�2<,+@E>E\8%�0`FS7�O�>EtB5M2;09>E78.�c�%�78@EO�,)s�%�'-.

Φ
>E,~2<5-78.�H?7D*+FK24@

>EFGFS'-*+,+>N7D.oX
� 'U0�aB,�*+'/5M24@E@�09%32;0

4
b{O�>EFG'-.�,+>N7D.�2;@B>EFGFS'/*+,+'-OGk#a32;09'-*+.�>E78.�>N5&,+a�C�FK24.�>EH?7D@NO�,

M4 78H�2Zk#a32;09'/*�b
.�>E78.�>N5Ub{�|�4%�@N'-*IFK24.�>EH?7D@NO

(N4n, h)
c
n > 1

cA24*+'K097D0[24@E@VRe\D'/7�O�'-,+>E5 N ,+'-')'�X \BX x �8�Mz^O62;.BO�,+'-FG>Vb
5-78.�H?78*+F 24@E@VR��32;0MX u�.Q09%�'65;24,+'6s�%B'-.L09%�'1,+5;24@n24*m5-a�*�q�2;09a�*+'178H

(N4n, h)
>E,Z(�78,+>V09>Vq�'I09%�'178.�@VR

(�78,+,+>EC�@N'�0�R�(�'/,
Hn78*
5/7DFG(3245U0
M4 24*+' HP1 ∼= S4 24.�O CP2

N ,+'/'Gx h
!Mz^O[X
� ���s� � � ��������XEy8X6m�#2%�/TR 4 7q79%T/T'\%*c X�)�5�Y=%�/TW 4 02W 4.Z '*)�+�7852W 4 ?�0�;dc 0@? (N4n, h)

op$ 4lZ $ 4 ' 4 '\0279%�Y [/ 4.Z Y=0 HP1 cP%P�jWL%�' 58Ws02W [ Y^/ 4 # 4 5�; %\;V%�78%�W,Y 4 W Y^$&%n-�/102)�3
π4(N4n) A

� �� ������v��X ��Xf$&%�' 2;C=7/q�'SHi2;5-0Zs
2;,Zs�'/@E@jC�.�7Ms�.�>N.L09%�'S5M24,+'1s�%�'-.
(N4n, h)

>N,m09%�'Sk#a32;09'/*�b
.�>E78.�>N5I(�*+7 ��'-5-09>Vq�'I,+(3245/'

HPn
24.�O

Φ : HP1 → HPn
>E,f2G5;24.�78.�>E5M24@^>NFSFS'/*+,+>E78.~78H�2 k#a32;09'/*�b

.�>E78.�>N5m(B*+7 ��'/5U09>Vq�'m,+(�2;5/' N ,+'-' x �
!�c�(oX��2z4z^O[X
� 'U0�a�,
>N.�09*+7�O�a�5-'ZR�'U0&09%B'ZH?7D@N@E7Ms�>E.�\
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E �!FHGJI�GJKLGM��I���X !�X � 'U0

(N4n, h)
C�'~24. 2;@NFS78,�0+b k#a32;09'-*+.�>E78.�>N5Ub{��'-*+FG>V09>n24.vF 24.�>NHn78@EO�24.

M4m

24.�R ,+FG7�7409%
4m
b{OB>EFS'/.�,+>E78.324@�FK24.�>EH?7D@NO�X��#a�(�(=7D,+'Q09%32;0

Φ : M4m → N4n >E,~2v,+FS7�7D09%
>EFGFS'-*+,+>N7D.oX=de'�s�>E@E@D,:2-Rm09%32;0

(M4m, Φ)
>E,"24. 4 7q79%�/T'�%*c$��5{-�/152WH- 4 52Wr'*)�+�7852W 4 ?�0�;dcm7DH (N4n, h)>EH&2;0f'-q�'-*�RL(�78>E.#0

p ∈ M4m 24.�OeHn78*I2;.#RL%#R�(='-*+5-78FG(�@E'UTLC324,+' (I1, I2, I3) ∈ QNΦ(p)

09%�'SH?7DaB*
,+a�C�,+(�2;5/'-,

Φ∗(TpM4m), IαΦ∗(TpM4m)
c
α = 1, 2, 3

cB24*+'Z097D0[24@E@VR 78*�09%�78\87D.�2;@�>E.
TΦ(p)N

4n X
$&%B'-.�c�s�'f%32-q�'

�����������! ��X � N xVy"�Mz^O[X+��%�Y
(N4n, h)

+*% 52W 5�;g7902'TY [ X�)�5�Y=%�/TW 4 02W 4.Z�[l] U2$�;d%T/ 7952W 4 ?\0�;Vc A ��)23 [3!02'\%#Y^$&5�Y
M4m 4 ' 5 Z 027n3�5 Z YUc�02/ 4 %�W�Y=%*c=c 4m [ c 4 78%�W�' 4 02WL5�; 7952W 4 ?\0�;Vc N

m < n
O A ��%�Y Φ1 :

M4m → N4n 52WLc
Φ2 : M4m → N4n +*% Y^o 0 4 7r79%T/T' 4 02W!' '*) Z $ Y^$&5�Y

(M4m, Φ1)
52WLc

(M4m, Φ2)
52/1%n5�;g7902'TY [ X�)�5�Y=%�/TW 4 02W 4lZ 52WLc ��5{-2/*52W�- 4 52W^c,/1%�'.3�% Z Y 4 #2%\;gR A "�$&%�W Φ1

52Wsc
Φ2 Z 52W�WL0�Y+*%($&02790�Y=0T3 4.Z{A

� /10�0@? A wAR } '-FK24*DCK��XEy�s�'Z5;2;.`5-78.�,+>EO�'/* M4m 24,�24.~24@EFS78,�0+b k#a32;09'-*+.B>E78.�>E5Ub{�I�4%�@E'-*AFK24.�>EH?7D@NO
s�>V09%~09%�' } >E'/F 24.�.�>n24.jFS'-09*+>E5

g := Φ∗1h
24.�Oj09%�'124@EFS78,�0mk#a32;09'/*+.�>E78.�>E5|,�09*+a�5U09aB*+'

QM
.�2M09a�b

*:24@E@VR~>E.�OBa�5-'/OLC�R
Φ1
XIwAR � '/t�.�>V09>E78.Q��X !Gs�'1\8'U0

Φ∗2(ΩN ) = 0
Xf��'/.�5-'

K(Φ2) = 0.
��.L09%B'

7D09%�'-*Z%324.�O�c�C�R } '-F 24*DCL��XEyG2;.BO�$&%�'-78*+'-F ��XghGs�'1%32-q�'
K(Φ1) 6= 0

XI$&%�'/.j09%�'1,�0[2;09'-FS'/.�0
H?7D@N@E7Ms�,&C�R`$&%�'-78*+'-F���XEyDX
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_ bdc 9 �fW��*
 ] � � \ ���q0j� � �[V.V � � ] � � 
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m~&��� 1�`Yb � ��3 � � � � � � � � �

_ `D` c54 ��� | V Q
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Re[D(Gm − imG0)] = 0,
s�%�'/*+'

Gm := 〈Φm, Φ0〉+ i〈Φm, Φ1〉+ j〈Φm, Φ2〉+ k〈Φm, Φ3〉,
m = 0, 1, 2, 3, i0 = 1, i1 = i, i2 = j, i3 = k,

i, j, k
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D
>E,
O�'/t�.�'-O`C�R

D := 1
4 (∂0 − i∂1 − j∂2 − k∂3).
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