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(1) af(s) + bf(t) ≥ f(αs+ βt), s, t > 0,

7 �8("�9*-!�,��:��!;�<�8("�&%$�=�0�$�)�$>?��("�'�)� a, b, α, β �$�"@0�5()�)�$�"�&#86BA�C��4D2EF�����G,�.�HI.�! 7 .J*-,�.0/1("�&!$. f :

(0,∞)→ R
���
���"�",�>K�'DL("!M�)�N()�&�<*-6M()���O�)��P$,�#��$�"�8(Q6R/�!$.0D��8("�&!$.

(2) lim sup
s→0+

f(s) ≤ 0.

� 7 !M/��$�"�'��!�*S�&.��'3;,0�$#8�8(�6UT<V4WX�0�Y%$�Z���$D[�?#&!$.�PK������()!$�)6R!�*S�)�'�"�'���\/)�=T]/^*�E�_I�4/^("�&!$.GV4W^`
• a �'.0�"��.�bQ/1!$.I%$�1C��8(Q6�cI�dE �$E&ceT�VYW 7 �8("� a = b = α = β = 1/2

E
• _I,�@0��D�D��8("�&%I�5(�6$c0�dE �$E&ceT�VYW 7 �8("� a = b = α = β = 1

E
f
�'/���.;("#&6$c�*-!$,0�
!�()����� /'�$�"�'�X!$*�T�VYW 7 �'�"�O�$.0��#&6Ig��'DhTd/^*�E�_I�'/1("�&!$.=VYW^`
• i ��.��'�)�$#8�&g��4D a �'.0�<�'.�bj/�!$.I%$�1C��5(�6�c0�dE �$E&ckT�VYW 7 �5()� a + b = 1

c
α + β = 1

E�lQ.m("������/'�$�"�O("���
�"!$#&,�("�&!$.0�n("!KT<V4Wpo2Tdq�We�$�"���'�5()�����r/�!$.I%$�1Cs!$�k/�!$.0�<()�$.�(
T]tsE$u+,���.wv&V'x$y$z0cIV'x�y;{4|jc$}SEN~Z���)��/1g'6
��.�D�}��'E'�k�$#8�4��v&V'x�y;{4|jcY_2EYu+�"6I�0�"HI�0v8V4x$x��N|jcN}SEYu�!$>K�&.���H?v&V'x�x�qN|pc a EY���N()H$! 7 �"HI����.�Ds��E4��6;b/1���[v&V'x$x;�N@�|-W^E

• i ��.��'�)�$#8�&g��4D��",�@0��D�D��5()�&%;�8(�6$c
�pE �$E&csT<V4W 7 �5()� β = b = 1
E�lQ.�("�����w/����<�m("���h�"!$#&,�()�8!�.0�

("!BT�V4Wjo�Tpq$Ws�"�0���)�L�<!�>K�R�)��P�,�#&�$�"�8(�6U�0�"!������<()�&�'�s!�*��",�@0��D�D��8("�&%$�R*-,�.0/1("�&!$.0�[T a Ek���N()H$! 7 b�"H;��v8V4x$x�z�@�|jc a E0���N()H$! 7 �"HI�2��.0D[�+E�� 7 �&��("H$! 7 �<HI�kv&V'x�x�z�|-W1E
• T�VYW 7 �5()� a = α

c
b = β

c
α < 1 < α + β

ERlQ.=("�����s/'�$�"��()���R�"!$#&,�()�8!�.0�Z("!�T�VYWpo�Tpq$W+���)�
#&�8.��4���sT a E0���N()H$! 7 �"HI�kv&V'x$x���@�c�V'x�x�q$��c�V'x�x�q�@�|pc�����("H$! 7 �<HI�2�$.0Dw��6�/��&�[v&V'x�x��$�Y|-W^E

• T�VYW 7 �5()� a = α
c
b = β

c
α + β < 1

E lQ.:()������/����<�O("�0���)���$�"���<���4/1����#e�0�$�8�\� !�*r*-,�.0/^()�8!�.0�
f1 < f2

�",0/\�[("�0��( �'%$���)6
f 7 �8()� f1(t) < f(t) < f2(t)

*-!��
t > 0

�"��("����A0�4�OT<V4Wpo2Tdq�W+T�("�0�&�
�)�'�",�#5(
���
�8>K��#&�&�'D[@;6wuKE����$�"!�.�c a E0���N()H$! 7 �<HI�2�$.0D[uKE�t��8H$!�D���>�v8V4x$x$z�|-W^E

�������)�O���)�+�$#&�"!K3;,0�$D��",���#&�'��!�*k�0���\��>K�1()���\�X�",0/\�w("���N(

• T�VYWpo2Tdq$W����O�"��("����A0�4D�!�.�#&6m@;6m()���Kg����)!L*-,�.�/^("�&!$.�T]�$E P0E?�$/�/�!$�\D��8.0PR("!U��!$�)!$#&#&�$�"6�{IE zL()�������!�#&D���("�),��Z*-!��
α = 1/2

c
β = 2

c
a = 2

c
b = 1/2

W1E
lQ.:("����� �0�����'�'c 7 �s�<�0! 7�7 ���&/\�:�����\��>K�1()���)� α, β, a, b P$�&%$�O/�#&���"�"�'��!$*r�<!�#8,�()�&!$.0�
!�*
T�VYWpo2Tdq$W("���N(��"�4�<�'>�@�#&�X()���
A0�\��(�A0%$�
��C��$>K��#8�4�r�)��("���'�k("����.?()��� #��$�<(r( 7 !0Ek����� #&��(<()����3;,0��D��",0��#8�4��c��$.0D

��#��"!s�"!$>K��3;,0��D��),���#8�4���)�'�"��>�@�#&�8.0PO("����#&����(��1C���>K��#&�$cI���)��/��$#8#&�'DR/1�"�8()�&/'��#nTd/^*�E�_I�'/^()�8!�.wq$W^Er�����
�0�����'�
P$�&%$�'�����)�'/��&�"�OD��'�)/1�)�&��("�&!$.0��!$*k��#&#e/1�)�5()�&/'��#�/�#&���"�"�'��!�*k�"!$#&,�()�8!�.0��c 7 �0�&/\�m/1!$.��<����( !�*S�'�5()�����
/1!�.;%$�1C2c�!$�L/�!$.0�<()�$.�(L.�!$.���!;�<�8("�&%$�$c�!��Rg����)!0c�!$�RP���.��'�)�$#8�&g��4DB�<,�@��$D�D��8("�&%$�$c
!$�L��!$>K!$P���.��'!$,0�
/1!�.;%$�1CK*-,�.0/^()�8!�.0�'cI!$�X/1�'�<(\���&.K*-,0.0/^()�8!�.0� 7 ��!;�<���)�8P���("bp�0�$.0DK#&�&>?�8(
�<,����'�"�&!$���&�X�",�@0�$D0D��5()�8%$�Z�$.0D
�)�N("���<A0�'�
�<!�>K�Z��!�>K!$P$�'.����8(�6R/�!$.0D��8()�8!�.0��E
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���0�&����������� �<��! 7 � 7 ����/\�[�0���\��>K��("���\� α, β, a, b, P��8%$�+/�#&���"�"�'�X!�*k�"!$#&,�("�&!$.0��!�*�T�VYWpo�Tpq$W�("�0��(�)�'�"��>�@�#&��("���ZA0�)�<(�A�%$����C��$>K��#8�4���)��("���'��()�0��.L()���Z#��$�<(�( 7 !0E�_I,0/\�[3;,0�$D��",��0#8�4��!$*e�0�$�)�$>K�1("�'�)�
���)��/'��#&#8�4DU/1�)�5()��/���#�Td/^*�E�_I�4/^()�8!�.=q$W1Es�����?�0�����'�ZP$�&%$�'�����)�'/1���"��D��'�)/1�)�8��()�8!�.0��!�*�()���K/�#&���"�"�'��!$*
�"!$#&,�("�&!$.0�X*-!$����#&#�("�0�O/��"�8("��/��$#2�0���\��>K�1()���\��E

���0�L>M���&.��"�4�<,�#8()��!�*
()���L���������?�<�0! 7 ()�0�N(�("���[/1#��$�)�"�'�s!�*��"!$#&,�("�&!$.0��!�*�T�VYWpo2Tdq$W+*-!��s()���
/1�)�8("��/���#2�����\��>K�1()���)��/1!�.0�"�&�<(
!�*S���8("�0���
• /1!�.;%$��C�c�!��
• /1!�.0�<()��.;(
.�!$.���!;�<�8("�&%$��cI!��
• g��'�"!�cI!��
• P$�'.����\��#&�&g��'Dw�",�@0�$D�D��5()�8%$��c�!��
• ��!�>?!�P$�'.���!�,0�X/�!$.;%$��CR*-,�.0/^()�&!$.0�'c�!$�
• /1�'�<(\���&.U*-,�.�/^("�&!$.�� 7 ��!��"�K�"�&P$�;(<bj�0��.0D=�<��D��K#&�&>K�5(��",����'�"�&!$�+���O�",�@0��D�D��8("�&%$�M�$.0D=�)�N("���<A0�'��"!$>K�+��!$>K!$P���.��'�5(�6L/1!$.�D��5()�8!�.0�'E

�0!$�Z��#&>K!��<(��$#8#n�����\��>K�1()���\��()����#&����(�( 7 !w/�#&���"�"�'���$�"���"�4D�,0/1�4D:("!w/�#&���"�"�'� !$*���! 7 �'� *-,0.0/^()�8!�.0�
7 �8("�[A�C��'D:�<�&P$.0�
�$.0Dw�1C���!$.0��.�(\��E

���0�[�0�����'�K�$#&�"!=�<��! 7 � 7 �0�&/\�B3;,0��D��",��0#8�4��!�*��0�$�)�$>?��("�'�)���$�"�w�I,�P$��c��dE �$E&c��)�'�"��>�@�#&�L()���
�"�5CI()�:��C���>K��#&�$c���.�D:�"��! 7 � 7 ����/)��3;,0��D��),���#&�'� �$�"�+("�)�&%;����#pc0�dE �$E&c��0�Y%$�O!$.0#86L()���sg'���)!M�"!$#&,�()�8!�.�E
lQ.=�$D0D��5()�8!�.�c�()���?�0�$�����OD��1("�'�">K�&.��'��()���K�"�&P$.U!$*�()���K�"!$#&,�("�&!�.0�Z��.0DU�'�<("�&>M�N()�'��("���'�8�O�)��("�'��!$*
P$�)! 7 ("��E

_��'/^()�8!�.=V+���)�'�"��.;()�
�?������()!$�)6R!�*S�)�'�"�'���\/\�L!$.w()���+*]��>K�8#&6L!�*S�&.��43�,���#&�5()�8�4�OT�VYW^E
_��'/^()�8!�. q:��C���#&�$�8.��O()���L.0!�("�&!$.����"���'/1�8A�/M()!�("�������0�������4ck�$E P0E��8(KD��1A0.0�'���I,�P$�w�$.0D=()�)�8%;b

����#�/1#��$�)�"�'�O!�*�*-,�.0/1("�&!$.0�'cr��.0DG�;,�P��$cn()�"�&%I����#pcS��.�DG/��"�8("��/��$#��0�$�)�$>K�1("�'�s3;,0��D��),���#&�'�
(α, β, a, b)��.�D��0���&�\�

(a, b)
Ehlj(?�&.�("�)!�D�,0/��'�s()���w�0���"("����#�!$�\D����

/
�8.�("���w�0�$�)�$>K�1("�'���<�0��/1�

(0,∞)4 �$.0D("�0�L�"�'#&��("�4DG.�!�()�8!�.0�s!�* @����&.�PU�$@�!Y%$�R!$��@��'#8! 7 ���"�1(4Emlj(K��#��<!����)�'�<�'.�(\���"!$>K�R#&��>K>K���s,��<�4D
("�0�"!�,�P$��!�,�(X()���O�0�$�����'E

_��'/^()�8!�.��m�<��! 7 �+("�0��(O()���R�"�1(�!�*
/1�)�8("��/���#�3;,0�$D��",���#&�'�+*-!$�s��!;�<�8("�&%$�M�"!$#&,�()�8!�.0��cS�$� 7 ��#&#��$�
("�0�R!�.��M*�!���.���P;�N("�&%$�R�"!$#&,�("�&!$.���cS�&���:()���"�'�1bQD��8>K�'.0�<�&!$.���#r("!���!$#&!$P��&/'��#r>M��.��8*-!$#�DG�8.�("���R*-!$,��"b
D��&>K��.0�"�8!�.0��#��"�0�$/��m!$*O�0���\��>K�1()���\�

α, β, a, b
E���%$���)6B3;,0��D��",0��#8��!�*O�0�$�)�$>K�1("�'�)�

(α, β, a, b).�!$(w@��'#8!�.�P$�&.�P�("! ("���=/��"�8()�&/'��#�>M��.��8*-!$#�D�*-!$�w��!;�<�8("�&%$�h�"!$#&,�("�&!$.��L�&�w���8("�0���:��@�!N%$��!��w@���#&! 7
("�0�&�s>M��.��8*-!$#�D�T 7 �8("���)�'�"���'/^(O("!:()���R!$�\D���� / W��k�'%$���)6U3;,0�$D��",���#&�M�$@�!Y%$�?()���R>K�$.��8*-!$#�D=�0�$�s��;,0P$�Z/�#&���"��!�*n��!��"�5()�8%$�+�<!�#8,�()�8!�.0���;�'%$���)6K3;,0��D��),���#&��@��'#8! 7 ("���+>M��.��8*-!$#�DR�0���X�s()�"�&%I�&�$#�/1#��$�)��!$*
��!��"�8("�&%$���"!$#&,�("�&!$.0�'E�_I�&>K�8#����)#&6$c��'%$���)6[3;,0�$D��),���#&�s!�*��0���\��>K��("���\�

(α, β, a, b)
.�!�(�@��'#8!�.�P$�&.�PM("!

("�0�?/��"�8("��/��$#n>M��.0�5*-!�#&Dm*-!���.��'P���("�&%$���<!�#8,�("�&!$.0���&���'�5()�����O��@�!N%$�s!���@��'#8! 7 ("�0��>M��.0�5*-!�#&D�����%$���)6
3;,0�$D��",��0#8�m�$@�!N%$�[("���m>M��.0�5*-!�#&DB�&�K()�"�&%I�&�$#��
�'%$���)6 3;,0�$D��),���#&�:@���#&! 7 ()���m>M��.��8*-!$#�DB�&�M�;,0P$�$E
�0!$�ZA�C��'D

α, β
c�("���R�"�$>?�M������#&�&�'�Z("![("���R/1�)�5()�&/'��#pc2�I,�P$��ce��.0DU("�)�&%;����#r�0���&�)�

(a, b)
EM_��'/^()�8!�.G�

D����"/�,0�)�<�4�Z�<�'�0���\�N()��#&6[("���K��!��"�5()�8%$�K��.0DU.��'P��N()�&%$�?�<!�#8,�()�&!$.0�Z�$.0DhD�!I�4��.�!$(Z()�$H$���&.�()!:�$/'/1!$,0.�(
("�0�
�"!$#&,�("�&!$.0� 7 ���&/\��(\��H$�X@�!$("�?��!��"�8("�&%$����.0D�.��'P��N()�&%$��%���#&,��'�'ES�����&�k�)�'�<("�)��/^("�&!$.?/��$,0�<�4�S.�!+#8!;�"�
!�*nP���.��'�)�$#8�8(�6K@��'/'��,0�"�Z���0��!$�)��>M��z�E&V$c���E&V$c���E q�c��0E8V�c���E ��c���E z0c��$.0D���E ��c;(\��H$�'.R()!$P��1("�0���4c;�&>K��#&6
("���N(��8*�("�0� /1#��$�)�k!�*2�"!$#&,�("�&!$.0�k!$*kT<V4Wjo�Tdq�Wn���r�;,0P$��("���'.K���8("�0���r("�0� /1#��$�)�k!�*�.���P;�N()�8%$�
�"!$#&,�("�&!$.��k�&�
�;,0P$��!���()���+/1#��$�)��!$*e��!��"�5()�&%$�Z�<!�#8,�()�8!�.0���&�X�;,�P��	�I>K!��"�'!Y%$�'�'c��5*e()���+/1#��$�)��!$*e.���P;�N()�8%$�Z�<!�#8,�("�&!$.0�
���Z("�)�&%;����#���.�D�()���R/1#��$�)�Z!�*X��!��"�8("�&%$�K�"!$#&,�()�8!�.0�Z���Z("�)�&%I�&�$#S()����.=("���Mg��'�"!w*-,�.�/^("�&!$.G���Z("�0�K!�.�#86
�)�'��#��"!$#&,�("�&!$.w("!�T�V4Wjo�Tpq$W^E
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_��'/^()�8!�.?zs�<��! 7 �S("�0��(��8* α < 1 < α+β
c�()����.M��%$���)6��"!$#&,�("�&!$.�("!RT<V4Wpo2Tdq�Wn���k�'�5()��������!��"�8("�&%$�$c

!$�+.0��P���("�&%$�$c�!$�+g'���)!0E�lj(���#��<!:�"��! 7 �Z("�0��(O��%$�'�"6U�<!�#8,�()�&!$.U("!�T<V4Wjo�Tdq�W^c 7 �8("�G�$.;6��0�$�)�$>?��("�'�)�
α, β, a, b

c��&��@�!$,0.0D��'Dw!$.LA0.0�5()�+�&.�("�'�"%���#��X�$.0DLP$�&%$�4����! 7 �����'�<("�&>M�N()�'�X!�.L("���O�)��("�'�X!�*nP��"! 7 ()�
!�*n()���s�"!$#&,�("�&!$.0�
�N(

0
��.0Dw�&.�A0.0�5(�6

(1)
E

_��'/^()�8!�.��
D��'��#�� 7 �5()�RT<V4Wjo�Tpq$W�*-!$� α+β ≤ 1
Eelj(n�'�<()�$@�#&�&�"���'�2("�0���"�1(n!�*��0���\��>K�1()���\�2�",0/\�+("�0��(

��#&#S�<!�#8,�()�&!$.0� !$* T<V4Wpo2Tdq�W
���)�s.�!$.���!;�<�8("�&%$�LT]����.0/��1*-!$�"("���)�1*-�'�"�)�'Dw()!w�$�
()����.�!�.���!��"�8("�&%$�s�"�'P$�&!$.
!�*��0���\��>K��("���\�\W^c��$.0D:("���?�<��(�!�*��0���\��>K��("���\� �",0/\�:()�0�N(+��#&#S�<!�#8,�()�&!$.0� !$* T<V4Wjo�Tpq$W ���)�s.�!$.�.��'P�b
�N()�8%$�RT-("����.�!$.�.0��P���("�&%$�+�)��P$�&!$.[!$*k�0���\��>K�1()���\�)W1E�������/1�)�5()�&/'��#e3;,0�$D��),���#&�'�
!�*S()���s�0�$�)�$>?��("�'�)�
��.0�$#&6;g'�'Dw@I6[tsE�u+,��0.Gv8V4x$y$z�|��0�4%$�s/�!$.;%��1C[�<!�#8,�("�&!$.0�'E�������/1�)�5()�&/'��#e3;,0�$D��",���#&�'� �$.0��#&6Ig��'Dw@I6
}SESu�!$>K�8.0��HBv8V4x$x�qN|��0�Y%$�L/�!$.0�<()�$.�(?�<!�#&,�("�&!$.0�'EU�����L�)��>M���&.��&.�PU/��"�8("��/��$#�3;,0��D��",0��#8�4�s#&�'�$DG("!
T�VYWpo2Tdq$W 7 �8()�[�'�5()����� !$.�#&6M()���Og��'�"!K�"!$#&,�()�8!�.w!��
/�!$.0�<()�$.�(
.�!�.���!��"�5()�8%$�O�"!$#&,�("�&!$.0�'E
_��'/^()�8!�. �?D��'�$#&� 7 �8("�GT<V4Wpo2Tdq�W�*�!������8("���'� β = 1

c�!��
α = 1

c�!$�
α, β > 1

Erlj(��4��(\��@�#&���<���4��("���
.�!$.0��!��"�5()�8%$����.0Dm.�!$.0.���P;�N("�&%$�s�"�'P$�&!$.0� !�*��0���\��>K��("���\�'E
������/��"�8("��/��$#n3;,0��D��),���#8�4� 7 �8("� β = 1!$�
α = 1

���)��D��'�)/1�)�8@��4Dm@;6 a E�����("H$! 7 �"H;��v&V'x�x�z$@�|k��.0D��0�Y%$��!�.��1bQ�<��D��'Dm#&�&>?�8(\��E+lj* α, β > 1
c

("�0��.GT<V4Wjo�Tdq�W 7 �8()�[��!��"�8("�&%$�+/1�)�8("��/���#2�0���\��>K��("���\���0�Y%$�Z!�.�#&6K()���Og����)!K�<!�#8,�("�&!$.�c���.0DL()���O�"�1(
!$*
.���P;�N()�8%$�O/1�)�5()�&/'��#2�0�$�)�$>?��("�'�)�X�&�
��>K��(�6�E

_��'/^()�8!�.�{wD��4��#�� 7 �8("��T�VYWpo�Tpq$W�*-!�� α < 1 < α + β
ERlj(s�'�<()��@0#8���<�0�'�Z("���R.�!$.���!;�<�8("�&%$�M��.0D

.�!$.0.���P;�N("�&%$�s�)��P��8!�.0�
!$*��0���\��>K��("���\� �8.�("���?/'�$�"�
β ≤ 1

T�()����.���C;(+�"�'/1("�&!$.U/)�0�$�)��/^()���)�8g'�'��()���
�)��P$�&!$.0�S�8*

β > 1
W1Ek�����
>K�$�8.?�)�'�",�#8()�r�"��! 7 ("�0��(k()��� /1#��$�)�S!$*��"!$#&,�()�8!�.0�n*-!���/1�)�5()�&/'��#��0���\��>K��("���\�

/1!�.0�<���<()��!�*2���8("���'��/1!�.0�<()��.;(���.0DK.�!�.���!��"�5()�&%$��*-,�.0/1("�&!$.0�'c;!$��/�!$.I%$�1C�*-,�.0/^()�8!�.0��("�0��(��)�N()����*-6�()���
��!$>K!�P$��.0���8(Q6L/1!�.0D��8("�&!$.0�

f(ut) = upf(t), f (wt) = wpf (t) , t > 0,
*-!$�
A0CI�4D[�0�$�)�$>?��("�'�)�

u,w, p
("�0��(�D��'����.0D:!�.

α, β, a, b
�0*-!$����#&>K!��<(���#&#��0���\��>K��("���\�

α, β
c0("���

�"!$#&,�("�&!$.0���&.w()���&� /�#&���"�
���)�Z��! 7 ����*-,�.0/1("�&!$.0�'E
_��'/^()�8!�.�y�D��'�$#&� 7 �5()� α < 1 < β

E lj(L�'�<()�$@�#&�&�"���'�M("���U.�!$.���!;�<�8("�&%$����.�DB.�!�.�.���P;�N()�8%$�
�)��P$�&!$.0��!$*������\��>K�1()���\��ES�����Z�"�&P$�;(<bj�0��.�DIbj�"��D�� #&�&>?�8(
�",������)�&!$��!�*e�'��/)�w�"!$#&,�("�&!$.R*-!$��("�0�Z/��"�8("��/��$#
�0���\��>K��("���\�X�&� �<,0@0�$D�D��8()�8%$�s��.0D[�)�N()�&�<A0�'�X()���O��!$>K!$P���.��'�5(�6L/1!$.�D��5()�8!�.0�

f(αt) = af(t), f(βt) = bf(t), t > 0;
*-!$���$#8>K!;��(���#&#0/��"�8("��/��$#������\��>K�1()���\�n()�����<!�#8,�()�8!�.0�����)����! 7 ���r*-,�.0/^()�&!$.0�'Ek�������"�'/^()�8!�.MD��&�)/1,��"�"�'�
��#��"!L�w/�!$,�.;("���)�0�$�<(�!$*�T<V4W�!$.

R+
�2("���'.�()���K/1#��$�)��!�*��"!$#&,�("�&!$.�� *-!$�+/��"�8("��/��$#n�����\��>K�1()���\��/1!�.�b

�"�&�<()��!�* ���8()������g'���)!:*-,0.0/^()�8!�.�!����<,0@0�$D�D��5()�8%$�R*-,�.�/^("�&!$.����)�N()�&�<*-6I�8.0Pm("���[��@�!N%$�R��!$>K!�P$��.��'�5(�6
/1!�.0D��8("�&!$.0�'E

_��'/^()�8!�.Lx�/1!�.�()�$�8.�����D����)/1,0�)�<�&!$.R!$*2("�0���)!$#&� !$*e/�!$.0D��8("�&!$.hTdq�W���.0DR�5(\�X/1!�,�.�()���)�0���"()�'Er��!�.�b
D��8("�&!$.9Tdq$Ws�1C�/�#8,0D��'���0��("��!�#8!�P$��/��$#��"!$#&,�("�&!$.���ck��E P�E8cr.�!$.�>K�4�$�",��)�$@�#&�R��D�D��5()�&%$�R*-,�.0/1("�&!$.0�'E �0!$�
a+ b > 1

c��8(���#��"!?�1C�/1#&,0D��4���;,�P��O/1#��$�)�"�'�X!$*S��!��"�5()�8%$�O�"!$#&,�("�&!$.���E
_��'/^()�8!�.�V'�sD��4��#�� 7 �8("�w�O>�,0#5()�&D��&>K��.0�"�&!$.0�$#�/1!�,�.�()���)�0���"(�!�*2("�������)!$@�#&��>FT�VYWpo2Tdq�W^ESlj(XP$�&%$�'�

�&>?>K�4D��&��("�O�1CI()��.0�"�8!�.0��!�*S("���s>K�$�8.:�"�4�<,�#8(\��!�*r_��'/^()�8!�.0��{���.0D:y?!$.;("!M/�!$.��4���8.:#&�8.0�'��� �"�0��/1�'�
��.0DU,��<�'��()����> ("!:/\�0���\�$/1("�'�"�&g��

F
bj�0�<�',0D�!$.0!$�)>K�'c

p
bp�0!$>K!$P���.����8(�6$c2�$.0D

p
bj/�!$.I%$�1C��5(�6�EOlj(s��#��"!

(1) ��� � �����������	��������� ���!	��"� ����$#%���&� 
������' ����(*) � ��+(,�!� 	��-�
����
	�� �&� 
������� 
�������	 ��� 
"� 
��&�

a1f(s1) + · · ·+ akf(sk) ≥ f(α1s1 + · · ·+ αksk), s1, . . . , sk > 0,
�.�� ��� �

k ≥ 2
����( ��� / 
"�!� ��� 
�� �*0�12��(,34�� 
"� 
�56�73���� ��89�&� ��� �

a1, . . . , ak, α1, . . . , αk
�
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���)!$��!;�<�4�����"�8>K��#&���0�"!I!$*2!�*e����("H$! 7 �<HI��� � v&V'x�x$��|�()����!$�)��> ("�0��(�("���Z�NC��&!$> !�*��0!$>K!$P���.����8(�6�!$*
.�!��">M��>?�&P$�;( @��O/�!$.0�"�&D����\��@�#&6 7 �'�$H$��.��4D2E

���0��#��$�<(��<�4/^("�&!$.L����*-!$#&#&! 7 �4DR@;6M���&P$��(XA0P$,0�"�'���8#&#&,0�<("�\�N("�&.�P�("���+�"�1()�X!�*n/1�)�8("��/���#��0�$�)�$>K�1("�'�)�
��.�DL("���O.�!�.�.���P;�N()�8%$�O��.0Dw.�!�.���!��"�8("�&%$�Z�)��P��8!�.0�X!�*S�0�$�)�$>?��("�'�)�'E

����� �	��

���� ���L�	�����S���e	 �����I���Q�	�
�����O�<,�@��$D�D��8("�&%I�8(Q6L�$.0D a �'.0�<�'.�bQ/1!$.I%$�1C��8(Q6K�0�Y%$�+�N("("�\�$/1("�'DL>K!��<(�!�*e()���O�N(<()��.;("�&!$.[D���%$!�()�'DR()!�&.��'3;,0�$#8�8(�6UT�VYW��&.[("���O#&�5()���\�N(),��"��E

���0�[@0�$�"��/L�"�4�<,0#5(\���&. ("���[("���'!$�)6G!$*��",�@0��D�D��8("�&%$�w*-,�.0/^()�8!�.0�M���)�wD�,0�w("! � E����8#&#&�=v&V'x$z�yN|
��.�DRfOE���EIf !��"��.;@0�$,�>Fv&V'x��$�N| 7 �0!�D��4��#8( 7 �8("�L@�!�,�.0D��4D�.��'�)��!�*n�",�@0�$D0D��5()�8%$��*-,0.0/^()�8!�.0��cI("���'�8�
�\�N("�4��!$*�P$�)! 7 ("��c;/�!$.;("�&.;,��8(Q6�c���.0DLD��������)��.;("����@��&#&�5(�6$E�fOE���!I!$���'��v&V'x�q;{4|�D��'�$#5( 7 �5()�L>K�'�$�",��\��@�#&�
D����"/�!$.;("�&.;,�!�,0�s�<,�@��$D�D��8("�&%$�K*-,0.0/^("�&!�.0� ���sEn�X�),0/)HI.��'�Mv8V4x	���N|�/�!$.0�<("�),0/^()�'D=>M�NC��8>M�$#��",�@0��D�D��8b
("�&%$�O�1CI("�'.0�<�&!$.��X!$*S�",�@0��D�D��8("�&%$�Z*-,�.0/1("�&!$.0��� � E0�X�'�"gKv8V4x;{$�Y|2/�!$.0�"�&D����)�'Dw�<,0@0�$D�D��5()�8%$�Z*-,0.0/^()�8!�.0�
�)�N("���<*-6I�8.�P:()���L��!$>K!�P$��.��'�5(�6=/1!$.0D��5()�8!�.

f(nt) = nf(t)
*-!$�

n = 2, 3, . . .
�$.0D

t ∈ R E�_I!�>?�*-,��"("���'�M�)�1*-�'�"�'.0/1�'�K>M�46 @��:*-!$,0.0D �&. ��E�� �&#&#8���$.0DBfOE�_�E������&#&#8�&�0�mv&V'x;��{�cX���0�$��("�'�w{4|��$.0D
��E0u+,0/�g�>M�[v8V4x$y���c����0�$��("�'� ��!�lj|pE

f �'/1�'.�()#86�c a E�����("H$! 7 �"H;�Z�$.0DJ�+E
� 7 �&��("H$! 7 �<HI��v&V'x�x�V$csV'x�x$�$��cOV4x$x$�$@�|Z/�!$.0�"��D����)�'D�!$.0�1b("!$bp!�.��U�",�@0��D�D��8("�&%$��*-,0.0/^()�8!�.0��c��$.0D��'�<(\��@�#&�&�"���'D 7 �0��. ("���'6����)����!�>K��!$>K!��"���0�&�">M��E ���0�&�
��#&#&! 7 �'D�("���'> ("!:���)!N%$�?�"!$>K�K�"�4�<,�#8()�+!$.=�1CI()��.0�"�8!�.0�Z!$*X�",�@0��D�D��8("�&%$�?*-,�.0/^()�8!�.0�'EM���N()H$! 7 �"HI�
��.�Ds� 7 ���N()H$! 7 �"HI�0v8V4x$x�z$|���#��<! �1CI()��.0D��4D+("���'�8�n�)�'�",�#8()��("!�!$.0�1bd()!�bj!$.����"!$#&,�()�8!�.0��!�*��&.��'3;,0��#&�8(Q6KT<V4W
7 �8("� β = b = 1

c��pE �$E&cI()!?()���O�8.0�'3;,0��#&�8(Q6

af(s) + f(t) ≥ f(αs+ t), s, t > 0.

����("H$! 7 �<HI�Zv8V4x$x�z�@�|X�1CI("�'.0D��4D �"!$>K�w!$*"� �&#&#8�#� �?�)�'�",�#8()��!�. �<!�#8,�("�&!$.0��!$* ("�����?�&.��'3;,0�$#&�5(�6 T]/^*�E
_I�4/^("�&!$. ��W^E

a ��.��<�'.�bj/�!$.;%$��C��5(�6h����.0��>K�'D �N*�("�'� a E%$�E'&�E'!�E a ��.0�"��. 7 ��!=�<��! 7 �4DG�&.Jv8V4x$� �N|�("�0��()(+*,.-/-�02143657, *98 0 8;: 0 *	< 0 *�=�> 5 *�? 06@BAC, *9>ED�F 5 *GFH<I> 5 *JDKFL* ,�5+, < 5 * 56-�0 *G< ,�3 < 0 DK< 5�A DNM 0 8 57O (7FL*ScIP��Y%$�
�KD��P�����)��.�()�&�$#e/1!�.0D��8("�&!$.[!$*k/�!$.;%$��C��5(�6$c0��.0D:D����)�8%$�4D[�<!�>K�O/1!$.I%$�1C��8(Q6;bj�"�'#&�N()�'DL�8.0�'3;,0��#&�8("�&�'�'E��X(
("�0�
�"�$>K��("�&>K� i E7����>K��#2v&V'x$�;�Y|�/1!�.0�<("�),0/^()�'D���.?�1C���>K��#&�X!�*��ZD����"/�!$.�()�&.;,�!�,0�k��D�D��5()�&%$�$c����'.0/1�
a ��.0�"��.�bQ/1!�.;%$�1CL�$.0D[�",�@0�$D0D��5()�8%$��cI*-,0.0/^()�8!�.�E������'.�c �XE0�X���).0��()���&.[�$.0D i E0~�!I�1(\�"/\�=v&V'x0V4�Y|2�8>?b���)!Y%$�4D a ��.��<��.�� � >K�$�8.m�)�'�",�#5(�@;6:�<�0! 7 �&.�PK("�0��(;(Q: 0 *�< 0 *J=�> 5 *J? 0R@IA6, *S>EDKF 5 *TFH<U> 5 *�D�FL* ,�57, < 5 *DNM 0 FL*�D 0E1 F 5+1T5�A FLDV<W8 5+O (+FL*XF A FLDYFH< 3657, *98 0 8Z( 365 ? 0[5 *\(+* 56-�0 *]< 0 DUT]/^*�E^$��'>K>K� q/�sE ��W1E
&�E�_I�&���)���8���<HI�Zv8V4x�q$�N|X�"��! 7 �'DG()�0�N()(_: 0 *�< 0 *J=�> 5 *J? 06@YAC, *9>ED�F 5 *`FH<G> 5 *JDKFL* ,�5+, <aF A FLDbFH< Oc0 (+=
< ,�1 ( 3EdP0 c��sE eZ��()�)! 7 �"HI�Ov8V4x�q$xN|��"��! 7 �'DB("�0��(T(f: 0 *	< 0 *J=�> 5 *�? 06@aAC, *S>2D�F 5 * 3657, *98 0 8 5 *X(g< 0 D
5�A;-	5 <hFLD�FL? 0WOc0 (i< ,�1R0 FH<j> 5 *JDKFL* ,�5+, <$c � E���!$����v8V4x���qY|
���)!N%$�'D >�,�#8("��D��&>?�'.0�"�8!�.0��#���.0�$#8!�P$,��'�
!�*�()�����X���).0��()���&.IoI~�!I�1(\�)/)�B��.0DZ����>K��#
("�0��!$�)��>M�'c��$.0DB��E�fOE��m�'�0D��sv&V'x	�$z�| �<��! 7 �4D�("���N(
(Y: 0 *	< 0 *�=�> 5 *J? 06@ AC, *9>EDKF 5 * 3657, *98 0 8k( 3C5 ? 0U5 *�(;< 0 D 5�A < 0 > 5 *98ml"(+F 1R0 >C(+D 0�no5+1hp FH<b> 5 *�D�FL* ,�57, <$E
��E�u+,0/1g'>M�:v8V4x$y;�Y|eD����"/�,0�)�<�4D[�&.�D��1(\���&#�("�0���X���).0�<("�'�8.Io�~�!��1()�)/)��bp#&�8H��O/1!$.�D��5()�8!�.0� !$.�/1!$.;("�&.;,�b
�8(Q6G!�* a ��.0�"��.�bj/�!$.;%$��CU*-,�.0/1("�&!$.0���$.0DG�)�'�",�#8()�s!�. a �'.0�"��.�bQ/1!�.;%$�1C��8(Q6h!$.�D�!�>M���&.0�s!�()�����s()�0��.�&.�()���"%���#��r�&.

R
E�� .R�1C���!;�<�8("�&!$.K!$*2�8.0�'3;,0��#&�8("�&�'��D��'�"�&%$�'D?*-�)!$> a ��.��<�'.�bj/�!$.;%��1C��5(�6�>M�46?@��
*-!�,�.0D�$E P0Er�8. i E��sEJ�����\D�6�c a E���E�$e�5("("#&� 7 !I!�D2c i E��S��#&6��wv&V'x;�$qN|2��.�D[��E0u+,0/1g'>M�wv&V'x�y��Y|jE
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_��8.0/��Ou+,0/�g�>M� 7 �)!�()�Z�����
�",��"%$�'6mv&V'x�y��Y|��<!�>K�Z!�()����� �"���'/1����#�/����<�4�X!�*�T�VYW��0�Y%$�+@��'��.:�$.0�Nb
#&6;g'�'D2E�tsE�u+,���.=v&V'x�y�z�|�D��'�$#8( 7 �8("�m�<!�#8,�("�&!$.0��!�*n()���O�8.0�'3;,0��#&�8(Q6

af(s) + (1− a)f(t) ≥ f(as+ (1− a)t),

7 �����)� a ∈ (0, 1)
���e��A0CI�4D+�����\��>K�1()���'cY��.0DO�"��! 7 �'DZ()�0�N(e()����6+�$�"� a �'.0�"��.�bQ/1!$.I%$�1C2ES}SE4~��$�"��/�g�6��.0DR}���ES�k�$#8�4��v&V'x$yI{4|�P��Y%$���+�"��!$�"(k�0�"!I!$*�!�*�()���&�r�)�'�",�#8( T]/1*�ES�0�"!I!$*�!�*S$e��>K>M�O�7��E q�W^EnlQ.:v&V'x$yI{4|

u+,���.m/1!$.��<��D����)�'DR()���O�&.��'3;,0��#&�8(Q6L!�*n()���s�"!�bj/'��#&#&�'D
(α, a)

bj/1!�.;%$��C��5(�6�`
af(s) + (1− a)f(t) ≥ f(αs+ (1− α)t),

7 �����)� α, a ∈ (0, 1)
�$�"��A�C��'D2c��$.0DR���"!N%$�'DK()�0�N(��8()���<!�#8,�("�&!$.0�X���)� a �'.0�<�'.�bQ/1!$.I%$�1C2ESu+,���.[/1!$.�b� �'/1(",��)�'DM("�0��(

(α, a)
bj/�!$.;%$��C�*-,0.0/^()�8!�.0�X���)��/�!$.0�<()�$.�(�*-!$�X�"!$>K�

α, a
EklQ.0D������'.0D���.;("#&6M!�*eu+,���.ec

_�ENu+�"6I�0�"HI��v8V4x$x$��|;/1!�.0�"�&D��'�"�4D+("���
(α, a)

bj/�!$.;%��1CZ*-,0.0/^()�8!�.0�S�8.s()����/1!$.;("��C;(S!$*0>?��("�)�&/'��#I/1!�.;%$�1CIb
�8(Q6��$.0D����)!Y%$�4Ds("�0��(��+/1!$.I%$�1C���.�D

(α, a)
bj/�!$.;%$��Cs*-,�.0/^()�8!�. 7 �5()� a 6= α

���k.�!�.0D��'/��"�4�$�"�8.0P0c���.0D
/1!�.0�<�43;,���.;("#&6$c2/�!$.0�<()�$.�('E � .0� 7 ���)�&.�Pw�L�0�"!�@�#8�'>F��!��"�'D�@;6U_2E2f
!$#&� 7 ��/1g�ce}SE�u�!$>K�&.���HGv&V'x$x;qY|
�"��! 7 �'D:()�0�N(YF A a 6= α

DLM 0 * 0 ? 021hp (α, a)
=�> 5 *J? 06@ AC, *9>EDKF 5 *T<E(+D�FH< A6p FL* n < 5+Oc0���0 (�� 1R0�n/,�d ( 1 FLD p

> 5 *987FLDKF 5 *	<RT 0�� n���OY0 (i< ,�1 ( 3 F d FLD p WkFH<a> 5 *	<hD (7*�D � a E��U�N("H�! 7 �"HI�r��.0D=��E���6I/��&�=v&V'x�x���@�|r�"!$#&%$�'D("�0�su+,���.:���"!�@�#&��> ���"!N%I�8.0P�("�0��(
(α, a)

b2> 5 *J? 0R@IAC, *9>EDKF 5 *	<m( 1R0 > 5 *�<CD (+*JD F A c%(7*98 5 * d p F A c�DNM 0
- ( 1 ( Oc0 D 021 < α (+*S8

a
( 1R0 * 5 D ( d no0 3E1 (+FV>C( dNd p > 5 *�� ,/n (7D 0 E

uKE;�����)!$.ec a E;�U�N("H$! 7 �"H;�pc;��.0DRuKE;t �&H$!�D���>Fv8V4x$x$z�|��"��! 7 �'D?()�0�N( f : (0,∞)→ R
<E(7DKFH<
	 0 <

af(s) + (λ− a)f(t) ≥ f(as+ (λ− a)t), s, t > 0, a ∈ (0, λ),T � M 021R0 λ ∈ (0, 1)
WIF A (+*98 5 * d p F A DNM 0E1R0U06@ FH<CDK< (Q> 5 *J? 06@IAC, *9>EDKF 5 * g : (0,∞)→ R

< , >6M)DLM�(+D

λ−1g(λt) ≤ f(t) ≤ g(t), t > 0.���������)�'�",�#8(e>?�4��.0���&.s�0���"("��/1,�#����2()�0�N(e("�0��/�#&���"�"�'�2!$*��<!�#8,�()�&!$.0�2("!�T<V4Wjo�Tdq�W2���)�r�;,�P����8*
α+β < 1

c
a = α

c
b = β

E
lQ.I%$�'�<("�&P���("�&!$.0��!�*n�&.��'3;,0�$#8�8(�6�T�VYW�*-!��

0 < α < 1 < α+ β
c
a = α

c
b = β 7 ���)���&.��8("���N()�'DL@I6

a E����N()H$! 7 �"HI�rv&V4x$x$�$@�c�V'x$x;q���c2V4x$x;qN@�|�Td/^*�E ��#��<!R����("H$! 7 �<HI�e��.0D:��6�/��&�mv&V'x$x;���N|-W 7 ��!R���)!Y%$�4D("���N(��"!$#&,�("�&!$.0��()!UT�V4Wjo�Tpq$W��$�"�O#&�8.��4���4E�lQ.Gv&V'x�x�q�@�|����������0#8�&�'D[("����� �&.��'3;,0�$#8�8(�6L("!L/)�0�$�)��/^()���)�8g'�
Lp
bp.�!��">M���8.[("���s/�#&���"��!�*

Lp
bj#8�&H$�Z*-,�.0/1("�&!$.0�$#&�'c��dE �$E�*-,�.0/1("�&!$.0�$#&�
!�*n()���+*-!$�)>

Pφ,ψ(x) = ψ
( �

Ω

φ ◦ x dµ
)

*-!$�r("�������)P$,�>K�'.�(
x
@����&.�Ps��*-,�.0/1("�&!$.RD��1A0.0�'D?!�.K�+>?�4�$�",��)���"�0�$/��

(Ω,Σ, µ)
��.0D�("�0�
�0�$�)�$>�b

�1()����*-,�.�/^("�&!$.��
φ, ψ

�)�N()�&�<*-6I�8.0P��"!$>K� 7 �4��H?�)��P$,0#&�$�"�8(�6�/�!$.0D��8("�&!$.���Ek����("H$! 7 �<HI�ev&V'x�x$����c0V4x$x�q�@�c
V'x�x	��|
/)���4/)H$�4D 7 �0�&/\� Lp bp#&�8H��w*-,�.0/1("�&!$.0�$#&�M�)�N()����*-6�("�0�m�m�&.�H$! 7 �<HI���&.��43�,���#&�5(�6�`[�8*�()���:>K�'��b�",��"�R�<���$/1�

(Ω,Σ, µ)
/1!�.�(\���&.0�+@�!$("���">M��#&#���.�Dh#����)P$�M�"�1()�O("���'.=()���L�<,�@��$D�D��8("�&%I�5(�6h!�*

Pφ,ψ�&>?�0#8�&�'��("�0��(
φ, ψ

�$�"�R��! 7 ����*-,�.0/^()�8!�.0�[T]/^*�E=��#��"!��sE���Er}2�$��.0��.�v8V4x$y�qN|pc'&�E'&h.I,�H�v&V'x�y�z�|jc
���N()H$! 7 �<HI��v8V4x$x�z$|pcS�$.0D�����("H$! 7 �<HI����.0D���6�/1����v&V'x�x	��|�W1E �����m@I6�bj���)!�D�,0/1(����N()H$! 7 �"HI��!�@�b
()�$�8.0�'D���P���.��'�)�$#;�8.0�'3;,0��#&�8(Q6O("�0��(�/1!�.�()�$�8.��e()��� ���#&D����r�$.0D��m�&.�H$! 7 �"HI�I�8.��43;,0��#&�5()�&�'�k���k�<���'/��&�$#
/����<�4�Zv&V'x$x���@�c�V'x�x�V�|pE

�U�N("H$! 7 �"H;��v&V'x$x$z��N|�,0�<�4D��&.��'3;,0�$#8�8(�6�T�V4WO()!h�"��! 7 ()�0�N(?�&. ��>K�'�$�",��)�L�"�0�$/��w/1!$.;()�$�8.��&.�P
@�!�()� �">K�$#8#Z��.0D�#����)P$���<��()�R("���

Lp
bp#&�&H$�m*-,�.0/^()�8!�.0��#��L�)�N()�&�<*-6I�8.0PG()���W��$#�D��'�R�&.��43�,���#&�5(�6B�$�"�

�"�8>K��#&6
Lp
bj.�!��">M�'ES���N()H$! 7 �"HI�0��.0DM��6�/1���Mv8V4x$x;���N|����)!N%$�'D�()�0�N(��8* 0 < α < 1 < α+β

c
a = α

c
b = β

()����.
Lp
bp.�!��">M�����)�+()����!�.�#86

Lp
bj#8�&H$�O*-,�.0/1("�&!$.0�$#�� 7 �0�&/\�U�"��("����*-6GT�VYW^E�_I!�>K�s�)�'�",�#8()� !$*

_I�'/1("�&!$.my?@���#&! 797 ���)�O��.�.�!�,�.0/1�4Dw�8.:��6�/1���[v&V'x�x$�N|jE
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$e�1( ,0�
.�!�()�Z("���N(
("���OP���.��'�)�$#�#8�&.��4���
�'3;,0�N()�&!$.
af(s) + bf(t) = f(αs+ βt), s, t ∈ R,

7 ���w��(),0D��&�'D @;6�>M��.I6���,�()��!$�\��E i E ����>K��#?v&V'x$�;�Y|Z/1!�.0��()�",�/^("�4D�.0!$.�>K�'���<,0�)�$@�#8�U�$D0D��5()�&%$�*-,�.0/1("�&!$.0����.0D:��E �����'/\���1(�v8V4x�V4��c2V'x0V�z�|����)!Y%$�4DL("���N( 0 ? 0E1hpkOc0 (+< ,�1 ( 3EdP0 (#8/8+FLD�FL? 0 AC, *S>2D�F 5 *WFH<
> 5 *�D�FL* ,�57, < , (+*S8a> 5 *�< 0��E,�0 *JD d p , d FL* 0 ( 1 E�_I�&>?�0#8�O���)!I!$*]����.0Dw��CI("��.0�"�&!$.0��!�* �0���4/)�0�1( � �X()����!��"�'>7 �'�"�[#&��("�'�?�0�"!���!;�<�4D�@I6�>K�$.;6 ��,�()��!$�\�[T]/1*�EB��E�u+,0/1g'>M� v&V'x$y;��c�_��'/�Erl ��E z�|���.0D a E��
/1g���#v&V'x	� ��c�_I�4/�E2q�E8V�|�W1EZ�������43;,0�N()�8!�. 7 �$�Z�<!�#8%$�4D:�&.G}SE�~Z���)��/1g'6=v8V4x	��z$|XT]/1*QE $�ES$�!;�<!�.0/1g'��v&V'x ��z$|pc
��.�D ��#��<!G}SEr~Z���)��/1g�6�v8V4x	��V�|pc a E%�
/1g���#+v&V'x�z;yN|jc�v8V4x	� ��c�_I�'/$Erq�E q�E �N|jcr�$.0D ��Eru+,0/1g'>M��v&V'x�y���c_I�4/�E���l"l"l^E&V'�N|-W^E
	 ? 0E1hp < 5+d�, DKF 5 * D 5 DLM 0 ( 3C5 ? 0 0��2, (7DKF 5 * FH< 5�A DNM 0"A2571hO f(t) = f(0) + g(t)

c
� M 0E1R0 g FH<Y(+*[(#8/87FLDKFL? 0 AC, *S>2D�F 5 * ���VA DLM 021R0k0R@ FH<hDV<;(Q* 5 *S> 5 *�<hD (7*�D > 5 *�D�FL* ,�57, <b< 5+d�, DKF 5 *Sc�DLM 0 *
a = α

c
b = β ��NA DNM 0 - (+F 1 < (α, β)

c
(a, b)

( 1R0 > 5 * � ,/n (+D 0 c�F �L0 � c�F A DNM 0E1�0m06@ FH<hDK<I(7*)FH< 5+Oc5+1�- M�FH< O
φ AC1R5+O DLM 0 	 0Ed 8 no0 * 0E1 (+D 0 8 32p α, β 5 *�D 5 DLM 0 	 0Ed 8 no0 * 021 (7D 0 8 3Ep a, b < , >6MGDNM	(+D φ(α) = a

(7*98
φ(β) = b

c�DNM 0 * 0 ? 021hp;1R0 ( d7AC, *9>EDKF 5 *j8 0 	�* 0 8 5 *�(��U( Oc02d�3 (i<hFH< 5�A R 5 ? 0E1 DLM 0 	 0Ed 8 no0 * 0E1 (+D 0 8
3Ep α, β O ( pQ360;0R@ D 0 *S8 0 8cD 5 ( AC, *9>ED�F 5 * f <E(+D�FH< A6p FL* n DLM 0 ( 365 ? 0Y0��2, (7DKF 5 * �

� ��� �	���"��� �����S��� ���
����/)���"�'/1("�&!$.:����D��&%I�&D��'D:�&.�()!M( 7 !R�0���"()�'`�("�����1C���!��"�8("!��"6w��.0D[("������,�CI�&#&�&�$�"6�c 7 ���&/\��/�!$.�(\���&.0�
���)!I!�*]�'En���0�
#&�$@���#��k!�*�("��� �$,�C��&#8�����)6O�0�$�<(\��c�("���'�8���",�@0�"�'/^()�8!�.0�'c�#&��>K>M�$�'c$�$.0D�*-!��">�,0#&���r/1!$.;()���&.
("�0�w#8��(<()���������\Er_I�&.0/1� 7 �L�)�1*-�'��("!=��,�C��&#8�����)6h�0�$�<(�*-!$�)>�,�#&����!$.�#&6 7 �8("�0�8. �"�'/1("�&!$.0�'cS()���LA0�\�<(
��,�CI�&#&�&�$�"6K*-!��">�,�#��?�&�
#���@���#&#&�'D=TV��V4WX�&.[�4�$/\�[�$,�C��8#&�����)6R�<�4/^("�&!�.�E

&=�+D��'.�!�()��@I6
N
c
Z
c
Q
c
R
c��$.0D

R+
("�0�Z.�!$.�.0��P���("�&%$���&.�()��P$�'�)�'c;�&.�()��P����\��c;�\�N()�8!�.0��#��'c��)�'��#��'c

��.�DB.�!�.�.���P;�N("�&%$�m�"�4��#���cX�)�'�"���'/^()�8%���#&6$E���6 -�5 <hFLDKFL? 0 7 �m>K�4��.��<("�)��/^("#&6 P$�)�'��("���K()�0��. � ��@;6
* 0 n (+D�FL? 0 7 �Z>K�'�$.[��()�"��/^()#86L�">K�$#8#&���X("�0�$.[�0Er�X6K("�0��� 0E1R5 AC, *9>EDKF 5 * 7 �+>?�4��. (0,∞) 3 t 7→ 0

E
lQ.M()���&���0�����'���8(�����/1!�.;%$�'.��8�'.�(�()!s,��<� ("�0� ()���)> -	5 ��021%AC, *S>2D�F 5 *w*-!$�X��.I6�*-,�.0/^()�8!�.R!$*�()��� *-!��">
(0,∞) 3 t 7→ ctp 7 �8("�:�0�$�)�$>K�1("�'�)� c ∈ R ��.0D p > 0

E
��!�.0�"�&D��'�r�$.K�$�"@��8("�\���)6O/�#&���"� F !$*�*-,�.0/1("�&!$.0� f : (0,∞)→ R

E%���",�@�/1#��$�)�
G
!$* F �&��/'��#&#8�4D��. F bR<hD 1 F - �5*S()�����)�O���)� f1, f2 ∈ G

�<,0/\�w()�0�N(
f1(s) < f2(s)

*-!��
s ∈ (0,∞)

c0��.�D
G = {g ∈ F : ∀s ∈ (0,∞), f1(s) ≤ g(s) ≤ f2(s)}.

&=�s�"�Y6M("���N(��K/�#&���"��!�*S*-,�.0/^()�8!�.0�
��� F b�M ,/no0 �8*k�5(�/�!$.;()���&.0�
�$. F bQ�<("�)�8��c0��.0D[�5( ��� F bCD 1 FL?.FV( d �8*�8()�
�&.�("�'�)�"�'/1("�&!$. 7 �5()� F �����'�5()����� ��>K��(�6$c0!$� /1!$.;()�$�8.0��!�.�#86R("�0�+g'���)!�*-,�.0/1("�&!$.�E
�������! #"hq�E8V�EZ������/1#��$�)��!�*��"!$#&,�()�8!�.0��!�*�T<V4Wjo�Tdq�Wk�����I,�P$� 7 �8("�R�)�'�"���'/^(�()!O()����/1#��$�)��!�*��$#8#��)�'��#
*-,�.0/1("�&!$.0�
�8*k�5(�/�!$.�(\���&.0�����8("�0��� �?��!;�<�8("�&%$�+!$� �?.��'P��N()�8%$�Z*-,�.0/1("�&!$.

f0
�<,0/\�w()�0�N(

af0(s) + bf0(t) ≥ Kf0(αs+ βt),

7 ���'�"�w()���:�)�'��#
/1!�.0�<()��.;( K ���?P��"�4�N()����("�0�$.9Vw*-!��K��!��"�8("�&%$�
f0
cX�$.0D @���#&!$.0P���("!

(0, 1)
*-!��

.��'P��N()�8%$�
f0
EBlQ.0D����4D2c�,0.0D����K()���m�$@�!Y%$�:�$�)�<,0>?��()�&!$.0��()���m/1#��$�)�?!�*+�<!�#8,�("�&!$.0�K/�!$.�(\���&.0��()���

�<("�)�8��!�*�*-,�.�/^("�&!$.��
f : (0,∞) → R

�",0/)�B("�0��(
f0(t) ≤ f(t) ≤ Kf0(t)

c
t > 0

E � �<("�)�&�
/1!�.0�<("�),0/^()�'Dw�8.[("����� 7 �Y6R���
/'��#&#8�4Dw�Q<hD 1 F - ( 1R5+, *98 f0

E
&=�O�)�46K()�0�N( �?3;,0�$D��),���#&�

(α, β, a, b)
��� F b�M ,/n#0 �5*S�5(
#&�'��D���("!mT�VYWpo�Tpq$W 7 �8("� F bp�I,�P$�+/1#��$�)�!�*e�"!$#&,�("�&!$.0��� 7 ��/'��#&#��5( F bCD 1 FL?.FV( d �5*e�5(X#8�4�$D���("!wT�VYWpo2Tdq$W 7 �8("� F bd()�"�&%I�&�$#�/1#��$�)��!�*e�<!�#8,�("�&!$.0���;�$.0D
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7 �M/��$#8#r�5( F b2> 1 FLD�FV>6( d �8*X�8.=�'%$���)6m.����&P$�I@�!$�)��!I!�D�!�* (α, β, a, b)
�&.

(0,∞)4 ()�����)�K�$�"� F bj�;,0P$���.0D F bp("�)�8%I����#�3�,��$D��),���#&�'��!�*S�0�$�)�$>K�1("�'�)�'E���4%I�&.�P?A0CI�4Dw("���s�0�$�)�$>?��("�'�)�
α, β

c 7 �s�$����#&6R()���O.0!�("�&!$.���!$* F bp�I,�P$��c F bp("�)�8%I����#pc��$.0D F b/1�)�8("��/���#�("!�("�0�Z�0�$�8�\��!�*n�0���\��>K��("���\�
(a, b)

E�&h�O�"�Y6?()�0�N( ���0�$�8�
(a, b)

��� F b�M ,/n#0 �8* (α, β, a, b)��� F bp�I,�P$��ck��.�D 7 �w�"�Y6U("���N( (a, b)
��� F bCD 1 FL?.FV( d �5* (α, β, a, b)

�&� F bp("�)�&%;����#pE &=�w�"�Y6U()�0�N(?��0���&�
(a, b)

��� F b2> 1 FLDKFV>C( d �8*e�&.L�'%$���)6?.��'�8P��;@�!��"��!�!�DK!�* (a, b)
�&.

(0,∞)2 ()�����)�Z�$�"� F bp�I,�P$�Z�$.0D
F bp("�)�&%I�&�$#��0�$�8�\�X!$*S�0���\��>K�1()���\��E

��.�#&�'�)�+>K��.�()�8!�.��'D=!�()����� 7 �&�"�$c��&.h("���K*-!�#8#&! 7 �&.�P 7 �?()�$H$� F �'3;,0��#k()![("���R/1#��$�)�Z!$*��'�5()�����
��#&#pc2!$�+�$#8#k.�!�.�.��'P��N()�8%$��c�!$�O��#&#k.�!$.���!;�<�8("�&%$���)�'�$#n*-,�.0/^()�&!$.0�+!$.

(0,∞)
E ��!$�Z("���4�<�K/�#&���"�"�'� F c�&.0��()�'��D�!�* 7 �)�5()�&.�P F bj�;,�P��$c F bp("�)�8%I����#pc F bQ/1�)�8("��/���# 7 �
�<�&>K��#&6 7 �"�8("��M ,/no0 c0T]!$� -�5 <hFLDKFL? 0 M ,/no0 c$!$�* 0 n (7DKFL? 0 M ,/no0 c��"�4�<���4/^()�8%$�'#86�W^c�D 1 FL?.FN( d T-!$� -	5 <CFLD�FL? 0 D 1 FL? FV( d c�!$� * 0�n (+D�FL? 0 D 1 FL?.FV( d c��)�'�"���'/1("�&%$��#&6�W1c

> 1 FLDKFV>C( d T-!�� -	5 <CFLD�FL? 0 > 1 FLDKFV>C( d cS!$�Y* 0�n (+D�FL? 0 > 1 FHD�FV>C( d cS�)�'�"���4/^()�8%$�'#86�W1E�lQ.�_I�4/^("�&!$.G�:D��'�)/1�)�8@��&.�P
("�0�+()���)���1bQD��&>?�'.0�"�8!�.0��#�/��"�8()�&/'��#�>K�$.��8*-!$#�D�� 7 �O()�$H$� F �'3;,0�$#2("!K()����/1#��$�)��!$*k��! 7 �'��*-,�.�/^("�&!$.��
!$.

(0,∞)
c���.0D 7 �O("�0��. 7 �)�8("� -	5 ��0E1 =KM ,/no0 *-!�� F bp�I,�P$��c0�1()/$EB&=���$#&�"!M,0�"�+()���s�0���)���<���<�;,�P��/1#��$�)��!$*e��!��"�5()�8%$�Z�"!$#&,�("�&!$.�� ���8.0�<("�4�$DR!�* �<��!��"�8("�&%$���;,0P$�Z/1#��$�)��!$*n�<!�#8,�("�&!$.0� �\cI��.�D ���I,�P$�Z/1#��$�)��!$*

��!��"�5()�&%$�Z��! 7 �'�
�"!$#&,�("�&!�.0� �Z�8.���()�'�$D[!�*#����!;�<�8()�8%$�+��! 7 �'�<bj�;,0P$�+/1#��$�)�X!�*r�<!�#8,�()�8!�.0� �\cI��()/$E
�X6w("��� F b2> 1 FLD�FV>6( d < 0 D 7 ��>?�4��.:()�����"�1(�!�* F bQ/1�)�5()�&/'��#n3;,0�$D��),���#&�'� !�� �����&�)�'E�lj(��������)!Y%$�4D�&.�_I�'/1("�&!$.m�?("�0��( �'%$���)6R.�!�.���>K��(�6[/1�)�5()�&/'��#e�<��( !�*k�0�$�8�\����� �M/1,��)%$�$E ���Y%;�&.�PM���"!N%$�'DL()������c 7 �

,0�"�Z("�0�+("���)> > 1 FLD�FV>6( d > ,�1 ? 0 ("!M�"��*-����("!K("���s�"�1( !�*k/��"�8("��/��$#������&�)�'E
lj( ���
/1#&�'�$�X("�0��(�()�"�&%I����#2��!$�&.�()� ���)�Z.�!�( �;,�P$��E�� ���)�8!��"�2/��"�8("��/��$#���!��8.;()�
>?�&P$�;(
@��+("�)�8%I����#2!$�

�;,�P��$EklQ.R*]�$/1('c;()���&�X�0�$�����X�"��! 7 ��("�0��(�()�����)�Z���)� ��!��8.;()��()�0�N(
���)���<�&>�,�#8()��.0��!$,��<#&6K/��"�8("��/��$#��$.0D
("�)�&%;����#pE�lj(+��#��<!w�<��! 7 � ("�0��(�("���'�"���$�"��.�!L��!$�&.�(\� ()�0�N(+�$�"���"�&>�,�#5(\��.��'!$,0�"#&6:/1�)�5()�&/'��#S��.0D��;,�P$�
T�()��!$,0P$�w()�����)�O���)�Z��!��8.;()� 7 ���&/\�m���)�+�"�8>�,�#8()�$.���!�,0�<#&6R��! 7 ���"bj/��"�8("��/��$#��$.0Dw��! 7 ���"bp�I,�P$�4W1E
lj(n���e��#��<! /�#8�4���2()�0�N(n��%$���)6 ()�"�&%I����#��0�$�&�e/1!��"�)�'�"��!$.0D���()!���("�)�8%I����#$3;,0��D��),���#&�	�Y�'%$���)6��;,�P����0���&�

/1!��"�)�'�"��!$.0D���("!K���;,�P��Z3;,0�$D��",��0#8� �I�$.0DR%I��/1��%$�'�)�)��E%� #��<!�c;�'%$���)6M/1�)�5()�&/'��#��0�$�8��/�!$�)�"�4�<��!$.0D���("!
�s/1�)�5()�&/'��#�3;,0�$D��),���#&�$Ekt !$(���%����"6?/1�)�8("��/���#�3;,0�$D��",��0#8��/1!$�)�)�'�"��!$.�D��S("!��O/��"�8("��/��$#��0�$�8�4c;�$���<��! 7 .
�&.:f
�'>K�$�"H�� ��E �?��.�D ��E ��E

$e�1( ,0�
�8.;("�)!�D�,0/��O�?�0���"("����#2!$�\D�����!�.w("���s�"�1(
(0,∞)4 @;6

(α̃, β̃, ã, b̃) / (α, β, a, b)
�8*
α̃ ≥ α, β̃ ≥ β, ã < a, b̃ < b.

&=�"�8("�&.�P
x . y 7 �Z>K�'�$. y / x E����Y%;�&.�P�A�C��'D α, β 7 �Z,0�"��()���Z�0�$�<()�&�$#�!��)D������&.0D�,0/��'DL@I6 / !$.("�0�O3;,0��D��\��.�(

(0,∞)2 c��dE �$E&c
(ã, b̃) / (a, b)

�8*
ã < a, b̃ < b.

�X!�()�G�&.=()���M( 7 !$bjD��&>K��.0�"�&!$.0�$#��$.0Dh*-!�,��<bQD��&>K��.0�"�8!�.0��#�/����<� 7 �L�)�46�()�0�N(?�:��!$�&.�( x �&�Q( 365 ? 0�s�"�1(��8*2("���'�"���&����.M�'#8�'>K��.�(
y
!�*�()�����"�1(X�<,0/\�K()�0�N(

y / x
c;�$.0D 7 ���"�Y6�("�0��(X�O��!$�&.�( x ��� 3C02dP5 ����"�1(��8*e()�����)�Z�&���$.L��#&��>K��.;(

y
!$*�()���+�"�1(
�",0/\�L("�0��(

x / y
E������Z�"�'#&��("�&!$.0��!�*e("�0!��"��.�!$("�&!$.0��("!

("�0�+�0�"!�@�#8�'>�T<V4Wpo2Tdq�WX���)�Z�1C���#&!$�)�'DL�&.�_I�'/^()�&!$.:�0E
lQ.s("���X��,�C��&#8�����)6��0���"(e!$*I()���&�S�"�'/^()�&!$.s�$.0DO�8.�_��'/^()�8!�.0�ny���.0Dsx 7 ��/1!$.��<��D����e("���X/1!$,0.�("�'�"�����"(

!�*�T<V4WX!$.w()���s/1#&!��"�'DL����#8*�bp#&�8.0�
R+
c��pE ��Ek("���O�&.��'3;,0�$#8�8(�6

(1R+
) af(s) + bf(t) ≥ f(αs+ βt), s, t ≥ 0.

lQ.w("�0�O��,�C��&#&�&�$�"6M�0���"(�!$*e()���&� �<�4/^()�8!�.[��.0Dw�&.m_I�'/1("�&!$.=V'� 7 �O/�!$.0�"�&D����X("���s/1!�,�.�()���)�0���"(X!$*XT<V4W
!$.��m/�!$.��R�8.��m#&�8.��4�����"�0��/1�M!N%$���O("�0�R�)�'��#�!���/1!�>K��#8��C=.;,�>�@����\�'E � �",�@0�"�1(

C
!$*
�m#8�&.��4���



��� �������	��
�

�"�0�$/������+/'��#&#8�4DU�_> 5 * 0 �8*��8(s/1!�.�(\���&.0�Z��(+#&�'����(Z( 7 ![��#&��>K�'.�()�O�$.0Dh�"��("����A��'� C + C ⊆ C
��.0D

tC ⊆ C *-!�� ��#&#
t > 0

E ��!��
��*-,�.�/^("�&!$.
f : C → R

()���O�8.0�'3;,0��#&�8(Q6
(1C) af(x) + bf(y) ≥ f(αx+ βy), x, y ∈ C,P$�'.����\��#&�&g��'�+T�VYW^E������'.�c0�K/1!�,�.�()���)�0���"(�!�*k/�!$.0D��8("�&!$.GTpq$WX���
(2C) lim sup

s→0+
f(sx) ≤ 0, x ∈ C.

�������	��
������������������������� �����+��,�CI�&#&�&�$�"6K�0���"(X!$*�()�������"�'/1("�&!$.L���)!N%;��D��4��#&��>K>M�$� 7 ����/\� 7 �8#&#
@���,0�"�'D:()���"!�,�P$��!�,�( ()����!$("���'���$,�C��8#&�&�$�"6w�0�$�<(\��E &=�s*-!$�)>�,�#��N()�O("�0��>F�&.U�MP���.��'�)�$#2*-!��"> *-!��
�)�'��#I*-,�.0/1("�&!$.0��D���A0.��'D?!�.K�+/1!$.0�

C
T-�&.?("����*-!�#8#&! 7 �8.�PZ("���'6 7 �&#8#�@���,��<�4D�*-!$� C �'3;,0��#�("!+�'�5()�����

(0,∞)
!��
R+
W^E

� � ��� ��q7�sE&V:T]����("H$! 7 �<HI��v8V4x$x$�$@�|-W^E � ,.-/-�5 < 0 a, b, α, β ≥ 0 � �NA f : C → R
<E(+D�FH<
	 0 < (1C)DNM 0 *

N∑

i=0

aN−ibi

(
N
i

)
∑

j=1

f(si,j) ≥ f
( N∑

i=0

αN−iβi

(
N
i

)
∑

j=1

si,j

)
, si,j ∈ C, N = 1, 2, . . . .

! 1R5 5�A � _I��(<("�&.�P x = s0,1
c
y = s1,1

�8.
(1C) 7 �m!$@�(\���&. ()�����8.��43;,0��#&�5(�6 !$*Z("����#8�'>K>K�=*-!��

N = 1
EZ_I,�����!;�<�s()�0�N(�()�������&.��'3;,0�$#8�8(�6[��!�#&D�� ()�",��s*-!����R��!��"�8("�&%$�

N ∈ N E"� �0��#86I�&.�PL�&.m(",0�".("�0�O�&D��'.�()�5(�6
N+1∑

i=0

aN+1−ibi

(
N+1
i

)
∑

j=1

si,j = a

N∑

i=0

aN−ibi

(
N
i

)
∑

j=1

si,j + b

N∑

i=0

aN−ibi

(
N
i

)
∑

j=1

s
i+1,
(
N
i+1

)
+j

T 7 �0�&/\�L��!$#�D���()�),�� *-!$����#&# N ∈ N c si,j ∈ C W1cI�8.0�'3;,0��#&�8(Q6 (1C)
c;("�����&.0D�,0/1("�&%$���;6I��!$("���4�<����cI�$.0D

��P;���&.?("���Z��@�!N%$�
��D���.;("�8(Q6�cI�"��! 7 �r("�0��(�("�����&.��'3;,0�$#8�8(�6?��!$#�D��r()�",0�
*-!$� N + 1
c 7 ����/)�L/1!�>?�0#8��("�'�

("�0�O���"!�!�*�E
�0!$�
P��8%$�'.w�)�'�$#

α
c
β 7 �O��,�(

Dα,β =

{
kαnβm+1 : m,n ∈ N, k = 1, . . . ,

(
n+m

m

)}
.

lQ.m/1!$.�.0�'/^()�8!�. 7 �8()�[�&.��43�,���#&�5(�6UT<V4W1c�("���O.;,0>�@����\�
λα,β = kαnβm+1 ∈ Dα,β and λa,b = kanbm+1

���)�B/'��#&#8�4D > 571h1�0 < -	5 *98+FN* n E &�����. �)�1*-�'�"�)�8.0P ()!
Dα,β

��.�D ("����/�!$�)�"�4�<��!$.0D��8.�P9��#&��>K��.;()�
λα,β , λa,b

c 7 �O�$# 7 �Y6��X�8>K��#&��/1�8("#&6w���"�",�>K��()�0�N( m,n ∈ N �$.0D k ∈ {1, . . . ,
(
n+m
m

)} E
� � ��� ��q7��E q�E#" 0 D a, b, α, β > 0 �%$�5+1 λα,β = kαnβm ∈ Dα,β

(+*98aDNM 0 > 5+1h1R0 < -�5 *987FL* n λa,b c-9, D
cα,β = (α+ β)n+m − λα,β , ca,b = (a+ b)n+m − λa,b.

�NA ( AC, *S>2D�F 5 * f : C → R
<E(+D�FH<
	 0 <4FL* 0��E, ( d FLD p (1C)

DNM 0 *

λa,bf(s) + ca,bf(δ/cα,β) ≥ f(λα,βs+ δ), s, δ ∈ C.
! 1R5 5�A � �S��H$� s, δ ∈ C ��.0Dh������#&6)$e��>K>M�[q7��E8V 7 �8("� N = n + m

c
sm,1 = · · · = sm,k = s

c
��.�DL("���O�)��>M���&.��&.�P

si,j = δ/cα,β
E

&=� 7 �&#8#�,0�"�Z()���+*-!$#&#8! 7 �&.�P?%$�'�)�"�&!$.w!�*n()��� 7 ��#&#�H;.0! 7 .[�)�'�",�#5( !�*ku+�)!$.��4/)H$�'�'`



� 
����������
	�� ��� 
������� 
�������	���� 
�� 
���� ��'

� ��� � �9q7�sE �0E �NA 0 < α < 1 < β
(+*S8

log β/logα
FH<aF 1h1 (+D�F 5 *9( d cIDNM 0 *ZDLM 0 < 0 D {αnβm :

n,m ∈ N} FH<m8 0 *�< 0 FL* (0,∞) �
� ��� � � q/�sE zhTd���N()H$! 7 �<HI�S�$.0D���6�/1���Uv&V'x$x;���N|-W^E �NA 0 < α < 1 < β

DLM 0 * Dα,β
FH<c8 0 *	< 0 FL*

(0,∞) �
! 1R5 5�A � lj* log β/logα

���+�8�)�)��("�&!$.0�$#n("���'.�ce@;6m()���K���)�'/��'D��&.�P[#&��>K>M��c2()���M�",�@0�"�1( {αnβm+1 :

m,n ∈ N} !$* Dα,β
�&�+D���.0�"�?�8.

(0,∞)
E�lQ.U()���?�)��>M�$�8.��&.�P[/'�$�"��("�0���"�?��C��&�<(

n,m ∈ N �<,0/\�
("���N(

log β/logα = −n/m c 7 ����/)��>K�'�$.0� αnβm = 1
E[�X�'/'��,0�"�

k ≤
(
kn+j+km
km+1

) *-!$����%$���)6
k, j ∈ N c k > 0

c0��.0D
kαjβ = kαkn+jβkm+1,

7 �s�<���+("�0��( kαjβ ∈ Dα,β
��.0D[�"!

Dα,β
/1!$.;()�$�8.0�
�KD��'.0�"�O�",�@0�<��( {kαjβ : k, j ∈ N} E

���0��.��1CI(Z#8�'>?>M�L�$#8#&! 7 � ,�� ("!L�)����#��$/��O("���?�$�)�",�>K��("�&!$. α + β > 1 7 �8("� β > 1
�8.h�<!�>K�

/1!�.0�<��D��'�)��("�&!$.0�'E
� ��� � ��q7�sE �[T]����("H$! 7 �<HI�rv8V4x$x���@�|-W^E �NA a, b, α, β > 0

<E(7DKFH< ACp
α+ β > 1,

DLM 0 *jDNM 0E1R0;0R@ FH<hD β1 > 1
(+*S8

b1 > 0
< , >CM DLM�(+D 0 ? 021hp f : C → R

<E(+D�FH< ACp FL* n (1C)
<E(+D�FH<
	 0 <

af(x) + b1f(y) ≥ f(αx+ β1y), x, y ∈ C.
�NA c Oc571�0C5 ? 0E1 c a + b > 1

DNM 0 *_DLM 021R0k06@ FH<hD β1 > 1
(+*S8

b1 > 1
< , >CM�DNM	(7D 0 ? 021hp f : C → R<E(+D�FH< ACp FL* n (1C)

<2(7DKFH<
	 0 <bDLM 0 ( 365 ? 0 FL* 0��E, ( d FLD p �
! 1R5 5�A � ����!I!;�<� k ∈ N �",0/)�[("�0��( β(α+ β)k > 1

c0��.0Dw�0,�(
b1 = b(a+ b)k, β1 = β(α+ β)k.

_I,�����!;�<�+("�0��(
f
�)�N("���<A0�'�

(1C)
E������'.

f((α+ β)kx) ≤ (a+ b)kf(x), x ∈ C,
��.0Dw*-!$� ��#&#

x, y ∈ C c
f(αx+ β1y) = f(αx+ β(α+ β)ky) ≤ af(x) + bf((α+ β)ky)

≤ af(x) + b(a+ b)kf(y) = af(x) + b1f(y).lj*
a+ b > 1

()����.[*-!��
#&�$�"P����'.�!$,�P��
k 7 �+!�@�()�$�8. b1 > 1

E
�S�&.0��#&#&6$c�#8��( ,0�
3;,�!$("�Z()���+*]��>K!$,��

� ��� � �Gq/�sE �[T���E����'�".���()���&.[��.�D i E0~�!I�1(\�"/\�=v&V'x�VY�Y|-W^E �NA (k: 0 *	< 0 *�=�> 5 *�? 06@ AC, *S>EDKF 5 *T8 0 	�* 0 85 *�(7* 56-	0 *jFL*�D 021 ?+( d FH< 3C5+, *S8 0 8c( 365 ? 0U5 *�(7* 56-	0 *)< ,�3 < 0 D 5�A DLM 0 8 57O (7FL*Sc�DLM 0 *)DNM 0�AC, *S>2D�F 5 *
FH<m> 5 *JDKFL* ,�5+, < �� * - ( 1 D�FV> ,�d ( 1 FLD FH< > 5 *J? 06@ c�F �L0�� c A2571 x, y AC1R5+O DNM 0 8 5+O (+FL* 5�A DNM 0�AC, *S>2D�F 5 * f��0 M	(+? 0

tf(x) + (1− t)f(y) ≥ f(tx+ (1− t)y), t ∈ (0, 1).

� � � �k�	� �^�2�����Z�����rS�X�r��	 ��0�Q���<9��� � �r�����\���<	"�
lQ.�()���&�r�"�'/^()�8!�. 7 ���8.I%$�'�<("�&P��N()��("�0�X�)��#��N()�8!�.0�n@��1( 7 ���'.��&.��'3;,0�$#8�8(Q6LT�VYWn��.0Ds()���X.0!�("�&!$.��n!$*0@��'�8.0P
�;,�P��$c�()�"�&%I�&�$#dc�!��+/1�)�5()�&/'��#pc�("�0�?�0���"("����#S!��)D��'�

/
c���.�Dm("�0�?.�!�()�8!�.0��!$*�@����&.�P[�$@�!Y%$��!$�Z@��'#8! 7 �

�"�1('E������4�<�+.0!�("�&!$.�� 7 ���)�+�8.;("�)!�D�,0/1�4Dw�8.�_I�4/^("�&!$.�q�E
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&=�:D����"/1,��"�?�"���0�$�)��("��#&6h("���[��!��"�5()�&%$�w�$.0D�.0��P���("�&%$�w�"!$#&,�("�&!$.0�?��.0D 7 �:D�!h.�!�(�(\��H$�w�&.�("!
�$/'/1!�,�.�(�()���+�"!$#&,�("�&!$.0��()�0�N(X(\��H$��@�!$("�w��!��"�5()�8%$�Z�$.0DR.��'P���("�&%$��%���#&,��'�'Ek���������������)!���/)� 7 �&#8#�@��
� ,0�<("�8A0�'Dm@;6:������!��"�'>K�
z0E&V$c���E&V$c���E q�c �0E8V�c �0E �0c ��E z0c���.0D ��E ��c 7 ���&/\���<�0! 7 ("���N(��8*k("����/1#��$�)��!$*
�"!$#&,�("�&!$.0��!$*�T<V4Wpo2Tdq�Wk�����I,�P$��c$()����.R�'�5()������()����/�#&���"��!�*�.���P;�N("�&%$���<!�#8,�("�&!$.0�������;,�P�� !��r()����/�#&���"�
!�*n��!��"�5()�8%$�Z�"!$#&,�("�&!$.������X�;,�P��	�I>K!$�)��!N%$���4c��5*e()���+/1#��$�)��!$*e.���P;�N()�8%$�Z�<!�#8,�("�&!$.0������()�"�&%I�&�$#���.0DM()���
/1#��$�)�s!$*
��!;�<�8("�&%$�w�<!�#8,�("�&!$.0���&�s()�"�&%I����#pcn()����.�("�0�Lg'���)!m*-,�.0/^()�8!�.����s()���w!$.�#&6=�"�4��#X�<!�#8,�()�8!�.G()!
T�VYWpo2Tdq�W^E
$e�1( ,0�
@���P$�&. 7 �8("�[("�0�+*-!$#&#8! 7 �8.0PK�"�8>K��#&�$c�@�,�(��8>K��!��<(\��.�(

� � ��� �J��E&V$E#" 0 D α, β > 0 360 	 @ 0 8 � �VA ( -	5 <CFLD�FL? 0 f0
<E(+D�FH<
	 0 <LT<V4Wjo�Tpq$W � FLDLM -�5 <hFLDKFL? 0)1R0 ( d

a0, b0
FL* -9d (#> 0a5�A a, b c�DNM 0 * A25+1Y0 ? 021hp (a, b)

( 365 ? 0 (a0, b0)
c�F �L0 � c (a, b) . (a0, b0)

c�DLM 0 > d (i<C<
5�AB-	5 <hFLDKFL? 0 < 5+d , D�F 5 *�< 5�A T�V4Wjo�Tpq$WbF <"M ,/n#0 (+*S8a> 5 *JD (7FL*	<4<hD 1 F - <m( 1R5+, *S8 f0

E
��� �K/1!$.��<�43�,0��.0/1�+!�*n()���O#8�'>K>K� 7 �+P��1(

��� ���  #��� �0E q�E#" 0 D α, β > 0 3C0 	 @ 0 8 �
• �VA DLM 0 < 0 D 5�A -�5 <hFLDKFL? 0 > 1 FLDKFV>C( d	- (+F 1 < (a, b)

FH< 0EO - D p DNM 0 * 0 ? 021hp4- (+F 1 (a, b) ∈ (0,∞)2 FH<
M ,/n#0 �

• �VA DLM 0 > 1 FLD�FV>6( d < 0 D"FH<k* 5 * 02O�- D p c DLM 0 * FHD4FH<Q(W> ,�1 ? 0 (+*S8 0 ? 0E1hpY- (7F 1 (a, b) ∈ (0,∞)2

DNM	(7D 8 5.0 < * 5 D 3C02d 5 * n D 5 DNM FH<m> ,�1 ? 0 FH< 0 FLDNM 0E1 ( 365 ? 0Y571m360EdP5 � FLD ���j571R065 ? 0E1 c
◦ 0 ? 0E1hp4- (7F 1 (a, b)

( 3C5 ? 0 DNM 0 > 1 FLDKFV>C( d < 0 D d 0 (#8i< D 5 T�VYWpo�Tpq$W � FLDNMQM ,/n#0 > d (+<C< 5�AB-	5 <hFLDKFL? 0
< 5+d , D�F 5 *�<	�

◦ 0 ? 0E1hp - (7F 1 (a, b) 3C0EdP5 � DLM 0 > 1 FLD�FV>6( d < 0 D dP0 (#8i<ID 5 T�VYWpo�Tpq$W � FLDNMaD 1 FL? FV( d > d (i<C< 5�A�-	5 <hFLDKFL? 0< 5+d , D�F 5 *�< �
t�! 7 /�!$.0�"��D�����("��� 7 ��!�#8�+�0�$�)�$>K�1("�'�
�<�0��/1� (0,∞)4 ��.0D:��()�"�&�0� 7 �8("�:�)�'�<���4/^(�()!?("���s/�#&���"�!�* ��!��"�5()�8%$�R�&.0/��"�4�$�"�8.�Pm��! 7 ���s*-,�.�/^("�&!$.���EU�����'!$�)��> ��E z 7 �8#&#X�"��! 7 ()�0�N(�()���w�"�1(�!�*
��!;�<�8("�&%$�

��! 7 ���"bj/��"�8("��/��$#23;,0�$D��),���#&�'� (a, b, α, β)
�&���?("���)����bjD��&>K��.0�"�8!�.0��#2("!$��!�#8!�P$��/���#2>K�$.��8*-!$#�D2E e�.��O!�*

("�0�RP$!;��#��Z!$*X("�0�&�s���������s���O("!��"��! 7 ()�0�N(s()�����s>M��.��8*-!$#�DG/1!��&.0/1��D��'� 7 �8("�G()���L�"�1(�!�*���!;�<�8("�&%$�
/1�)�8("��/���#03;,0�$D��",���#&�'�

(a, b, α, β)
Er������� 7 �&#8#�*-!$#&#8! 7 7 ����. 7 �
���)!Y%$�
�����'!$�)��>M����E&V$c;��E q�c ��E ��c	�0E z�c

��.�D ��E ��c���.0D���!$�)!$#&#&���)�8�'� {IE z0c�{IE ��c���.0D:y�E ��E
$e�1( ,0� ��(\���"( 7 �8()�:�$.:��.0�$#8!�P$,��Z!�*%$��'>K>K�M��E&V$E

� � ��� � ��E ��E �NA (7* FL*S> 1R0 (i<hFL* n)-	5 <CFLD�FL? 0c-	5 ��021mAC, *9>EDKF 5 * f0
<E(+D�FH<
	 0 <mT�V4Wjo�Tpq$W � FLDLM -�5 <hFLDKFL? 0

1R0 ( d α0, β0, a0, b0
FL* -9d (#> 0_5�A α, β, a, b

c DLM 0 * A2571W0 ? 0212p (α, β, a, b)
( 3C5 ? 0 (α0, β0, a0, b0)

c
F �L0 � c (α, β, a, b) . (α0, β0, a0, b0)

c DNM 0 > d (i<C< 5�AI-	5 <hFLD�FL? 0 < 5+d , D�F 5 *�< 5�A T�VYWpo2Tdq$WcFH< -�5 ��0E1 =KM ,/no0
(+*S8a> 5 *JD (7FL*	<4<hD 1 F - <m( 1R5+, *S8 f0

�
��� ���  #���F��E z0E��SM 0 < 0 D 5�Am-	5 <CFLD�FL? 0c-	5 ��021 =�> 1 FLD�FV>6( d �2, (#8 1h,.-SdP0 < (α, β, a, b) ∈ (0,∞)4 FH<j(
DNM 1R060 =�8+F Oc0 *	<hF 5 *S( d D 5C-	5+d 5Rn FV>C( d O (7*�F A257d 8 � 	B? 0E1hp �2, (#8 1h,.-SdP0 (α, β, a, b) ∈ (0,∞)4 DLM�(+D48 5 0 <
* 5 D 360EdP5 * n D 5 DLM�FH< O (7*�F A25+d 8aFH< 0 FLDNM 0E1 ( 3C5 ? 0;571m360EdP5 � FLD ����5+1R065 ? 0E1 c
• 0 ? 0E1hp �2, (#8 1h,.-SdP0 ( 365 ? 0 DLM 0 > 1 FLDKFV>C( d -	5 ��021 < 0 D d 0 (/8+<WD 5 T�VYWpo�Tpq$W � FLDNM`M ,/no0 > d (+<C< 5�A
-	5 <hFLDKFL? 0 -	5 ��021 < 57d , DKF 5 *	<	�
• 0 ? 0E1hp �E, (/8 1h,.-9d 0�360EdP5 � DNM 0 > 1 FLD�FV>6( d'-	5 ��021 < 0 D d 0 (#8i< D 5 T<V4Wpo2Tdq�W � FLDLMZD 1 FL? FV( d > d (i<C< 5�A
-	5 <hFLDKFL? 0 -	5 ��021 < 57d , DKF 5 *	< �
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lQ. �U�"�8>K�&#&�$� 7 �46=("!U("���w�)�'�",�#8()���0E �U��.0D ��E z0ck!�.��L>M�46G���)!Y%$�R("���'�8�K�$.0��#&!$P�,��'�O*-!$��()���
/1#��$�)��!$*��8.�/1�)�'�$�"�&.�PL��!;�<�8("�&%$�?��!$>K��!�>K!$�)�������<>M�?T-�&.0�<("�'��DU!�*�()���M/1#��$�)��!$*���!��"�5()�8%$�?�&.0/1�)�'���<�&.�P
��! 7 ����*-,�.0/1("�&!$.0�\W^E+�����'!$�)��>M����E8V�c���E q�c �0E �0c �0E z0c��$.0D �0E ��c��$.0Dh��!��"!�#8#����"�&�'��{�E z�c2{�E ��c���.0D�y0E �
7 �&#8#X�"��! 7 ("�0��(s()���w/1�)�5()�&/'��#��<��(��'�<()�$@�#&�&�"���'DG�&.G("�0�&� 7 �Y6=/1!��8.0/��&D��'� 7 �5()�G()���w/1�)�5()��/���#��"�1(�!$*
������!��"�'> ��E z0E

lQ.�("���h�"�'/�!$.0D��0���"(L!�*+()���&�w�"�'/1("�&!$. 7 �U/�!$.0�"��D����L.���P;�N("�&%$���"!$#&,�()�8!�.0�M!$*RT�VYWpo2Tdq$W1E������
�)�'�<,0#5(\�
���)�O��.0�$#8!�P$!$,0��("!K()��!��"�Z*-!��
��!��"�8("�&%$�O�<!�#8,�("�&!$.0�'E �S�8�\�<( /�!$.0�"�&D���� 3;,0�$D��\��.;()� 7 �5()�[A�C��'D
��!��"�5()�&%$�

α, β
E

� ��� � � �0E ��E#" 0 D α, β > 0 360 	 @o0 8 � �NA (W* 0 n (7DKFL? 0 f0
<E(+D�FH< 	 0 <wT<V4Wpo2Tdq�W � FLDNM -	5 <hFLD�FL? 0)1R0 ( d

a0, b0
FL* -9d (#> 0k5�A a c b c�DNM 0 * A2571Y0 ? 0212p (a, b) 3C02d 5 � (a0, b0)

c�F �H0 � c (a, b) / (a0, b0)
c%DNM 0 > d (i<C<

5�A * 0 n (+D�FH? 0 < 57d , DKF 5 *	< 5�A T�VYWpo2Tdq$WbFH<"M ,/no0 (7*98Q> 5 *�D (+FL*�<I<hD 1 F - <m( 1R57, *98 f0
�

��� ���  #��� �0E �0E#" 0 D α, β > 0 360 	 @o0 8 �
• �NA DLM 0 < 0 D 5�A * 0 n (7DKFL? 0 > 1 FLD�FV>6( d - (+F 1 < (a, b)

FH< 02O�- D p DNM 0 * 0 ? 0E1hp�- (+F 1 (a, b) ∈ (0,∞)2 FH<
M ,/n#0 �

• �NA DLM 0 > 1 FLDKFV>C( d < 0 DIFH<k* 5 * 02O�- D p c DLM 0 * FLD4FH<Q(W> ,�1 ? 0 (+*S8 0 ? 021hpc- (7F 1 (a, b) ∈ (0,∞)2

DNM	(+D 8 5 0 < * 5 D 3C02d 5 * n D 5 DNM FH<m> ,�1 ? 0 FH< 0 FLDNM 0E1 ( 365 ? 0Y571m360EdP5 � FLD � ��571R065 ? 0E1 c
◦ 0 ? 0E1hp - (+F 1 (a, b)

( 3C5 ? 0 DNM 0 > 1 FLD�FV>6( d < 0 D d 0 (#8i< D 5 T<V4Wpo2Tdq�W � FLDNMcD 1 FL? FV( d > d (+<C< 5�A * 0 n (7DKFL? 0
< 5+d , D�F 5 *�<	�

◦ 0 ? 0E1hp"- (+F 1 (a, b) 3C02d 5 � DNM 0 > 1 FLD�FV>6( d < 0 D dP0 (/8+<bD 5 T<V4Wjo�Tdq�W � FLDLMaM ,/no0 > d (i<C< 5�A * 0 n (7DKFL? 0< 5+d , D�F 5 *�< �
t�! 7 /1!$.��<��D����m()��� 7 ��!�#&���0�$�)�$>?��("�'���<���$/1� (0,∞)4 ��.�D �<("�)�8��� 7 �8("���)�'�"���'/1(m("!�()���

/1#��$�)��!�*m.��'P��N()�&%$� D��4/1�)�'�$�"�&.�P���! 7 �'��*-,�.0/^()�8!�.0��E �����'!$�)��> �0E y �<�0! 7 ��("���N( ("�0�9�<��( !$*
.���P;�N()�8%$�m��! 7 ���"bQ/1�)�5()�&/'��# 3;,0�$D��),���#&�'� (a, b, α, β)

���L�G("���)����bjD��&>K��.0�"�8!�.0��#
()!$��!�#8!�P$��/���#
>M��.0�5b
*-!$#�D2EYe�.���!$*[("��� P�!��$#&�G!�*:("�������0�����'���&��("! �<��! 7 ()�0�N(�()���&��>M�$.��5*-!�#&D /1!��8.0/��&D��'� 7 �8("�
("�0�w�<��(�!$*
.��'P��N()�8%$�L/��"�8("��/��$#�3�,��$D��),���#&�'�

(a, b, α, β)
E������&.G()���w/'�$�"�M!$*
��!��"�8("�&%$�L�<!�#8,�()�&!$.0�'c

("�0�&� 7 �8#&#s*-!�#8#&! 7 *-�)!$> ���0��!$�)��>M�U��E&V$c���E q�c ��E ��c �0E z�cs��.0D���E ��cs�$.0D ��!$�)!$#&#&�$�"�8�4��{�E z�c�{IE ��c
��.0D:y�E ��E

$e�1( ,0� ��(\���"( 7 �8("�m�$.:��.0�$#8!�P$,��Z!�*%$��'>K>K���
��E �?�$.0D[��E ��`
� ��� � �9��E {IE �NA (g8 0 > 1R0 (i<hFL* n * 0 n (7DKFL? 0;-	5 ��0E14AC, *S>2D�F 5 * f0

<E(7DKFH<
	 0 <[T�VYWpo2Tdq�W � FLDNM -�5 <hFLDKFL? 0
1R0 ( d α0, β0, a0, b0

FL* -9d (#> 0U5�A α, β, a, b c�DNM 0 * A2571b0 ? 0E1hp (α, β, a, b) 360EdP5 � (α0, β0, a0, b0)
c�F �L0 � c

(α, β, a, b) / (α0, β0, a0, b0)
cBDLM 0 > d (+<6< 5�A * 0 n (7DKFL? 0 < 5+d�, DKF 5 *�< 5�A T�VYWpo�Tpq$WYFH< -	5 ��0E1 =KM ,/no0 (+*S8

> 5 *�D (+FL*�<I<hD 1 F - <m( 1R57, *98 f0
�

��� ���  #��� �0E y�E��SM 0 < 0 D 5�A * 0 n (7DKFL? 0m-�5 ��0E1 =�> 1 FLD�FV>6( d��E, (/8 1h,.-SdP0 < (α, β, a, b) ∈ (0,∞)4 FH< (
DLM 1R060 =�8+F Oc0 *	<hF 5 *S( d D 5C-	5+d 5Rn FV>C( dBO (7*�F A257d 8 � 	 ? 0E1hp �2, (#8 1h,.-9d 0 (α, β, a, b) ∈ (0,∞)4 DLM�(+D48 5 0 <
* 5 D 360EdP5 * n D 5 DLM FH< O (+*JF A25+d 8QFH< 0 FLDNM 0E1 ( 365 ? 0Y571m360EdP5 � FLD ���j571R065 ? 0E1 c
• 0 ? 0E1hp �E, (/8 1h,.-SdP0 ( 3C5 ? 0 DNM 0 > 1 FLDKFV>C( d'-	5 ��021 < 0 D dP0 (#8i< D 5 T�V4Wjo�Tpq$W � FLDNM D 1 FL?.FV( d > d (+<6< 5�A
* 0�n (+D�FL? 0 -�5 ��0E1 < 5+d , D�F 5 *�< �

• 0 ? 0E1hp �E, (/8 1h,.-9dP0[3C02dP5 � DLM 0 > 1 FLD�FV>6( d -	5 ��021 < 0 D dP0 (/8i<TD 5 T<V4Wpo2Tdq�W � FLDLM M ,/no0 > d (i<C< 5�A
* 0�n (+D�FL? 0 -�5 ��0E1 < 5+d , D�F 5 *�< �
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�

_��8.0/��R( 7 !�bQD��8>K�'.0�<�&!$.���#�/1�)�5()�&/'��#��"�1(\���$�"�L/1,0�"%$�4�s�$.0D=*-!�,��"bjD��&>K��.0�"�8!�.0��#�/1�)�5()��/���#X�<�1(\�����)�
("�0�"�'�1bQD��8>K�'.0�<�&!$.���#
>M�$.��5*-!�#&D0��c��&.�("����*-!$#&#8! 7 �8.0P 7 �m�)�1*-���R("!�("���'> ����> 1 FLDKFV>C( d > ,�1 ? 0 <��$.0D
> 1 FLDKFV>C( d�O (7*�F A257d 8i<$E �0�"!�> $��'>K>K���
��E&V+�$.0D[��E � 7 �+�&.�*-���
� �  ����� �! ��:��E x�E �VA'-	5 <CFLD�FL? 0 α, β, a, b dP0 (#8mD 5 DNM 0 > d (i<C< 5�A%-�5 <hFLDKFL? 0 < 57d , DKF 5 *	< 5�A T<V4Wjo�Tdq�W DNM	(7DFH<c* 0 FLDNM 0E1 M ,/no0 * 571k0EO�- D p c DNM 0 * (a, b) 3C02d 5 * n <kD 5 DNM 0b-	5 <CFLD�FL? 0 > 1 FLDKFV>C( d > ,�1 ? 0"Ah571 α, β � �VA-	5 <CFLD�FL? 0 α, β, a, b dP0 (#8jD 5 DNM 0 > d (+<6< 5�A * 0�n (+D�FL? 0 < 5+d�, DKF 5 *�<YDNM	(7D"FH<Y* 0 FLDNM 0E1 M ,/no0 * 571k0EO�- D p cDNM 0 * (a, b) 3C02dP5 * n <bD 5 DLM 0 * 0�n (+D�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0�A25+1 α, β �
� ����� �
	�	� �
! 1R5 5�AY5�A " 02O;O (�� ��� � ��.0D�����("�0�����"�",�>K��("�&!$.�� !�*r()����#8�'>?>M�R�'%$���)6L*-,�.0/1("�&!$.

f : (0,∞) →
(0,∞)

�",0/\�w("�0��(
f0(t) ≤ f(t) ≤ min

(
a

a0
,
b

b0

)
f0(t), t > 0,

�)�N("���<A0�'�

af(s) + bf(t) ≥ af0(s) + bf0(t) ≥ min

(
a

a0
,
b

b0

)
(a0f0(s) + b0f0(t))

≥ min

(
a

a0
,
b

b0

)
f0(αs+ βt) ≥ f(αs+ βt), s, t > 0,

���'.0/1��c��8( ���
�K�"!$#&,�("�&!$.w("!�T�V4Wjo�Tpq$W1E
! 1R5 5�Ab5�A �SM 0C5+1R0EO � ��� � ��!$��@��)��%I�8(�6 7 � 7 �"�8("��"/1�)�8("��/���# �
�&.0�<("�4�$DM!�* ����!��"�8("�&%$��/��"�8("��/��$# �^c �<�;,�P����
�&.0��()�'��Dw!�*#�<��!��"�5()�8%$�+�;,�P����^c �Q()�"�&%I����# ���8.���()�'�$Dw!$*#�<��!;�<�8()�8%$�Z("�)�8%I����# �\E

��!�.0�"�&D��'�X()���+*]��>K�&#86L!$*S�)�Y6��
Lx = {(a, b) ∈ (0,∞)2 : a = x+ b}, x ∈ R.

$��'>K>K�M��E&VZ�&>?�0#8�&�'��("�0�+*-!$#&#8! 7 �8.0P�()�"��/)�0!�("!�>�6M*-!$�
�4�$/\�LA0CI�4D x ∈ R `r�'�5()�����

• ("�0���)�O���)�Z.�!K��!;�<�8("�&%$�O�"!$#&,�("�&!$.0�X()!mT�VYWpo2Tdq$W�*-!�� (a, b) ∈ Lx
c�!$�

• *-!$� �$#&# (a, b) ∈ Lx
("�0�O/�#&���"��!�*S��!;�<�8("�&%$�O�"!$#&,�("�&!$.0��!$*�T�V4Wjo�Tpq$W������I,�P$��c�!$�

• ("�0���)�r��C��&�<()�e� /1�"�8()�&/'��#���!��8.;( (a(x), b(x)) ∈ Lx
�<,0/\�+("�0��(�*-!$�n��#&#

(a, b)
@���#&! 7 (a(x), b(x))()����/1#��$�)�k!�*���!;�<�8("�&%$� �"!$#&,�("�&!$.0�r���k()�"�&%I�&�$#dc���.�D�*-!$���$#8#

(a, b)
��@�!N%$�

(a(x), b(x))
()������/1#��$�)�

�����I,�P$��E
lj*�("���'�"�?���)��.�![/1�)�5()�&/'��#S�0���&�)�

(a, b)
()����.h���8("���'�+��#&#

(0,∞)2 /1!$.��<����(\��!�*��;,0P$���0���&�\��!$���8(/1!�.0�"�&�<()��!$*n()�"�&%I�&�$#2!$.��4��E�_I�&.0/1�+*-!��
a ≥ α c b ≥ β �$#8#�#&�8.��4����*-,�.�/^("�&!$.�� �)�N()�&�<*-6hT�V4Wjo�Tpq$W^c0�$#8#2("�0��0�$�8�\�X!$*

(0,∞)2 ���)�Z�I,�P$�$Et�! 7 �$�)�",�>K�K("�0��(s()���L�"�1(�!�* /1�)�5()�&/'��#���!��&.�()���&�s.0!$.���>K��(�6�E �S�&�)�<(4c 7 �L�<�0! 7 ()�0�N(���%$���)6
/1�)�8("��/���#���!��8.;( ���
!�*S()���O*-!$�)>

(a(x), b(x))
D��1A0.��4D:�$@�!Y%$��E�lQ.0D��'�'D2c�(\��H$�s��.m���)@��8("�\���)6R/1�)�8("��/���#

��!$�&.�(
(a0, b0) ∈ (0,∞)2 E������'.�`

• �����'�"�r���e�
�"�'3;,��'.0/1��!�*I��!��8.;()� (an, bn)n=1,2,...
*-�"!�>

(0,∞)2 7 ����/)�+()��.0D���("! (a0, b0)
�$.0D

�",0/)�w()�0�N(
�'%$���)6M��!$�&.�(
(an, bn)

#&�'��D���()!K�?�;,�P��+/�#&���"�X!$*n��!��"�8("�&%$�+�"!$#&,�("�&!$.0��()!mT�V4Wjo�Tpq$W^E
�X6c$e��>K>M����E&V��'%$���)6K�0���&�X@���#&!$.�P��8.�P�("!�()���+3;,0�$D��)�$.�( {(a, b) : (a, b) . (an, bn)} #&�'��D��()!��O�I,�P$��/�#&���"��!�*���!��"�8("�&%$���"!$#&,�()�8!�.0�r()!wT�VYWpo2Tdq$W1E���!$.��<�43�,0��.�()#86�c��'%$���)6��0�$�&�

(a, b)
*-�)!$>

()���R�"�1("bd()����!$�)�1()�&/'��#��<,0>�!$*�()���R3;,0��D��)�$.�(\�+D�!I�'�'cn��.0D=��%$�'�"6
(a, b) ∈ {(a, b) : (a, b) .

(a0, b0)} D�!I�'�'E
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• _I�&>?�&#����)#86�cI("���'�"�O�1C��&�<(\�
�K�<�43�,0��.0/1�+!$*S��!$�&.�(\� (a−n, b−n)n=1,2,...
*-�"!�>

(0,∞)2 ()��.0D��&.�P("!
(a0, b0)

��.�DU�<,0/\��("���N(+��%$�'�"6:��!$�&.�(
(a−n, b−n)

#8�4�$D���("!:�M()�"�&%I����#k/1#��$�)��!�*���!;�<�8("�&%$�
�"!$#&,�("�&!$.0� ("!=T�V4Wjo�Tpq$W^E��X6)$���>K>M�L��E&Vs�'%$���)6w�����&� *-�)!$> ("�����)�'/^(\��.�P�#8� {(a, b) : (0, 0) /

(a, b) / (a−n, b−n)} #&�'�$D��
()!L�K()�"�&%I�&�$#e/�#&���"� !�*��"!$#&,�("�&!�.0��()!UT�VYWpo2Tdq�W^E
���I,0����%$���)6w�0���&�*-�)!$> ()���O�"�1("bd()����!��"��("��/���#2�",�> !�*n("���O�)�'/^(\��.�P�#8�4�XD�!I�'�'c��$.0Dw��%$�'�"6R�0���&�
(a, b) ∈ {(a, b) :

(0, 0) / (a, b) / (a0, b0)} D�!I�'�'E
lj(
*-!$#&#8! 7 �X("�0��( (a0, b0) ∈ La0−b0

���X()���O,�.���3;,��s/1�)�5()�&/'��#2��!$�&.�( !$.w()���O�)�Y6
La0−b0

E
~���.0!�("�:@;6

I
()���m�<�1(M!�*��)�'��#��

x
#8�4�$D��&.�PU()!G/1�)�8("��/���#���!$�&.�(\�

(a(x), b(x))
EB�����:�"�1(

I
�&�

.�!$.0��>K��(�6$ErlQ.:!$�\D����X()!K���)!Y%$�Z("�0��(
("���s�"�1(
!$*k/1�)�8("��/���#2��!��8.;()�
�&� �K/1,��)%$� 7 �O�"��! 7 ()�0�N(
• I �&� /1!�.;%$�1C��
• I 3 x 7→ (a(x), b(x))

�&� �?��!$>K�'!$>K!$�)�������<> @��1( 7 ���'. I ��.�DL("���s/1�)�8("��/��$#2�"�1(4E
�n!R�"��! 7 ("����/1!$.I%$�1C��8(Q6w!�* I ()�$H$� x, y ∈ I c x < y

c��$.0D
z
*-�"!�> ("����!$����.m�8.;("�'�"%N�$#

(x, y)
E

������.
Lz
�0�����s.�!$.��'>K��(Q6K�&.�()���\�<�4/^("�&!$. 7 �5()�M("�0���"�1(�!$*2��!��"�8("�&%$� �I,�P$����!$�&.�(\� {(a, b) : (a, b) .

(a(x), b(x))} E[_I�&.0/1� Lz ��#��<!:�&.�("�'�)�"�'/1()� {(a, b) ∈ (0,∞)2 : (a, b) / (a(x), b(x))
!$�

(a, b) /

(a(y), b(y))} c0�8(�/1!�.�(\���&.0�
��!��"�5()�8%$�+()�"�&%I�&�$#���!$�&.�(\��E
��!$.��<�43�,0��.�()#86�c�()�����)�O��� �K��!;�<�8("�&%$�s/1�)�8("��/���#��!$�&.�(
(az, bz)

E
t�! 7 ()�$H$� x, y ∈ I 7 �8("� x < y

��.0D:�&.�*-����*��)!$> $���>K>M�R��E&V+("�0��(
(a(y), b(y))

#8�&�'� !�.[()���
/1#&!��"�'DM�"��P�>K��.�( 7 �8("�L��.0D���!$�&.�()� (a(x), a(x)− y)

��.�D
(b(x) + y, b(x))

E�_I!0c�("�0� ��,�/1#&�&D��4��.
R2D�����(\��.0/�� ‖ · − · ‖ @��1( 7 ���'. (a(y), b(y))

��.�D
(a(x), b(x))

�)�N()����A0�4��()���O�'�<("�&>M�N("�4�
1√
2
|y − x| ≤ ‖(a(y), b(y))− (a(x), b(x))‖ ≤ |y − x|,

��.0Dw("���O>M�����0�8.�P
I 3 x 7→ (a(x), b(x))

��� ���0!$>K��!�>?!��"�0���&�">:E
���I,0�'c 7 �s�0�4%��+���)!Y%$�4DL("�0��(
()�����<��( !�*k��!��"�8("�&%$�O/��"�8("��/��$#2�����&�)����� �M/1,0�"%$��E�� �0��#86I�&.�PM.�! 7

$��'>?>M�:��E&V 7 �?.0!�("�?("���N(O�'%$���)6m�0���&�O��@�!N%$��()���K��!;�<�8("�&%$�K/1�)�8("��/���#�/1,��)%$�?P$�&%$�'�KT�VYWpo2Tdq�W 7 �8("�
�;,�P��R/�#&���"�"�'�O!�*���!;�<�8("�&%$�R�"!$#&,�("�&!$.��s��.0D=�'%$���)6U�0���&�s@���#&! 7 ("���R��!;�<�8("�&%$�R/1�)�8("��/��$#�/1,��)%$�MP$�&%$�'�
T�VYWpo2Tdq$W 7 �8("�=.�![��!��"�8("�&%$�?�"!$#&,�()�8!�.0��E�lj(+�)��>M���&.0��("!:�"��! 7 ("�0��(+�'%$���)6:��!��8.;(+�&. (0,∞)2 ("���N(D�!I�4�Z.0!�(s@���#&!$.�P[("![()���R�<��(O!$*�/1�)�5()�&/'��#r�0���&�\�Z���+�'�5()��������@�!Y%��?!$�O@���#&! 7 ("���R�$@�!Y%$�K�"�1(LT�()���&�
7 �&#8#��"��! 7 �&.=�0���"("��/1,0#&�$��("�0��( I �0�$�+>K!$�)��()�0��.=!$.0�?��#&��>K��.;('ce�pE ��E8c�("���R/1�"�8()�&/'��#r/1,0�"%$�?���+.�!�(D���P���.��'�)��("�YW^E �0!$�Z�$.��8.0D��8�)�'/1(����)!I!$*r#8��(Z,0��()�$H$�

(a0, b0)
("�0��(Z�&��.��'�5()�����+/1�)�8("��/���#pc�.�!��Z��@�!Y%��

("�0�K�<��(Z!$*�/1�)�5()�&/'��#S��!$�&.�(\��c2.�!��Z@���#&! 7 �8('E�_I�8.�/1� (a0, b0) ∈ La0−b0
()����("�)�&/\��!$("!$>�6:!�@0�"���)%$�'D

�N(
("���O@��'P$�&.�.��&.�PK!�*n()���O���"!�!�*S�"��! 7 �X()�0�N( (a0, b0)
�&�
���8("���'�
�I,�P$�+!��X()�"�&%I����#pE

�S�&�)�<(X�$�)�<,�>K�
("���N(
(a0, b0)

�&���I,�P$�$E�_I�&.0/1�
(a0, b0)

����.0!�(X��@�!N%$��()�����<��(�!�*�/��"�8("��/��$#0��!$�&.�(\��c
.�!?��!��8.;(�@���#&! 7 (a0, b0)

�&�
/1�)�5()�&/'��#pEk�m!��"�'!Y%����'c;�5*k����!$�&.�(
(a, b)

@���#&! 7 (a0, b0)
�&�X("�)�8%I����#�("���'.

$��'>?>M�K��E&V 7 !�,�#�DL�8>K��#&6M()�0�N(�()�����)�Z��CI���<()���?/��"�8("��/��$#���!$�&.�(
!�.L("���O�"��P�>?�'.�( 7 �8()�w�'.0D���!��8.;()�
(a, b)

��.0D
(a0, b0)

cn�"!w("�0��(
(a0, b0) 7 !$,�#�DU@��M�$@�!Y%$�K�[/��"�8("��/��$#k��!��8.;('EY��! 7 ��%$���4c (a0, b0)

�&�
.�!�(���@�!N%$��("�0�O/��"�8("��/��$#��<��('E�� �'.0/1�$c��'%$���)6M��!��8.;(
@��'#8! 7 (a0, b0)

�����I,�P$�$E�t !$("�+("�0��(�*-!��
��%$���)6
(a, b) ∈ (0,∞)2 ("�0���)�+�1C�����(\� (a1, b1) ∈ (0,∞)2 �",0/\�w("�0��(

(a1, b1) / (a, b), (a1, b1) / (a0, b0).

&=�Z���4%$� � ,0�<( �<��! 7 .L("�0��( (a1, b1)
���X�;,0P$�$c��"!;$e��>K>M�?��E&V��&>?��#&�&�'�X("�0��(

(a, b)
�&���;,�P��$Er���I,0�

("�0�O�"�1( !�*k/��"�8("��/��$#2��!$�&.�()� 7 !�,�#&D[@��O�'>?��(�6�c 7 ����/)�:�&� �K/1!�.�()�)��D��&/1("�&!$.�E



�h� �������	��
�

_��8>K�&#&�$�"#&6$c��8*
(a0, b0)

����()�"�&%I�&�$#�("����. �'%$���)6=��!��8.;(M��@�!N%$�
(a0, b0) 7 !$,�#�D�@��w("�)�8%I����#pc��$.0D/1!�.0�"�'3;,���.;("#&6$c��'%$���)6M��!��8.;(
�&.

(0,∞)2 7 !$,0#&Dw@��+("�)�8%I����#pE
! 1R5 5�A�5�A " 02O;O ( � � � � _I�8>K�&#&�$�"#&6�("!�("�������)!I!$*�!$*b$���>K>M���0E8V�cX��%$���)6 ��! 7 �'�K*-,�.�/^("�&!$. f :

(0,∞)→ (0,∞)
�",0/\�w("�0��(

f0(t) ≤ f(t) ≤ min

(
a

a0
,
b

b0

)
f0(t), t > 0,

���
�K�"!$#&,�("�&!$.[!�*�T<V4Wjo�Tpq$W^E
! 1R5 5�Am5�A �SM 06571�0EO � � � � � .0�$#8!�P$!�,0�<#&6K("!?()���O���)!I!�*n!$*k������!��"�'> ��E q�D���A0.��+("���O�\�Y6I�

Lx,y,z = {(α, β, a, b) ∈ (0,∞)4 : a = x+ b, α = y − b, β = z − b}, x, y, z ∈ R;
D���A0.��+("���O��!;�<�8("�&%$�+��! 7 ���"bj/1�)�8("��/���#���!$�&.�(\�

(α(x, y, z), β(x, y, z), a(x, y, z), b(x, y, z)) ∈ Lx,y,z;,0�"�b$e��>K>K�M��E ���&.0�<("�'��Dw!�*%$��'>K>K�M��E&V+�$.0Dw�"�'���'��(X()���s���)P$,�>K��.;(�!$*n("���N( ���)!I!�*�E
lQ.:()���&� 7 �46 7 ��/1!$.���()�",0/1(��M/1!�.;%$�1C:�<,�@��<��( C ⊆ R3 �$.0D:�M��!$>K��!�>?!��"�0���&�"> @���( 7 ����. C��.�DL("�0�O��!��"�5()�&%$�+��! 7 ���<bQ/1�)�8("��/���#2�"�1('E������s/��"�8("��/��$#��"�1( �&�
���'.0/1�s�?("!$��!�#8!�P$��/���#�>M��.0�5*-!�#&D2E������

���)P$,0>?�'.�(�*-�"!�> ()�������"!�!�*2!$*e������!$�)��> �0E qs�<�0! 7 ��("���N(X��%$�'�"6?��!$�&.�(X�&. (0,∞)4 ()�0�N(�D�!I�4��.�!�(@���#&!$.0PO("!s("���Z�<��(�!$*�/��"�8("��/��$#�3;,0�$D��",��0#8�4�r�������8("�0���X��@�!N%$� !$��@���#&! 7 ("�0��(X�<��('E�$���>K>M����E �O�)�Y6I�
("���N( ��!$�&.�(\�
�$@�!Y%$��()���s/1�)�8("��/���#��"�1(����)�Z�;,�P��O�$.0Dw��!$�&.�(\��@��'#8! 7 �8(����)��()�"�&%I�&�$#dE
! 1R5 5�Ak5�A " 0EOUO (i< � ��� (7*98 � ��� � _I�&>K�8#����)#&6:("![("���K���)!I!$*�!�*B$��'>K>K�:��E&V$c2��%$�'�"6:*-,�.�/^("�&!$. f :

(0,∞)→ (−∞, 0)
�<,0/\�w()�0�N(

f0(t) ≤ f(t) ≤ min

(
a

a0
,
b

b0

)
f0(t), t > 0,

���
�K�"!$#&,�("�&!$.w("!�T�VYWpo�Tpq$W1E
! 1R5 5�AT5�A �SM 06571�0EO < � ��� (+*S8 � �	� � e�.0��>M�Y6B,0�"��("���h�)�Y6�� Lx �$.0D Lx,y,z

D��1A0.0�'D��&.�()���
���)��%I�&!$,0�e���)!I!$*]�n��.0DO*-!$#&#&! 7 ()�����"�$>?�X���)P$,�>K�'.�(S���e�&.s()���X���"!�!�*]�e!�*�("�0����!;�<�8("�&%$�X/1!$,�.;("�'�"�0�$�<(\�
!�*n()��!��"�+�)�'�",�#5(\��E
! 1R5 5�Aj5�A�
�5+1R5+dNd ( 1hp � �	� � �0!$�K("���m���)!I!�*�!�*�()���:��!;�<�8("�&%$�:�0���"(K!$*�()����/1!$�)!$#&#����"6$c�.0!�("�[()�0�N(4c
@;6j$��'>?>M�w��E&V$c�*-!��

(ã, b̃)
��@�!N%$�

(a, b)
()���?/1#����"��!�*���!��"�8("�&%$���"!$#&,�("�&!$.0��("!=T�VYWpo�Tpq$W�T 7 �8("� ã, b̃�",�@0�<("�8(",�()�'D?*-!$�

a, b
Wk�&���;,�P��	�$*-!��

(ã, b̃)
@���#&! 7 (a, b)

("�0� /�#&���"�r!�*���!��"�8("�&%$�
�"!$#&,�()�8!�.0�S()!RT�VYWpo2Tdq�W
���X()�"�&%I�&�$#dE�����.0/��

(α, β, a, b)
�&� /1�)�5()�&/'��#pE

�0!$�
("���O�0�"!I!$*n!�*S("���s.���P;�N("�&%$�+�0���"('c�,0�"�b$e��>K>M�K�0E ��()!M�"��! 7 ()�0�N( ("���s/�#&���"��!$*S.��'P��N()�8%$�
�"!$#&,�("�&!$.0�k()!RT<V4Wpo2Tdq�WS�&�r("�)�&%;����#�*-!��

(ã, b̃)
�$@�!Y%$�

(a, b)
��.�D�("�0��(�("����/�#&���"�r!�*�.0��P���("�&%$�
�"!$#&,�()�8!�.0�

("!�T�VYWpo�Tpq$W������I,�P$�+*-!$�
(ã, b̃)

@��'#8! 7 (a, b)
E

 ��� ���������O������	 �n	������ ���s�	�S������������������ ���a�;� �<�
���<�����
�����O�)�'�",�#8()�
!�*S("����� �"�'/1("�&!$.:�"��! 7 ("�0��( ��%$�'.[�I,�P$�s/1#��$�)�"�'��!�*k�"!$#&,�()�8!�.0��!$*�T<V4Wpo2Tdq�W��0�Y%$�O�"!$>K�
�"���'/1����#��<("�),0/^(),��)�$Er�����O�)�'�<,0#5(\� 7 �8#&#�@��+,��<�4Dw�&.m_I�4/^("�&!$.�� �4o�y�E

$e�1(�,0���<()�$�<( 7 �8("� �:("���'!$�)��> ("�0��(?��#&#&! 7 �s,0�s("!h/1!�.0�<��D��'���"���0�$�)��("�'#86h.�!$.�.��'P���("�&%$�R�$.0D
.�!�.���!��"�5()�8%$�O�"!$#&,�("�&!$.0�X()!mT�VYWpo�Tpq$W1E
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��� ���  #��� z0E&V�E#" 0 D α, β, a, b > 0 360 < , >CMTDNM	(+D α < 1 < α + β � �NA f : (0,∞) → R
FH<k(

< 5+d , D�F 5 * 5�A T�VYWpo�Tpq$WbDLM 0 * f FH< 0 FLDLM 021 -	5 <CFLD�FL? 0 c 5+1 * 0�n (7DKFL? 0 c 5+1 FV8 0 *�D�FV>6( dNd p � 021R5 �
�
/^(),0��#&#&6U�[��()�"!�.�P$�'���)��P�,�#����)�5(�6:����()�",���ce��.0D=������!��"�'>K�O��E&V$ce��E q�c���E&V$c ��E ��c��0E z�c���.0D ��E ��c

7 ����/)� 7 � 7 �8#&#����"!N%$�Z�&.w()���+*-!$#&#&! 7 �&.�PM�<�4/^("�&!$.���c��&>K��#86L("�0��(�*-!��
��!��"�5()�8%�� α, β, a, b `
• �8*��'�5()�����MT α, β, a, b > 1

W^c�!$�KT
α + β, a + b < 1

W1c2!��?T
α = a

c
β = b

c
α + β = 1

W ()����.
("�0���)�O���)�+�"!$#&,�("�&!$.0�X()!mT�VYWpo2Tdq$W�()�0�N(
(\��H$�+@�!�()�[.��'P���("�&%$�+�$.0Dw��!��"�5()�8%��Z%���#&,��'���

• !�()����� 7 �&�"�$c4("���X�<!�#8,�("�&!$.0��("!�T�VYWpo2Tdq$W��$�"���'�5()�����n.�!�.�.��'P��N()�8%$��!��e.�!$.0��!��"�5()�8%$� �Y�8*�>K!$�)��!N%$���
a 6= α

!$�
b 6= β

c�()����.�("�0���"!$#&,�("�&!$.0�M!�*MT�VYWpo2Tdq$WK�$�"�:�'�5()�����L�$#8# .0!$.�.��'P��N()�&%$�[!��R��#&#
.�!�.���!��"�5()�8%$��E

��� ���  #��� z�E q�E#" 0 D α, β, a, b > 0 3C0 < , >CMaDNM	(7D α < 1 < α+β
c'(+*98c8 0 	�* 0 A = log a/logα �

�SM 0 *ZDNM 0E1R0 FH<G( B ∈ R < , >CM[DNM	(+D A2571G0 ? 0E1hp * 5 * � 0E1R5 f : (0,∞) → R
<E(+D�FH< ACp FL* n T�V4Wjo�Tpq$W

DLM 0E1�0;06@ FH<CDK< ( 1R0 ( d M 6= 0
< , >CM DNM	(7D

1

M
tB ≤ f(t) ≤MtA, t ∈ (0, 1];

1

M
tA ≤ f(t) ≤MtB , t ≥ 1.

�������! #"�z�E �0E�lj*
β > 1

()����.:()���s�&.��'3;,0��#&�8("�&�'�
!$*r������!��"�'> z0E q?�$�"�+("�),��+*-!��
B = log b/log β��.0D��"!$>K�

M 6= 0
E�lj*

β ≤ 1
("�0��.h��.��'�<("�&>M�N("�&!$.�!�*

B
>M�Y6[@���!�@�()�$�8.��4D:@I6[�&.0�"���'/1("�&.�PR("���

,0�"�L!$*�$���>K>M�hq/�sE �m�8.�("�0�w���)!I!�*
!$*
("���w("���'!$�)��>:EUlQ. �0�$�<()�&/�,�#&�$�'ck�8*
a + b > 1

("�0��.�("�0�
�&.��'3;,0��#&�8("�&�'�
�$�"�Z("�),��Z*-!�� �<!�>?�+��!;�<�8("�&%$�

B
E

��� ���  #��� z0E z0E#" 0 D α, β, a, b > 0 ���VA f : (0,∞) → R
<E(7DKFH<
	 0 <?T�VYWpo�Tpq$WUDLM 0 * f FH< 3C5+, *98 0 85 * 0 ? 021hp FL*�D 021 ?i( d (0, T ]

c
T > 0 �

�� �����������	� ��
Gz0E ��E#" 0 D α, β, a, b > 0 360 < , >6MWDLM�(+D α < 1
c (+*S8)8 0 	�* 0 A = log a/logα ���VA

f : (0,∞)→ R
<E(+D�FH< 	 0 <sT�VYWpo2Tdq�W4DNM 0 *jDNM 0E1R0;0R@ FH<hDV< ( -	5 <CFLD�FL? 0 > 5 *	<hD (7*�D M < , >6M)DLM�(+D

f(t) ≤MtA, t ∈ (0, 1]; −MtA ≤ f(t), t ≥ 1.
���0�&���"�'/1("�&!$.wP$�&%$�'�X�?/1!�>?�0#8��("�+�$/'/1!�,�.�(�!�*n��! 7 �'�X�4��()�8>M�N()�'�X!$.[�"!$#&,�("�&!$.0�X!�*XT�VYWpo�Tpq$W�("���N(

��!$#�Dw("�),�� 7 �8("��!�,�(���.;6w���"�",�>K��()�8!�.0��!�. a, b E�t !$("�+()�0�N(�@;6w,0�"�8.�Pk$��'>K>K���
z#�sE&V^oIz#��E � !�.��
>M�46��$D0D��5()�8!�.0��#&#&6GD��1()���)>K�8.��L()���[�"�8P�.�!�*
()���[/1!�.0�<()��.;(

M
*-!$�K�<!�>K�L3;,0��D��),���#&�'�

α, β, a, b
E

�m!$�)��!N%$���4c�_I�4/^("�&!�.0�M�h�$.0D�{��&>?�0�"!N%$�L()���:�'�<("�&>M�N()�8!�. !�*���CI��!�.���.;()�?�&.�������!��"�'> z�E qU�$.0D
���)!$��!��"�8("�&!$.wz�E ��E
� ��� � �
	 	 � � � �������L�",�@0�"�'/1("�&!$. �<()�$�<(\� 7 �8("�J�"�5C�#&��>K>M�$�L�$.0DB()���U���"!�!�*+!$*s������!��"�'> z0E z0E
������. ,��<�&.�PT$���>K>M�$��z#��E ��crz#��E � 7 �L�0�"!N%$�w������!$�)��> z0E&V	��,��<�&.�PW$e��>K>M�$��z#��E8V�ckzo�sE � 7 �
���)!Y%$�����)!$��!��"�8("�&!$.mz�E � �2��.0D2c�A0.0�$#8#&6�c�,0�"�&.�Pw�����'!$�)��>M��z0E&V$c�z0E zw��.0D�$���>K>M�$��z#��E8V1o;zo�sE � 7 �
���)!Y%$�O������!$�)��> z�E q�E

�0!$�K@��)��%I�5(�6�cr()���&�M�",�@0�"�'/^()�8!�. �"HI�8������C���#8��/1�8(K�)�1*-�'�"�'.0/1�4��("!h()���[P�#&!$@0��#
�$�)�<,�>K��()�8!�.�("���N(
α, β, a, b

���)�Z��!;�<�8("�&%$�O��.0D
f
���
�?�)�'��#�*-,�.0/1("�&!$.:!�.

(0,∞)
E

� ��� � �Jz#�sE&V$E � ,.-#-	5 < 0 α < 1
c4(+*S8g8 0 	�* 0 A = log a/logα � �VA f

<E(7DKFH<
	 0 <[T�VYWpo�Tpq$W (+*S8
DLM 0E1�0;06@ FH<CDK< M ∈ R < , >CM DNM	(+D

f(t) ≥MtA, t ∈ [1, α−1),
DLM 0 * f(t) ≥MtA A2571m0 ? 0E1hp t ≥ 1 �



��� �������	��
�

! 1R5 5�A � �S��H$���$�"@0�5()�)�$�"6 t ∈ [α−1, α−2)
��.�Dm�L�<�43;,���.0/��s!$*r��!��"�8("�&%$�s�)�'�$#&�

εn → 0
E�������.m*-!��

#����)P$�
n 7 �+�0�Y%$� αt+ βεn ∈ [1, α−1)

c0�$.0D[/1!�.0�"�'3;,���.;("#&6$c�T<V4WX�8>K��#&�&�'�
f(t) ≥ a−1f(αt+ βεn)− a−1bf(εn) ≥ a−1M(αt+ βεn)A − a−1bf(εn).

$���(<()�8.�P
n
()��.0Dh("!:�&.�A0.0�5(�6h�$.0D=������#&6I�8.0PGTdq�W 7 �MP$�1( f(t) ≥ MtA

*-!$�
t ∈ [α−1, α−2)

EM�X6
�&.0D�,0/1("�&!$.�c

f(t) ≥ MtA
*-!��

t ∈ [α−n, α−n−1) 7 �8("� n = 0, 1, 2, . . . .
_I!0c

f(t) ≥ MtA
*-!��

t ≥ 1
E

� � ��� �=zo�sE q � ,.-#-	5 < 0 β > 1
c�(+*98Q8 0 	�* 0 B = log b/log β ���NA f <E(+D�FH<
	 0 <sT�VYWpo�Tpq$Wm(7*98kDNM 0E1R006@ FH<hDK< M ∈ R < , >CM DNM	(+D
f(t) ≥MtB , t ∈ [β−1, 1),

DNM 0 * f(t) ≥MtB A25+1U0 ? 0E1hp t ∈ (0, 1) �
! 1R5 5�A � �S��H$�����)@��5()�)�$�"6 t ∈ [β−2, β−1)

��.0D��L�<�43;,���.0/���!�*���!��"�5()�8%$���)�'��#��
εn → 0

E����0��.m*-!��
#����)P$�

n 7 �+�0�Y%$� αεn + βt ∈ [β−1, 1)
c0��.0D[/�!$.0�"�'3;,��'.�()#86�c�T�V4WX�&>K��#8�&�'�

f(t) ≥ b−1f(αεn + βt)− b−1af(εn) ≥ b−1M(αεn + βt)B − b−1af(εn).
$���(<()�8.�P

n
()��.0Dh()!:�8.�A�.��5(�6h�$.0D=���0��#86I�&.�PGTpq$W 7 �KP��1( f(t) ≥ MtB

*-!��
t ∈ [β−2, β−1)

EM�X6
�&.0D�,0/1("�&!$.�c

f(t) ≥ MtB
*-!��

t ∈ [β−n−1, β−n) 7 �5()� n = 0, 1, 2, . . . .
_I!0c

f(t) ≥ MtB
*-!��

t ∈ (0, 1)
E

� � ��� �Jz#�sE ��E � ,.-#-	5 < 0 α < 1
c4(7*98g8 0 	�* 0 A = log a/logα � �VA f

<2(7DKFH<
	 0 <[T�VYWpo�Tpq$W (+*S8
DNM 0E1R0U06@ FH<CDK< M ∈ R < , >CM DNM	(7D

f(t) ≤MtA, t ∈ (α, 1],
DNM 0 * f(t) ≤MtA A2571m0 ? 021hp t ∈ (0, 1] �
! 1R5 5�A � �S��H$�:���)@��8("�\���)6 t ∈ (α2, α]

�$.0D �=�"�'3;,���.�/1�[!$*���!��"�5()�8%$�[�)�'�$#&�
εn → 0

EB�����'. *-!��
#����)P$�

n 7 �+�0�Y%$� (t− βεn)/α ∈ (α, 1]
c0�$.0D[/1!�.0�<�43;,���.;("#&6$c�T<V4WX�8>K��#&�&�'�

f(t) ≤ af
(
t− βεn
α

)
+ bf(εn) ≤ aM

(
t− βεn
α

)A
+ bf(εn).

$���(<()�8.�P
n
("�'.0DB()!��8.�A0.��5(�6��$.0D��$����#&6I�8.�PJTdq�W 7 ��P$��( f(t) ≤ MtA

*-!$�
t ∈ (α2, α]

E �X6
�&.0D�,0/1("�&!$.�c

f(t) ≤ MtA
*-!��

t ∈ (αn, αn−1] 7 �8("� n = 1, 2, . . . .
_I!0c

f(t) ≤ MtA
*-!$�

t ∈
(0, 1]

E
� � ��� �wzo�sE z0E � ,.-#-	5 < 0 β > 1

c�(+*S8U8 0 	�* 0 B = log b/log β � �NA f <E(+D�FH<
	 0 < T�V4Wjo�Tpq$W�(+*S8bDNM 0E1R006@ FH<hDK< M ∈ R < , >CM DNM	(+D
f(t) ≤MtB , t ∈ (1, β],

DNM 0 * f(t) ≤MtB A25+1U0 ? 0E1hp t > 1 �
! 1R5 5�A � �S��H$�w���)@��8("�\���)6 t ∈ (β1, β2]

�$.0D��U�"�'3;,��'.0/1�L!�*���!��"�5()�8%$�L�)�'�$#&�
εn → 0

E=�����'.�*-!��
#����)P$�

n 7 �+�0�Y%$� (t− αεn)/β ∈ (1, β]
c0��.0D[/�!$.0�"�'3;,��'.�()#86�c�T�VYW��&>K��#8�&�'�

f(t) ≤ af(εn) + bf

(
t− αεn

β

)
≤ af(εn) + bM

(
t− αεn

β

)B
.

$���(<()�8.�P
n
("�'.0D ()!G�8.�A�.��5(�6 �$.0D �$����#&6I�8.�P�Tdq�W 7 �:P$��( f(t) ≤ MtB

*�!��
t ∈ (β1, β2]

E���6
�&.0D�,0/1("�&!$.�c

f(t) ≤ MtB
*-!$�

t ∈ (βn, βn+1] 7 �8("� n = 0, 1, 2, . . . .
_I!0c

f(t) ≤ MtB
*-!��

t > 1
E



� 
����������
	�� ��� 
������� 
�������	���� 
�� 
���� � �

� ��� � �Lz#��E ��E �VA α < 1
(+*98

f
FH< (b* 5 * -�5 <hFLDKFL? 0 < 5+d , D�F 5 *aD 5 T�V4Wjo�Tpq$W DLM�(+D�FH< * 5 D�FV8 0 *JDKFV>C( dLd�p 0

c
DLM 0 *

sup{f(s) : s > x} < 0, x > 0.
! 1R5 5�A � ��!����$.m�&.0D��&�"�'/1(����)!I!�*��$�)�<,�>K�O()�0�N(�()�����)���&���L�<�43;,���.0/�� (xn)

c
xn > x

c
n ∈ N c��<,0/\�("���N(

limn→∞ f(xn) = 0
E �n�8C

s ∈ (0, α−1x)
Es�����'.

tn = (xn − αs)β−1 ������!;�<�8("�&%$��*-!$�+�$#8#
n ∈ N �$.0Dw@;6hT<V4W 7 �O�0�4%$�

af(s) + bf(tn) ≥ f(αs+ βtn) = f(xn), n ∈ N.
$���(<()�8.�P

n
()��.0D�("!U()���[�8.�A0.0�5(�6 7 � 7 !$,�#�D�P$��( f(s) ≥ 0

*-!$�?��%$�'�"6
s ∈ (0, α−1x)

Eg� ��.�/1�
$��'>?>M�hzo�sE&V 7 �8("� M = 0

�$.0D 7 �5()� ()���[*-,�.0/^()�8!�. t 7→ f(xt)
�8.B��#&��/1�[!�*

f 7 !$,�#�D P$�&%$�
f(s) ≥ 0

*�!��w�$#8#
s ∈ (0,∞)

E ��,�(
f
���R.0!$.���!;�<�8("�&%$�U��.0D�.�!�.�g����)!0E �������w/1!�.�("�\�$D��&/1("�&!$.

/1!�>?�0#8��("�'��("���O���)!I!$*�E
� ��� � ��zo�sE ��E �NA α < 1 < α + β

(+*S8
f
FH<Y(G* 5 *�* 0�n (+D�FL? 0 < 57d , D�F 5 *gD 5 T�V4Wjo�Tpq$WUDNM	(+D FH<U* 5 D

FV8 0 *�D�FV>6( dLd p 0
c'DLM 0 * A25+1U0 ? 0E1hp > 5+O�- (#>2D FL*�D 021 ?+( d I ⊂ (0,∞)

c
inf{f(s) : s ∈ I} > 0.

! 1R5 5�A � �X6�$��'>?>M�mq7��E � 7 �K>M�46U�$�)�",�>K��("�0��( β > 1
E �0!$�O�$.h�&.0D��&�"�4/^(s�$�"P�,�>K��.�(O���"�",�>K�

("���N(�()�����)���1C�����(\���L�"�'3;,���.0/��
(sn)n=1,2,...

c
sn ∈ I

c��",0/)�m()�0�N(
f(sn) → 0

E�&=��>M�46:���"�",�>K�
("���N(

sn
/1!�.;%$�'�"P��'�?("! �$.

s ∈ I
E\$���>K>M� q7��E q���.0D�/1!�.0D��8("�&!$. Tdq$WR�<��! 7 ("���N(R*-!��R�'%$���)6

λα,β ∈ Dα,β
c�*-!���("�0�Z/1!��"�)�'�"��!$.0D��&.�P

λa,b
c���.0DM*-!$���'%$���)6?��!��"�5()�8%$���"�'3;,��'.0/1�

δn → 0
c 7 ���0�Y%$�

0 ≤ f(λα,βsn + δn) ≤ λa,bf(sn) + ca,bf(δn/cα,β)→ 0.
�S�5C

t ∈ (0,∞)
EX_I�8.�/1�

0 < α < 1 < β
c�()���s�"�1(

Dα,β
�&� D��'.0�"�+�&.

(0,∞)
�$.0D 7 �+>M�Y6w/)��!�!��"�

λα,β
��.0D

δn
�"!�("�0��(X("�0�+�<�43;,���.0/��

tn = λα,βsn + δn
���X�8.0/��"�4�$�"�8.�P?��.0D

tn → β−1t
E��X�'/��$,0�<�

f(tn)→ 0
c0/1!$.�D��5()�8!�.GTdq�W�#&�'��D��X("!

0 ≤ f(t) = f

(
α
t− βtn
α

+ βtn

)
≤ af

(
t− βtn
α

)
+ bf(tn)→ 0,

��.0D:/1!$.��<�'3;,��'.�()#86�c
f 7 !$,�#�Dw@��+("���Og��'�"!?*-,�.0/^()�8!�.�E

! 1R5 5�A�5�A �SM 0C5+1R0EO � � � � �S�8�\�<(R#8��(R,��M���)!Y%$�[()�0�N( f ���M@�!�,�.0D��4D���@�!N%$�:!$. (0, T ]
E ��!��R�$.

�&.0D��&�"�'/1(��$�"P�,�>?�'.�(��$�)�<,�>K�+("�0��(
()�����)�O�1C��&�<()� �M�"�'3;,��'.0/1�
tn ∈ (0, T ]

�",0/\�[("�0��(
f(tn)→∞ E�X6 Tpq$W�("���'�"�M�1C��&�<()�s�[��!��"�5()�8%$�

δ
�",0/\�h()�0�N(

f
�&�O@�!$,�.0D��'DG��@�!N%$�?!$.

(0, δ)
E[��!$.0�"�'3;,���.;("#&6$c

7 �U>M�46��$�)�",�>K�m("�0��( tn ∈ [δ, T ]
��.�DB("�0�h�<�43;,���.0/��

tn
/1!�.;%$�'�"P��'�K("!

t∞ ∈ [δ, T ]
E ��,�(

x =
(
t∞ − 1

2αδ
)
/β

��.0Dm.�!$("�s("���N(�*-!��
n ∈ N �<!L#&�$�"P��+("�0��(

tn > βx
c��&.��43�,���#&�5(�6GT�VYW 7 !�,�#&D

P$�&%$�
af

(
tn − βx

α

)
+ bf(x) ≥ f(tn)→∞.

��!��
n
#����)P$����.�!$,0P$�

(tn − βx)/α = (tn − t∞)/α+δ/2 ∈ (0, δ]
cN�"!
()����%N��#&,��4�

f((tn − βx)/α)���)��@�!$,0.0D��'D[��@�!N%$��,�.��8*-!$�)>?#&6 7 �5()�w�)�'�"���'/1(�()! n c���.0DL�0��.0/1� f(x) =∞ c 7 ����/)�[�&�
�?/1!�.�("�\�NbD���/^()�8!�.�E�� �'.0/1�$c�()�����)�+��CI���<()�
�?��!;�<�8("�&%$�
M
�",0/\�w()�0�N(

f(t) ≤M, t ∈ (0, T ].
�n!����)!Y%$�K()�0�N(

f
���s@�!�,�.0D��4DG@���#&! 7 !$.

(0, T ]
()�$H$�R�$.��$�"@0�5()�)�$�"6

t ∈ (0, T )
E)&=�L�0�4%$�

��#&�)�'�$D�6w���)!Y%$�4Dw()�0�N(
f
����@�!$,�.0D��4D���@�!N%$�O!�.:A0.0�5()���&.�()���)%N��#��'c��"! 7 ��>M�Y6[���"�",�>K�O()�0�N( f �&�



��� �������	��
�

@�!$,0.0D��'D:�$@�!Y%$�+@I6w�M/�!$.0�<()�$.�(
M̃
!�.

(0, (α/β)T )
EX�����O.I,�>�@����

s = (α/β)(T − t) @��'#8!�.�P��("!
(0, (α/β)T )

c0�<!K�&.��'3;,0�$#8�8(�6UT<V4WX�8>K��#&�8�4��("�0��(
f(αT ) = f(αt+ βs) ≤ af(t) + bf(s),

��.�D[/1!$.��<�43�,0��.�()#86�c
f(t) ≥ a−1(f(αT )− bM̃), t ∈ (0, T ).

! 1R5 5�Am5�A �SM 06571�0EO � ��� � �X6a$��'>K>K�Rq7�sE � 7 �+>M�Y6L���"�",�>K��()�0�N( β > 1
E�~��1A0.0�

{f > 0} = {t ∈ (0,∞) : f(t) > 0}, {f < 0} = {s ∈ (0,∞) : f(s) < 0}.
�0�"!�>�T�VYW 7 �O�8.�*-���
("�0��(

af(α−1t− ε) ≥ f(t)− bf(β−1αε), ε ∈ (0, α−1t), t > 0,��.�D[/1!$.��<�43�,0��.�()#86�c�Tdq�W�P��8%$�4�
TV��V4W

t ∈ {f > 0} ⇒ ∃ε > 0, (α−1t− ε, α−1t) ⊆ {f > 0}.
�S�$H$�

λα,β ∈ Dα,β
E�$��'>?>M�Mq/�sE q�P$�&%$�'�

λa,bf(t) + ca,bf(δ/cα,β) ≥ f(λα,βt+ δ), t, δ > 0,

7 ���'�"� λa,b, ca,b, cα,β ���)��/1!��"�)�'�"��!$.0D��&.�PR��!��"�8("�&%$��/�!$.0�<()�$.�(\��Eb� �'.0/1��c�>M�$H;�&.�Pw,0�<�?!�*�Tdq�W 7 �!$@�()���&.
t ∈ {f < 0} ⇒ ∃ε > 0, (λα,βt, λα,βt+ ε) ⊆ {f < 0}.

t�! 7 ���"�",�>K��()�0�N( {f < 0} �&�O.�!$.��'>K��(Q6�Ek��/'/1!��)D��&.�Pw()!)$��'>K>K��q7�sE z[("���R�"�1( Dα,β
�&�

D��'.0�<�Z�8.
(0,∞)

Er�X6K("���+��@�!N%$���&>K��#8��/���("�&!$. {f < 0} ���XD��'.0�"���&. (0,∞)
E�_��8.0/�� {f < 0} �$.0D
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��.�!�,�P$�w("!KA0.0D
mA,MA,mB ,MB < 0

�<,0/\�w()�0�N(
mBt

B ≤ f(t) ≤MAt
A, 0 < t ≤ 1; mAt

A ≤ f(t) ≤MBt
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c
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c
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mA,MA,mB ,MB > 0
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mBt

B ≤ f(t) ≤MAt
A, 0 < t ≤ 1; mAt

A ≤ f(t) ≤MBt
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α, β
�<,�/)�[()�0�N(

α+ β ≤ 1
E &h���<�0! 7 ()�0�N(��&.[("�0�&�

/����<�s()���?�"!$#&,�("�&!$.���!$.m()���?/��"�8("��/��$#S/�,��"%$�4�����)��/�!$.I%$�1C:!��Z/1!�.0��(\��.;('E+f
�'/'��#&#e()�0�N(Z("�����0�"�4/1���<�
>K�'��.0�8.�Pw!�*�@����&.�P_( 3C5 ? 0 !�� 360EdP5 � �w�"�1(Z����P$�&%$��.��&.=_I�4/^()�8!�.hq�EZlQ.�("�0��*-!$#&#&! 7 �&.�PR()����!��"�'>K�'c
@;6 d ( 1Vno0 ��CI��!�.���.;()� 7 �M>?�4��.=�1C���!$.0��.�(\�Z*-�"!�>��[.����&P$�I@�!$�)��!I!�D�!�*X�&.�A0.��8(�6 �S@I6[< O ( dNd !$.��4�
7 �O>?�4��.[��CI��!�.���.;()�X*-�)!$> �?.����&P$�I@�!$�)��!I!�DR!$*

0
E

��#8#�("���+A0P�,��"�4���$�����'�$�
�N*�()����_I�4/^()�8!�.=V'�0E
��� ���  #������E8VMT]/1*�E �S�&P$,��)�Oq�W^E � ,.-/-	5 < 0 DLM�(+D α, β, a, b > 0

(+*98
α+ β = 1 �

• �NA a+ b < 1
DLM 0 *_( dLd DNM 0 < 5+d , D�F 5 *�< D 5 T<V4Wjo�Tpq$WU( 1R0 * 5 * -�5 <hFLDKFL? 0 ��DNM 0 > d (i<C< 5�A * 0�n (+D�FL? 0

< 5+d , D�F 5 *�<GFH<kM ,/no0 (+*98[> 5 *�D (+FL*�<Q<hD 1 F - <)( 1R5+, *S8 -�5 ��0E1bAC, *9>ED�F 5 *	< � FLDLM < O ( dNd�-�5 <hFLDKFL? 0
06@2-	5 * 0 *JDV< �

• �NA a+ b = 1
DLM 0 *

◦ F A a = α
c�DLM 0 *_DLM 0 > d (+<C< 5�A < 5+d , D�F 5 *�< 5�A T<V4Wjo�Tdq�W;> 5 *	<hFH<hDV< 5�A DLM 0 > 5 *�? 0R@bAC, *S>2D�F 5 *�<

<E(+D�FH< ACp FL* n (2)
T�� ���U, M *Uv8V4x$y$z�|-W��

◦ F A a 6= α
DNM 0 *fDNM 0 > d (+<6< 5�A < 5+d , D�F 5 *�<YD 5 T�VYWpo2Tdq$Wa> 5 *	<hFH<hDV< 5�A * 5 * -�5 <hFLDKFL? 0 > 5 *	<hD (+*�D

AC, *9>EDKF 5 *	<sT	� ���Y57O FL* 0 �Rv&V'x�x�qY|-W �
• �NA a+b > 1

(7*98
aαbβ < ααββ

DNM 0 *aDLM 0I5 * d p < 57d , DKF 5 *QD 5 T�VYWpo�Tpq$W FH< DNM 0 � 0E1R5�AC, *9>EDKF 5 * �
• �NA aαbβ = ααββ

DNM 0 *

◦ F A a = α
c�DLM 0 *_DLM 0 > d (+<C< 5�A < 5+d , D�F 5 *�< 5�A T<V4Wjo�Tdq�W;> 5 *	<hFH<hDV< 5�A DLM 0 > 5 *�? 0R@bAC, *S>2D�F 5 *�<

<E(+D�FH< ACp FL* n (2)
T�� ���U, M *Uv8V4x$y$z�|-W��

◦ F A a 6= α
DLM 0 *�DNM 0;5 * d�p < 5+d , D�F 5 *WD 5 T<V4Wpo2Tdq�W4FH<bDNM 0 � 0E1R5�AC, *9>EDKF 5 * �

• �NA aαbβ > ααββ
DNM 0 *g( dNd DLM 0 < 5+d�, DKF 5 *�<mD 5 T<V4Wjo�Tdq�WU( 1R0�-	5 <CFLD�FL? 0 ��DNM 0 > d (i<C< 5�A -�5 <hFLDKFL? 0

< 5+d , D�F 5 *�<)FH<QM ,/n#0 (+*S8 > 5 *�D (+FL*�< <hD 1 F - <�( 1R57, *98 -	5 ��021UAC, *9>EDKF 5 *	< � FLDLM d ( 1Kno0c-�5 <hFLDKFL? 0
06@2-	5 * 0 *JDV< �

�X�4/���,��<�O*-!��Z��.;6m/1!$.���(\��.�(\�
v0, s0

()����*-,�.0/1("�&!$.
s 7→ g(s) = v0 + f(s + s0)

�)�N()����A0�4��T<V4W
�P�
f
D�!��'�'c 7 �s/'��.:�)���0#&��/1�s�$�)�<,�>K��()�8!�.�Tdq�W 7 �5()� f @����&.�PR@�!$,�.�D��'D[*-�)!$> ��@�!N%$�+!�.m�$.:!$���'.

�",�@0�<��(+!�*�("�0�KD�!$>M���&.�Es�m!$�)��!N%$���4c
f
/��$.U@��?D��1A0.��4DU!$.h��.I6m/�!$.;%$��C��<��(Z�&.0�<("�4�$D�!$*

(0,∞)
E

� #8("�'�".��N("�&%$��#&6�c2!�.��K/'��.h,0�"�R_I�8�'�"�0�8�0�"HI��v&V'x;q���|n()![�)���0#&��/1�K�$�)�<,�>K��()�8!�.BTdq�W�@;6�>K�'���<,0�)�$@��8#&�8(Q6
!�*
f
E
t�!�()�?("�0�K�)��#��N()�8!�.h@��1( 7 ����.=("���R���"�",�>K��("�&!$.�� a + b > 1

��.0D
aαbβ ≥ ααββ

ER_I�&.0/��?()���
*-,�.0/1("�&!$.

(0, 1) 3 a 7→ α log a+ (1−α) log(1− a)
�0���X��,�.���3;,��ZP$#&!$@0�$#�>M�NC��&>�,�> ��(

a = α
c

("�0�O���"�",�>K��()�8!�.
aαbβ ≥ ααββ�&>?�0#8�&�'�

α log a+ (1− α) log b ≥ α logα+ (1− α) log β = α logα+ (1− α) log(1− α)

≥ α log a+ (1− α) log 1− a,
��.0D:/1!$.��<�'3;,��'.�()#86�c

b ≥ 1− a c�()�0�N( ����c
a+ b ≥ 17 �8("�:�'3;,0�$#8�8(Q6L!$.�#&6R�8* a = α

E
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����.0/��$c�()���+("���'!$�)��> �&>K��#&�8�4�X()�0�N(
()���O��!��"�5()�8%$�O/��"�8("��/��$#�/1,��)%$��*-!��
α+ β = 1

����P$�&%$�'.w@;6

b ������� ��� 	�
����� ��� ����� (a) = β

(
α

a

)α/β
, a > 0,

��.�DL("���O.��'P���("�&%$�+/1�)�8("��/��$#2/�,��)%$�Z����P��8%���.w@I6
b ��
�������� 	�
����� ��� ����� (a) = 1− a, a ∈ (0, 1).

��� ���  #��� ��E q:T]/1*�E �S�&P$,��)�KVYW^E � ,.-/-	5 < 0 DNM	(7D α, β, a, b > 0
(7*98

α + β < 1 � �SM 0 *TDLM 0 > d (i<C<5�A -�5 <hFLDKFL? 0 < 5+d , D�F 5 *�< 5�A T<V4Wjo�Tdq�WmFH<4M ,/no0 (+*S8 > 5 *�D (+FL*�< <hD 1 F - <;( 1R57, *98 -	5 ��021 AC, *9>EDKF 5 *	< � FLDLM
d ( 1Kn#0 -	5 <hFLD�FH? 0Y06@2-	5 * 0 *�DK< � ��5+1R0C5 ? 021 c
• F A a + b < 1

c DNM 0 *fDLM 0 > d (+<6< 5�A * 0�n (+D�FL? 0 < 5+d , D�F 5 *�< 5�A T�V4Wjo�Tpq$WcFH<UM ,/no0 (+*S8�> 5 *JD (7FL*	<
<hD 1 F - <m( 1R5+, *S8 -	5 ��0E1�AC, *9>EDKF 5 *	< � FLDLM < O ( dLd�-	5 <hFLD�FL? 0c0R@2-	5 * 0 *�DK< �

• F A a+ b > 1
c'DLM 0 *T( dLd < 5+d , D�F 5 *�<4D 5 T�VYWpo2Tdq$Wm( 1R0 * 5 *�* 0�n (+D�FL? 0 �

• F A a+b = 1
c�DLM 0 *cDLM 0 > d (i<C< 5�A * 0 n (+D�FH? 0 < 57d , D�F 5 *	< 5�A (1)

> 5 *	<hFH<CDK< 5�A > 5 *�<CD (+*JD AC, *9>EDKF 5 *	< �
�������! #" ��E ��EZ�����'!$�)��>M�O��E&VK��.0DG��E qw�<��! 7 ("�0��(O�8* α + β = 1

c2()����.=("���K�����&�)�
(a, b)

�<,0/\�
("���N(

aαbβ < ααββ
D�![.�!�(+@��'#8!�.�PL("!w("���K��!��"�5()�8%��?/1�)�5()�&/'��#k/�,��"%$��*-!��

(α, β)
EU� ! 7 ��%$�'�'c�()���

3;,0�$D��",��0#8�4�
(α, β, a, b)

�",0/\�w("���N(
α+ β = 1

c
aαbβ < ααββ

�$�"�O/1�)�5()�&/'��#pE�_I��� �S�8P�,��"�4�ZV1o�q�E
������� �
	�	� �
� � ��� ���7�sE&V$E " 0 D a, b, α, β 360 -	5 <CFLD�FL? 0�� �NA DNM 0E1R0U06@ FH<hDV< ( -	5 <hFLD�FL? 0 p < , >CM DLM�(+D

a

αp
+

b

βp
< 1,

DNM 0 * (1)
FH<;<E(+D�FH< 	 0 8 32pbAC, *9>ED�F 5 *	< AC1R5+O (G<hD 1 F - ( 1R5+, *S8 (0,∞) 3 t 7→ −tp � � * - ( 1 D�FV> ,�d ( 1 cDNM 0 > d (+<6< 5�A * 0 n (7DKFL? 0 < 5+d�, DKF 5 *�<bD 5 T<V4Wpo2Tdq�W4FH<"M ,/n#0 �

! 1R5 5�A � ~��1A0.��
K =

a

αp
+

b

βp
.

�����'.w*-!$�
s, t > 0 7 �O�0�4%$�

−asp − btp = −(αs+ βt)p
(
a

αp

(
αs

αs+ βt

)p
+

b

βp

(
βt

αs+ βt

)p)
≥ −K(αs+ βt)p,

��.�DG�$/'/1!��)D��&.�P[("!Uf
�'>K�$�"HGq�E&V$ce("���w/1#��$�)�O!�* �<!�#8,�()�8!�.0�+("! T<V4Wpo2Tdq�W+/1!�.�(\���&.0�s�m�<("�)�&�����)!$,0.0D
(0,∞) 3 t 7→ −tp E

$e�1(w,0�R�0�"�'�"��.;(R( 7 !�#8�'>K>K���M*-�"!�> ()����#&�8("���\�N(),��)�m!�*+()���h�<,�@ � �'/1('E ������A0�)�<(L!$.0� 7 �$�
���)!Y%$�4DB@;6�tsEXu+,���.�v&V4x$y;{Y| �
()���h�<�4/1!�.0DB!$.0�m���L���0���"()�&/�,�#&�$�R/'�$�"�m!�*+()����>M�$�8.��)�'�",�#8(R!$*
}SE0u�!$>K�&.���H�v&V'x�x�qN|pE
� � ��� �B�7��E qUTdu+,���. v&V'x$yI{4|-W^E �NA α, β, a, b > 0

( 1�0 < , >CMWDLM�(+D α + β = 1
c
a + b = 1

c�DLM 0 *
0 (/>CM AC, *9>ED�F 5 * f <E(+D�FH< ACp FH* n (1)

FH<b: 0 *	< 0 *�=�> 5 *J? 06@ �
�0!$#&#&! 7 �&.�Pw����("H$! 7 �<HI�S�$.0D���6�/1���Uv&V'x$x;�N@�| 7 �?P$�&%$���w�"�8>K��#&�����)!I!$*r!$*�("�����Z#8�'>K>K�w@0�$�"�'D

!$.:�$.[�&D��'�?!�*k~Z���)��/�g�6R�$.0Dw�k�$#8�4�+v&V'x�y;{4|j`
! 1R5 5�A � �0�"!�> ("���O��D��'.�("�8(�6

s+ t

2
= α

[
α
s+ t

2
+ βt

]
+ β

[
αs+ β

s+ t

2

]



� 
����������
	�� ��� 
������� 
�������	���� 
�� 
���� � �

��.0DGT�V4W 7 �O�0�4%$��cI*-!$� �$#8# s, t > 0
c

f

(
s+ t

2

)
= f

(
α

[
α
s+ t

2
+ βt

]
+ β

[
αs+ β

s+ t

2

])

≤ af
(
α
s+ t

2
+ βt

)
+ bf

(
αs+ β a

s+ t

2

)

≤ a2f

(
s+ t

2

)
+ abf(t) + baf(s) + b2f

(
s+ t

2

)
,

7 ����/)�:>K�'�$.0�X("�0��(

a(1− a)f

(
s+ t

2

)
≤ a(1− a)

f(s) + f(t)

2
, s, t > 0,

��.0Dw("���O#&��>K>M��*-!$#&#&! 7 �'E
� ��� � �J�/�sE ��T]u�!�>K�8.��'HBv8V4x$x�qN|�W1E �VA α, β, a, b > 0

( 1R0 < , >6M[DNM	(7D α + β = 1
c
a + b = 1

c
α 6= a

c'DLM 0 * 0 (/>CM AC, *9>ED�F 5 * f <E(+D�FH< ACp FL* n T�VYWpo2Tdq�W4FH<m> 5 *	<hD (+*�D �
�0!$#&#&! 7 �&.�PK����("H$! 7 �<HI����.0Dw��6�/��&�[v&V'x�x���@�| 7 �+P��8%$�O��.[�'#8�'>?�'.�(\���)6R���"!�!�*n!�*n()�����
#8�'>?>M�0`

! 1R5 5�A � �
/�/1!��)D��8.�PM()!Q$��'>K>K�w�/�sE q?()����*-,�.0/^()�&!$. f ��� a ��.0�"��.�bQ/1!�.;%$��C �����'�".0�<()���&.IoI~�!I�1(\�"/\��� �$��'>?>M�Mq/�sE �?�8>K��#&�8�4��("�0��(
f
���
/�!$.;%��1Cw��.0D[/�!$.;("�&.;,�!�,0��E

$e�1([,0�RA�C ��.J�$�"@��8("�\���)6 ��!$�&.�(
t0 > 0

�$.0D D��1A�.���()���U*-,�.0/^()�8!�.
g : (−t0,∞) → R

c
g(t) = f(t0 + t)− f(t0)

Erlj(�/��$.[@��s/\���'/\H$�'DL()�0�N(
g
��� /1!$.I%$�1Cw��.�D[�"��("����A0�4�

ag(s) + bg(t) ≥ g(αs+ βt), s, t > −t0.
_I�&.0/1�

g(0) = 0
c�*-�"!�> ("�0�&�
�&.��'3;,0�$#8�8(�6 7 �O!$@�(\���&.

g(αt) ≤ ag(t), g(βt) ≤ bg(t), t > −t0.
� �'.0/1� 7 �OP$�1(

g(αt)

αt
≤ a

α

g(t)

t
,

g(βt)

βt
≤ b

β

g(t)

t
, t > 0,(A1)

g(αt)

αt
≥ a

α

g(t)

t
,

g(βt)

βt
≥ b

β

g(t)

t
, t ∈ (−t0, 0).(A2)

�����R/1!$.I%$�1Cw*-,�.0/1("�&!$.�c
g
�0�$� !�.��1bQ�<��D��'DmD����)�8%��N()�8%$�4�

g′+
c
g′−

�N(��0E
_�!0c�#8��(<("�&.�P
t
("��.�D[()!

0
�&.

�&.��'3;,0��#&�8("�&�'�OTK�sVYW^c 7 �OP$��(

g′+(0) ≤ aα−1g′+(0), g′+(0) ≤ bβ−1g′+(0).

_I�&.0/1�
a 6= α

c2�5(Z*-!�#8#&! 7 ��("�0��( g′+(0) = 0
EslQ.�()���K�)��>K� 7 �Y6$c�>M�$H;�&.�Pw,0�"��!$*�TV�Zq$W^c 7 �K�<��! 7

("���N(
g′−(0) = 0

Er���I,0� 7 ���0�Y%$�����"!N%$�'DM("�0��( g′(0) = 0
Er�X6K("���+D���A0.��8("�&!$.w!�*

g 7 �Z����.0/���P��1(
f ′(t0) = g′(0) = 0

E�_I�&.0/1�
t0
�0����@����'.:���)@��8("�\���)�8#&6R/)��!;�<�'.�cI("����� /1!�>K��#8��("�4�X("�0�O���"!I!$*�E

lQ.�()���X���)!I!�*]�n!�*0("���X("����!��"�'>M� 7 � 7 �8#&#��$#&�"!�,0�"� $���>K>M�Z�/�sE z0c 7 ����/)�?�$#8#&! 7 �e,0�n()!��&>K���)!Y%$�
�'�<("�&>M�N()�'�
!$*�_I�'/1("�&!$.mz0c���.0D)$��'>?>M�R�/�sE ��c 7 ����/)����#&#&! 7 �
,0�
("!R�'�<("�&>K��("�O("���s�����\��>K�1()���\�X!$*
$��'>?>M�M�/�sE z0E�$e��>K>M�M�7��E �����
�?�0�$�<()�&/�,�#����
/����<�+!�*n()��� ���#&D��'�
�8.0�'3;,0��#&�8(Q6�E



��� �������	��
�

� � ��� ���7�sE z0E � ,.-/-	5 < 0 DNM	(7D α, β, a, b > 0
c
q,M ∈ R c s ∈ (0, 1)

c%(7*98
m ≤ min(αs−1, β(1− s)−1), 0 < m < 1,(A3)

% = aα−qsq + bβ−q(1− s)q < 1.(A4)

�NA f : (0,∞)→ R
<2(7DKFH<
	 0 < (1)

c%(7*98
TV�Z�$W

f(t) ≤Mtq, t ∈ (0, 1],
DNM 0 *
TV� ��W

f(t) ≤ M

%
tq+log %/logm, t ∈ (0, 1].

! 1R5 5�A � ��,�(
x = s/α, y = (1− s)/β.

�S�8�\�<('c�@;6L�&.0D�,0/^()�8!�.�c 7 �s�<�0! 7 ("�0��(
TV�+{�W

f(t) ≤M%ntq, t ≤ mn,
*-!$�
�$#8#

n ∈ N ErlQ.w%I�&� 7 !�*XTK���$W�()�������8.��43;,0��#&�5(�6R�&�X("�),���*-!�� n = 0
E ��!���()���+�8.�D�,0/^()�8%$�O�<()���LA�C

n ∈ N c0�",�����!��"�MTV�+{�WX��!�#&D���("�),��$c0��.0DL(\��H$� t ≤ mn+1 E��X6UTK����W 7 �+�0�Y%$�
xt ≤ m−1t ≤ m−1mn+1 = mn, yt ≤ m−1t ≤ m−1mn+1 = mn.

� �'.0/1��c�@;6hT�VYW^c�()���O�'3;,0�$#8�8(Q6
αx+ βy = 1

c0��.0DL()���sD��1A�.��5()�8!�.:!�*
%
c

f(t) ≤ af(xt) + bf(yt) ≤ aM%n(xt)q + bM%n(yt)q = M%n(axq + byq)tq = M%n+1tq,

7 ����/)�:���)!Y%$�4�+TV�+{�W1E
f � 7 �)�5()�+�&.��'3;,0��#&�8(Q6hTV�+{�WX�&.w()���+*-!$�)>

f(t) ≤ M

%
%n+1tq, t ∈ (mn+1,mn], n ∈ N.

��!$.�D��5()�8!�.0�ZTV���;W���.�D�TK� z;W�P$�&%$�
log %/logm > 0

E���!�.0�"�'3;,���.;("#&6$c�*-!$�
t ∈ (mn+1,mn] 7 ��P$��(

f(t) ≤ M

%
%n+1tq =

M

%
(mlog %/logm)n+1tq =

M

%
(mn+1)log %/logmtq

≤ M

%
tlog %/logmtq =

M

%
tq+log %/logm.

�X�'/'��,0�"� ⋃∞
n=0(mn+1,mn] = (0, 1]

c
()���h�$@�!Y%$���&.��'3;,0�$#8�8(Q6B6I�&��#�D��hTV� ��WR�$.0D�("���h���"!�!�*+���
/1!�>K��#8��("��E
� � ��� � �/�sE ��E � ,.-#-	5 < 0 DLM�(+D α, β, a, b > 0

(+*98
q > 1 � �SM 0 *]DLM 021R0_0R@ FH<hDK< 06@ (/>ED d�pf5 * 0

sq ∈ (0, 1)
< , >CM DLM�(+D

a

αq
(sq)

q +
b

βq
(1− sq)q = min

s∈(0,1)

(
a

αq
sq +

b

βq
(1− s)q

)
.

��5+1R0C5 ? 021 c
sq =

α

α+
q−1
√
aβ/αb β

,

(+*S8

min
s∈(0,1)

(
a

αq
sq +

b

βq
(1− s)q

)
=

(
1

q−1
√
α/aα+

q−1
√
β/b β

)q−1

.
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! 1R5 5�A � ��!$.��<��D�����("���+*-,0.0/^()�8!�.

[0, 1] 3 s 7→ Φq(s) =
a

αq
sq +

b

βq
(1− s)q.

_I�&.0/1�
Φ′′q

���w��!��"�8("�&%$�$c���.�D
Φ′q(0) < 0

c
Φ′q(1) > 0

c�("���h*-,�.0/1("�&!$.
Φq

�&�:��()�"��/^()#86 /1!$.I%$�1C2c
D��'/��"�4�$�"�8.0P[!�.���.G�&.�("�'�"%���#

[0, sq]
ck��.0D=�&.0/��"�4�$�"�8.�P:!�.

[sq, 1]
E:�����M>K�&.��&>�,�>

sq ∈ (0, 1)
���

,�.���3;,���#&6wD��1()���)>K�8.��4Dw@I6
Φ′q(sq) = 0

Er��,�(

%(q) = Φq(sq),��.0D[.�!�()�Z("�0��(
("���sD���A0.��8("�&!$.:!�*
sq
>K�'�$.0�X()�0�N(

TV��y�W a

αq
sq−1
q =

b

βq
(1− sq)q−1,

�"!
%(q) = sq

a

αq
sq−1
q + (1− sq)

b

βq
(1− sq)q−1 =

a

αq
sq−1
q .

_I!$#&%I�&.�P:TK��y;W�P��8%��'�
sq =

α

α+
q−1
√
aβ/αb β

.

� �'.0/1��c

%(q) =

(
1

q−1
√
α/aα+

q−1
√
β/b β

)q−1

,

7 ����/)�m/1!�>K��#8��("�'��("���O���)!I!$*�E
�������! #" �/�sE ��E ��!�����!��"�8("�&%$�

a, b, α, β
D���A0.��s()���s*-,�.�/^("�&!$.

F = Fa,b,α,β : [0, 1] × R+ → R@;6R()���+*-!$�)>�,�#��

F (s, r) = aα−rsr + bβ−r(1− s)r, s ∈ [0, 1], r ≥ 0.
t !$("�X()�0�N(r()����*-,�.0/^()�8!�.

(0,∞) 3 t 7→ tr
�"��("����A0�4��T<V4WS�5*2��.0D�!�.�#&6s�5*

F (s, r) ≥ 1
*-!��

s ∈ (0, 1)
E

lQ.0D��'�'D2ceT<V4WX>K�'��.0��("�0��(

a
sr

(αs+ βt)r
+ b

tr

(αs+ βt)r
≥ 1, s, t > 0,

��.0D:�<,�@���()�5(),�("�&!$.:!�*
s
*-!��

αs/(αs+ βt)
/1!$>K��#&�1()�'�X()���O���)!I!�*�E

_��8>K�&#&�$�"#&6$cn("���R*-,�.0/^()�8!�.
(0,∞) 3 t 7→ −tr �"��("����A0�4�RT�VYW+�5* �$.0DG!$.�#&6h�5* F (s, r) ≤ 1

*-!$�
s ∈ (0, 1)

E
! 1R5 5�Am5�A �SM 06571�0EO � ��� � �n�$HI�8.�P s = t

�&.GT<V4W 7 �+.0!�("�+("�0��(
TV��x�W

(a+ b)f(t) ≥ f(t), t > 0.
� �'.0/1��c��5*

a+ b < 1
("�0��.[�'�$/\�

f : (0,∞)→ R
�"��("����*-6I�&.�P[T<V4Wjo�Tdq�W��&�X.0!$.���!;�<�8("�&%$�$Er�m!$�)��!N%$���4c

("�0��/�#&���"��!�*�.��'P��N()�&%$���"!$#&,�("�&!$.0��("![T�V4Wjo�Tpq$Wr�����;,0P$��@I6Y$e��>K>M���7��E8V����0��#8�&�'D 7 �8()� p > 0
�",0/)�

("���N(
a+ b < αp

c
a+ b < βp

E
���0��/'�$�"�

a + b = 1
c
a = α

T]�$.0D:�0��.0/��
b = β

W�*-!�#8#&! 7 �
*-�"!�> u+,0��.�� �"$e��>K>M�L�7��E qR��.0D
�X���).0��()���&.IoI~�!I��()�)/)��� �I$��'>?>M�:q7��E ��E������M/��$�"�

a + b = 1
c
a 6= α

c2*-!$#&#8! 7 ��*-�"!�> u�!$>K�&.���HS� �
$��'>?>M�M�/�sE ��E



� � �������	��
�

�S�$H;�&.�P?�8.;("!M�$/'/1!$,0.�(X("�0�O�<�4/1!$.�DR�)��>M���)H?*-!�#8#&! 7 �8.�PK�����'!$�)��> ��E8V 7 �+>K�Y6L�$�)�<,�>K�Z�&.L()���
*-!$#&#&! 7 �&.�PM()�0�N( a + b > 1

E��X6GTK��x;W �$#8#S�"!$#&,�("�&!$.������)�s.�!$.0.���P���("�&%$�s�8.�("������/'�$�"�$E�~��1A0.���("�0�
*-,�.0/1("�&!$.

(1,∞) 3 q 7→ %(q) = inf
s∈(0,1)

(
a

αq
sq +

b

βq
(1− s)q

)
.

�
/�/1!��)D��8.�PR()!G$���>K>M�[�7��E �M*-!$�Z��%$���)6
q > 1

("���'�"�����Z�L,�.���3;,���#&6mD���("�'�">K�&.��'D�.I,�>�@����
sq ∈

(0, 1)
�",0/\�w()�0�N(

%(q) =

(
1

q−1
√
α/aα+

q−1
√
β/b β

)q−1

=
a

αq
(sq)

q +
b

βq
(1− sq)q.

~��1A0.��+( 7 !R��,�C��&#8�����)6K*-,�.0/1("�&!$.0�

ϕ(q) = %(q)1/(1−q) =
q−1

√
α

a
α+

q−1

√
β

b
β, ψ(q) =

q−1

√
α

a
α log

α

a
+

q−1

√
β

b
β log

β

b
, q > 1,

��.�Dw.�!�()�Z("���N(
ϕ′(q) = − 1

(q − 1)2
ψ(q), ψ′(q) < 0

*-!$�
q > 1.

lj*
aαbβ > ααββ

T�()���s/1!�.0D��8("�&!$.[!$*n("���O#��$�<(
�5()��> !�*k�����'!$�)��> ��E&V4W�()����.

lim
q→∞

ψ(q) = α log
α

a
+ β log

β

b
< 0.

_I�&.0/1�
ψ
���X.��'P���("�&%$���&.[��.����&P$�I@�!$�)��!I!�DM!$*e�&.�A0.0�5(�6M()���O��@�!N%$��*-!$�)>�,�#&��!$.

ϕ′
�&>K��#8�&�'�X("���N(
�8.

("�0�K.��'�8P��;@�!$�)��!I!�D�!�*X�&.�A0.��8(Q6
ϕ
�&.0/1�)�'���<�4��("!

limq→∞ ϕ(q) = 1
Ec� ��.�/1�

%(q) = ϕ(q)1−q �&�P$�)�'��("�'� ()�0��.
1
�&.U("���?.��'�8P��;@�!��"��!I!�D:!�*��8.�A�.��5(�6�Em��/'/1!��)D��&.�PR()![f ��>M���)H��7��E �0c�("�0�K/1#��$�)��!$*

�"!$#&,�("�&!$.0�r("!LT�VYWpo�Tpq$Wk�&���I,�P$����.�D�*-!�����.I6
q > 1

�<,�/)�K("�0��(
%(q) > 1

c$("����/1#��$�)��/1!�.�()�$�8.�����()�"�&�0�
���)!$,0.0D

(0,∞) 3 t 7→ tq
E

t�! 7 �8( !$.�#&6R�)��>M�$�8.0�X()!K���)!Y%$��()���+("�0��!$�)��> *-!$�
a+ b > 1

��.0D
TV��V'�;W

aαbβ ≤ ααββ .
�����M#��N("("����/1!�.0D��8("�&!$.G�"��! 7 �Z("�0��(s���8("���'� a ≤ α

cn!$�
b ≤ β

EL�X6h�"6;>K>K�1()�"6U�8(s���+�'.�!$,�P��h("!
/1!�.0�"�&D��'��("����/��$�"�

a ≤ α E�_��8.0/�� a+ b > 1 = α+ β
c��8(
*-!�#8#&! 7 �X("���N( b > β

c0�$.0DGTV�sV4��WXP$�&%$�'�
a < α

E��X�4/���,0�"�Z!$*�TV��V'��W 7 �O�$#&�"!?�0�Y%$�

lim
q→∞

ψ(q) = α log
α

a
+ β log

β

b
≥ 0.

_I!�c�("���MD��4/1�)�'�$�"�&.�PR*-,�.0/1("�&!$.
ψ
���+�<("�)�&/1("#&6m��!��"�8("�&%$�	�e�$.0D�("���?*-!$�)>�,�#��L!$.

ϕ′
�&>K��#8�&�'�Z("���N(

ϕD��4/1�)�'�$�"�'��("!
limq→∞ ϕ(q) = 1

E�� ��.�/1�

%(q) = ϕ(q)1−q < 1, q > 1.

���0�:�&D��4�h!$*�()���:�)�'�<(K!$*�("�0�:���)!I!�*��&�?()!�������#&6����)!$��!��"�8("�&!$. z0E �U�$.0DZ$���>K>M�G�/�sE zh()!
�'�<("�&>M�N()�O�"!$#&,�("�&!$.0��!�*�T<V4Wjo�Tpq$W�*-�)!$> ��@�!Y%��$E �S�&�)�<(
�0,�(

q1 =
log a

logα
> 1,

��.�D=�'�<("�&>K��("�
log %(q)

*-!$�
q ≥ q1

E[�n!:("�����s��.0DG.�!�()�K()�0�N(s()�����)�M���s�:��!��"�8("�&%$�R/1!$.���(\��.�(
C



� 
����������
	�� ��� 
������� 
�������	���� 
�� 
���� ���

�",0/)�[("�0��(
ψ′(q) ≤ −C/(q − 1)2 *-!$� q > 1

E�� �'.0/1�

ψ(q) ≥ lim
p→∞

ψ(p)−
∞�

q

(
− C

(r − 1)2

)
dr ≥ 0 +

C

q − 1
=

C

q − 1
, q > 1.

t ��CI('c
ϕ′(q) ≤ − 1

(q − 1)2

C

q − 1
= − C

(q − 1)3
,

��.0D

ϕ(q) ≥ lim
p→∞

ϕ(p)−
∞�

q

(
− C

(r − 1)3

)
dr = 1 +

C

2(q − 1)2
, q > 1.

��!$.0�"�'3;,��'.�()#86�cI("���'�"�O�&� �?��!��"�5()�8%$�
C%

�",0/)�[("�0��(

logϕ(q) ≥ log

(
1 +

C

2(q − 1)2

)
≥ C%

(q − 1)2
, q ≥ q1,

��.0D
TV��V$VYW

log %(q) = (1− q) logϕ(q) ≤ (1− q) C%
(q − 1)2

= − C%
q − 1

, q ≥ q1.

t�! 7 D���A0.��
m(q) = min

(
α

sq
,

β

1− sq

)
.

lQ.0�"���"("�&.�P?�0���)�Z("���O%N�$#8,0�Z!$*
sq
/��$#&/�,�#&��("�4DL�&. $e��>K>M�M�7��E ��P$�&%$�'�

m(q) = min

(
α+

q−1

√
aβ

αb
β,

q−1

√
bα

βa
α+ β

)
= α+

q−1

√
aβ

αb
β ∈ (α, 1),

��.0D
m′(q) = − 1

(q − 1)2

q−1

√
aβ

αb
β log

aβ

αb
> 0.

��!��
C = −β log aβ

αb
7 �+���4%$�

m′(q) ≤ C

(q − 1)2
, q > 1,

��.0D

m(q) ≥ lim
p→∞

m(p)−
∞�

q

C

(r − 1)2
dr = 1− C

q − 1
, q > 1.

������� �&.��43�,���#&�5(�6GT�*-!$��#����)P$�
q
W ��.�D

m(q) > α > 0
T�*-!$�Z�">K�$#8#

q
W
P$�&%$�s,0���M��!��"�5()�8%$�

Cm
�",0/)�

("���N(
TV��V4q�W

0 > logm(q) ≥ − Cm
(q − 1)

, q ≥ q1.

�S�&.0��#&#&6$c0/1!$.��<��D�����("���O�&.0/��"�4�$�"�8.�PK�"�'3;,���.0/��
(qn)n=1,2,...

D��1A0.��4Dw@I6

qn+1 = qn +
log %(qn)

logm(qn)
, n = 1, 2, . . . .

�X6UTK�sV$VYWX�$.0D=TV��V4q�W�("���'�"�O�1C�����(\�
�K/1!$.���(\��.�(
∆ = C%/Cm > 0

�",0/\�w("�0��(
TV��V'�;W

qn+1 ≥ qn +∆, n = 1, 2, . . . .



' � �������	��
�

��!$.��<�43�,0��.�()#86�c�*-!$� �'��/)�
f
�"��("����*-6I�&.�PmT<V4Wpo2Tdq�W����"!���!��"�5()�8!�.wz�E ��P��8%$�4�
�M/1!$.���(\��.�(

M > 0
�",0/)�

("���N(
f(t) ≤Mtq1 , t ∈ (0, 1],

��.�D_$��'>K>K�U�7��E z�c 7 �8("� m(qn)
�",�@0�<("�8(",�("�'DG*-!$�

m
ck�$.0D

%(qn)
�<,�@���()�5(),�("�4D=*-!��

%
cr��.0D

sqn�",�@0�<("�8(",�()�'Dw*-!��
s
c�P��8%$�4�X@I6L�8.0D�,0/^()�8!�.

f(t) ≤ M

%(q1) · · · %(qn)
tqn+1 , t ∈ (0, 1], n = 1, 2, . . . .

��!$.��<�43�,0��.�()#86�c�TV��V'�;W�#&�'�$D��X()!
TV��V�zIW

f(t) ≤Mtq1
t∆

%(q1)
· · · t∆

%(qn)
, t ∈ (0, 1], n = 1, 2, . . . .

��!$.��<��D����
qn > 2

Er������.M()���Z/1!$.0/'�4%I�8(�6�!�*2("�0�
(qn− 1)

bp�)!I!�(���.0DK()�����'3;,0��#&�8(Q6
α+β = 1

P$�&%$�

%(qn) =

(
1

qn−1
√
α/aα+

qn−1
√
β/b β

)qn−1

≥
(

1
qn−1
√

(α/a)α+ (β/b)β

)qn−1

=
1

(α/a)α+ (β/b)β
= %(2).

� �'.0/1��cS*-!$����!;�<�8("�&%$�
t < %(2)1/∆ ("���L�4��()�8>M��("�UTK�sV'z;WO>?�4��.0�s("�0��(

f(t) ≤ 0
E �S�5C�.�! 7 �$.

���)@��8("�\���)6
x > 0

c0�$.0D[/1!�.0�"�&D��'�X()���+*-,�.0/^()�8!�.

(0,∞) 3 t 7→ gx(t) = f

(
2x

%(2)1/∆
t

)
.

_I�&.0/1�+("�0�+*-,�.0/^()�8!�.
gx
�"��("����A0�4�+T<V4Wjo�Tpq$W^c 7 �+�0�Y%$�

f(x) = gx

(
1

2
%(2)1/∆

)
≤ 0,

7 ����/)�m/1!�>K��#8��("�4�X("���O�0�"!I!$*n!�*k�����'!$�)��> ��E&V$E
! 1R5 5�Ak5�A �SM 0C5+1R0EO � ����� �����K/�#&���"�Z!�*���!��"�5()�8%$�K�<!�#8,�("�&!$.0�+/1!$.;()�$�8.0�+�<("�)�8�0�+�$�"!�,�.0Dm("���K��! 7 ���
*-,�.0/1("�&!$.0�

t 7→ tp
*-!$�
#����)P$�

p
ErlQ.0D��'�'D2c�(\��H$�

p
�",0/\�w("���N(

K =
min(a, b)

(α+ β)p
> 1,

.�!$("�Z()�0�N(
*-!��
s, t > 0 7 �O�0�Y%$�

asp + btp ≥ K(α+ β)p(sp + tp) ≥ K(α+ β)p(max(s, t))p ≥ K(αs+ βt)p,
��.�DL()��H��Z�&.�()!M��/�/�!$,�.;(
f ��>M���)Hwq�E&V$E

lj*
a+ b < 1

("���'.
a

αp
+

b

βp
< 1

*-!$�r�">M��#&#I��!��"�5()�8%$�
p
Ek���;,0��$��'>?>M�+�/�sE&VX�"��! 7 �e("���N(k("���
/1#��$�)�n!$*�.���P���("�&%$�X�"!$#&,�()�8!�.0�S/�!$.�(\���&.0�

�<("�)�8�0� ���)!$,�.0D
t 7→ −tp *-!$� �">M��#&#2��!��"�8("�&%$� p Et�! 7 �",�����!;�<� a+ b > 1

Eklj*
f
�&�
�?�<!�#8,�("�&!$.L("!:T<V4Wjo�Tdq�W^c���.0DL("���'�"�Z��C��&�<()�

s > 0
�<,�/)�L()�0�N(

f(s) < 0
c�("���'.

f((α+ β)ns) ≤ (a+ b)nf(s), n ∈ N.
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��!$.0�"�'3;,��'.�()#86�c
(α + β)ns → 0

��.�D
f((α + β)ns) → −∞ c 7 ����/)� 7 !�,�#&Dh/�!$.;("�\�$D���/^(O������!$b�)��> z�E z�E�_I!0c�*-!$� ��#&#

s > 0 7 �+���4%$� f(s) ≥ 0
E

_�,�����!��"�+.�! 7 ("�0��( a+ b = 1
��.�D

f
��� �?.�!$.���!;�<�8("�&%$�O�<!�#8,�()�8!�.L()!mT<V4W^E�~��1A0.0�

S = lim inf
s→0

f(s),

��.0D�A�CU�wD��'/��"�4�$�"�8.0PL�"�'3;,���.�/1��!�*���!;�<�8("�&%$���)�'��#��
sn → 0

�<,0/\��()�0�N(
f(sn) → S

Es��6�������!$b
�)��> z0E z 7 �?���4%$� lim infs→0 f(s) > −∞ ce�<! S ���+�w.�!$.���!;�<�8("�&%$���)�'��#pE��n�$H$��.�! 7 �$�"@��8("�\���)6
t > 0

�$.0D?A0C?()�����"�'3;,��'.0/1�
tn
�<,�/)�M()�0�N(

αsn +βtn = t
Ert !$("� ()�0�N(�*-!$��#&�$�"P��

n
()����.;,�>�@����\�

tn
�$�"�+��!��"�5()�8%$��E ��!���("���4�<�

n 7 �+�0�Y%$�$c�*-�"!�>�T�VYWX�$.0Dw.�!�.���!��"�5()�&%;�8(�6R!�*
f
c

f(t) ≤ af(sn) + bf(tn) ≤ af(sn)→ aS.
������������("�),��Z*-!$� �$�"@0�5()�)�$�"6M��!��"�5()�8%$�

t
c0�"!?�&.:�0���"("��/1,�#����

f(tn) ≤ aS c��$.0D 7 �OP$��(
f(t) ≤ af(sn) + bf(tn) ≤ af(sn) + baS → (a+ ab)S.

f
�����4�N()�8.�P ()���=���"!�/1�'D�,0�"� 7 �h!�@�()�$�&. f(t) ≤ (a + b(a + ab))S = a(1 + b + b2)S
c��1()/$E

��!$.0�"�'3;,��'.�()#86�c
f(t) ≤ a(1 + b+ b2 + b3 + · · · )S = a

1

1− b S = S,

7 ����/)�m�"��! 7 �X("���N( f(t) ≤ S *-!�� ��#&# t > 0
E e�.L()���O!�()�����
����.0D2c�@;6hT<V4W 7 �+���4%$�

f(t) = (a+ b)nf(t) ≥ f((α+ β)nt)
*-!$�

n = 1, 2, . . . .
$���(<()�8.�P

n
("�'.0Dw("!K�&.�A0.0�5(�6 7 �+P��1( f(t) ≥ S E����I,0�'c f ���
/�!$.0�<()�$.�('E

� � � � ���r	�	��Q��� 
����i�<����� �;���"�
���������
���������<�4/^("�&!$.G����D���%$!$("�'Dh()!:()���L/����<�M!�*

β = 1
!$�
α = 1

EG�
D�D��8("�&!$.0�$#8#&6�ce()���R#&����(s("���'!$�)��>
!�*�("���w�<�'/1("�&!$.�D��'��#�� 7 �8("�G()���L/'�$�"� α, β > 1

E ��#8!�.�P 7 �8("� _I�4/^("�&!$.���{:��.0D�y�ce()�������<�4/^()�8!�.
���)!Y%I��D��'���?/�!$>K��#&�1()�+�"!$#&,�()�8!�.L("!mT�VYWpo�Tpq$W�*-!$�
�0���\��>K�1()���\�X�<,0/\�w("�0��(
>K�8.

(α, β) < 1 < α+ β
E

������!��"�'>M� ��E&V$cn{IE&V$cn{IE ��c���.�DUy0E q�c2�$.0DU���)!$��!��"�8("�&!$.hy�E&V�P$�&%$�?�[/�!$>K��#&�1("�KD��'�)/1�"�&��()�8!�.U!�*�()���
�"!$#&,�("�&!$.0�X("!�T�VYWpo�Tpq$W�*-!�� /1�)�5()�&/'��#�3;,0�$D��",��0#8�4��E

�S�&�)�<( /�!$.0�"�&D����X()���s/����<�
b = β = 1

c 7 ����/\�[�)�'D�,�/1�'���&.��'3;,0�$#8�8(�6UT<V4W�("!
af(s) + f(t) ≥ f(αs+ t), s, t > 0.

_I!$#&,�()�8!�.0�Z()![("�����O�&.��'3;,0�$#8�8(�6 7 �'�"�M/1!�.0�"�&D��'�"�4DU@;6 a E�����("H$! 7 �<HI��v&V4x$x�z�@�|jc 7 ��!m/��$#8#&�'DU()����>
(α, a)

bQ�<,�@��$D�D��8("�&%$�M*-,�.0/1("�&!$.0�'E)���L�"��! 7 �'D=("�0��( (α, a)
bj�",�@0�$D0D��5()�8%��K*-,0.0/^()�8!�.0���"��("����*-6h�0�"!���b

���"("�&�'�?!$�)�&P$�&.0��#&#&6=���)!Y%$�4D�@I6 ��E�� �&#8#&�Gv8V4x�z�y0c�_I�'/^()�&!$.�{4| ��.�D fsE���Erf !��"��.;@���,�> v&V'x��$�N|�*-!��
�",�@0�$D�D��5()�8%$�+*-,�.0/^()�8!�.0�'E�� >K!$.0PK!�()�����
�)�'�",�#5(\��c��U�N("H�! 7 �"HI�����)!Y%$�4D
��� ���  #��� �0E&V�T a E�����("H$! 7 �<HI�Mv8V4x$x�z�@�|-W^E � ,.-#-	5 < 0 DLM�(+D a, α > 0

(+*S8
b = β = 1 � �VA

f : (0,∞) → R
<2(7DKFH<
	 0 <UT�VYWpo�Tpq$WjDLM 0 * A2571W0 ? 0E1hp t > 0

c DNM 0_5 * 0 = <hFV8 0 8 d F O FLDK< f−(t) =

lims→t− f(s)
(7*98

f+(t) = lims→t+ f(s) 06@ FH<hD1c%(+*S8
f+(t) ≤ f(t) ≤ f−(t).

lQ.[�0�$�<()�&/�,�#����4c�*-!�����%$�'�"6L3�,��$D��),���#&�+/1!�.0�<��D��'�"�4DR�&.w("�����X()����!��"�'> ()���O/1#��$�)�X!�*k�<!�#8,�("�&!$.0�X!$*
T�VYWpo2Tdq$WX���
.�!$( �I,�P$�$E�lj( ��� �$#&�"!K.�!�( ("�)�8%I����#�@��'/'��,0�"�+�8(�/1!$.;()�$�8.0�
�'�5()����� ��!;�<�8("�&%$�RT-�8*

a ≥ α
W�!$�



' � �������	��
�

.��'P��N()�8%$�MT-�8*
a ≤ α WX#&�&.��'����*-,�.0/1("�&!$.0�'E����I,0��*-!$�
��%$�'�"6 (α, β) ∈ (0,∞)2 �<,0/\�w()�0�N( β = 1

c
• ("�0�s�<��( {(a, b) ∈ (0,∞)2 : b = 1, a ≥ α} ���
/�!$.;()���&.��4DL�&.[("���O��!��"�8("�&%$�O/1�)�5()�&/'��#�/1,��)%$�	�
• ("�0�s�<��( {(a, b) ∈ (0,∞)2 : b = 1, a ≤ α} ���
/�!$.;()���&.��4DL�&.[("���O.��'P��N()�8%��+/1�)�8("��/���#�/�,��"%$��E

�������! #"�������� a E�����("H$! 7 �<HI� ��.0D��+E�� 7 ���N()H$! 7 �"HI�+v&V'x�x�z$|
/�!$.0�"��D����)�'D !$.���bd()!�bj!$.�� (α, a)
b

�",�@0�$D0D��5()�8%$��*-,�.0/^()�&!$.0�'E � >K!�.�P�!�()�������)�'�",�#8()�'c+("����6����"!N%$�'D9("�0��([F A a, α > 0
c
b = β

= 1
c�(+*S8

f : (0,∞) → R+
FH< 5 * 0 = D 5 = 5 * 0 (+*98j<E(+D�F <
	 0 <LT�VYWpo�Tpq$W1c DLM 0 * f FH<a(7* FL*9> 1R0 (i<hFL* n

M 57OY0C5+Oc5+1�- M�FH< O 5�A (0,∞) 5 *�D 5 DNM 0b1 (+* no0m5�A f � �����'6R/1!$.��<��D����)�'DM("���+/'�$�"��!$*n�<,0@0�$D�D��8()�8%$�*-,�.0/1("�&!$.0�
�&.Gv8V4x$x�V�|pE
�����&. _��'/^()�8!�. ��c d ( 1Kn#0)06@2-	5 * 0 *�DK<R�8.�("�0�R*-!$#&#8! 7 �&.�Pm("���'!$�)��>M�s>K�'��.��1C���!$.��'.�(\�O*-�)!$> �

.��'�8P��;@�!$�)��!I!�DL!�*S�&.�A0.��8(Q6 ��< O ( dLd�06@2-	5 * 0 *�DK<+�$�"��*-�)!$> �?.��'�8P��;@�!$�)��!I!�DR!$*
0
E

��� ���  #��� �0E �:T]/1*�E �S�&P$,��)� ��W^E " 0 D β = α = 1 �
• �VA a, b > 1

DNM 0 *`( dNd < 5+d , D�F 5 *�<cD 5 T<V4Wjo�Tdq�WQ( 1R0 * 5 *�* 0�n (+D�FL? 0 ��DNM 0 > d (i<C< 5�A4-	5 <CFLD�FL? 0 < 5 =
d , D�F 5 *�< FH<GM ,/no0 (7*98 > 5 *JD (7FL*	< <hD 1 F - <�( 1R57, *98 -	5 ��021UAC, *9>EDKF 5 *	< � FLDLM 06@2-	5 * 0 *�DK< AC1R5+O
(0, 1) �

• �VA a, b ∈ (0, 1)
DNM 0 *j( dLd < 5+d�, DKF 5 *	<"D 5 T�VYWpo�Tpq$W4( 1R0 * 5 * -�5 <hFLDKFL? 0 ��DNM 0 > d (i<C< 5�A * 0�n (+D�FL? 0 < 5 =

d , D�F 5 *�< 5�A T�VYWpo�Tpq$W FH<�M ,/n#0 (+*S8 > 5 *�D (+FL*�< <hD 1 F - < ( 1R57, *98 -�5 ��0E1�AC, *9>EDKF 5 *	< � FLDNM 06@2-	5 * 0 *JDV<
n/1R0 (7D 0E1 DNM	(+* 1 �

• �VA 0 < a < 1 < b 571 0 < b < 1 < a
DLM 0 *�DNM 0 > d (i<C< 5�A < 5+d , D�F 5 *�< 5�A T�V4Wjo�Tpq$WbF <bD 1 FL?.FV( d �

��� ���  #��� �0E zmT]/1*�E �S�&P$,��)��{�W^E " 0 D β = 1
c
α > 1 �

• �VA a, b > 1
DLM 0 *_( dLd < 5+d�, DKF 5 *	< D 5 T<V4Wpo2Tdq�WU( 1R0 * 5 *J* 0 n (7DKFL? 0 ��DLM 0 > d (i<C< 5�A -	5 <CFLD�FL? 0 < 5+d�, =

D�F 5 *�<4FH<"M ,/no0 (+*98Q> 5 *�D (+FL*�<4<CD 1 F - <m( 1�57, *98 -	5 ��021�AC, *S>2D�F 5 *�< � FLDNMG< O ( dLd'06@2-	5 * 0 *JDV< �
• �VA b > 1

(+*S8
0 < a ≤ 1

DLM 0 *hT<V4Wpo2Tdq�W�M�(i< 5 * d p DLM 0 � 0E1�5 < 5+d , D�F 5 * �
• �VA 0 < b < 1

DNM 0 *g( dNd < 57d , D�F 5 *	<mD 5 T�VYWpo2Tdq�WU( 1R0 * 5 * -	5 <CFLD�FL? 0 ��DLM 0 > d (+<6< 5�A * 5 * -�5 <hFLDKFL? 0
< 5+d�, DKF 5 *�<bFH<"M ,/no0 (7*98Q> 5 *JD (7FL*	<4<hD 1 F - <m( 1R5+, *S8 -�5 ��0E1�AC, *9>EDKF 5 *	< � FHDNM d ( 1Vno0;06@2-	5 * 0 *�DK< �

_�6;>K>K�1()�"6�P��8%$�4��("���R/1!$,�.;("�'�"�0�$�<(+!�*�������!$�)��> ��E zL*-!��
β > 1

c
α = 1

EK�����M/'�$�"�
β = 1

c
α < 1

T-!��
β < 1

c
α = 1

W 7 �&#8#�@��+("�)�'�N()�'Dw�&.���!��"!�#8#����"6w{IE ��E
��� ���  #��� �0E �=T]/1*�E �S�8P�,��"�Ry;W^E " 0 D α, β > 1

c
a, b > 0 � �SM 0 *ZDLM 0 > d (+<C< 5�A * 0�n (+D�FL? 0 < 5+d , =D�F 5 *	<ID 5 T�VYWpo2Tdq$W"FH< M ,/no0 (7*98c> 5 *JD (7FL*	<"<CD 1 F - <b( 1R57, *98 -	5 ��021�AC, *S>2D�F 5 *�< � FLDNM d ( 1Kno0m0R@2-	5 * 0 *�DK< �

��5+1R0C5 ? 021 c
• �VA a, b > 1

DNM 0 *�DLM 0E1R0 FH<m(UM ,/n#0 > d (i<C< 5�AB-	5 <hFLD�FL? 0 < 57d , D�F 5 *	< 5�A T<V4Wjo�Tdq�W � M�FV>6MW> 5 *JD (7FL*	<
<hD 1 F - <m( 1R5+, *S8 -	5 ��0E1�AC, *9>EDKF 5 *	< � FLDLM < O ( dLd'0R@2-	5 * 0 *�DK< �

• �VA a ≤ 1 571 b ≤ 1
DLM 0 *T( dLd < 5+d , D�F 5 *�<4D 5 T�VYWpo2Tdq$Wm( 1R0 * 5 * -�5 <hFLDKFL? 0 �

�������! #" ��E ��E+������!��"�'>K� �0E �[��.0D �0E z:�"��! 7 ("���N(s�5* α ≥ β = 1
("���'.h()���M�0���&�)�

(a, b)
�<,0/\�

("���N(
b > 1

D�!m.�!�(s@���#&!$.0P[("!:("�0�M.���P;�N()�8%$�M/��"�8("��/��$#�/1,0�"%$�?*-!��
(α, β)

EQ� ! 7 ��%$�'�'c�("�0�R3;,0�$D�b
�),���#&�'�

(α, β, a, b)
�",0/)�U("�0��(

α ≥ β = 1
c
b > 1

�$�"�?/1�)�5()�&/'��#�T-("������*-!�#8#&! 7 ��*-�"!�> /1!$>K�0�$�"���<!�.
!�* �S�8P�,��"�4� �YoIy;W^EU_I�8>K�&#&�$�"#&6�cS�8*

β ≥ α = 1
()����.�()���L�0�$�8�\�

(a, b)
�",0/)��()�0�N(

a > 1
D�!�.�!$(

@���#&!$.0Pw("![("���M.���P;�N("�&%$�K/1�)�8("��/���#�/1,��)%$��*-!$�
(α, β)

ce@�,�(O("���R3�,��$D��),���#&�'�
(α, β, a, b)

���)�K/1�)�5()�5b
/��$#dE
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! 1R5 5�A"5�A �SM 0C5+1R0EO � ��� Td���N()H$! 7 �"HI��v&V'x$x$z$@�|-W^E �S�8C t > 0

��.�D�/\��!I!;�<��( 7 !O�"�'3;,���.�/1�'� (tn), (sn)�",0/)�[("�0��(
t < tn < sn

c
n ∈ N c limn→∞ sn = t

c0��.�D
lim inf
s→t+

f(s) = lim
n→∞

f(tn), lim sup
s→t+

f(s) = lim
n→∞

f(sn).

������!��"�'> z0E z?�&>K��#8�&�'��()�0�N(
limn→∞ f(tn)

��.0D
limn→∞ f(sn)

�$�"�ZA0.��8("�$E ���)!$> T�V4W 7 �O�0�4%��
f(sn) = f(α(α−1(sn − tn)) + tn) ≤ af(α−1(sn − tn)) + f(tn), n ∈ N.

$���(<()�8.�P
n
("�'.0Dw("!K�&.�A0.0�5(�6[��.0Dw>M��HI�&.�PK,0�<�O!�*�Tdq�W 7 �+P��1(

lim sup
s→t+

f(s) ≤ lim inf
s→t+

f(s),

7 ����/)�:���)!Y%$�4��("�0��(
("���O�)�8P���(
#&�8>K�8( f+(t)
�1C��&�<()�'E�_I�&>K�&#&�$�"#&6$c

f(sn) = f(α(α−1(sn − t)) + t) ≤ af(α−1(sn − t)) + f(t), n ∈ N,
��.0D�c�#&�1("("�&.�P

n→∞ �&.w()�����
�8.��43;,0��#&�5(�6�c 7 �O!$@�(\���&. f+(t) ≤ f(t)
E

lQ.��M�<�&>K�8#���� 7 �Y6$c0/\��!I!;�<�&.�P (tn), (sn)
�",0/)�[()�0�N(

tn < sn < t
c
n ∈ N c limn→∞ tn = t 7 �/��$.[���"!N%$��()�0�N(
("�0�O#8��*�(�#8�&>K�8(

f−(t)
��C��&�<()�
�$.0D

f(t) ≤ f−(t)
E

� ��� � � �/��E8V�E �VA 0 < a ≤ 1 < α
(+*S8

b, β > 0
c%DLM 0 *g( dLd < 57d , D�F 5 *	< D 5 T<V4Wjo�Tdq�WU( 1R0 * 5 * -	5 <hFL=

DKFL? 0 �
! 1R5 5�A � �S��H$� f : (0,∞)→ R 7 ����/)�:�)�N()�&�<A0�4�+T�V4Wjo�Tpq$WX��.0DLA�Cw�?��!��"�5()�8%$� ε E��X6�Tpq$W�()�����)�+�&� δ�",0/)�[("�0��(

ε
���
�$.[,�������� @�!$,�.�Dw!�*

f
!$.

(0, δ)
E ��!��

s ∈ (0, δ)
c
t > 0

c��&.��'3;,0�$#8�8(�6UT<V4WXP$�&%$�'�
f(αs+ βt) ≤ af(s) + bf(t) ≤ ε+ bf(t).

$���(<()�8.�P
t → 0 7 �?A0.�DU("���N( ε ���O��.=,������'�O@�!$,�.0Dh!$* f !�. (0, αδ)

EM�X6��&.0D�,0/^()�&!$.�c
ε
���O��.

,������'�+@�!$,�.0DU!$*
f
!$.

(0, αnδ)
*-!��

n = 1, 2, . . . .
��!$.0�"�'3;,���.;("#&6$c

ε
���+��.U,0�������+@�!$,0.0DU!�*

f!$.
(0,∞)

E�t�! 7 c0�<�&.0/�� ε 7 �$�XA�C��'D:���)@��5()�)�$�"�&#&6$c f ����.�!�.���!��"�8("�&%$�$E
� ��� � � �/�sE q�E �NA β = 1 < b

(+*S8
α, a > 0

DLM 0 * 0 ? 0E1hp < 57d , D�F 5 * 5�A T<V4Wjo�Tpq$W4FH<b* 5 *J* 0 n (7DKFL? 0��
! 1R5 5�A � ��!��+�$.U�&.0D��&�"�4/^(O���)P$,0>?�'.�(+�",�����!;�<��()�0�N( f(t0) < 0

*-!��+�"!$>K�
t0 > 0

E��X6�Tdq�W ("���'�"�
�1C�����(\�
�?��!��"�8("�&%$�

δ
�<,0/\�w()�0�N(

af(s) < 1
2 (1− b)f(t0), s ∈ (0, δ],

��.0D:/1!$.��<�'3;,��'.�()#86�c�@;6hT<V4W^c
f(αs+ t0) ≤ af(s) + bf(t0) < 1

2 (1 + b)f(t0), s ∈ (0, δ],
��.0D�cI*-!��

s ∈ (0, δ]
c

f(αs+ t0) = f
(
α 1

2s+ α 1
2s+ t0

)
≤ af

(
1
2s
)

+ bf
(
α 1

2s+ t0
)

< 1
2 (1− b)f(t0) + b 1

2 (1 + b)f(t0) = 1
2 (1 + b2)f(t0).

�X6R�&.0D�,0/1("�&!$.�c�*-!$� ��#&#
n ∈ N c

f(αs+ t0) = f

(
α
s

n
+ · · ·+ α

s

n
+ t0

)
<

1

2
(1 + bn)f(t0), s ∈ (0, δ].

$���(<()�8.�P
n
("�'.0Dw("! ∞ P��8%$�4�

f(αs+ t0) = −∞ *�!��
s ∈ (0, δ]

c0�$.0D[/�!$>K��#&�1("�4�X("�0�O���"!�!�*�E
� ��� � � �/�sE ��E �NA β = 1 > b

(+*S8
α, a > 0

DLM 0 * 0 ? 0E1hp < 57d , D�F 5 * 5�A T<V4Wjo�Tpq$W4FH<b* 5 * -	5 <hFLD�FL? 0 �



'�) �������	��
�

! 1R5 5�A � �����?�&.0D��&�"�4/^(+���)!I!�*����Z�$.0��#&!$P�!$,0� ("!w("�0��(+!�*B$��'>?>M� �/��E q�E ���)�",�>K� f(t0) > 0
E��X6

(2)
()�����)�+��CI���<()�

δ ∈ (0, t0)
�<,0/\�w()�0�N(
a

b
f(s) <

1

2

(
1

b
− 1

)
f(t0), s ∈ (0, δ].

��!$.��<�43�,0��.�()#86�cI*-!$�
s ∈ (0, δ]

�&.��'3;,0�$#8�8(�6UT<V4WX�8>K��#&�&�'��("�0��(

f(t0 − αs) ≥
1

b
f(t0)− a

b
f(s) >

1

b
f(t0)− 1

2

(
1

b
− 1

)
f(t0) =

1

2

(
1 +

1

b

)
f(t0).

��.�Dw@;6L�&.0D�,0/1("�&!$.�c�*-!�� ��#&#
n = 1, 2, . . . , 7 �O!$@�(\���&.

f(t0 − αs) ≥
1

2

(
1 +

1

bn

)
f(t0), s ∈ (0, δ].

$���(<()�8.�P
n
("�'.0Dw("! ∞ P��8%$�4�

f(t0 − αs) =∞ *-!$�
s ∈ (0, δ]

�$.0D[/1!�>K��#8��("�'��("���O�0�"!I!$*�E
! 1R5 5�A 5�A �9M 06571R02O � � � � lj* a, b > 1

("�0��.�@;6 $���>K>M� �#�sE q �$#8#I�"!$#&,�()�8!�.0��()!?T�VYWpo�Tpq$We�$�"��.0!$.�.��'P�b
�N()�&%$�$Er_I�&.0/1����!;�<�8("�&%$� ��! 7 ����*-,�.0/1("�&!$.0� 7 �8()�M��C���!$.��'.�()��*-�"!�> (0, 1)

���)� ��!;�<�8()�8%$���",�@0��D�D��5()�&%$�$c
$��'>K>K�U��E&VR�&>?�0#8�&�'��("�0��(�("�0�w/1#��$�)�s!�* ��!��"�5()�&%$�L�<!�#&,�("�&!$.0�O()! T�VYWpo�Tpq$WO�&���I,�P$�w��.�D�/�!$.�(\���&.0�
�<("�)�8�0� ���)!$,�.0DL��! 7 ����*-,�.0/1("�&!$.0�'E

lj*
a, b ∈ (0, 1)

()����.�@I6_$��'>K>K� �/��E ���$#8#X�<!�#8,�()�&!$.0�O("! T�VYWpo2Tdq$Ws���)�M.�!�.���!��"�5()�8%��$E�_��8.0/��
.��'P��N()�8%$�U��! 7 ���R*-,0.0/^()�8!�.0� 7 �5()�J�1C���!$.��'.�()�wP$�)�'�N()���R("�0�$. 1

���)�U�<,0@0�$D�D��5()�8%$��c�$��'>?>M� �0E �
�&>?�0#8�&�'��()�0�N(
("�0�O/�#&���"��!�*S.0��P���("�&%$�+�"!$#&,�()�8!�.0�X("!mT<V4Wjo�Tdq�W��&�
�;,�P��O�$.0D[/1!�.�()�$�8.����<()�"�&�0�
���)!$,0.0D
��! 7 ����*-,�.0/^()�8!�.0�'E

lj*
0 < a < 1 < b

!$�
0 < b < 1 < a

("���'.[�4�$/\�[�"!$#&,�("�&!$.[�&�
.�!$.�.0��P���("�&%$�KT-@I6Q$���>K>M� �/��E q
��.�D��5(\�+/1!�,�.�()���)�0���"(�*-!$�

α = 1 < a
W��$.0DU�N(Z("�0�K�"�$>?��()�8>K�?.�!�.���!��"�8("�&%$�wT]@;6�$���>K>M���#�sE �

��.�Dw�5(\� /1!$,0.�("�'�"�0�$�<(�*-!$�
α = 1 > a

W^E�� �'.0/1�+("���s/�#&���"��!�*k�"!$#&,�("�&!$.��X!$*�T�VYWpo�Tpq$W����X()�"�&%I����#pE
! 1R5 5�Ac5�A �SM 0C5+1R0EO � � � � lj* a, b > 1

()����.T$e��>K>M���/��E qL�"��! 7 � ()�0�N(O�$#8#r�"!$#&,�("�&!$.0��()!=T�VYWpo2Tdq�W
���)�Z.�!$.0.���P;�N("�&%$�$Er�n�$H$�

K ∈ (1,min(a, b))
�$.0D[����!��"�8("�&%$�

p < 1
�"��("����*-6I�&.�P

Kαp < a
E�������.

K(αs+ t)p ≤ Kαpsp +Ktp < asp + btp,
�"!0cX�$/'/1!$�\D��&.�PU()!�f
�'>K�$�"H q�E8V�c�()����/1#��$�)�?!$*Z��!��"�5()�8%��:�"!$#&,�()�8!�.0��()!�T<V4Wpo2Tdq�W?/1!$.;()�$�8.0�M�<("�)�&�0�
���)!$,0.0D

t 7→ tp
E

lj*
a ≤ 1

("���'.)$e��>K>M� �/��E8Vs�<�0! 7 ��("�0��( �'%$���)6L�"!$#&,�("�&!$.:!�*
T�VYWpo2Tdq�W����
.0!$.���!;�<�8("�&%$�$EX_I�8.�/1�
�����'!$�)��> ��E&V+�)�Y6I�X("�0��(
("���s/�#&���"��!�*k�"!$#&,�()�8!�.0�X("!mT<V4Wjo�Tpq$W�����.�!$(
�I,�P$�+*-!$�

b = 1
c�$���>K>M�K�0E �

�&>?�0#8�&�'��()�0�N(
("�0�O/�#&���"��!�*k�"!$#&,�()�8!�.0��()!mT<V4Wjo�Tdq�W��&��("�)�&%;����#2�8*
b > 1

E
lj*
b < 1

()����.G$e��>K>M� �/�sE ���<��! 7 ��("�0��(��$#8#2�<!�#8,�()�&!$.0��("![T<V4Wjo�Tdq�W����)��.�!�.���!��"�5()�8%$��Ek�S��H$�Z�
�)�'��#

p > 1
�<,�/)�w()�0�N(

αp > a
E�������.

(αs+ t)p ≥ αpsp + tp ≥ min(αp/a, 1/b)(asp + btp),
�"!0c���/�/�!$�\D��8.0P�("!Gf
�'>M���)H�q�E8V�cr("���m/�#&���"�?!�*�.���P;�N()�8%$�[�"!$#&,�()�8!�.0��!$*?T�V4Wjo�Tpq$W�/1!�.�()�$�8.��?�<("�)�&�0�
���)!$,0.0D

t 7→ −tp E
! 1R5 5�AQ5�A �SM 065+1R0EO � ��� � ���0�L/1#��$�)�O!�*
.���P;�N("�&%$�R�"!$#&,�("�&!$.��O!�*sT�VYWpo�Tpq$W+�&�s�I,�P$�R@��'/'��,0�"�M#����)P$�
��!��"�8("�&%$�

p
�"��("���<*�6R("���s/�!$.0D��8("�&!�.[!�*%$��'>?>M�M�/�sE&V$E

lQ.=!$�\D�����()!:�<�0! 7 *-!�� a, b > 1
("�0��(Z()���M/1#��$�)��!$*���!;�<�8("�&%$�K�<!�#8,�("�&!$.0�Z�&�+�;,�P���()��H��?�w��!��<b

�8("�&%$�
p < 1

�",0/\��("�0��(
a > αp

c
b > βp

E��X6=()���:�<,�@0��D�D��8("�&%I�5(�6���.0D���!�>K!$P$�'.����8(�6=!$*
()���
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	�� ��� 
������� 
�������	���� 
�� 
���� ' �

��! 7 ���Z*-,�.0/1("�&!$. (0,∞) 3 t 7→ f0(t) = tp 7 �K�0�Y%$� f0(αs + βt) ≤ αpf0(s) + βpf0(t)
cn��.�D

/1!�.0�<�43;,���.;("#&6$c���%����"6M*-,�.�/^("�&!$.
f : (0,∞)→ R

�<,�/)�[("�0��(
f0(t) ≤ f(t) ≤ min(a/αp, b/βp)f0(t), t > 0,

�)�N("���<A0�'�OT�VYWpo�Tpq$W1E
���0�+�)��>M���&.��&.�PK�<()��("��>K�'.�( !�*n()���+("���'!$�)��> *-!�#8#&! 7 ��*-�)!$> $��'>?>M� �#�sE&V$E

� � � ��� 
���� � � � � ���n� �����"�f�;���"�
�������"�
lQ.U()���&�O�"�'/^()�8!�. 7 �M/1!$.��<��D����KT<V4Wjo�Tpq$W 7 �5()�h�0�$�)�$>K�1("�'�)� a, b, α, β �",0/\�U("�0��( α < 1 < α + β

E
������!��"�'>M��{�E8V��$.0DU{�E �MP$�&%$���R/�!$>K��#&�1()��D��'�)/1�"�&��()�8!�.m!�*k()�����"!$#&,�()�8!�.0�
("!hT�VYWpo�Tpq$W�*-!$��/��"�8("��/��$#
3;,0�$D��),���#&�'�'E

���0�
��,�CI�&#&�&�$�"6�_I,0@0�<�4/^()�8!�.R{+��E8V
�<�0! 7 �S("�0��(r*-!$�r�'��/)�?�0�$�8� (α, β)
�",0/\��("�0��(

α < 1 < α+β("�0���"�O�1C�����(\�
�?,�.���3;,��+�����&�
(uα,β , wα,β)

!$*S��!;�<�8()�8%$�+�)�'��#����",0/\�w("���N(
wα,β < 1 < uα,β , αuα,β + βwα,β = 1, αuα,β log uα,β = −βwα,β logwα,β .

&=�R,0�"�K("�0�R.0��>K�)<2>C( d FH* n;A (/>ED 5+1 <L!�*X()���R�0�$�8� (α, β) 7 ���'.G�)�1*-�'�"�)�&.�P[("! (uα,β , wα,β)
E �0!$�

@��)��%I�8(Q6 7 � 7 �8#&# 7 �)�5()� u ��.0D w 7 ���'.���%$�'���8(Z����/�#8�4����("�0��(�("�0�?�<6I>�@�!�#&���)�1*-�'��("!L("���K�"/'��#&�8.�P
*]�$/1("!$�\�2!$*I("�����0�$�8�

(α, β)
ES�������0���&�e!�*��"/'��#&�8.0P�*]�$/1("!$�\�

(u,w)
D������'.0D��n/1!�.�()�8.I,�!$,0�"#86Z!$.

(α, β)
E

��������.0!�("�&!$.[����,��<�4Dw�8.[("�0�+*-!$�)>�,�#&��("�&!$.[!�*n("�0�+("����!��"�'>M�X!$*n("����� �"�'/^()�8!�.�E
��� ���  #����{IE&V$E � ,.-#-	5 < 0 DNM	(+D 0 < α < 1 < α+ β

c'(7*98a8 0 * 5 D 0U32p (u,w)
DNM 0 - (+F 1U5�A <E>C( d FL* n

A (/>ED 571 < A25+1 (α, β) ��VA a, b, p > 0
( 1R0 < , >CM DLM�(+D

αu = aup, βw = bwp,
DLM 0 *W( AC, *9>EDKF 5 * f : (0,∞)→ R

<E(+D�FH< 	 0 <sT�VYWpo2Tdq$WbF A (+*S8 5 * d p F A FLDBF <m> 5 *J? 06@ (+*98
f(ut) = upf(t), f(wt) = wpf(t), t > 0.

e�@��<�'�"%$��("���N(�T]/1*�E�_I,0@0�<�4/^("�&!�.�{+��E ��W^`

• �8* a ∈ (α, αu)
("���'.

p ∈ (0, 1)
c���.0D?/1!$.��<�43�,0��.�()#86�c��"!$#&,�()�8!�.0�e()!KT<V4Wjo�Tdq�Wn���)��.�!�.���!��"�8("�&%$�	�

• �8* a < α
("���'.

p > 1
c0�$.0D[/1!�.0�<�43;,���.�()#&6$c��"!$#&,�("�&!$.���()!mT�VYWpo2Tdq$WX�$�"�+.�!$.0.���P���("�&%$�$E

�0!$�X�$#8>K!;��(X�$#8#
α, β

/�!$.0�"�&D��'�"�4DK�&.R("���+��@�!N%$�
()����!$�)��>
log u/logw

�����8�)�\�N()�8!�.0��# ��()����.L("���
�"!$#&,�("�&!$.0��!�*�T<V4Wjo�Tpq$WX���)�Z��! 7 ����*-,�.0/1("�&!$.0�'Erlj* a = α

c
b = β

()����.[()���s�<!�#8,�("�&!$.0�
���)�Z#&�8.0�'���4E
� �  ����� �  ���{IE q�E " 0 D a, b, α, β (7*98

u,w, p 3C0 (+<bFL* �SM 06571R02O 7.1.

(1) �VA log u/logw
FH<bF 121 (7DKF 5 *9( d DNM 0 * f <E(+D�FH< 	 0 <sT<V4Wpo2Tdq�W4F A c�(+*98 5 * d p F A c

f(t) = f(1)tp, t > 0,

� M 021R0 f(1)
FH<b* 5 *�* 0�n (+D�FL? 0 A25+1 p > 1

c%(7*98k* 5 * -	5 <hFLD�FL? 0BA2571 p ∈ (0, 1) �
(2) �VA p = 1

DNM 0 * f <E(+D�FH< 	 0 <sT�VYWpo2Tdq$WbF A c%(7*98 5 * d p F A c
f(t) = f(1)t, t > 0.

���0���<�4/1!$.0D:�0���"( !$*S()���&��/1!��"!�#8#����"6 7 ���
���)!N%$�'D[�8.��RD��P���'�"�'.�( 7 �Y6L@I6 a E����N()H$! 7 �"HI��Td/^*�E���N()H$! 7 �<HI�kv&V'x�x$��@ec�V4x$x�q$�N|2�$.0D[���N()H$! 7 �"HI�2�$.0Dw��6�/1���[v&V'x�x����N|-W^E



' � �������	��
�

��� ���  #��� {IE ��E � ,.-/-�5 < 0 DLM�(+D 0 < α < 1 < α+ β
c'(+*S8c8 0 * 5 D 0m3Ep (u,w)

DNM 0 - (7F 1 5�A <2>C( d FH* n
A (/>ED 5+1 < A25+1 (α, β) ���NA a ∈ [αu, 1]

(+*S8
b = 1 − a c�DNM 0 * f : (0,∞) → R

<E(+D�FH< 	 0 <�T<V4Wjo�Tdq�WmF A
(+*S8 5 * d p F A f FH<m> 5 *	<hD (7*�D (+*S8c* 5 * -�5 <hFLDKFL? 0 �
���0�=��@�!N%$��( 7 ! ()����!��"��>M�[/1!�>?�0#8��("��#&6 D��'�)/1�)�8@��U("���G/��"�8("��/��$#Z/�,��)%$�'�L�&. ()���=�0��#8*�bj��#&�$.��

{(a, b) : a ≥ α} ��.�D?("����/1#��$�)�"�'�r!�*��"!$#&,�()�8!�.0�r!$*�T�V4Wjo�Tpq$WS*-!$��()�����0���\��>K�1()���\�S*-�)!$> ("����/1�)�8("��/���#
/1,0�"%$�4��EX�����sD��'�)/1�)�8��()�8!�.:!�*S()���s�)��>M���&.��&.�PK�0�$�<(�!�*S()����/1�)�8("��/���#e/�,��)%$�'� D������'.0D�� !�. 7 ���1()�����
β
�&���<>M��#&#&���+()�0��.�cS�'3;,0�$#k()!0cn!��OP$�)�'��("�'�Z("����.

1
ELlj*

β < 1
()����.

α
��.0D

β
��#��46h�"6I>K>?��("�)��/

�)!$#&�'�'c���.�Dm("���K�$@�!Y%$��("����!��"�'>M��>M�Y6:@��K�����0#8�&�'D�("![D��'�"/��"�&@��?�<!�#8,�("�&!$.0�Z��.�DU/1�)�5()�&/'��#k/1,0�"%$�4��E
f
�4/���#&#�()�0�N(
("�0�O���"�4/1���<�+>K�'��.0�8.�PK!$*S@����&.�PK@���#&! 7 c�!$� ��@�!N%$�$c��K�<��(
����P��8%���.[�8.�_I�'/1("�&!$.mq�E
� �  ����� �! �� {�E z�T]/1*�E �S�&P$,��)����W1E � ,.-#-	5 < 0 DLM�(+D 0 < α, β < 1 < α + β

ca(7*98 8 0 * 5 D 0
3Ep (uα,β , wα,β)

DLM 0 <E>6( d FL* n�A (#>2D 5+1 < A2571 (α, β)
ca(7*98 3Ep (uβ,α, wβ,α)

DNM 0 <E>C( d FL* n�A (/>ED 571 <
A25+1 (β, α) � �SM 0 *�DNM 0 -	5 <hFLD�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 FH< n FL? 0 * 32p

b ������� ��� 	�
 ����� ��� ����� (a) =

{
β1/βwα,βaαuα,β/βwα,β , a ≤ α c
β1/βwβ,αaαuβ,α/βwβ,α , a ≥ α c

(+*S8cDNM 0 * 0 n (7DKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 FH< n FL? 0 * 3Ep

b � 
���� ��� 	�
 ����� ��� ����� (a) =





1− a, a ∈ [0, αuβ,α]
c

β1/βwβ,αaαuβ,α/βwβ,α , a ∈ [αuβ,α, α]
c

β1/βwα,βaαuα,β/βwα,β , a ∈ [α, αuα,β ]
c

1− a, a ∈ [αuα,β , 1] �
• �VA (a, b)

FH<4( 3C5 ? 0 DLM 0�-	5 <hFLDKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 DNM 0 *j( dLd < 5+d , D�F 5 *�<�D 5 T�VYWpo2Tdq$W4( 1R0 -	5 <CFLD�FL? 0 c
(7*98kDLM 0 > d (i<C< 5�A -�5 <hFLDKFL? 0 < 5+d�, DKF 5 *	<bFH<"M ,/no0��

• �VA (a, b)
FH< 360EdP5 � DLM 0�-	5 <CFLD�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 (+*S8U( 365 ? 0 DLM 0 * 0�n (+D�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DLM 0 *

DNM 0;5 * d�p < 5+d , D�F 5 *WD 5 T<V4Wjo�Tdq�W4FH<bDNM 0 � 0E1R5�AC, *9>EDKF 5 * �
• �VA (a, b)

FH< 3C02d 5 � DNM 0 * 0�n (+D�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DNM 0 *[( dLd < 5+d , D�F 5 *�<Y( 1R0 * 5 * -	5 <hFLDKFL? 0 c (+*98
DNM 0 > d (+<C< 5�A * 5 * -�5 <hFLDKFL? 0 < 5+d , D�F 5 *�<4FH<"M ,/n#0 �

�SM 0 M ,/no0 > d (+<6< 0 < 5�A DNM FH<m> 5+1R5+dNd ( 1hp > 5 *JD (7FL*j<hD 1 F - <m( 1R57, *98 -	5 ��0E1�AC, *9>ED�F 5 *	< �
���0�OD��4�"/��"�&��()�8!�.w!�*S("���s/����<�

β = 1
c�@���P�,�.[�&.m_I�4/^("�&!$. ��c���� ��#��<!K/�!$>K��#&�1("�4Dw@I6�`

� �  ����� �! ��h{�E �RTd/^*�E �S�8P�,��)��z;W1E � ,.-#-	5 < 0 DLM�(+D 0 < α < 1
c
β = 1

c'(+*S8c8 0 * 5 D 0m32p (u,w)
DNM 0

<E>6( d FL* nIA (/>ED 571 < A2571 (α, β) � �SM 0 *WDLM 0 -	5 <hFLDKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 FH< n FL? 0 * 3Ep

b ������� ��� 	�
 ����� ��� ����� (a) =

{
β1/βwaαu/βw, a ≤ α c
1, a ≥ α c

(+*S8cDNM 0 * 0 n (7DKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 FH< n FL? 0 * 3Ep

b � 
���� ��� 	�
 ����� ��� ����� (a) =





1, a ∈ [0, α]
c

β1/βwaαu/βw, a ∈ [α, αuα,β ]
c

1− a, a ∈ [αuα,β , 1] �
• �VA (a, b)

FH<4( 3C5 ? 0 DLM 0�-	5 <hFLDKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 DNM 0 *j( dLd < 5+d , D�F 5 *�<�D 5 T�VYWpo2Tdq$W4( 1R0 -	5 <CFLD�FL? 0 c
(7*98kDLM 0 > d (i<C< 5�A -�5 <hFLDKFL? 0 < 5+d�, DKF 5 *	<bFH<"M ,/no0��
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	�� ��� 
������� 
�������	���� 
�� 
���� '6�

• �NA (a, b)
FH< 360EdP5 � DLM 0�-	5 <CFLD�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 (+*S8U( 3C5 ? 0 DLM 0 * 0�n (+D�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DLM 0 *

DNM 0;5 * d�p < 5+d , D�F 5 *WD 5 T<V4Wpo2Tdq�W4FH<bDNM 0 � 0E1R5�AC, *9>EDKF 5 * �
• �NA (a, b)

FH< 3C02d 5 � DNM 0 * 0�n (+D�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DNM 0 *[( dLd < 5+d , D�F 5 *�<Y( 1R0 * 5 * -	5 <CFLD�FL? 0 cB(7*98
DNM 0 > d (+<C< 5�A * 5 * -	5 <hFLDKFL? 0 < 57d , D�F 5 *	<bFH<"M ,/no0 �

�SM 0 M ,/no0 > d (i<C< 0 < 5�A DNM FH<m> 5+1R5+dNd ( 1hp > 5 *JD (7FL*j<hD 1 F - <m( 1R5+, *S8 -�5 ��0E1�AC, *9>EDKF 5 *	< �
���0�O/����<�

β > 1
�)�'3;,��&�"�4���<!�>K�Z.0� 7 �)�'�",�#5(\�
��.0D 7 �8#&#�@��OD����)/1,0�)�<�4Dw�8.�_I�'/1("�&!$.:y0E

� ����� �
	�	� �

� ����� � ��>6( d FL* n�A (#>2D 5+1 < � &=�X�<��! 7 ("�0���1C�����()��.0/����$.0DO,�.0�&3;,��'.��'�)�n!�*�()���X�)/��$#8�&.�P *]�$/1("!$�\� (u,w)*-!$�S()�����0���&�
(α, β)

�<,0/\��("���N(
0 < α < 1 < α+β

Ek�������)/���#&�&.�P�*]�$/1("!��)�S�$�"�XD��1A0.��4D����n��!;�<�8("�&%$�
�)�'��#����",0/\�w("�0��('`

0 < w < 1 < u,

αu+ βw = 1,(A1)

αu log u = −βw logw.(A2)
��!$.0D��5()�8!�.BTV�sVYW 7 �&#&#k@��M�"��("����A0�4D��8* w = (1− αu)/β

E i �&%$��.U()������c2()���?�&.��43�,���#&�5()�8�4� 7 �8#&#r@���)�N("���<A0�'DO�8*
u ∈ (1, α−1)

EnlQ.�D����4D2cYA0�\��(S.�!$("��("�0��(
α+β > 1

�&>K��#8�&�'�n("�0��(
w = (1− αu)/β < 1�8*

u > 1
E��m!$�)��!N%$���'c

w = (1− αu)/β > 0
�5*
u < α−1 E

��!�.0�"�'3;,���.;("#&6$c��8( �&�
��.0!$,�P��L()!K���)!Y%$��()�0�N(
()�����)�+�1C�����(\�
�?,�.���3;,��
u ∈ (1, α−1)

�",0/\�w()�0�N(

ψ(u) = αu log u+ β
1− αu
β

log
1− αu
β

= 0.

�����O�1C��&�<()��.0/1�O!�*
u
*-!�#8#&! 7 �X*-�)!$> ("���s/1!�.�()�8.I,��5(�6L!$*

ψ
��.0DL()���O�"�'#&��("�&!$.

ψ(1) < 0 < lim
s→α−1−

ψ(s),

7 ����/)�����R��/�!$.0�"�'3;,��'.0/1�m!�*Z()�����8.0�'3;,0��#&�8(Q6 α < 1 < α + β
E����0�m,�.0�&3;,��'.��'�)�M!$*

u
���R�

/1!�.0�<�43;,���.0/��Z!$*n("���O>K!$.�!$("!�.��&/��5(�6R!$*
ψ
��("�0�+>K!�.�!�()!$.���/1�8(�6M*-!$#&#8! 7 �X*-�"!�>

ψ′(u) = α log u− α log
1− αu
β

> 0.

�S�&.0��#&#&6$c;()���Z>K!$.�!$("!�.��&/��5(�6K!$*
ψ
��.�DR�8()��/�!$.�()�8.I,�!$,0��D������'.0D��'.0/1�Z!�.R("���+�0���\��>K�1()���\�

α, β�&>?�0#8�&�'��("�0�s/1!$.;("�&.;,�!�,0�
D��'����.0D��'.0/1�O!�*
u
T]��.�Dw���'.0/1�

w
WX!$.

α
�$.0D

β
E

� ��� �� l�(+<hFV> dP0EOUO ( � ���������)!I!�*]��!$*r()�����)�'�",�#8()��!�*X_I�'/1("�&!$.G{M�$�"��@0���<�4Dm!$.W$��'>?>M�:{+��E q�E
lQ.[�8(\���0�"!I!$* 7 �O�$����#&6
� ��� � ��{7�sE&V$E � ,.-#-	5 < 0 p ∈ (0, 1)

(+*S8
a, b ∈ R <E(+D�FH< ACp pa + (1 − p)b = 0 � " 0 D E 3C0 DLM 0

> dP5 < 0 8g(#8/87FLDKFL? 0 < ,�3�n/1R5+,.- 5�A R no0 * 021 (7D 0 8 32p a, b � �9M 0 * 0 ? 021hpW,.-#-	0E1G3C5+, *98 0 8g(+*S8 ,.-#-	0E1
< 02O FV> 5 *�D�FL* ,�57, < AC, *9>ED�F 5 * φ : E → R

<E(+D�FH< ACp FL* n
TV����W

φ(t) ≤ pφ(t+ a) + (1− p)φ(t+ b), t ∈ E,
FH<m> 5 *	<hD (7*�D �
! 1R5 5�A T]�",�P$P��'�<("�4D=@;6�_�ESu 7 �����&����W^EZlj* φ ���s.�!$(�/�!$.0�<()�$.�(�!$. E ("���'.�("���'�"�R��C��&�<(

x, y ∈ E�",0/)�m("���N(
φ(x) > φ(y)

E��X6w("����,��������+�<��>K��/1!�.�("�&.;,0�5(�6:!�*
φ
("���'�"���1C�����(Z�R.����&P$�I@�!$�)��!I!�D

V



'.� �������	��
�

!�*
y − x ��.0D[�$. ε > 0

�<,0/\�w()�0�N(
φ(x)− ε > φ(s), s ∈ x+ V = {x+ t : t ∈ V }.

lQ.��43�,���#&�5(�6hTV���;WXP$�&%$�'�'c�@;6L�&.0D�,�/^("�&!$. 7 �8("�:�)�'�"���'/1(�("! N = 1, 2, . . .
T-�&.[("�����<,�>M�
@���#&! 7 c�("�0�

.;,0>�@����\�
a1, . . . , aN

�$�"��()��H$�'.U*-�"!�>F()���M�<��( {a, b} �n�8* ai = a
("���'.

pi = p
�e�8*

ai = b
("���'.

pi = 1− p ���8.[("���O�&.0D�,0/1("�&%$�s��()����ceTK���;W���� ������#&�&�'DL()!?("�0�s�<�'/�!$.0D[�",�>K>K�$.0D0W1c

φ(t) ≤
N∑

n=1

∑

a1 /∈V, ..., a1+···+an−1 /∈V, a1+···+an∈V
p1 · · · pnφ(t+ a1 + · · ·+ an)

+
∑

a1 /∈V, ..., a1+···+aN−1 /∈V, a1+···+aN /∈V
p1 · · · pNφ(t+ a1 + · · ·+ aN ).

$���(
M
@��s�?P$#&!$@0�$#�,������'�
@�!�,�.0Dw!$*

φ
E������s��@�!N%$�Z�&.��'3;,0�$#8�8("�&�'��P��&%$�

φ(x) ≤
( N∑

n=1

∑

a1 /∈V, ..., a1+···+an−1 /∈V, a1+···+an∈V
p1 · · · pn

)
(φ(x)− ε)

+
( ∑

a1 /∈V, ..., a1+···+aN−1 /∈V, a1+···+aN /∈V
p1 · · · pN

)
M.

��!�.0�"�&D��'�X("���O���"!�@0��@0�8#&�8(Q6R>?�4�$�",��)�
µ
!$.

E
P$�&%$��.w@I6

µ(a) = p
�$.0D

µ(b) = 1− p ErlQ.w("���#&��>K>M� 7 �K���"�",�>K�'D�("�0��( µ(a)a + µ(b)b = 0
ce�"!L()���K�)�$.0D�!$> 7 �$#8Hm!�. E P$!N%$���).��'D�@;6m("���

>K�'���<,��)�
µ
�����)�'/�,��"�)��.;(OT]/1*�E	&�E �0��#&#8�'�Ov&V'xI{IV$c�����E	!�l^E&V'�0E z$|�W1Er���;,0��("���O���)!$@���@��&#8�8(�6M("�0��(�()���

�\��.0D�!�> 7 �$#8H��<()�$�<()�8.0PL*-�"!�> 0
�)�'��/)�0�'�

V
�8.h("���:V'�<('cnqN.0D2c

. . . ,
!��
N
("�G��()���U()��.0D��Z()!

1
���

N →∞ cI()�0�N( ����c
N∑

n=1

∑

a1 /∈V, ..., a1+···+an−1 /∈V, a1+···+an∈V
p1 · · · pn → 1,

��.�D
∑

a1 /∈V, ..., a1+···+aN−1 /∈V, a1+···+aN /∈V
p1 · · · pN → 0.

��!$.��<�43�,0��.�()#86�c
φ(x) ≤ φ(x)− ε c 7 ����/)�:�&� �K/1!�.�()�)��D��&/1("�&!$.�E

���0�s�$@�!Y%$�+#&��>K>M�K�����?�����"("��/1,�#���� /'�$�"�+!$*r��.:�'3;,��&%N�$#8�'.0/1�O@��1( 7 ���'.[()������()�",�/^(",��)�O!�*S()���
/1#��$�)�?!$*Z�",������)�0���)>K!$.���/R*-,�.�/^("�&!$.��K!�.B�G�����)H$!N%�/\�0���&.���.0D ("�0�:�)�'/�,��"�)��.�/1�w!�*�()���m/\�0���&.�E
a E � g �'>M��c���EIus����#���.�bQ~�,��0!��$.0DL~�E�f
�'%I,�g�v8V4x	� ��c�V'x	��xN|jc�fsEIuKE i ��("!I!���v8V4x$x$��|pc;��.�DR��E;��6;b/1���[v&V'x$xI{4|���(),0D�6R()���&�
�43;,��8%���#&��.0/���*-!$�
%����)�8!�,0��/1#��$�)�<�4�X!�*k���$�"H$!N%R/)�����&.0��E

��� �K/1!$�)!$#&#����"6 7 �+!�@�()�$�8.w("�0�+*�!�#&#8! 7 �8.0PK/1�),0/��&�$#
� � ��� �B{+��E q�E#" 0 D a, b, α, β > 0

c
u,w > 0

c
p ≥ 0 360 < , >6M�DNM	(7D α < 1 < α + β

(+*S8 TK�sVYW
M 57d 8i<mD 1h,�0 � � ,.-/-	5 < 0 DLM�(+D

aup + bwp = 1,(A4)

aup log u = −bwp logw.(A5)

�NA f : (0,∞) → R
<E(+D�FH<
	 0 < (1)

(+*S8QDLM 0 AC, *S>2D�F 5 * (0,∞) 3 t 7→ f(t)/tp
FH< 3C5+, *S8 0 8 ( 365 ? 0 c

DNM 0 * f F <m> 5 *J? 06@ (+*98
TV� ��W

f(ut) = upf(t), f(wt) = wpf(t), t > 0.
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�NA c�FL*T(#8/87FLDKF 5 *Sc log u/logw
FH<bF 1h1 (+D�F 5 *9( d DLM 0 *

f(t) = f(1)tp, t > 0.
! 1R5 5�A � ~��1A0.�� ϕ : R→ R

@;6R("���+*-!��">�,0#&�
ϕ(t) = f(et)/ept, t ∈ R,

��.0DU.�!$("��()�0�N(O�5(O���Z@�!$,�.�D��'Dh�$@�!Y%$��E�_I,0@0��()�5(),�("�&.�P
ut
*-!��

s
c
wt

*-!��
t
c2(\��HI�8.0Pw�8.;("!:��/�/�!$,�.;(

TV��V4W1c���.�D 7 �)�5()�8.0P (1)
�8. ("���)>M�?!�* ()���[*�,0.0/^()�8!�.

ϕ
P$�&%$�'��("���w*-!�#8#&! 7 �8.0Ph�8.��43;,0��#&�5(�6�!�*�()���

*-!$�)>�TK���;W^`
aupϕ(t+ log u) + bwpϕ(t+ logw) ≥ ϕ(t), t ∈ R.

��,�(
E =

/1#&!��",��)�Z!�* {j logw + i log u : j, i ∈ Z} �8. R,
��.0D���D�!$��(�()����.�!�(\�N("�&!$.

t + E = {t + s : s ∈ E} E�t�! 7 �8* ϕ|t+E ����,������'�Z�"��>K�&/�!$.;("�&.;,�!�,0�
("�0��.�c�@;6�TK� z;W1c TK����W^c���.0D�@�!�,�.0D��'D�.��'�)���$@�!Y%$�R!$*

ϕ,
("�0�[/1!$.�D��5()�8!�.0��!$*�$���>K>M�={7�sE&VL�$�"�

�)�N("���<A0�'D2Ea����.0/��$cn�8*
ϕ|t+E

���O,������'���<�'>K�&/�!$.�()�8.I,�!$,��Z()����.��5(����s/1!$.���(\��.�(4EL�����M�)�'�<(O!$*�()���
���)!I!�*n���
D��8%I��D��'D[�8.;("!K( 7 !K�8.�D������'.0D���.;( �����"()�'E
� �����

log u/logw ∈ Q EO�n�$H$� t ∈ R Er������.M()�����"�1(\� E �$.0D
t+E

���)� D����)/1�)�1("��E%� �'.0/1�
ϕ|t+E���
/1!�.�()�8.I,�!$,0�'c��$.0D[/1!�.0�"�'3;,���.;("#&6$c�/�!$.0�<()�$.�('E����;,0�

f
�"��("����A0�4�+TK� �;W^E

�n!M�"��! 7 ("���s/�!$.;%��1C��5(�6R!�* f c0������#&6hTV� ��W���.0D (1)
("!MP$�1(

aupf(s) + bwpf(t) = af(us) + bf(wt) ≥ f(αus+ βwt), s, t > 0.
_I�&.0/1�

αu
c
aup ∈ (0, 1)

c�("�����M�8.��43;,0��#&�5(�6�>K�'�$.0��()�0�N(
f
�&�

(αu, aup)
bQ/1!�.;%$��C �
��.�D u+,���.�� �

$��'>?>M�?�7��E qs�)�Y6I��()�0�N(
f
��� a �'.0�"��.�bQ/1!$.I%$�1C2Ek_I�&.0/1� f �&��#&!�/��$#8#&6?@�!$,�.�D��'DL��@�!N%$���$.0D a ��.��<�'.�b/1!�.;%$�1C2c4@I6�()�����X�'�".0�<("�'�8.�oI~�!I�1(\�"/\�b$��'>K>K��q7��E ��c1()����*-,0.0/^()�8!�.

f
���n/1!�.;%$�1C2c 7 �0�&/\��/1!�>?�0#8��("�'�

("�0�+�0�"!I!$*n�8.[("�0�+A0�)�<( /����<��E
� �����

log u/logw /∈ Q E+�����s��,�C��&#&�&�$�"6K*-,�.0/1("�&!$. g : (0,∞)→ R
P��8%$�'.w@I6

g(t) = lim
δ→0

sup
s∈(t−δ,t+δ)

f(s)

��� 7 ��#&#rD��1A0.��4D2E�t�!�("��()�0�N(+�8(+���Z,��������O�"��>K��/1!$.;("�&.;,�!�,0�Z�$.0D g(t)/tp
����@�!�,�.0D��4Dh��@�!Y%��$E+lQ.

!$�\D�����("!M�"��! 7 ()�0�N( g �)�N()�&�<A0�'� (1)
c�A�C[�$�"@��8("�\���)6

s, t > 0
��.�DL()�$H$�

sn → s
��.0D

tn → t
�",0/)�

("���N(
f(αsn + βtn)→ g(αs+ βt)

E����0��.
ag(s) + bg(t) ≥ lim

n→∞
sup(af(sn) + bf(tn)) ≥ lim

n→∞
f(αsn + βtn) = g(αs+ βt).

t ! 7 c��",�@0�<("�8(",�()�8.0P g *-!$� f �&.w("�0�+���)���0�$�)��("!$�)6?�)�'���<!�.��&.�P�!�*n("���O���"!�!�*�c 7 �+�8.�*-�'��()�0�N(4c�@��'�8.�P,������'�r�"��>K��/1!$.;("�&.;,�!�,0�S!$.
E = R

c�("���X*-,�.0/1("�&!$.
ϕ(t) = g(et)/ept

�&�r/1!�.0��(\��.;('Er��!$.0�"�'3;,��'.�()#86�c
TV�+{�W

g(t) = g(1)tp, t > 0.
�S�8C

t ∈ (0,∞)
Erlj*

sn → uw−1t
()����.:�43�,���#&�5(�6UTK�sV4WXP��8%$�4�

αsn + βt→ (1− βw)w−1t+ βt = w−1t.
���;,0�'cS()�$HI�8.0P����"�'3;,��'.0/1�

(sn)
�",0/)��("�0��(

sn → uw−1t
��.0D

f(αsn + βt) → g(w−1t)
c 7 �

�0�Y%$�$c�@I6
(1)
c
f(t) ≥ b−1[f(αsn + βt)− af(sn)] ≥ b−1[f(αsn + βt)− ag(sn)].
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$���(<()�8.�P
n
("�'.0Dw("! ∞ c�,0�"�8.0PmTV�Z{$W���.0D=TK� zIW^c 7 �+P$��(

f(t) ≥ b−1[g(w−1t)− ag(uw−1t)] = g(1)tp.
e�.U()���K!�()�����O�0��.0D�c

f(t) ≤ g(t) = g(1)tp
E?���I,0�

f(t) = g(1)tp
c 7 ����/\�h�'.0D��Z("�0�K���)!I!�*�!$*

("�0�O#8�'>?>M�0E
� ������� ! 1R5 5�AY5�A �SM 0C5+1R0EO � ��� (+*S8 
�5+1R57dLd ( 1hp � ��� � $e��>K>M�[{+��E qK�4�$�"�8#&6[6;�&��#�D���("�������)!I!�*r!$*
�����'!$�)��>�{�E8V�*-!$�+.�!$.���!;�<�8("�&%$�

f
Em� ! 7 �'%$���4c�("���K/'�$�"��!�*�.�!�.�.��'P��N()�8%$�?�"!$#&,�("�&!$.0��.��'�'D��+�"!$>K�

�$D0D��5()�8!�.0��#2�0�"�'�0���\�N()!$�"6M/�!$.0�"�&D����\�N("�&!$.���E
�0!$�
��!;�<�8("�&%$�

a, b, α, β
D��1A0.��+()���+*-,�.0/1("�&!$.

F = Fa,b,α,β : [0, 1]× R+ → R
@;6

F (s, r) = aα−rsr + bβ−r(1− s)r, s ∈ [0, 1], r ≥ 0.
lQ.[f
��>M�$�"HR�/�sE � 7 �Z�0�Y%$��.�!$("�'DR()�0�N(X()����*-,�.�/^("�&!$. (0,∞) 3 t 7→ tr

�)�N()�&�<A0�4�ZT�V4W��5*S�$.0DR!�.�#86
�8*
F (s, r) ≥ 1

*-!$�
s ∈ (0, 1)

c0�$.0Dw("���O*-,�.0/^()�8!�.
(0,∞) 3 t 7→ −tr �)�N("���<A0�'�OT<V4WX�8*r�$.0Dw!�.�#&6L�5*

F (s, r) ≤ 1
*-!��

s ∈ (0, 1)
E

&=�s�<()���"( 7 �5()�[("���)���+#&��>K>M�$�'E
� � ��� � {+�sE ��E " 0 D 0 < α < 1 < α + β

c
a, b > 0

c
u > 1 > w > 0

(7*98
p > 1

<E(+D�FH< ACp TV�sVYW^c
TV�Zq$W1c%(7*98
TV��y�W

αu = aup, βw = bwp.
�SM 0 *S`
• �SM 0BAC, *9>EDKF 5 * (0,∞) 3 t 7→ tp

<E(+D�FH<
	 0 < (1)
(7*98

inf
s∈(0,1)

F (s, p) = F (αu, p) = 1.

• �NA q > 1
(7*98QDNM 0 AC, *9>EDKF 5 * (0,∞) 3 t 7→ tq

<E(7DKFH<
	 0 < (1)
DNM 0 * q = p � ��5+1R0C5 ? 021 c A25+10 ? 0E1hp ε ∈ (0,min{αu, 1− αu}) DLM 021R0;06@ FH<hDK< ( δ > 0

< , >CM DNM	(+D

0 < inf
s∈(αu−ε,αu+ε)

F (s, r) < 1, r ∈ [p− δ, p) ∪ (p, p+ δ].

! 1R5 5�A � �S�8�\�<( .�!$("�+()�0�N( ("���O*-,�.�/^("�&!$. (0,∞) 3 t 7→ tp
�)�N()����A0�4�OT<V4W^E�lQ.0D����'D2c��5(���� /�!$.;%��1C2c0�<!

@;6hTK��y;W���.0D=TK�sV4W1c
asp + btp = aup(s/u)p + bwp(t/w)p

≥ (aup(s/u) + bwp(t/w))p = (αu(s/u) + βw(t/w))p = (αs+ βt)p.
��!$.��<�43�,0��.�()#86�c

infs∈(0,1) F (s, p) ≥ 1
�$.0D[D��&�"�4/^( /�!$>K��,�(\�N()�8!�.[�"��! 7 �X("�0��( F (αu, p) = 1

E
�n!K���)!Y%$�Z("���s�"�'/�!$.0Dw@�,�#&#8��( ��!$�&.�( !�*n()���O#&��>K>M�KD��1A�.��

%(q) = inf
s∈(0,1)

F (s, q) = inf
s∈(0,1)

(
a

αq
sq +

b

βq
(1− s)q

)
, q > 1.

�
/�/1!��)D��8.�P?("!c$e��>K>M�M�7��E � 7 �O�0�4%��

%(q)1/(1−q) = q−1

√
α

a
α+

q−1

√
β

b
β,

�"!
d

dq
%(q)1/(1−q) = − 1

(q − 1)2

(
q−1

√
α

a
α log

α

a
+

q−1

√
β

b
β log

β

b

)
.
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� �'.0/1��ceTV��y;WXP$�&%$�'�
d

dq
%(q)1/(1−q) = − p− 1

(q − 1)2
(u(p−1)/(q−1)α log u+ w(p−1)/(q−1)β logw).

_I�&.0/1�
u,w

�$�"�m��!;�<�8("�&%$�U��.0D D��������)��.;(L*-�"!�>
1
c�("�0�m*-,0.0/^()�8!�.

(0,∞) 3 x 7→ uxα log u +

wxβ logw
�&�O�<("�)�&/1("#&6m�&.0/��"�4�$�"�8.�P�E�_I�&.0/��mTV��q�W��&>?�0#8�&�'�Z()�0�N(O�8(O���Z�43�,���#S()!

0
*-!��

x = 1
c2("�0�&�

*-,�.0/1("�&!$. �&�?��!��"�5()�8%��R*-!��
x > 1

��.0D�.��'P���("�&%$�R*-!$�
x < 1

E ��!$.0�"�'3;,��'.�("#&6�c d
dq%(q)1/(1−q) �&�.���P;�N()�8%$�Z*-!$�

q ∈ (1, p)
c��43;,0��#�()!

0
*-!$�

q = p
c0��.�Dw��!��"�5()�8%$�Z*-!��

q > p
c 7 �0�&/\�[�0�"!N%$�'��()�0�N(

%(q)1/(1−q) > %(p)1/(1−p) = 1, q ∈ (1, p) ∪ (p,∞).
�X�'/��$,0�"�

q > 1
c 7 �+����.�/1�OP$�1(

TV��x�W
inf

s∈(0,1)

(
a

αq
sq +

b

βq
(1− s)q

)
= %(q) < 1, q ∈ (1, p) ∪ (p,∞).

���;,0��()���+A0�\��(
�����"(�!$*n("���s�"�'/�!$.0Dw@�,�#&#8��( ��!$�&.�( !$*n("���O#&��>K>M�?�������)!N%$�'D2E
�n!+���"!N%$��("��� �<>?!��"�'!Y%���� ���0���"('cNA0C���!;�<�8("�&%$�

ε < min{αu, 1−αu} ��.�D��+/1!�>K�0�$/^(r�&.�("�'�"%���#
I ⊂ (1,∞)

�<,�/)��()�0�N(
p ∈ I

E=_I�8.�/1�
F (·, p) �����<("�)��/^("#&6G/1!�.0/��Y%$� 7 �5()��>K�&.��8>�,0> %(p) = 1�N("()�$�8.��4D[�N(

αu
c 7 �+�0�Y%$�

inf
s∈[0,αu−ε]∪[αu+ε,1]

F (s, p) > 1.

�X6?("����,0.��5*-!��"> /�!$.;("�&.;,��8(Q6M!�*
F
!�.

([0, αu− ε]∪ [αu+ ε, 1])× I ("�0���"������� δ > 0
�<,�/)�R("�0��(

inf
s∈[0,αu−ε]∪[αu+ε,1]

F (s, r) > 1, r ∈ [p− δ, p+ δ] ⊆ I.
� �'.0/1��c�>K�$HI�8.�PK,0�"�+!�*
TV��x;W^c

inf
s∈[αu−ε,αu+ε]

F (s, r) < 1, r ∈ [p− δ, p) ∪ (p, p+ δ].

���0�+.���C;( #&��>K>M�?���
�$.:��.0�$#8!�P$,��Z!�*%$��'>K>K�R�7�sE z0E
� ��� � ��{+�sE z0E � ,.-#-	5 < 0 DNM	(7D α, β, a, b > 0

c
q,M,m ∈ R c s ∈ (0, 1)

c
TV��V'�;W

m ≥ max(αs−1, β(1− s)−1), m > 1,
(+*S8
TV��V$VYW

% = aα−qsq + bβ−q(1− s)q < 1.

�NA f : (0,∞)→ R
<E(+D�FH<
	 0 < (1)

(7*98
TV��V4q�W

f(t) ≤Mtq, t ≥ 1,
DLM 0 *
TV��V'�;W

f(t) ≤ M

%
tq+log %/logm, t ≥ 1.

! 1R5 5�A � ~��1A0.��
x = s/α, y = (1− s)/β.

�S�8�\�<('c�@;6L�8.�D�,0/^()�8!�.�c 7 �s�<�0! 7 ("�0��(
TV��V�zIW

f(t) ≤M%ntq, t ≥ mn, n ∈ N.
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lQ. %;�&� 7 !�*?TV�sVYq$Ws("�����?�8.0�'3;,0��#&�8(Q6��&��("�),��L*-!��
n = 0

E �0!$��("�0�w�&.0D�,�/^("�&%$�:�<("��� A�C
n ∈ N c�",�����!��"�MTV�sV'z;W1c��$.0DL()�$H$�

t ≥ mn+1 E��X6UTK�sV4��W 7 �+�0�Y%$�
xt ≥ m−1t ≥ m−1mn+1 = mn, yt ≥ m−1t ≥ m−1mn+1 = mn.

� �'.0/1��c�@;6
(1)
c�()���O�'3;,0��#&�8(Q6

αx+ βy = 1
c0��.0DL()���sD��1A0.0�5()�8!�.[!$*

%
c

f(t) ≤ af(xt) + bf(yt) ≤ aM%n(xt)q + bM%n(yt)q = M%n(axq + byq)tq = M%n+1tq,

7 ����/)�m/1!�>K��#8��("�4�X("���O�0�"!I!$*n!�*�TK�sV�zIW^E
f � 7 �)�5()�+�&.��'3;,0��#&�8(Q6hTV��V�zIW��&.w("�0�+*-!$�)>

(A15) f(t) ≤ M

%
%n+1tq, t ∈ [mn,mn+1), n ∈ N.

������/�!$.0D��8("�&!$.��
% < 1

�$.0DGTK�sV4��W�P$�&%$�
log %/logm < 0

E ��!$.��<�43�,0��.�()#86�c�*-!$�
t ∈ [mn,mn+1)7 �OP$�1(

f(t) ≤ M

%
%n+1tq =

M

%
(mlog %/logm)n+1tq =

M

%
(mn+1)log %/logmtq

≤ M

%
tlog %/logmtq =

M

%
tq+log %/logm.

�X�'/'��,0�"� ⋃∞
n=0[mn,mn+1) = [1,∞)

cn()���L��@�!N%$�K�&.��'3;,0�$#8�8(�6U6I�&��#�D��RTK�sV4��WO��.0Dh()���R���)!I!�*X���
/1!�>K��#8��("��E

t�! 7J7 �+���)�'�"��.�(
("���O>M���&.[#&��>K>M��()�0�N( �"�4D�,0/��'�
������!��"�'> {IE&V�()!c$��'>?>M�R{7�sE q�E
� � ��� � {+�sE ��E " 0 D 0 < α < 1 < α + β

c
a, b > 0

c
0 < w < 1 < u

(7*98
p > 1

<E(+D�FH< ACp TV�sVYW^c
TV�Zq$W1ceTV��y�W1E �VA f : (0,∞)→ R

<E(+D�FH< 	 0 < (1)
o2Tdq$W1c�DLM 0 * supt>0 f(t)/tp <∞ �

! 1R5 5�A � �
/�/1!��)D��8.�P+("!������'!$�)��> z�E8V�c�("���
*-,0.0/^()�8!�.
f
�&���'�5()������.�!�.���!��"�5()�&%$��!���.�!$.�.0��P���("�&%$�$EnlQ.

("�0�?A0�\��(s/����<��("�0���)�?���+.�!�()���8.0Pw()![���)!N%$�$EK_I!0ce���"�",�>K��("�0��(
f
���Z.0!$.�.��'P���("�&%$�$E �S�&�)�<(O#8��(O,0�

�"��! 7 ("�0��( supt≥1 f(t)/tp <∞ E$e�1(?,0�?��(\���"( 7 �8()� �m*-� 7 D���A0.��8("�&!$.0�'ET$���(
ε, δ

@��[�$���&.f$e��>K>M�={+��E �0E ��!�����%$���)6
r ∈

[p− δ, p+ δ]
/)�0!I!��"�

sr ∈ [αu− ε, αu+ ε]
�<,0/\�w()�0�N(

F (sr, r) = min
s∈[αu−ε,αu+ε]

F (s, r).

�����?.;,�>�@��'�)�
sr
�$�"��,�.���3�,0��#&6mD��1("�'�">K�&.��'DU@;6:("���K�<("�)��/^(+/1!�.;%$��CI�8(�6:!�*

F (·, r) E ��.���3�,0��.��'�)�
!�*
sr
��.0DK,�.��8*-!$�)> /1!$.;("�&.;,��8(�6?!�*

F
!�.

[αu−ε, αu+ε]× [p− δ, p+ δ]
�&>K��#&6�("�0��(

sr
D������'.0D��

/1!�.�()�8.I,�!$,0�"#&6R!$.
r
E�t ! 7 �$/�/�!$�\D��&.�P�("!k$��'>?>M�R{7�sE ��c

F (sp, p) = 1, 0 < F (sr, r) < 1, r ∈ [p− δ, p) ∪ (p, p+ δ].
�S��H$�O�?.;,�>�@��'�
TV��V��;W

m > max(1, α(αu− ε)−1, β(1− αu− ε)−1),
��.�Dm.�!$("��("���N(

m
�)�N()�&�<A0�4��TV��V'�;W 7 �8("� s ∈ [αu − ε, αu + ε]

EI&=�?D�!w.�!�(Z�)�����4�N(�()����� 7 ���&#8�
�)�1*-���)�)�8.�P�("!k$��'>?>M�R{7�sE z0E �S�&.0��#&#86�c0D��1A0.��

L = {r ∈ R : ∃M > 0, f(t) ≤Mtr, t ≥ 1}.
�
/�/1!��)D��8.�PL()!:������!��"�'>Fz�E qM()���M�<��(

L
�&�+.�!$.��'>?��(Q6�E�lQ.h!��)D��'��()!:/1!�>?�0#8��("��()���?�0�"!I!$*�c��8(O�&�

��.0!$,�P��L("!R�<�0! 7 ("�0��( p ∈ L
E
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�X�4/���,��<�
(inf L,∞) ⊆ L

c
p /∈ L

�8>K��#&�8�4�
p ≤ inf L

E�lj*
inf L > p

("���'.�c�@I6G$e��>K>M�w{+�sE ��c
("�0�K*-,�.0/^()�8!�.

(0,∞) 3 t 7→ tinf L 7 !�,�#�Dh.�!$(s�)�N()�&�<*-6 (1)
E[��!�.0�<�43;,���.;("#&6$cn�$/'/1!$�\D��&.�Pw("!�f
�1b

>M���)HB�7��E �G!�.���/�!$,�#�D A0.0D��$.
s ∈ (0, 1)

�",0/\�B()�0�N(R()����.;,0>�@����
%
D��1A�.��'D�@I6�TV��V$VYW?���

#&�'�)�s()�0��.
1
����.0D�("���:���"�"���"("�&!$. TK�sV'�;Ws!�*"$��'>?>M�G{+��E z 7 �8("� q = inf L 7 !�,�#&D �"��! 7 ("�0��(

inf L = q > inf L
Er�������X/�!$.;("�\�$D���/^()�8!�.R���)!Y%$�4��("�0��(

p ∈ L
!��
p = inf L

E�_I!0cI�&.L("����*-!$#&#&! 7 �&.�P
7 �O>K�Y6L���"�",�>K�Z("�0��(

p = inf L.
$e�1(+,0�+�8.;("�)!�D�,0/���("�0�K�"�'3;,���.0/��

(qn)
E �n�&�\��(4c2,0�<�&.�Pw("���K.;,�>�@��'�)�

sr
A�C��'D�*-!$�+��%$�'�"6

r ∈
(p, p+ δ]

D��1A0.0�O�$.:��,�C��&#8�����)6K*-,�.0/1("�&!$.
%̃ : [p, p+ δ]→ (0, 1], %̃(r) = F (sr, r),

7 ��!��"�+�)�$.�P$�Z���
D���("�'�">K�&.��'D:�$/'/1!$�\D��&.�P�()!mTV��V4��W^E�������.:��,�(

q0 = p+ δ, qn+1 = qn +
1

logm
log %̃(qn).

�����MD���A0.��8("�&!$.G!�*
(qn)

�&�s/1!$�)�)�'/^(+@��'/'��,0�"�
q0 ∈ (p, p + δ] ⊂ L

��.�D2c�@I6��&.0D�,�/^("�&!$.ece�5*
qn ∈

[p, p+δ]∩L
()����.R��#��"!

qn+1 ∈ (p, p+δ]∩L
EklQ.0D��'�'D2co$��'>K>K��{7�sE z+P��8%$�4�

qn+1 ∈ L ⊂ [p,∞);("�0�OD��1A0.��8("�&!$.:!$*
%̃
�$.0Dw�8.0�'3;,0��#&�8(Q6hTV��V��;W�P$�&%$�

qn+1 ≤ qn ≤ p+ δ
E

���0�O�"�'3;,���.�/1�
(qn)

���
D��'/1�)�'���<�&.�PK��.0Dw@�!�,�.0D��4Dw@���#&! 7 E�$���(
TV��VY{$W

qlim = lim
n→∞

qn = q0 +
1

logm

∞∑

n=0

log %̃(qn).

�n!L!$@��<���)%$�O()�0�N(
p = qlim

.�!$("��("�0��(Z!�()����� 7 �&�"� qlim > p
c2��.0Dm("���'�"� 7 !$,0#&D��1C�����(+�R��!;�<�8("�&%$�

ε1
�",0/\�w("���N(

F (sqlim , qlim) ≤ 1− 4ε1._I�&.0/1�
F
���
/�!$.�()�8.I,�!$,��
��.0D

sr
D�������.�D�� /1!$.;("�&.;,�!�,0�"#86R!�.

r 7 � 7 !�,�#�Dw�0�Y%$�
F (sqn , qn) ≤ 1− 2ε1

*-!�� �<,��8()�$@�#&�+#����)P$�
n ∈ N.

� �'.0/1��c�("���s�"���)�8�4� ∑∞
n=0 log %̃(qn) 7 !�,�#�Dw@��OD��&%$���)P$�'.�(�("! −∞ c�/�!$.;("�\���)6?()!mTK�sVY{$W^Et�!�()�O("���N(�("����/�!$.;%$�'�"P���.0/��+!�*k()������@�!N%$�s�"���)�8�4�
�&>?�0#8�&�'� ()����/1!$.I%$���)P$��.�/1�+!$*k("�����&.�A0.��8("�

���)!�D�,0/1( ∏∞
n=0 %̃(qn)

c0��.�D[�<��(

M =

∞∏

n=0

%̃(qn) > 0.

�S��H$�O�?�"�4��#
M0

�",0/)�[("�0��(
f(t) ≤M0t

q0 , t ≥ 1.
lQ.0D�,0/1("�&!$.�c0@0�$�"�'Dw!$. $e��>K>K�L{+�sE z�cIP��8%��'�

f(t) ≤ M0∏n−1
i=0 %̃(qi)

tqn , n ∈ N.
$���(<()�8.�P

n
()��.0DM()!��&.�A0.��8(�6M�$.0DR�$����#&6I�8.�Ps()���ZD��1A�.��5()�8!�.L!�*

M
c 7 ��!�@�()�$�8. f(t) ≤ (M0/M)tp

E
lQ.m�?�"�8>K�&#&�$� 7 �Y6R!$.��+>M�46L�"��! 7 ("�0��( supt∈(0,1] f(t)/tp <∞ `k,��<�b$��'>K>K�M�/�sE z?�&.0��()�'��D!�*%$e��>K>M�R{+��E z�cI()�$H$�

m′ < min(1, α(αu+ ε)−1, β(1− αu+ ε)−1),



)�) �������	��
�

D���A0.��
L′ = {r : ∃M > 0, f(t) ≤Mtr, t ∈ (0, 1]},

�"��! 7 ("�0��( p = sup L′
c0��.0D:/1!$.���()�",0/1(�("���s�"�'3;,���.�/1�

q′0 = p− δ, q′n+1 = q′n +
1

logm′
log %̃(q′n).

&=�+���)��.�! 7 ���)�������)�'DK("!����)!Y%���������!��"��> {�E8V�ESlQ.L�8()�X���"!�!�* 7 ���)�1*-�'��()!�("���+/�!$.0D��8("�&!$.���!$*
("�0�+("���'!$�)��> @I6R#���@��'#&���&.�()�"!�D�,0/1�4Dw�8.[("�0�O���"!I!$*�bp�����<(�!�*n()����� �<�4/^("�&!$.eE
! 1R5 5�Ab5�A �9M 06571R02O � ��� � �S�8�\�<(X#&�1(�,0�X�"��! 7 ("���N( f(t)/tp

�&�X@�!$,�.0D��'DL�$@�!Y%$��*�!��
p ∈ (0, 1]

E�&=�
/1!�.0�"�&D��'�
�"���0�$�)��("�'#86

t ∈ (0, 1]
��.�D

t > 1
E

�n!K���"!N%$��("�0�+�'�<("�&>M�N()�Z*-!$�
t ≤ 1

��,�(
A = log a/logα

��.�DL!�@0�<�'�"%$��("�0��(sTK�sV4W���.�DhTK��y�W1c
7 ����/)�����)�K���"�",�>K�'Dh�8.�������!��"�'> {IE&V$c��&>K��#86

(αu)p ≥ αu = aup
EL_I!

αp ≥ a
ce�pE ��E

A ≥ p
E

�
/�/1!��)D��8.�P?("!M���0��!$�)��> z�E q�c;()�����)�+���
M > 0

�",0/\�w()�0�N(

f(t) ≤MtA, t ∈ (0, 1].
� �'.0/1�

f(t)t−p ≤ f(t)t−A ≤M, t ∈ (0, 1].

�n!K���)!Y%$�Z("���O�4��()�8>M�N()�Z*-!��
t ≥ 1

A0C
n ∈ N \ {0} �",0/\�w("���N( (α+ β)n − αn > 1

�$.0Dw��,�(

α0 = αn, β0 = (α+ β)n − αn, a0 = an, b0 = (a+ b)n − an, B0 =
log b0
log β0

.

�X6a$e��>K>M�Mq7��E8V+��%$�'�"6L�"!$#&,�("�&!$.
g
()!

(1)
�)�N()�&�<A0�'�

TV��V'y;W
a0g(s) + b0g(t) ≥ g(α0s+ β0t), s, t > 0.

������.���P���("�&%$�k*-,�.0/1("�&!$.
(0,∞) 3 t 7→ −tp �)�N()����A0�4� (1)

cY@��'/'��,0�"�r!$*I�8()�n/1!�.;%$��CI�8(�6��$.0D+�"�'#&��("�&!$.��
TV��V4W1c�TK��y�W�@��1( 7 �'��. �����\��>K�1()���\�s!�* (1)

E ��!�.0�"�'3;,���.;("#&6$cr("������*-,�.0/^()�8!�.B�"��("����A0�4�wTK�sV'y;W��X�"!
f
�'>K�$�"HRz�E �K��.0D[�����'!$�)��> z�E q�P$�&%$�

M0 > 0
�",0/\�w()�0�N(

−tp ≤ −M0t
B0 , t > 1.

� �'.0/1��c
p ≥ B0

E _I�&.0/1�
f
�)�N()�&�<A0�'��TV�sV4y�W1c������'!$�)��> z0E qK��.0Dmf
�'>K�$�"Hwz0E �KP$�&%$�s�M��!��"�8("�&%$�

M�",0/)�[("�0��(
f(t) ≤MtB0 < Mtp, t > 1.

���I,0� 7 ���0�4%$���"��! 7 �'D[()�0�N( f(t)t−p
�&��,�.��8*-!$�)>K#86[@�!�,�.0D��'D���@�!N%$�+*-!��

t > 0
�8.m()����/����<�

p ≤ 1
E ��!��

p > 1
("�0�
�4��()�8>M�N()�
���r�'�<()�$@�#8���"���'D?@;6;$��'>?>M��{7�sE ��Er��!�.0�"�'3;,���.;("#&6$c#$��'>K>K��{7�sE q

/1!�>K��#8��("�4�X("���O�0�"!I!$*n!�*n()���+A0�)�<(
�&>K��#&�&/'�N("�&!$.[!$*k������!��"�'> {IE&V$E
�n!����)!N%$�:()���h/1!�.;%$���\�"�:�&>K��#&�&/'�N()�8!�.�c �$�)�",�>K�:()�0�N(

f
�)�N()�&�<A0�'�UTK� �;WR��.0D��5(w���w/1!$.I%$�1C2E

�S��HI�&.�P?�&.�()!M�$/'/1!�,�.�(�("�0�O���"�",�>K��()�8!�.0�OTV�sVYW���.0D=TK��y;WX!�*k�����'!$�)��> {IE&V 7 �+P$��(

af(s) + bf(t) = aupf(u−1s) + bwpf(w−1t)

≥ f(αuu−1s+ βww−1t) = f(αs+ βt), s, t > 0,
�"!

(1)
�0!$#�D��e("�),��$Ek_I�&.0/1�

p > 0
cY("�0���'3;,0��("�&!$.0��TK� �;W�!�*�������!��"�'> {IE&V��8>K��#&6+("�0��(

lims→0+ f(s)

= 0
c0��.0D[/�!$.0�"�'3;,��'.�()#86�c�Tdq$WX���X*-,�#8A0#&#8�4D2E
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�� 
���� ) �

! 1R5 5�AY5�A 
�5+1R5+dNd ( 1hp�� ����� �X!$("� �<�8*����0���"()�Z���)�s�4�$�"6$EZ�n!L���)!Y%$�s()��� �<!$.�#&6[�8*��������"()��.�!$("��("���N(
�$/'/1!$�\D��&.�P�()!M�����'!$�)��> {IE&V+��*-,0.0/^()�8!�.

f
*-,�#8A0#&#8�&.�P�T<V4Wjo�Tdq�WX�"��("���<A0�'�

f(unwmt) = (unwm)pf(t), t > 0, n,m = 0, 1, . . . .
lj*

log u/logw
���k�&�"�\�N()�8!�.0��#;("���'.K@;6s("��� u+�)!$.0�'/\H$���%$��'>K>K�sq7�sE ��("��� �"�1( {unwm : n,m =

0, 1, . . .} �&�XD��'.0�<���&. (0,∞)
��.0DM("���+/1!$.;("�&.;,��8(�6M!�*

f
c��<��! 7 .R�&.w������!��"�'> {�E8V�c;/�!$>K��#&�1()�'��("���

���)!I!�*n!$*n("���+A0�\�<(
�5()��> !�*n()���s/1!$�)!$#&#����"6$E
_�,�����!��"�m.0! 7 ("�0��(

p = 1
E��S�5C����)@��8("�\���)6

s, t > 0
��.0DB()�$H$�

n ∈ N �",0/)��()�0�N(
s ∈

(wnt, unt)
E������'.w()�����)�+�1C�����(\�

λ ∈ [0, 1]
�<,�/)�[("�0��(

s = λwnt+ (1− λ)unt
��.�D

tf(s) = tf(λwnt+ (1− λ)unt)

≤ t(λf(wnt) + (1− λ)f(unt)) = (λwnt+ (1− λ)unt)f(t) = sf(t),
7 ����/)�m�"��! 7 �X("���N( f(s) ≤ sf(1)

�$.0D
tf(1) ≤ f(t)

E
� ��� ��� ! 1R5 5�AU5�A �SM 0C5+1R0EO � � �
� ��� � ��{7�sE ��E " 0 D α, β > 0

(+*S8
(u,w) 3C0 DNM 0 <2>C( d FL* ncA (#>2D 5+1 < A25+1 (α, β) � � ,.-#-	5 < 0 a ∈

[αu, 1)
c�(+*98

b = 1− a c p = 0 � �SM 0 *WDLM 021R0;0R@ FH<hD ũ c w̃ < , >6M DNM	(7D 0 < w̃ < 1 < ũ
(+*S8GTK�sVYW^c

TV��z;W1ceTV�Z�$W � FLDNM ũ c w̃ FL* -Sd (/> 0Y5�A u c w c 1R0 < -	0 >ED�FL? 0Ed p c�M 5+d 8aD 1h,�0��
! 1R5 5�A � _I�&.0/1� p = 0

c$()��� �)��#��N()�8!�.:TV��z;Wr��!$#�D�����,�()!$>M�N()�&/'��#&#86s*-!$����#&#
ũ, w̃ > 0

E ��3;,0�N()�8!�.mTK���$W
>K�'��.��S("�0��(

w̃ = ũa/(a−1) c��<!Z("!+�4��(\��@�#&���<�:TV��V4WS�8(r���k�'.�!$,0P$��()!O�"��! 7 ("�0��(k()�����)���1C�����(\� ũ > 1�",0/)�[("�0��(
αũ+ βũa/(a−1) = 1.

�������X*-!�#8#&! 7 ��*-�)!$> ("���s~Z���)@�!$,�CR���)!$���'�<(�6R!�*n("�0�O/�!$.;("�&.;,�!�,0�X*-,�.0/1("�&!$.
[1, u] 3 s 7→ ψ(s) = αs+ βsa/(a−1)

��.0Dw("���O�&.��'3;,0�$#8�8("�&�'�
ψ(1) = α+ β > 1,

ψ(u) = αu+ βua/(a−1) ≤ αu+ βuαu/(αu−1) = 1.
! 1R5 5�AB5�A �SM 06571R02O � � � � �S�8�\��(n/1!�.0�"�&D��'��()����/����<� a = 1

c
b = 0

En�S��H$�
s > 0

�$.0D
t ∈ (αs, α−1s)

E
������.

(t− αs)/β c (s− αt)/β ���)�Z��!;�<�8("�&%$�O��.0DGT�V4WXP$�&%$�'�
f(s) ≥ f(αs+ β(t− αs)/β) = f(t),

f(t) ≥ f(αt+ β(s− αt)/β) = f(s).
� �'.0/1��c

f
����#&!�/'��#&#86L/1!�.0��(\��.;('c��$.0D[/1!�.0�<�43;,���.;("#&6$c�/1!�.0�<()��.;('E

t�! 7 �$�)�",�>K� a ∈ [αu, 1)
E��X6�Tpq$W�("���Z*-,�.0/1("�&!$.

f
���X@�!$,0.0D��'D[��@�!N%$��!$.[��.w�8.;("�'�"%���#

(0, δ]*-!$� �">M��#&#2��.0!$,�P��w��!��"�8("�&%$�
δ
c��pE �$Ek("�0���)�+�1C�����(\�

M > 0
�",0/)�[("�0��(

f(t) ≤M, t ∈ (0, δ].
���"�&.�PmT�VYW 7 �+!$@�()���&.[@;6L�&.0D�,0/1("�&!$.

f((α+ β)nt) ≤ (a+ b)nM = M, n ∈ N, t ∈ (0, δ],
("���N( �&�'c

f(t) ≤M, t ∈
∞⋃

n=0

(α+ β)n(0, δ] = (0,∞).



) � �������	��
�

��!$.��<�43�,0��.�()#86�c2("���M�$@�!Y%$�?#&��>K>M�[�$.0DW$e��>K>M�m{+��E q 7 �5()� p = 0
��.0D

ũ
c
w̃
�",�@0�<("�8(",�("�'Dh*-!$�

u,w
c��)�'�"���'/^()�8%$�'#86�c��8>K��#&6R("���N(

f
��� /1!$.I%$�1Cw��.�D[�"��("����A0�4�OTV� �;W^c��pE �$E

f(t) = f(ũnt), f(t) = f(w̃nt), t > 0, n ∈ N.
�S�5C����)@��5()�)�$�"6

s, t > 0
�$.0D (\��H$�

n ∈ N �",0/\�B()�0�N(
s ∈ (w̃nt, ũnt)

E����I,0�'cX("���'�"���1C�����(\�
λ ∈ [0, 1]

�",0/)�[("�0��(
s = λw̃nt+ (1− λ)ũnt

��.�D
f(s) = f(λw̃nt+ (1− λ)ũnt) ≤ λf(w̃nt) + (1− λ)f(ũnt) = f(t),

7 ����/)���0�"!N%$�'�O("�0��( f ����/1!$.���(\��.�(4Eh��!�.0D��8("�&!$.JTdq$WO�&>K��#&�8�4�s("���N( f ����.�!$.0��!;�<�8()�8%$��EWe�.G()���!�()�����
����.0D2c0��#&#2.0!$.���!;�<�8("�&%$�+/�!$.0�<()�$.�(�*-,�.0/1("�&!$.0� �)�N()����*-6UT<V4W���.0DGTdq$W1E
� ��� �� ! 1R5 5�A < 5�A DLM 0 1R0EO ( 1 � A25+dNdP5 � FN* n �SM 06571�0EO � ��� (+*S8 5�A 
�571R5+dLd ( 1 F 0 < � � ��� � ���
! 1R5 5�AU5�A DLM 0m1R0EO ( 1 � A25+dLd 5 � FL* n �SM 065+1R0EO � ��� � ���)!$> /1!$.I%$�1C��8(Q6w�$.0Dw()���s��!$>K!�P$��.0���8(Q6L���)!$��b
���"(�6R!�*

f 7 �OP$�1(
(

u− 1

u− u−1
u−p +

1− u−1

u− u−1
up
)
f(t) =

u− 1

u− u−1
f(u−1t) +

1− u−1

u− u−1
f(ut) ≥ f(t), t > 0.

t ! 7 c��5* p > 1
("���'.
u− 1

u− u−1
u−p +

1− u−1

u− u−1
up >

(
u− 1

u− u−1
u−1 +

1− u−1

u− u−1
u

)p
= 1,

��.�D
f
����.0!$.�.��'P���("�&%$�$Eklj*

p < 1
("�0��.

u− 1

u− u−1
u−p +

1− u−1

u− u−1
up <

(
u− 1

u− u−1
u−1 +

1− u−1

u− u−1
u

)p
= 1,

��.�D
f
����.0!$.���!;�<�8("�&%$�$E

! 1R5 5�A;5�A 
�5+1R57dLd ( 1 F 0 < � � � (7*98 � ��� � ������/1�)�5()�&/'��#n/1,0�"%$�4�
!�*���!��"!�#8#����"6:{IE zR�$�"�O�4��(\��@�#&���<���4D:@;6
�����'!$�)��>M�L{�E8V���.�D {IE ��E������U/1�)�5()�&/'��#�/�,��"%$�4�M!�*���!��"!�#8#����"6B{IE �G���)�:�4��(\��@�#&�&�"���4DB@;6B�����'!�b
�)��>M� ��E&V$cr{IE&V$cr�$.0D {IE ��Eh�����w�"�'>M���&.��8.0PU�<()�N()��>K��.;()��*-!$#&#8! 7 *-�"!�> �����'!$�)��> z0E&VL�$.0D[$��'>�b
>M�$�
�0E8VO��.0D[�0E ��E

� � � � ���r	�	��Q����
�� ��� � � ���e�������"�f�;���<� �������"�
�������
�"�'/1("�&!$.[���
D��'%$!�()�'DL("!�T�V4Wjo�Tpq$W 7 �8("� α < 1 < β

E
�� � ���������	� ��
Uy0E8V�E � ,.-#-	5 < 0 0 < α < 1 < β

c
a ≥ 1 �

• �VA b = 1
DLM 0 * f : (0,∞)→ R

<E(+D�FH<
	 0 <OT<V4Wpo2Tdq�W4F A (+*S8 5 * d p F A f ≡ 0 �
• �VA b > 1

DLM 0 * ( dNd < 57d , DKF 5 *	< 5�A T�VYWpo2Tdq$Wj( 1R0 * 5 *�* 0�n (+D�FL? 0 �mDNM 0 > d (+<C< 5�A * 5 *�* 0 n (+D�FL? 0
< 5+d�, DKF 5 *�<bFH<IM ,/n#0 c�(+*S8Q> 5 *�D (+FL*�<4<hD 1 F - <U( 1R5+, *S8 -�5 ��0E1�AC, *S>2D�F 5 *�< � FLDLM 06@h-�5 * 0 *JDV< AC1R5+O
(k* 0 F n M 36571 M 5.5 8 5�A 0 �lQ. �0�$�<()�&/�,�#����4c {(a, b) : b = 1

c
a ≥ 1} ����/�!$.;()���&.��4D��8.�("���[��!��"�5()�8%$�w/��"�8("��/��$#X/1,��)%$�R*-!$�

(α, β)
E e�()�����
�0�$�<(\��!�*k/1�)�8("��/���#�/�,��"%��'���$�"�OD��'�)/1�)�8@��4DL@I6

��� ���  #��� y0E q�E#" 0 D α, β, a, b > 0
c
α < 1 < β

c 3C0 < , >CM DLM�(+D

(3)
log a

logα
=

log b

log β
> 0.

� ,.-#-	5 < 0 DNM	(7D ( AC, *S>EDKF 5 * f : (0,∞)→ R
<E(+D�FH<
	 0 < (2) �



� 
����������
	�� ��� 
������� 
�������	���� 
�� 
���� )��

�VA log β/logα
FH<kF 1h1 (7DKF 5 *9( d c"DLM 0 * f <E(+D�FH< 	 0 < (1)

F A (+*S8 5 * d�p F A f(t) = f(1)tp
c
t > 0

c
� M 0E1R0 p = log a/logα

(7*98
f(1) ≤ 0

F A p > 1
(+*S8

f(1) ≥ 0
F A p < 1 �

�VA f FH<4< ,�3 (#8/8+FLD�FL? 0 (+*S8

(4) f(αt) = af(t), f(βt) = bf(t), t > 0,
DLM 0 * f <E(7DKFH<
	 0 < (1) �

�VA f <E(+D�FH< 	 0 < (1)
DLM 0 *YDNM 0�AC, *S>2D�F 5 * fsup + : R+→R n FL? 0 * 32p fsup +(t)=lim sups→t+ f(s)FH<4< ,�3 (/8#8+FLD�FL? 0 (+*S8Y<E(7DKFH<
	 0 < (4) �

�����m/1!�.0�<�43;,���.0/��K!�* a En���N()H$! 7 �"HI��� ����!��"!�#8#����"6={IE q�Tpq$W^c , *S8 0E1 DNM 0 (+<C< ,�O�- D�F 5 *�< 5�A DLM 0( 3C5 ? 0 DLM 06571�0EO c'F A p = 1
T�F �L0�� a = α

c
b = β

W^c'DNM 0 *�DLM 0�AC, *9>ED�F 5 * f FH< d FL* 0 ( 1�����0�?D��'�)/1�)�&��("�&!$.U!�*��"!$#&,�("�&!$.0��!�*
(1)

P$�&%$��.�@I6�������!��"�'>Fy0E qR�&�Z.�!�(O/1!$>K��#&�1()�$E � ! 7 ��%$�'�'c
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��� ���  #��� y�E ��E#" 0 D α, β, a, b > 0

c
α < 1 < β

c <E(+D�FH< ACp (3) � �SM 0 * f : R+ → R
<E(+D�FH< 	 0 <

T
1R+

W^c'F �L0 �
af(s) + bf(t) ≥ f(αs+ βt), s, t ≥ 0,

(+*S8Y<E(7DKFH<
	 0 <sT 2R+

W^c'F �L0��
f(0) ≤ 0

(+*98
lim
s→0+

f(s) ≤ 0,

F A (+*98 5 * d p F A f FH<4< ,�3 (#8/87FLDKFL? 0 (7*98 (4)
M 57d 8i< �

� * - ( 1 DKFV> ,�d ( 1 c9F A log β/logα
FH<BF 121 (7DKF 5 *9( d (+*S8wT 2R+

W�M 57d 8i<$cSDLM 0 * 0 (#>6M f <E(7DKFH< ACp FL* n T 1R+

W
FH< 5�A DLM 0�A2571hO f(t) = f(1)tp

c
t ≥ 0

c � M 0E1R0 p = log a/logα �
���0�
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0 < α < 1 < β
c
a = αp

c
b = βp

c
p ∈ (0, 1)

c��$.0D
log β/logα ∈ Q c�pE ��E�("�0���)�r��C��&�<(e�"�'#&��("�&%$��#&6����)�8>K���&.�("�'P$���\�

n,m
�<,0/\�+("�0��(

log β/logα = −n/m Ee��,�( ν = β1/n��.0DB.0!�("�m("�0��(
ν > 1

E �S�&.0��#&#&6$cX()��H$���G�)�'��#
M ∈ [p, 1)

c
���"�'3;,���.0/��
(fk)k∈Z

�",0/\�B("���N(
fk ∈ [1,Mν + (1−M)],

��.0D[D���A0.��+("�0�+*�,0.0/^()�8!�.
f : (0,∞)→ R

@;6

f(t) =

{
νpk(Mν−kt+ (1−M)), t ∈ (νk, νk+1)

c
νpkfk, t = νk

c k ∈ Z.
������.
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��,�()��!$��D�!��'�
.�!�(�HI.�! 797 ����("���'� ��%$�'�"6 f : (0,∞)→ R

�"��("����*-6I�&.�PmT<V4Wjo�Tdq�W^c 7 �5()�m�0���\��>K�1()���\�
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α < 1 < β
E
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� �  ����� �! ��=y0E �[T]/1*�E �S�&P$,��)�O��W1E � ,.-#-	5 < 0 0 < α < 1 < β
(7*98Q8 0 * 5 D 0;3Ep (u,w)

DLM 0 - (+F 1U5�A
<E>6( d FL* nIA (/>ED 571 < A2571 (α, β) � �SM 0 *WDLM 0 -	5 <hFLDKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 FH< n FL? 0 * 3Ep

b ������� ��� 	�
 ����� ��� ����� (a) =





β1/βwaαu/βw, a ≤ α c
βlog a/logα, a ∈ [α, 1]

c
1, a ≥ 1

c
(+*S8cDNM 0 * 0 n (7DKFL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 FH< n FL? 0 * 3Ep

b � 
���� ��� 	�
 ����� ��� ����� (a) =





βlog a/logα, a ∈ [0, α]
c

β1/βwaαu/βw, a ∈ [α, αuα,β ]
c

1− a, a ∈ [αuα,β , 1] �
• �VA (a, b)

FH<I( 365 ? 0 DLM 0�-	5 <CFLD�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DNM 0 *)( dLd < 57d , DKF 5 *	<�D 5 T�VYWpo�Tpq$WI( 1R0 * 5 *J* 0 n =
(7DKFL? 0 c�(+*S8kDLM 0 > d (i<C< 5�A -�5 <hFLDKFL? 0 < 5+d�, DKF 5 *	<bFH<"M ,/no0��

• �VA (a, b)
FH< 360EdP5 � DLM 0%-	5 <hFLD�FL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 (+*S8m( 3C5 ? 0 DNM 0 * 0 n (7DKFL? 0 > 1 FLD�FV>6( d > ,�1 ? 0 DLM 0 *

DNM 0;5 * d�p < 5+d , D�F 5 *WD 5 T<V4Wjo�Tdq�W4FH<bDNM 0 � 0E1R5�AC, *9>EDKF 5 * �
• �VA (a, b)

FH< 360EdP5 � DLM 0 * 0�n (+D�FL? 0 > 1 FLDKFV>C( d > ,�1 ? 0 DNM 0 * ( dNd < 5+d , D�F 5 *�<YD 5 T�VYWpo2Tdq$Wk( 1�0 * 5 *�=
-	5 <hFLDKFL? 0 c�(7*98kDLM 0 > d (i<C< 5�A * 0�n (+D�FL? 0 < 5+d , D�F 5 *�<4FH<"M ,/n#0 �

�SM 0 M ,/no0 > d (+<6< 0 < 5�A DNM FH<m> 5+1R5+dNd ( 1hp > 5 *JD (7FL*j<hD 1 F - <m( 1R57, *98 -	5 ��0E1�AC, *9>ED�F 5 *	< �
� �  ����� �! ��=y�E ��E " 0 D α, β, a, b > 0

<E(+D�FH< ACp α < 1 < β
(+*S8

(3) �
• �VA b < β

DNM 0 * 0 ? 0E1hp AC, *S>2D�F 5 * f : (0,∞)→ R
<E(7DKFH< ACp FL* n T�VYWpo2Tdq�W4FH<b* 5 *�* 0�n (+D�FL? 0 �

• �VA b > β
DNM 0 * 0 ? 0E1hp AC, *S>2D�F 5 * f : (0,∞)→ R

<E(7DKFH< ACp FL* n T�VYWpo2Tdq�W4FH<b* 5 * -	5 <hFLDKFL? 0��
� ��� � �
	 	 � � � ���������)!I!$*]�2!$*����0��!$�)��>M�ey�E q
��.0Dsy0E � �$�"��@0���<�'DO!$.s�&D��4�$�e!�* a E4����("H$! 7 �<HI�pc 7 ��!/1!�.0�"�&D��'�"�4Dw()���?/��$�"�

0 < α < 1 < α + β
c
a = α

c
b = β

E ��!�#8#&! 7 �&.�PL����("H$! 7 �<HI��v&V'x�x�q��N| 7 �
���)!Y%$�Z�����'!$�)��> y0E qs%I�������)�8P���("bp�0�$.0DR#8�&>K�5(�*-,�.0/1("�&!$.[�)�N()����*-6I�&.�P[T�V

R+

Wpo2Tdq
R+

W1E�$e��>K>M�$��y/��E q
��.�D[y/�sE �K���)�+�"�8>K��#&�O�1CI("�'.0�<�&!$.��X!$*n("���O�)�'�",�#8()��!�*k�U�N("H�! 7 �"HI�kv8V4x$x���@�|jE

�S�&�)�<(4c�#&�1( ,0�
�8.;("�)!�D�,0/��Z("���s/�!$.0D��8("�&!$.
TV��V4W

a, b > 0, 0 < α < 1 < β, p =
log a

logα
=

log b

log β
> 0,

��.�D2c�P��8%$�'.
f : (0,∞)→ R

c0D��1A0.��
fsup + : R+ → R

@;6
fsup +(t) = lim sup

s→t+
f(s).

lj*
f
�"��("����A0�4�MT�VYWpo2Tdq�W�()����.�ck�$/'/1!��)D��&.�Pw()!m���0��!$�)��>�z0E z0ce�8(��&�O#&!�/'��#&#86�@�!�,�.0D��4D2cS�$.0D=/�!$.0�"�1b

3;,���.;("#&6$c
fsup +

�&� 7 ��#&#eD��1A0.0�'D2c0�$.0D[�)�N()�&�<A0�'�OT 1R+

Wpo2T
2R+

W^E
� � ��� �Gy/�sE&V$E��4<6< ,�Oc0 TV��V4W � " 0 D f : (0,∞)→ R

<2(7DKFH< ACp T<V4Wpo2Tdq�W ��NA
fsup +(t) = fsup +(1)tp, t ≥ 0,

DNM 0 *W( d < 5
f(t) = fsup +(1)tp, t > 0.

! 1R5 5�A � �S�5C t > 0
c�()��H��m��.B�&.0/1�)�'���<�&.�PG�<�43;,���.0/��

tn → α−1t
c���.0D *-!��M�'��/)�

n
/\��!I!;�<�:�$.

sn ∈ (tn, α
−1t)

�<,�/)�[("�0��(
f(sn) ≤ fsup +(tn) + 1/n = fsup +(1)(tn)p + 1/n, n ∈ N.
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f(t) ≤ af(sn) + bf

(
t− αsn

β

)
≤ afsup +(1)(tn)p +

a

n
+ bf

(
t− αsn

β

)
.

�X6UTpq$W^c�#&�1("("�&.�P
n→∞ c�!$.0�+P$�1(\�

f(t) ≤ afsup +(1)(α−1t)p = fsup +(1)tp.
_��8>K�&#&�$�"#&6$cs(\��H$� �JD��4/1�)�'�$�"�&.�P �"�'3;,���.�/1�

tn → αt
��.0D *-!��h�'�$/\�

n
/\��!I!;�<� �$.

sn ∈
(tn, tn + 1/n)

�",0/\�w("�0��(
f(sn) ≥ fsup +(tn)− 1/n = fsup +(1)(tn)p − 1/n, n ∈ N.

������.

f(t) ≥ a−1

(
f(sn)− bf

(
sn − αt

β

))
≥ a−1

(
fsup +(1)(tn)p − 1

n
− bf

(
sn − αt

β

))
,

7 ����/)�[*-!$� n→∞ 6I�8�'#&D0�
f(t) ≥ fsup +(1)tp

c0��.�Dw��.0D���()���O���"!�!�*�E
� ��� � ��y#�sE q�E � ,.-#-	5 < 0 TV�sVYWY(+*S8 log β/logα /∈ Q ���VA f : R+ → R

<E(+D�FH<
	 0 <�T 1R+

Wjo�T
2R+

W
DLM 0 * f(t) = f(1)tp

c
t ≥ 0 �

! 1R5 5�A Td/^*�E
���N()H$! 7 �"HI�rv&V'x�x$�$@�|�W1E��X6[�����'!$�)��> z�E qK��.�D:f
�'>K�$�"Hwz0E ��()�����)�s�1C��&�<()���K��!;�<�8("�&%$�
/1!�.0��(\��.;(

M
�",0/\�w("���N(

f(t) ≤Mtp, t > 0.
� �0��#86I�&.�Pc$���>K>M�Kq7��E&V 7 �8("� N = n+m+ 1

c
sm+1,1 = s

c
sm+1,2 = ε/(αn βm+1)

c
si,j = 0*-!$��()���O�)��>M���&.��&.�P

i, j
c 7 �OP$�1(

anbm+1f(s) + anbm+1f(ε/(αnβm+1)) ≥ f(αnβm+1s+ ε)
*-!$� �$#8#

n,m ∈ N ��.0D s, ε > 0
E���!�>�@��8.0�8.�PK("���s�$@�!Y%$��( 7 !M�8.��43;,0��#&�5()�8�4��P$�&%$�'�

(αn βm+1)p f(s) +M εp ≥ f (αn βm+1 s+ ε), n,m ∈ N, s, ε > 0.
�
/�/1!��)D��&.�P�("!Y$��'>?>M�Kq7��E �0c�()���+�"�1(

D = {αn βm+1 : n,m ∈ N} ����D���.0�"�Z�8. (0,∞)
c���.0D 7 �

/��$. 7 �"�8("�Z()���O���)�'/1�4D��&.�P?�&.��43�,���#&�5(�6R�&.[("���+*-!$�)>
TV�Zq$W

λpf(s) +Mεp ≥ f(λs+ ε), λ ∈ D, s, ε > 0.
t ! 7 A�C[���)@��8("�\���)6 s, t > 0

��.0DL(\��H$�O�K�"�'3;,���.�/1�
(λn)

�",0/)�[("�0��(
λn ∈ D, λn < t (n ∈ N), lim

n→∞
λn = t.

_I�1("("�&.�P
ε = (t− λn)s

�8.�TV�Zq$W1c 7 �+P��1( ε > 0
�$.0D

(λn)p f(s) +M((t− λn)s)p ≥ f (λn s+ (t− λn) s) = f(ts), n ∈ N.
�X6�TV��V4W 7 �ZH;.0! 7 ()�0�N( p > 0

E�$��1("("�&.�P
n
()��.0DL("!?�&.�A0.��8(Q6 7 �Z!$@�(\���&. tp f(s) ≥ f(ts)

c 7 ����/\�
�&>?�0#8�&�'��("���N(

tp f(s) = f(ts)
E���!$.��<�'3;,��'.�()#86�c

f(t) = f(1) tp, t > 0
E

� ��� � �Jy/��E �0E � ,.-/-	5 < 0 TV��V4W (+*S8 log β/logα ∈ Q � � AC, *9>ED�F 5 * f : R+ → R
< , >CM[DNM	(7D

f(0) ≤ 0
<2(7DKFH<
	 0 <sT 1R+

W F A (7*98 5 * d p F A f FH<4< ,�3 (#8/8+FLD�FL? 0 (+*S8Y<E(7DKFH<
	 0 <sT-zIW �
! 1R5 5�A T]/1*�EZ����("H$! 7 �<HI��v8V4x$x$�$@�|�W1EZ����� �<�5*����0�$�<(�����!�@;%I�&!$,0�'E lQ.U!$�\D���� ()!L���)!Y%��O("��� �<!$.�#&6R�8*��
�0���"(�#8��(�,0�����"�",�>K�K()�0�N(

f
�"��("����A0�4�RT�VYWO��.�D

n,m ∈ N �)�N()�&�<*-6 −n/m = log β/logα
E $e�1(
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s, t ∈ R+
Es_I,�@0�<("�8(",�()�8.0P

N = n + m
c
sm,1 = s

c
sm,2 = t

c2�$.0D
si,j = 0

*-!���()���?�"�'>K�$�8.0�8.�P
�&.0D���/1�'�
�&. $e��>K>M�Mq7��E8V�c���.0Dw>M��HI�&.�PK,0�<�O!�*

αnβm = 1
c 7 �OP$��(

f(s) + f(t) ≥ f(s+ t),
�pE ��E8c�()���+*-,�.0/^()�8!�.

f
��� �<,�@��$D�D��8("�&%$�$E

_��8>K�&#&�$�"#&6$cI*-!��
t ≥ 0 7 �+�0�Y%$�

af(t) ≥ f(αt),
��.�D

f(αt) = aan−1bmf(αt) ≥ af(αn−1βmαt) = af(t),
�"!
af(t) = f(αt)

E���.0��#&!$P�!$,0�"#86�c
bf(t) = f(βt)

*-!�� ��#&#
t ≥ 0

E
! 1R5 5�Ab5�A ! 1R56-	5 <hFLDKF 5 * ����� � _I,�����!;�<� α < 1 < β

�$.0D
a ≥ 1

Eklj*
f(t) < 0

*-!$���"!$>K�
t > 0

()����.�c
�$/'/1!��)D��&.�PK()!w������!$�)��> z0E&V$c0()����*-,�.0/^()�8!�.

f 7 !$,0#&Dm@���.�!�.���!��"�8("�&%$�$E�_I�&.0/1� a ≥ 1
c 7 � 7 !�,�#�D

P$��(

f

(
β

1− α t
)
≥ af

(
β

1− α t
)
> af

(
β

1− α t
)

+ bf(t) ≥ f
(

β

1− α t
)
,

7 ����/)�:���
�K/�!$.�()�)��D���/^("�&!$.eEk���;,���c f �&�
.�!$.0.���P;�N("�&%$�$Elj*
b = 1

("����.�T<V4W 7 �8("� s = 0
P$�&%$�4�

fsup +(t) ≥ fsup +(βt), t ≥ 0.
�����O.�!$.�.0��P���("�&%I�5(�6R!�*

f
��.0DGTdq$WX�&>?�0#86R()�0�N(

lim
s→0+

fsup +(s) = 0,

��.�DL("�;,��
fsup + ≡ 0

E�������#&6I�8.�Pk$��'>?>M�Ky#�sE&V$c 7 �+!$@�()���&. f ≡ 0
E

lj*
b > 1

c�()����.[()�$H$�
p ∈ (0, 1)

�",0/)�[("�0��(
βp < b

E�_I�&.0/1�s�$#&�"!
αp < 1 ≤ a c 7 �+���4%$�

asp + btp ≥ min(a/αp, b/βp)(αpsp + βptp) ≥ min(a/αp, b/βp)(αs+ βt)p, s, t > 0,
��.�D+f
�'>M���)HZq�E&V��"��! 7 ��("�0��(�()����/�#&���"��!�*��<!�#8,�()�8!�.0�2!$*2T<V4Wjo�Tdq�W2/1!$.;()���&.0�e��()�"�&�0�e���)!$,�.�D (0,∞) 3
t 7→ tp

E
! 1R5 5�A 5�A �SM 06571R02O � ��� � ����� *-,�.0/1("�&!$. fsup +

�)�N("���<A0�'�9T�V
R+

Wpo2Tdq
R+

W1E _I!�c[�8. ("����/����<�
log β/logα /∈ Q c��8(R�&�M��.�!$,0P$� ()!������0#86 /�!$.0�"�'/�,�("�&%$��#&6f$���>K>M�$�My/��E qh��.�D y#�sE&V$EBlQ.B("���/����<�

log β/logα ∈ Q �5( ���
��.�!$,0P$�w("!M�$����#&6a$e��>K>M�Ky/��E �0E
! 1R5 5�Ag5�A �SM 0C5+1R0EO ��� � � lj* log β/logα ∈ Q

("���'.]$e��>K>M� y#�sE � P��8%$�4�L()���G���"�"���"("�&!$.eE lj*
log β/logα /∈ Q c�()����._$���>K>M�wy#�sE qR���)!Y%$�4��!�.���!$*�("���K�8>K��#&��/��N()�8!�.0��!$*�()����()����!��"��>:Es���0��)��>M���&.��&.�P?�&>K��#8��/���("�&!$.[����!�@;%I�&!$,0�'E
! 1R5 5�A 5�A 	 @ ( O -SdP0 ��� � � �X6+/1!�.0�<("�),0/^()�8!�. f �"��("����A��'��Tpq$W^EnlQ.s!��)D�����("!����)!Y%$�r()�0�N( f �"��("����A��'��T<V4W()�$H$�

s, t > 0
Er���4/��$,0�<� !$*�()�����0!$>K!$P���.��'�5(�6;bp#&�8H$� @����0�Y%I�8!���!$*

f 7 ��>M�46K���"�",�>K�
()�0�N( αs+βt

∈ (1, ν)
E�t !$("�+("�0��(

f(t) ≥ tp, t > 0.
���"�&.�P?("�0�&�
!�@0�<�'�"%��N()�8!$.w�$.0DL()���sD��1A0.0�5()�8!�.[!$*

f
#&�1( ,���.�!$("�Z()�0�N(4`
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• lj* αs, βt ∈ (1, ν)
c�("�0��.

af(s) + bf(t) = aα−pf(αs) + bβ−pf(βt)

≥ αpα−p(Mαs+ (1−M)) + βpβ−p(Mβt+ (1−M))

= M(αs+ βt) + 2(1−M) > f(αs+ βt).

• lj* αs, βt ≤ 1
c�()����.
af(s) + bf(t) ≥ asp + btp = (αs)p + (βt)p ≥ (αs) + (βt)

= M(αs+ βt) + (αs+ βt)(1−M)

≥M(αs+ βt) + (1−M) = f(αs+ βt).

• lj* αs ∈ (1, ν)
c
βt ≤ 1

c�()����.
af(s) + bf(t) ≥ αpα−p(Mαs+ (1−M)) + βptp ≥Mαs+ (1−M) + βt

> M(αs+ βt) + (1−M) = f(αs+ βt).

• lj* αs ≤ 1
c
βt ∈ (1, ν)

c�()����. 7 �O>K�Y6R�0�"!�/����4Dw��.0�$#8!�P$!$,0�"#86K("!?()���O���)�'/��'D��&.�PK/'�$�"�$E
�������k���"!N%$�'��T�VYW^Ek���������)!I!�*�!�*��",�@0��D�D��8("�&%;�8(�6s!�*

f
>K�Y6s@��
D��8%I��D��'D��&.�()!Z*-!$,���/��$�"�'�kD��'����.0D��&.�P

!$. 7 ����("���'� s, t �$�"�+P$�)�'�N()����!$� �<>M�$#8#&����("�0�$. 1
c0��.0D[/'���)�"�&�'DL!$,�(���.���#&!$P$!$,��<#&6$E

! 1R5 5�Am5�A 
�571R5+dNd ( 1hp � ��� � ���0�O/��"�8("��/��$#�/1,��)%$�'�
���)�Z�4��(\��@�#&���<���4Dw@;6w�����'!$�)��>M� {�E8V�c�{IE ��c����)!$��!�b
�"�5()�8!�. y�E&V$cr��.0D����0��!$�)��> y0E q�EU�����w�)��>M���&.��&.�PU�<()�N()��>K��.;()��*-!$#&#8! 7 *-�"!�> ������!��"�'> z0E&VL�$.0D
$��'>?>M���
��E&V+�$.0D[��E ��E
! 1R5 5�Ac5�A 
�5+1R57dLd ( 1hp � ��� � _I,�����!��"��("�0��( f �)�N()�&�<A0�4�?T�V4Wjo�Tpq$W^c�A�C t > 0

c���.0D�()�$H$�
n ∈ N ��.0D

k ∈ N �<,0/\�w()�0�N( βn − k ∈ [0, 1)
E�������.�c�@I6w������!��"��> y0E q�c

bnfsup +(t) = fsup +(βnt) ≤ kfsup +(t) + fsup +((βn − k)t).
�
/�/1!��)D��&.�P�("!O������!��"�'>�z0E z0cN("����%���#&,��'�

fsup +((βn−k)t)
�$�"�X,�.��8*-!$�)>K#86s@�!�,�.0D��'D?�$@�!Y%$� 7 �5()�

�)�'�<���4/^(�()!
n, k ∈ N c0�$.0DL("���sD��&�"��#��46$�4DL�&.��'3;,0�$#&�5(�6RP��8%$�4�

• .�!$.0.���P;�N("�&%I�5(�6R!�* fsup +(t)
�8*
b < β

c
• .�!$.0��!��"�5()�8%I�8(Q6L!�* fsup +(t)

�5*
b > β

E
t ! 7 cI()���s���)P$,0>?�'.�(
,0�"�'DL()!K���)!Y%$�4$e��>K>M�Ky/��E&V+/�!$>K��#&�1("�4�X("�0�O���"!�!�*�E

� ��� � � �k� � �g� �O���
� �	� �������S���Q��� ���o�I� � ���������"�
�������+�"�'/^()�8!�.U���+D��'%$!�("�4Dm()!:�wD��&�)/1,0�)�"�8!�.�!$*�("���K�"!�#8��!$*�()���K�"�'P$,�#����)�5(�6m�$�)�<,�>K��()�8!�. Tdq�W��$.0D
�8()� /�!$,�.�()���)�0���"()�'Er�����O��C���>K��#&�'�
��.�Dw�)��>M���)H��X@�,��&#&D[!�. a E��U�N("H�! 7 �"HI�kv&V'x�x$��@�|pEr�����O�)!$#&�Z!$*�)��P$,�#����)�8(Q6:�$�)�<,0>?��("�&!$.0������@0���<��/��$#8#&6w("�0�?�)��>K���&.U!�,���P$�'.����\��#S/����<�������&.�()���?/'�$�"�

0 < α <

1 < α+ β
c
a = α

c
b = β

c0/1!�.0�<��D����)�'Dw@;6w���N()H$! 7 �<HI�pE
_�!$>K���)��P$,�#����)�8(Q6K/�!$.0D��8("�&!$.����8>K��!��"�'DR!�.w�<!�#8,�()�8!�.0��!�*�T<V4W����)��.��'/��'�)�"�$�"6�()!?�4%�!$��DRD��&�)/1!�.�b

("�&.;,0!$,0�k�$D0D��5()�8%$���"!$#&,�("�&!$.0�'En�������S�&�S�1C���#����&.��4Ds@;6+()���X�"�4�<,0#5(\�n!�* i E+����>K��#�v&V'x����Y|jcY��E �����'/\���1(v&V'x�V4��c�V4x�V�z$|pc a EJ�
/1g���#�v&V'x�z;yN|jc�}SE�~��$�"��/1g�6Uv&V4x	��V�c�V'x ��z�|jc0��.0Dj$�E9$�!;�<!�.0/1g���v8V4x	��z$|pc��0�"�4�<�'.�("�4D�N(�()��� �'.0DK!$*�_I�4/^()�8!�.:V�Ek����� �&�"�)��P�,�#&�$�k@��'�0�Y%;�&!$��!�*�D����)/1!$.;("�&.;,�!�,0���$D�D��8("�&%$�
*-,�.0/1("�&!$.0����� 7 ��#&#
HI.�! 7 .�E



��� �������	��
�

���!�!� � � �Kx0E8V�EI$���(
α, β

@�����!��"�8("�&%$�$c
p ≤ 1

cI��.0DM#8��(
γ : R→ R

@����sD����)/1!$.;("�&.;,�!�,0���$D�D��8("�&%$�
*-,�.0/1("�&!$.m��!$>K!�P$��.0��!$,0� 7 �5()�:�)�'�"���'/1(�()! α ��.0D β E���,�( a = αp

c
b = βp

E������'.
f = |γ|p|(0,∞)�)�N("���<A0�'�OT�VYW^E

e�.0�+>K�Y6L@��O�&.�("�'�"�4��()�'Dw�&.m�<!�#8,�()�8!�.0��!�*�T<V4W��"��("����*-6I�&.�P

(5) lim
s→0+

f(s) = 0.

f
!�,�P$��#&6��"���'�$HI�8.�P�c�("������/�!$.0D��8("�&!$.M#8�4�$D��r("!O("�0���)��>K��("�0��!$�)6����k("�0� 7 �4��H$����/1!�.0D��8("�&!$.�Tdq$W1ESlj*
("�0�Z�"!$#&,�("�&!$.���("![T<V4Wpo2Tdq�W��$�"��g'���)!0c;��! 7 �'�'cI/�!$.;%$��C2c�!��X�",�@0�$D0D��5()�8%��$c;("���'.R()���Z�"!$#&,�()�8!�.0��("![T<V4W
��.�DGTp�$W ���)�Og����)!0c0��! 7 ���4c�/1!�.;%$�1C2c0!����",�@0�$D0D��5()�8%$��E���!$.0D��5()�8!�.�Tp�$W
�&���"��("����A0�4D[@I6[�$#8#S/1�)�5()�&/'��#
�"!$#&,�("�&!$.0��!$("���'��("�0�$.�()���w.�!�.���!��"�5()�8%$�w/�!$.0�<()�$.�(?�"!$#&,�("�&!$.0��!$*�������!��"�'>M����E&V�cS��E q�cr��.0DB{IE ��c
��.�D��"!$>K�w/1!$.I%$�1C=*-,�.0/1("�&!$.0��!�*������'!$�)��> ��E&V$EU�m!��"�'!Y%$�'�'cS�$#8#�()���[���)P$,�>K��.;()�s!$*�_��'/^()�8!�. �
�)��>M���&.h%���#&�&DU*-!$�O���)!$@�#&��> T�V4W+��.�DBTd�$W1EM���I,0�'c�("���'�"�K���O�[.��N(",0�)�$#r3;,��4��()�8!�.h�8*��",�@0�<("�8(",�("�&!$.
!�*[Td��WR*�!��GTpq$Ww/\�0��.�P��'�L("����/1�)�5()�&/'��#+/�,��"%$�4��c��'.�#����)P$�&.�P�("���h()�"�&%I����#Z�)��P$�&!$.���E lj(mD�!��'�w.�!$('c
@��'/'��,0�"�
!�*2�����'!$�)��>M����E8V�c;��E q�c���.0D ��E ��c���.0D?("���
*-!�#8#&! 7 �&.�Ps/1!�.0�<�43;,���.0/���!$*2������!��"�'> z0E zO�$.0D
$��'>K>K��� q7��E �?��.�Dwz#�sE q�`
� �  ����� �! ��Lx0E q�E �VA α+β > 1

(+*S8
a+b > 1

DLM 0 * 0 ? 0E1hp < 5+d , D�F 5 * 5�A T<V4Wpo2Tdq�W <E(+D�FH<
	 0 <
Td�$W �
��.�!�()������.0�N(),��\��#e3;,��'�<("�&!$.m/1!�.0/1�'�".0�
�8.��43;,0��#&�5(�6=T�V

R+

W^E�lj*
0
@���#&!$.�P;�X()!K("�0��D�!$>M���&.:!�*

f("�0��.m�$�)�<,0>?��("�&!$.GTdq
R+

W�/���.[@�� 7 �'�$H$��.��4D2E%&=�O�0�4%$�Z()���+*-!$#&#8! 7 �&.�P
�������! #"�x�E ��E4$��1(

α, β > 0
c
a, b ≥ 0

��.�D
a, α < 1

E�_I,�����!��"�L("���N(
f : R+ → R

�"��("����b
A0�4�OT

1R+

W1E�������.�Tdq�W����
�'�$�"�&#86R�&>?�0#8�&�'D[@;6
T-��W

f(0) ≤ 0
�

T-�&��W
f
����@�!�,�.0D��4D[��@�!N%$�Z�&.:�?.0���&P$�;@�!��"��!�!�DR!�*

0
E

�X!$("�:�$�)�",�>K��("�&!$.0�OT]��W��$.0D=T]�8��W��$�"�Z.0�'/1�4�"�)���)6R�$�
�"��! 7 .[�&.w()���+*-!$#&#&! 7 �&.�P�( 7 !M�1C���>K��#&�'�'E
���!�!� � � �+x0E z�EZ������*-,�.�/^("�&!$.

f : R+ → R
P��8%$�'.O@;6

f(t) = t−1 c t > 0
cN�$.0D

f(0) = 0
�"��("����A0�4�

�&.��'3;,0�$#8�8(�6�T<V
R+

W�*-!$�e��!��"�5()�8%$�
a, b, α, β

�",0/)�+()�0�N(
a = α

c
b = β

��.�D
0 < min(a, b) < 1 < a+b

E
���!�!� � � ��x�E ��E4$��1(

a = α = 1/2
c
b = β = 2

EG�����L*�,0.0/^()�8!�.
f : [0,∞) → R

P��8%$�'.�@I6
f(t) = 1

c
t ∈ [0, 1)

c0��.0D
f(t) = −t c t ≥ 1

c��)�N()����A0�4�X�&.��43�,���#&�5(�6UT<V4W1E
���0�?#&����(+�1C��$>?�0#8�K�<��! 7 ��()�0�N(+*-!$�Z*-,�.0/^()�8!�.0�OD��1A0.��4DU!�. (0,∞)

�$�)�<,0>?��("�&!$. Tpq$W�/'��.�.�!$(
@��?�)����#��$/��'D�@;6�/�!$.0D��5()�8!�. T]�8��W�!�*�f ��>M���)Hmx�E ��E������&�Z��C���>K��#&�?��#��"!w�"��! 7 ��("�0��(O�$�)�",�>K��("�&!$.
Tdq�W�/���.�.0!�(
@��+�4�$�"�8#&6R�)��#&�'�$�"�'DL�&.:�����'!$�)��> z�E8VO��@�!$,�(�("���s�"�8P�.w!$*k�<!�#8,�("�&!$.0�X("!�T�VYWpo�Tpq$W1E
��#��<!O�&.M���0��!$�)��>M�rz0E qZ�$.0D?z0E zO�$.0D?���)!$��!;�<�8("�&!$.?z�E �+/1!�.0D��8("�&!$.mTpq$Wk�&���8.�D��&�"����.��"�$@�#8��ES���0�&�

���
D��'>?!�.0�<("�\�N()�'DL@I6
���!�!� � � �wx�E ��E+�����Z*-!�#8#&! 7 �8.�P?*-,�.0/1("�&!$.0� �)�N()�&�<*-6UT<V4W���.0D[D�!K.�!�(��"��("����*-6hTdq�W^`

• f : (0,∞)→ R+
�)�N()�&�<*-6I�&.�P

(a+ b)−1c ≤ f(t) ≤ c c 7 �����)� c > 0
���
�?/�!$.0�<()�$.�(OT]�8.[("���

/����<�
a+ b ≥ 1)

�

• (0,∞) 3 t 7→ tp
c 7 �����)� p < 0

�&� �K/1!�.0��(\��.;(sT-�&.[("���s/����<�
a = αp

c
b = βp)

E
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��� ��� �������"	���� �e�"�I����� �����<������� ���<�����
�������
�<�4/^("�&!�.[������#&�&�'�X("���O>K�$�8.[�)�'�",�#5(\�X!$*e("�0�+�0�����'�X("!M�<(",0D�6w��.:��.0�$#8!�P$,���!�*S�&.��'3;,0��#&�8(Q6UT<V4W
*-!$� *-,�.0/^()�8!�.0��D��1A0.��4D:!$.�/1!$.0�'�
�&.m#8�&.��'�$���<���$/1�4��EXt�!�("�O()�0�N( ()���s>M���&.m�"�'�",�#8()� !�*k("����� �0�$�����
7 ���)�Z*-!$�)>�,�#��N()�'DL*-!���*-,�.0/1("�&!$.0� !$. (0,∞)

E��������
�&��()���O>K�8.0�8>M��#n�<��(
!�. 7 ����/)� 7 �s/'��.:�<(",0D�6
T�VYW 7 �8()�w�$�"@0�5()�)�$�"6?�0���\��>K�1()���\��ESlQ.0D����4D2c;()�����X�&��("�0�Z>?�&.��&>M��#2�",�@0�"�1(�!�*�()���Z!$.���bjD��8>K��.0�"�&!$.0�$#
#&�8.��4�����"�0�$/��

R
�",0/)�M("���N('c;*-!$���$�"@��8()�)�$�"6sA�C��'DM��!��"�5()�8%$�

α, β
c;�8*

s, t
@��'#8!�.�PO("!s("�0���<,0@0�<��(�("���'.

αs+βt
@���#&!$.0P��r()!��5(4Er�������)�'�",�#8()��*-!$�)>�,�#&��("�4DK!$.

(0,∞)
���)� �'���<�&#86K�����0#8��/��$@�#8���$/��"!;�"�r>M��.I6

�)�&/\����� /1!�.�("��CI()�'Er������� �<�'/1("�&!$. 7 �&#8#�P��8%$�+�1C��$>?��#&�'��!$*k�<,�/)�:�$����#&�&/'�N()�8!�.0��E
�S�&�)�<(r.�!$("��("�0��( 7 �
/1!�,�#&D�(\��H$� [0,∞)

()!+@���("��� �"�1(�!�*����)P$,0>?�'.�(\�n*-!$�
f 7 �8("��!�,�(�/)����.�P��8.�P>�,0/\�:�&.[()���O("���'!$�)6UTd/^*�E�_I�4/^("�&!�.mx�W^E���!$�)��!N%$���'c���.m��.���#&!$P$,0�Z!�*r������!��"�'> ��E&V+�"�'>M���&.0�X()�",��

!$.G��.;6��&.�("�'�"%���# 7 ���&#&�M��.0�$#8!�P$,��4��!$*X�����'!$�)��>M��z�E zGT 7 �5()� α + β ≤ 1
WZ��.0DG��E qw���)��()�",��K!$.

�&.�("�'�"%���#���()�0�N( �0�Y%$�
0
�$�
��.[�'.0D���!$�&.�(4E

t�! 7 c�#8��( X D���.�!$("����.U���)@��5()�)�$�"6L�)�'��#�T]!$��/�!$>K��#&�1C0W�#&�&.��'�$���<�0��/1��E � �<��(
C ⊂ X

�&���)����D
("!M@��O�)> 5 * 0 �8* C + C = {x+ y : x, y ∈ C} ⊂ C ��.�D

tC = {tx : x ∈ C} ⊂ C *-!�� ��#&#
t > 0

E
��!�� ��*-,�.0/^()�8!�.

f : C → R
c0�K/�!$,�.;("���)�0���"(�!$*S�8.��43;,0��#&�8(Q6hT�VYW����

T�V
C
W

af(x) + bf(y) ≥ f(αx+ βy), x, y ∈ C,
��.0D:�K/1!$,0.�("�'�"�0�$�<(
!�*k/1!�.0D��8("�&!$.GTpq$WX�&�
Tdq
C
W

lim sup
s→0+

f(sx) ≤ 0, x ∈ C.
���0�R3;,0��#&�8()�N()�8%$�M@����0�Y%I�8!��O!�*
�"!$#&,�("�&!$.0�O!�*

(1C)
o
(2C)

�8.G("�����sP$��.��'�)�$#r>�,�#8("��D��8>K�'.0�<�&!$.���#
/����<�����+�"�&>?�&#�����()!w("���N(+!$*ZT�V4Wjo�Tpq$W1E������M���)P$,�>K��.;(Z#&�'�$D��8.�Pw("!w()���MD��&%;���"�8!�.U!�*�()���K�"�0��/1��!$*
�0���\��>K��("���O3;,0�$D��),���#&�'�

(α, β, a, b)
�8.;("!m/1�)�8("��/���#r>K�$.��8*�!�#�D��+�$.0DU�)��P��8!�.0��!�*X�;,�P��K��.�DU��>K��(�6

/1#��$�)�"�'��!$*r�<!�#8,�("�&!$.0�
�)��>M���&.0�
%N�$#8��D2EX�����s�"�'P$�&!$.0��!$*k�0���\��>K��("���\� 7 �5()�:("�)�8%I����#e/�#&���"�"�'�
!�*k>�,�#8b
("��D��&>K��.0�"�8!�.0��#2�<!�#8,�("�&!$.0�X/1!�.�(\���&.R("���Z�)��P��8!�.0��!�*e�����\��>K�1()���\� 7 �8("�L()�"�&%I����#�/1#��$�)�<�4��!�*S�<!�#8,�()�&!$.0�
("!�T�VYWpo�Tpq$W1E

���0��!$�)��>M�K{IE&VL�$.0D�y0E �U��#&#&! 7 ,0��("!=/)�0�$�)��/^()���)�8g'�
p
bj��!$>K!$P���.��'!$,0�

F
bp�0�"��,�D�!$.�!��">M����.�D

p
bQ/1!$.I%$�1CG*-,�.0/^()�8!�.0�'E�����*-!$�)�R*-!$�)>�,�#��N()�8.�PU("�0�'�"�w�)�'�",�#5(\��#8��(?,����)�'/'��#&#X�"!$>K�[D��1A0.��8("�&!$.��[Td/^*�E
_�E0f
!�#8� 7 �&/�gKv8V4x$y�z�c;���eErz0c�V4��c�x$��|�W1E

$e�1(
X
@����K�"�4��#�!$��/1!�>?�0#8��Cw#&�8.��4�����"�0�$/1��E��X6

t, tn
7 ��D���.�!$("�s�)/��$#&�$�)�'c�@;6 x, xk %$�4/^()!$�\�*-�"!�>

X
c��$.0DR@;6

p
���)�'�$#�.I,�>�@����4E��J*-,�.�/^("�&!$.���#

f : X → R+
����/���#&#&�'DL��.

F
= - < 02, 8 5 * 571hO �8*

�8(��"��("����A0�4��()���+*-!$#&#&! 7 �&.�P?�)��P�,�#����)�5(�6R/1!�.0D��8("�&!$.0�'`
• f(tkx)→ 0

���"!N%I��D��'D
tk → 0

c
• f(txk)→ 0

���)!Y%I��D��'D
xk → 0

c
• f(tkxk)→ 0

���)!Y%I��D��'D
tk → 0

c
xk → 0

c
• f �&� �<,�@��$D�D��8("�&%$�$c��.0D

(6) f(tx) = f(x)
*-!$� | t |= 1

E
��.

F
bj�0�"��,0D�!$.�!��">

f : X → R
���
/'��#&#8�4D[�

p
b - < 0E, 8 5 * 571hO �8*S�8( ��� p bj��!$>K!�P$��.0��!$,0�'c;�pE �$E

• f(tx) = tpf(x)
c
t > 0

E
� .

F
bj�0�<�',0D�!�.�!$�)> ���
��.

F
bC* 571hO �8*

• f(x) = 0
�8*r��.0Dw!�.�#&6R�5*

x = 0
E



��) �������	��
�

$e�1(
p ∈ (0, 1]

��.0D
C
@����s/1!$.I%$�1C?�",�@0�"�1(�!$*

X
E���*-,�.0/^()�&!$.

f : C → R
����/���#&#&�'D

p
b2> 5 *�? 0R@

�8*S�8(��)�N("���<A0�'�
tpf(x) + (1− t)pf(y) ≥ f(tx+ (1− t)y), x, y ∈ C, t ∈ [0, 1].��������.�!$("�&!$. 7 ���2�&.�()�"!�D�,0/1�4DZ@I6I&�E &�E4�X�"�'/\HI.�����v&V'xI{Ny�| 7 ��! ���)!Y%$�4D�("�0��(e�'%$���)6�#&!�/'��#&#86�,��������

@�!$,0.0D��'D
p
bQ/1!$.I%$�1Cs*-,�.0/1("�&!$.RD��1A0.��4D?!$.M��.?!�����.K/�!$.;%$��C��",�@0�<��(�!�*��+#8�&.��4���k("!���!$#&!$P��&/'��#��<�0��/1�

���
/�!$.�()�&.;,�!$,���E������O�)��#��N("�&!$.��X!�*
p
bj/�!$.;%$��C��5(�6M("!M!�("�0����(�6;���4�
!�*k/�!$.;%$��C��5(�6 7 �'�"�O�$.0��#&6Ig��'Dw@;6

�sEJ� ,0D�g��&Hw��.�DG$�E0���$#8�&P$�\��.�D��Lv&V'x�x�z�|jESlQ.[("�0�sD��1A0.0�5()�8!�.:!�*
p
bj�0�"��,0D�!�.�!$�)> ()���s/1!�.0D��8("�&!$.[!$*

�",�@0�$D0D��5()�8%I�8(�6M>M�Y6M@��Z�"�'��#��$/1�4DR@;6
p
bj/�!$.;%$��C��5(�6�Ekt !�()��("���N(X*-!��

p /∈ (0, 1]
()���

p
bp�0�"��,0D�!$.�!��">

@��'/�!$>K�'�X()���+("�)�8%I����#
0
*-,�.0/1("�&!$.0�$#dE

f �'/��$#8#2("�0��(�()���s�)/���#&�&.�P�*]�$/1("!��)� 7 ���)�+D��1A0.��4D:�N(�()���O@���P��8.�.0�8.�PK!$*r_I�'/1("�&!$.�{�E
��� ���  #��� V4��E&V$E � ,.-/-�5 < 0 DNM	(7D X FH<c( d FL* 0 ( 1 < - (/> 0 (+*98 C FH<c()> 5 * 0 FL* X � " 0 D 0 < α <

1 < α+β
c�(7*98;8 0 * 5 D 043Ep (u,w)

DLM 0�- (7F 1I5�A <E>C( d FL* n A (/>ED 571 < A2571 (α, β) � �VA DLM 021R0b0R@ FH<hDV< p > 0< , >6M DNM	(7D a = αu1−p c b = βw1−p c�DNM 0 * f : C → R
<2(7DKFH<
	 0 < (1C)

o
(2C)

F A (7*98 5 * d�p F A FLD FH<
> 5 *�? 06@ c'F �L0��

tf(x) + (1− t)f(y) ≥ f(tx+ (1− t)y), x, y ∈ C, t ∈ [0, 1],
(+*S8

f(ux) = upf(x), f(wx) = wpf(x), x ∈ C.
��5+1R0C5 ? 021 `
• �VA p ∈ (0, 1)

DNM 0 * f FH<b* 5 * -	5 <hFLDKFL? 0��
• �VA p > 1

DNM 0 * f FH<4* 5 *J* 0 n (7DKFL? 0��
• �VA p ∈ (0, 1]

c
logw/log u /∈ Q c C = X

c4(7*98
f
(/8#8+FLD�F 5 *S( dNd p <E(7DKFH<
	 0 < (6)

(+*S8TDNM 0
1R0 n7,�d ( 1 FLD p > 5 *987FLDKF 5 *	< 5�A F = - < 0E, 8 5 * 571hO <$c'DNM 0 * f FH< ( p = - < 0E, 8 5 * 571hO��

��� ���  #����V4��E q�E � ,.-#-	5 < 0 DNM	(7D X FH<I( d FL* 0 ( 1 < - (#> 0 (+*S8 C FH<I(Y> 5 * 0 FL* X < , >6MaDLM�(+D 0 ∈ C �
�NA 0 < α < 1 < β

(+*S8 DLM 021R0a0R@ FH<hDK<Y( p > 0
< , >CMWDNM	(+D a = αp

c
b = βp

c DLM 0 * f : C → R<E(+D�FH<
	 0 < (1C)
o
(2C)

F A (+*S8 5 * d p F A FLDBFH<4< ,�3 (/8#8+FLD�FL? 0 (+*S8Y<E(+D�FH<
	 0 <

f(αx) = αpf(x), f(βx) = βpf(x), x ∈ C.
��5+1R0C5 ? 021 `
• �VA p ∈ (0, 1)

c�DNM 0 * f FH<4* 5 *J* 0 n (7DKFL? 0��
• �VA p > 1

c'DLM 0 * f FH<b* 5 * -�5 <hFLDKFL? 0 �
• �VA log β/logα /∈ Q c'DLM 0 * f FH< p =�> 5 *J? 06@ (+*S8

f(tx) = tpf(x), x ∈ C, t ∈ (0,∞).

• �VA log β/logα /∈ Q c p ∈ (0, 1)
c
C = X

cb(7*98
f
(/8#8+FLD�F 5 *S( dNd p <E(+DKFH<
	 0 < (6)

(+*S8TDNM 0
1R0 n7,�d ( 1 FLD p > 5 *987FLDKF 5 *	< 5�A F = - < 0E, 8 5 * 571hO <$c'DNM 0 * f FH<m( p = - < 0E, 8 5 * 5+1hO �

��� ���  #��� V4��E �LT]����("H$! 7 �"H;����.�DR��6�/1���Lv&V'x�x����N|-W^E � ,.-#-	5 < 0 DNM	(7D X FH<b( d FL* 0 ( 1 < - (#> 0 (7*98 CFH<m(a> 5 * 0 FL* X ��VA 0 < α < 1 < α+ β
c
a = α

c
b = β

c�DLM 0 * f : C → R
<E(+D�FH<
	 0 < (1C)

o
(2C)F A (+*S8 5 * d�p F A FLD�FH<;< ,�3 (/8/87FLDKFL? 0 (+*98 -	5 <hFLDKFL? 0 M 5+Oc5Rno0 * 0657, <�c F �L0�� f(tx) = tf(x) A25+1 t > 0

c
x ∈ C �
��� ���  #���JV'�0E z0E � ,.-/-�5 < 0 DNM	(7D X FH< ( d FL* 0 ( 1 < - (/> 0 (+*S8 p ∈ (0, 1) � �NA ( p =�> 5 *J? 06@ f : X → R<E(+D�FH<
	 0 < (6)

(7*98kDLM 0 1R0 n/,�d ( 1 FLD p > 5 *S8+FLD�F 5 *�< 5�A F = - < 0E, 8 5 * 5+1hO <$c�(+*S8 A25+1U0 ? 0E1hp x ∈ X DLM 021R0
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���� � �

06@ FH<hDK< ( 1R0 ( d βx > 1
< , >6M DNM	(7D

f(βxy) ≤ βpxf(y), y ∈ {tx : t ∈ R},
DLM 0 * f FH<m( p = - < 0E, 8 5 * 5+1hO �
���0�M�&D��4�[!$*����0��!$�)��> V'�0E zm/1!$>K�4�Z*-�)!$> a Ee���N()H$! 7 �"HI��v&V'x�x$��|pc 7 ��!��<�0! 7 �4DU("���N(kF A XFH<G( 1R0 ( dBd FL* 0 ( 1 < - (/> 0 c f FH<a< ,�3 (/8#8+FLD�FL? 0 (7*98�<E(+D�FH<
	 0 < (6)

c A2571 0 ? 0E1hp x ∈ X
DNM 04AC, *9>EDKF 5 *

(0,∞) 3 t 7→ f(tx)
FH< 3C5+, *S8 0 8 ( 3C5 ? 0_5 *X(+* 5C-	0 * < 0 D1cm(7*98 f(βx) ≤ βf(x) A2571 < 57OY0

βx ∈ (0, 1)
c�DNM 0 * f FH<B("< 0EO FL* 5+1hO � ���N()H$! 7 �<HI��� �2���)!I!�*I����@0���<�4DZ!�.Z()����("���'!$�)6�!$*��<,�@��$D�D��8("�&%$�*-,�.0/1("�&!$.0�'E�t�!�("�+("�0��( ���&�
�)�'�",�#5( �&� ��.[�&>?>K�4D��&��("�s/1!�.0�<�43;,���.0/��Z!$*���!$�)!$#&#&�$�"6

7.2(2)
E

����� � � �
	 	 � �
! 1R5 5�Ac5�A �SM 0C5+1R0EO ��� ��� � �0!$�Z�'%$���)6[A�C��'D x ∈ C ce������!$�)��> {IE&V$c2���0��#8�&�'D�("!w("���?*�,0.0/^()�8!�.

f�)�'��()�)�&/1("�'DL("!?()���O�\�46 {tx : t > 0} c�P��8%$�4�
upf(x) = f(ux), wpf(x) = f(wx), x ∈ C.

���;,0��*-�)!$> T�VYW 7 �O�0�Y%$�
aupf(x) + bwpf(y) = af(ux) + bf(wy) ≥ f(αux+ βwy), x, y ∈ C.

�S�5C
z1, z2 ∈ C

�$.0DO/1!�.0�<��D�����("����*-,�.0/1("�&!$.
[0, 1] 3 t 7→ ϕ(t) = f(tz1+(1−t)z2)

ES���4/���,��<�
u,w���)�O("���?�"/'��#&�8.�PM*]�$/1("!��)�
*-!$�

α, β
c 7 ���0�4%$� αu + βw = 1

E��m!��"��!N%$�'�'c
aup = αu

c
bwp = βw

c
��.0D�("���[�$@�!Y%$�L�8.0�'3;,0��#&�8(Q6G�&>?�0#8�&�'��()���

(αu, aup)
bQ/1!�.;%$��CI�8(�6=!�*

ϕ
EGt ! 7 c��$/�/�!$�\D��&.�P:()!�()���

u+,���.)$���>K>M�M�/�sE qs()���+*-,�.0/1("�&!$.
ϕ
��� a ��.��<�'.�bj/�!$.;%$��C2c;�0��.0/�� f �&� a �'.0�"��.�bQ/1!$.I%$�1C2c���.�D

ϕ(t) = f(tz1 + (1− t)z2) ≤ 1
2f(2tz1) + 1

2f(2(1− t)z2), t ∈ (0, 1).
�����K*-,�.0/1("�&!$.0�

(0,∞) 3 t 7→ f(2tz1)
c

(0,∞) 3 t 7→ f(2tz2)
�)�N()�&�<*-6 T�V4Wjo�Tpq$W^ce��.�D=�$/'/1!$�\DIb

�&.�PM("!L�����'!$�)��> z�E z�c�("���'6[�$�"�O@�!�,�.0D��4D:!$.
(0, 1)

E���!$.0�"�'3;,��'.�()#86�c
ϕ
�&��@�!$,�.0D��4Dm��@�!N%$�s��.0D

a �'.0�"��.�bQ/1!$.I%$�1C2EGlj(K*-!$#&#&! 7 ��*-�)!$> ()���:�X�'�".0�<("�'�8.�oI~�!I�1(\�"/\�f$e��>K>K�Gq7��E ��("�0��(
ϕ
���K/1!$.I%$�1C2E

� �'.0/1��c
f
���L/1!�.;%$�1C2E����I,0�M("��� ��!�.�#86 �5*����0�$�<(L�&�R���)!Y%$�4D2E������ ���8*��m�0�$�<(L�&�R�4�$�"6$c��"! 7 �

!$>K�8(
�8('E
���0��A��)�<(Z( 7 ! ��>K!��"�'!Y%$�'� ���<()��("�'>?�'.�(\��*-!�#8#&! 7 *-�"!�>F()���K�)��>M���)Hm��*�("�'�O�����'!$�)��> {�E8V�c�()���

#��$�<(
!$.��Z*-!�#8#&! 7 �X*-�)!$>F��!$�)!$#&#&�$�"6L{�E q0T�V4W1E
! 1R5 5�A;5�A �SM 0C5+1R0EO ��� ����� �S��HI�8.0P x ∈ C ��.�D[�)�'�<("�)�&/1("�&.�PK("���s*-,�.0/^()�8!�.

f
("! {tx : t > 0} c 7 �D��'D�,0/1�+*-�"!�> ���0��!$�)��> y0E ��("�0��(

af(x) = f(αx), bf(x) = f(βx), x ∈ C._I!0ceT�VYW�P��8%$�4�
f(x) + f(y) = af(x/α) + bf(y/β) ≥ f(x+ y), x, y ∈ C,

�pE ��E
f
�����",�@0��D�D��8("�&%$�$c��$.0D�("�0� �<!$.0#86��8*�� ��(\�N("�'>K��.�(����r���)!Y%$�4D2ES����� ���8*��
�<()��("�'>?�'.�(��&��!$@I%;�&!$,���E

���0�MA��)�<(s( 7 ! ��>K!��"�'!Y%$�'� �K�<()��("�'>?�'.�(\�s*-!$#&#8! 7 *-�"!�> ��!$�)!$#&#&�$�"6Uy0E �0Emlj*
log β/logα /∈ Q c("�0��.m������!��"�'> y�E ��P��8%$�4�

tpf(x) = f(tx), t > 0, x ∈ C,
��.0D:�<,�@��$D�D��8("�&%I�5(�6L�&>K��#8�&�'��()�0�N(
tpf(x) + (1− t)pf(y) = f(tx) + f((1− t)y) ≥ f(tx+ (1− t)y), t ∈ (0, 1), x, y ∈ C,
�pE ��E8c

f
�&�
p
bj/�!$.I%$�1C2Ekt�! 7 c�("���O#��$�<(�( 7 !��<>K!$�)��!N%$��� ���<()��("�'>?�'.�(\�X*-!�#8#&! 7 E
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! 1R5 5�A 5�A �SM 0C5+1R02O ��� � � � ��������!�>?!�P$�'.����8(Q6 !�*
f
*-!$#&#&! 7 �G*��)!$> a E�����("H$! 7 �<HI��� ����!��"!�#5b#����)6w{�E q0Tdq�W^Er������.[("���s�",�@0��D�D��8("�&%I�5(�6L�&� �K/1!�.0�<�43;,���.0/��Z!$*�T�V4W1E

! 1R5 5�AI5�A �9M 06571R02O ��� � � � �S�8CK�$.M���)@��5()�\���"6 x ∈ X �$.0D?��,�(
fx(t) = f(tx)

Ek�����'.
p
bQ/1!�.;%$��CI�8(�6

��.�DL("���s/�!$.0D��8("�&!$.[�&.;%$!�#8%I�&.�P
βx
P��8%$�

λpfx(s) + βpx (1− λ)pfx(t) ≥ λpfx(s) + (1− λ)pfx(βxt) ≥ fx(λs+ (1− λ)βxt)
*-!$�O��#&#

s, t > 0
c
λ ∈ (0, 1)

E��n�$HI�8.�P
λ
�<,0/\�U("�0��(

βxλ < 1
��.0D

βx/λ /∈ Q c2.0!�("�&.�Pw("�0��(Z("�0�A0�\��(+�)��P�,�#&�$�"�8(�6:/1!�.0D��8("�&!$.h!�*
F
bp�0�"��,�D�!$.�!��">M���&>K��#&�8�4�KTpq

C
W^c 7 �?P��1(Z*-�"!�> ������!��"�'>�{�E8V�()���

p
bj��!$>K!�P$��.��'�5(�6M!$*

f
E�t�! 7 ("�0�s�<,�@��$D�D��8("�&%I�5(�6L���
�K/�!$.0�"�'3;,���.�/1�Z!$* p bj/�!$.I%$�1C��5(�6�E

�M� ��� ���������w����Q����S����2����
����

-

6

q�
a

q�
b

p� @
@

@
@@

P

N + P

� 
�� � � ���-��34�&� (��&� ��� �� � � � �&����!� �� �!���	�� 
����� ���� ���	�
����� �� � � � 3 ��� ��89��� �&� �
a, b

�
��$0�12��(
α+β < 1

�
� � � ��� �&�� ��8 � � � �

•  �*� � � � ��� 
��� P ����� �!���	�� 
����� ��� �7���������� ��� 
�5�������� (,� � � ������!�����34�� 
"� 
�56�7�!���	�� 
����� 
�� � 	���� �
•  � � � �7� ����
��� N + P � � �&� � ��� � � 	���� ������!�!��� �� /4�� � 34�� 
�� 
�56� ����( ����� ��� 
�56� �!���	2� 
������� � � �&� ���� � �����!9�!���	�� 
����� � ��� 
���� /4�� � 34�� 
�� 
�56� ��� (*����� ��� 
�5��75�����	��&���

-

6

q q
α

�
a

q
q

β

�

b

q� @
@

@
@

@
@
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