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Abstract. A super real closed ring is a commutative ring equipped with the operation
of all continuous functions R” — R. Examples are rings of continuous functions and super
real fields attached to z-prime ideals in the sense of Dales and Woodin. We prove that super
real closed rings which are fields are an elementary class of real closed fields which carry all
o-minimal expansions of the real field in a natural way. The main part of the paper develops
the commutative algebra of super real closed rings, by showing that many constructions of
lattice ordered rings can be performed inside super real closed rings; the most important
are: residue rings, complete and classical quotients, convex hulls, valuations, Priifer hulls
and real closures over proconstructible subsets. We also give a counterexample to the
conjecture that the first order theory of (pure) rings of continuous functions is the theory
of real closed rings, which says in addition that a semi-local model is a product of fields.
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1. Introduction. A super real field (cf. [Da-Wo)) is the quotient field
of the ring C'(X) of continuous, real-valued functions on a topological space
X divided by a prime ideal p of C'(X). The ideal p is called a prime z-ideal if
f € p whenever f vanishes on a zero set of some g € p. Take a prime z-ideal
p of C(X) and let K := qf(C(X)/p) be the corresponding super real field.

The initial motivation for this paper was to prove that for every o-
minimal expansion R of the real field (cf. [vdD]) in a first order language &
extending the language for ordered unital rings, there is a natural expansion
M of the field K to an Z-structure such that 91 is an elementary extension
of R.

This is indeed true (cf. (8.5)(ii)) and it turns out that a commutative
algebra lies behind this fact, namely the algebra of super real closed rings:
A super real closed ring is a commutative unital ring A together with maps
Fy: A" — A for each continuous function F' : R" — R (n € N) such that
the composition rules for the functions F4 are the same as for the original
functions F, i.e.

(+) Fao(Gras...,Gna) = (Fo(Gi,...,Gn))a.

Moreover, addition, multiplication and the identity of R have to be in-
terpreted as addition, multiplication and the identity of A.

Obviously, super real closed rings are precisely the models of a first
order theory Tr in a language .Zr extending the language of rings, which
has function symbols for each continuous F': R — R. Examples are:

(i) Every ring of real-valued continuous functions has a natural expan-
sion to a super real closed ring.

(ii) Every super real field at a z-prime ideal as described above has a
natural expansion to a super real closed field (cf. (8.5)(i)).

The answer to the motivating question is given in Theorem (8.5)(ii),
which says that every super real closed ring which is a field carries all o-
minimal expansions of R (in the sense described above). Hence T+ “fields”
is a theory of real closed fields, which act as resplendent structures inside
the class of all o-minimal expansions of fields, stemming from R.

A real closed ring is a commutative unital ring A together with maps
Fy : A" — A for each semi-algebraic continuous function F' : R® — R
(n € N), defined over Q, such that (x) holds for these functions and addition,
multiplication and the identity of R are interpreted as addition, multiplica-
tion and the identity of A, respectively. This notion has been introduced by
N. Schwartz in [Schwl]|. The original definition is purely ring-theoretic, i.e.
there is no mention of the F4. The formulation above is in part implicitly
contained in [Schw-Ma, Section 12]. We introduce real closed rings in this
way and we show that the functions F'4 are definable in the pure real closed
ring (by an existential Horn formula, cf. Theorem (2.12)).
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Real closed rings provide a very flexible category of rings in which the
algebra of the rings C'(X) can be studied. One purpose of this article is to
show that most of this flexibility is also present in the category of super
real closed rings. The axioms of super real closed rings, which imply that
the class of models of Ty together with Z-morphisms is a variety in the
sense of universal algebra, promise this: we get many basic constructions like
direct and inverse limits, fibre sums and fibre products, free objects, inside
this variety for free (cf. end of Section 5).

In Sections 6, 7 and 9-13, classical manipulations of commutative rings,
or better, of lattice ordered rings, are established inside the category of super
real closed rings. The motor which makes the theory work is a Nullstellen-
satz for rings of continuous functions, which expresses an algebraic relation
between continuous functions that have the same zero set (cf. Section 3,
which reviews parts of [Trl]).

By classical manipulations we initially mean “developing a theory of
ideals and localizations” for super real closed rings (see Sections 6 and 7).
The appropriate notion of an ideal in a super real closed ring is of course
“the kernel of a ring homomorphism into a super real closed ring, which
respects all the F'4”. These ideals are called 7-ideals; the name is explained
in Section 6.

The set T-Spec A of all T-ideals of a super real closed ring which are
prime forms a spectral space (cf. [Hoc]), more precisely, a spectral subspace
of Spec A. As in the case of real closed rings, the analysis of the ring is
intimately connected with this topological space, as well as with the full
spectrum of A. In Section 14, a principal geometric difference between the
spectrum of super real closed rings and that of real closed rings of semi-
algebraic functions is proved. We explain this intuitively as follows (the
details can be found in Section 14): If A is a super real closed ring and V' C
Spec A is the set of prime ideals containing a given element a € A, then the
only way to enter this variety from the outside is by walking through generic
points of V. But in the semi-algebraic context, say when V corresponds to
the closed unit disc in R™, V can only be entered by passing through the
boundary of V', and this boundary is not generic in V.

It is not clear if the difference above can be described in a purely ring-
theoretic manner and the question arises if “real closed rings” is the first
order theory of super real closed rings, when viewed as pure rings. In Sec-
tion 4 we show that the ring of continuous semi-algebraic functions R — R
satisfies a sentence in the language of rings which is not satisfied by any
ring of continuous functions C(X). The sentence “almost” says that the
pure field R is o-minimal. I do not know whether a super real closed ring
is a model of that sentence. The result in Section 4 says that either “real
closed rings” is not the intersection of the theory of super real closed rings
with the sentences in the language of rings, or super real closed rings are
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not the first order description of the class of rings of continuous functions
in the language % .

2. Real closed rings—a model-theoretic tour. Let R be a real
closed field and let A C R be a subring. Recall that a A-semi-algebraic
subset of R"™ is a boolean combination of sets of the form {P > 0} := {x €
R" | P(z) > 0}, where P is a polynomial over A in n variables. A map
f : R™ — R™ is called A-semi-algebraic if the graph of f is a A-semi-
algebraic subset of R x R™. If A = R, then we say semi-algebraic instead
of “A-semi-algebraic”.

(2.1) DEFINITION. Let R be a real closed field. For n,r € N, let
Crn :={f: R" — R f is semi-algebraic and
r-times continuously differentiable}.
Moreover we set
Cpn :={f: R" — R| f is semi-algebraic}.

Given r € NgU{—1}, an R-real closed ring of class C" is a commutative
unitary ring A together with a collection of functions (fa)nen, fecy,,» where
fa: A" — A, with the following properties:

1. If f is constantly O or constantly 1, then so is fa; if f: R — R is
the identity, then so is f4 : A — A; if f : R> — R is addition or
multiplication, then so is f4 : A2 — A.

2. If ke Nand f; € Ch, (1 <i<n), then

[fol(fi,--osfu)la=fao(fra,---, fna)

If r=0, then we say R-real closed instead of “R-real closed of class C"”.
If R is the field Ry, of real algebraic numbers, then we say real closed of
class C" instead of “R-real closed of class C"”. If r = 0 and R = R, then
we simply say real closed.

NoTE. We do not require that 1 # 0. Hence the null ring is also consid-
ered to be R-real closed of class C".

(2.2) OBSERVATION. Every real closed ring is reduced.

Proof. Let a € A be such that a® = 0. Let f : Ralg — Ralg be defined
by f(x) = /2. Then f is continuous and semi-algebraic with fog = idg,,,
where g(x) = 2. By definition we have f4 o g4(b) = b and ga(b) = b> for
all b€ A. Hence a = faoga(a) = f4(0) =0. m

If » > 0, then a real closed ring of class C" is not necessarily reduced
(cf. (2.14)). Many properties of real closed rings below come for free also for
r > 0 provided the ring is reduced.
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In this paper we are mainly interested in the case » = 0, which is covered
by the reduced case as we have just observed. The general (nonreduced) case
r > 0 will be the subject of another paper ([Tr2]). However, in order not to
repeat arguments we include the case r > 0 in this article whenever it is not
substantially different from the case r = 0.

The pure rings underlying real closed rings in our sense are precisely
the real closed rings in the sense of Schwartz [Schwl]. This is contained in
[Schw-Ma, Section 12|, and at first sight our definition seems to be only of
theoretical use. The opposite is the case. We shall prove that

(a) If Aisareduced, real closed ring of class C”, then there is exactly one
collection (fa) of functions as in Definition (2.1) and each function
fa is definable in A in the language of rings by an existential Horn
formula (cf. [Ho, 9.4]). This is proved in (2.12). ( Warning: in general
there is no quantifier free formula in the language of rings which
defines the graph of fa: in particular, a formula which defines the
graph of f will not define the graph of f4 in general.)

(b) Every ring homomorphism between reduced R-real closed rings of
class C" respects the unique (by (a)) additional structures. This is
proved in (2.16).

Items (a) and (b) say that the category of reduced real closed rings of
class C" (and ring homomorphisms respecting the new symbols) is a full
subcategory of the category of rings (and ring homomorphisms). Our def-
inition easily allows generalizations of well known functorial constructions
from commutative algebra to the category of real closed rings of class C”
which are reduced, e.g. direct limits and fibre sums. The reason is that the
category of real closed rings of class C" (reduced or not) together with ring
homomorphisms respecting the new symbols is—by definition—a variety in
the sense of universal algebra; item (b) above implies that many functo-
rial constructions inside the category of rings can be performed inside the
category of real closed rings of class C".

We occasionally work with the natural first order language of real closed
rings of class C". Throughout we shall work with the language & :=
{+,—, -,0,1} of unital rings.

(2.3) DeFINITION. Let Z(RCR") be the language .2 together with an
n-ary function symbol f for every semi-algebraic, function f : Ryg — Rag of

class C". Let RCR" be the .Z(RCR")-theory which has the following axioms:

1. The axioms of a commutative unital ring in the language {+, —,-,0,1}.
2. Voy +(z,y) = z+yA:(z,y) =2y ANid(z) = 2 A =(z) = —z A
1(z) = 1. Hence the symbols from the language of rings have the
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same meaning as the corresponding symbols when reintroduced in
Z(RCR') as symbols naming semi-algebraic C"-functions.
3. All the sentences

vz I(ﬁ(f)v 7&(5)) = fO (flv" 7fn)(f)7
with f € C’T:l and f1,..., fn € Cpz -

alg
Clearly the models of RCR" are exactly the real closed rings of class C”,
where the symbols f are interpreted as f4. Observe again that the null ring
is a model of RCR".

(2.4) REMARK. The partial order on a real closed ring A of class C”
is given by z < y & y —x = n(y — x), where n € Cﬁalg is defined by
n(t) := [t|""!. Hence x < y is definable by a positive atomic .Z(RCR")-
formula and we may view it as an abbreviation for this formula.

(2.5) LEMMA. Let R be a real closed field and let X C R™ be A-semi-
algebraic for a subring A of R. Then X is defined by a formula 3u P(Z,u)
= 0 for some polynomial P(ZT,w) € A[Z,u]. Applying this to the complement
of X shows that X is also defined by a formula Yu P(Z,u) # 0 for some
polynomial P(Z,w) € AZ,u].

Proof. By quantifier elimination, X is defined by V,(P(Z) = 0 A
N\; Qij(T) > 0) for some polynomials P;, Q;; € Afz]. Then X is defined
by Ju P(Z,u) = 0 with

P(z@) =[] (P@?+ 3 (Qu(@) - uf — 1)?). =
J

(2.6) PROPOSITION. Let r € Ny and let R be a real closed field (or
more generally an o-minimal structure, cf. [vdD]). If e € R, ¢ > 0 and
f : (=e,¢) = R is continuous, definable in R with f(0) = 0, which is of
class C" on (—e,e) \ {0}, then f(x)-a" is of class C" on (—¢,¢).

Proof. This is folklore; we sketch the proof. Firstly, o-minimality implies
that for every R-definable g : R — R there is some r such that g : (r,00) — R
is differentiable and limg .o 2 -¢'(z) = 0 if lim, .o g(z) = 0. Using this
property one shows the assertion by induction on r. m

(2.7) LEMMA AND DEFINITION. Let r € Ng. Let X C R"™ be A-semi-
algebraic for a subring A of R. Then X is closed if and only if X is defined
by a formula Ju P(Z,u) = 0 for some polynomial P(Z,u) € A[Z,u] such that
there is a A-semi-algebraic map s : R* — RY of class C" with

RE=VZ e X P(z,s(Z)) =0.
Here and below we write RY instead of R'"€™M®) T is a tuple of variables.

We call such a polynomial a C"-representation of X and the map s a C"-
section of P.
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Proof. If X is defined by a formula as indicated, then X = f~1(0) for
the map f: R® — R, f(Z) := P(T, s(T)). Since f is continuous, X is closed.

Conversely, suppose X is closed. By the finiteness theorem (cf. [BCR,
Thm. 2.7.2]), X is defined by a formula

\V A\ Pis(@) >0
i j
for some polynomials P;;(Z) € A[z]. Take

P@a) =[] D (2@ — i)
i

Clearly X is defined by Ju P(Z,u) = 0. Let s;; : R* — R be defined by
2r4-1
5i(T) := /| P (T)]
Let s := (s;j). Then s is a A-semi-algebraic map R* — R" with

REVZ € X P(7,5(T)) = 0.

It is of class C", since the function \/]a;\QTH = (sign(z") - y/|z|) - 2" is of
class C" by (2.6). =

We extend the notation to r = —1 and arbitrary, definable X C R™:
Every polynomial P(Z,u) € A[Z,u] such that X is defined by 3u P(Z,u) =0
is called a C~'-representation of X. Observe that in this case, there is a
C~lmap s : R — R* with R =Vz € X P(Z,s(T)) = 0, since the theory
RCF of real closed fields has definable Skolem functions.

(2.8) DEFINITION. Let X be a set, let R be a real closed field and let
A be a subring of R. If S is a set of functions X — R and r € NgU{—1} we
define

csay(S) :={fo(a,...,an)|n €N, a,...,a, €S and
f € Chn, A-semi-algebraic}.

The notation is correct, since by quantifier elimination for real closed
fields, the ring csa’;(S) does not depend on R, but only on the ordered
ring A.

If r = —1 then we also write sa,(S) instead of csa,;'(S). If A = Z then
we suppress the subscript A.

Observe that A, viewed as a subring of constant functions of R¥, is con-
tained in csa’y (). Moreover it is obvious that csa’;(.S) is a ring of functions
X — R and csaj(csa’y(S)) = csaly(5).

(2.9) LEMMA. Let A be a ring of functions X — R, let A be a subring
of R, and assume A = csa’y(A). Let Z C R? be closed and A-semi-algebraic
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with C"-representation P(Z,u) € A[Z,u]. Then
Zy:={ac A* | forallxc X,a(z) € Z}
is definable in A with parameters from A by Ju P(z,u) = 0.

Proof. If A |= 3u P(a,u) = 0, then clearly @ € Z4, since Z is defined
by Ju P(z,u) = 0. Conversely if @ € Z4, then take a A-semi-algebraic map
s: R7 — R of class C" with

REVze Z P(z,5(2)) =
@

and let ¢ := s(@) € A". Then A |= P(a,c) = 0, since for each z € X we have
a(z) € Z, hence R |= P(a(z), s(a(z))) = 0. =

(2.10) LEMMA. Let A be a ring of functions X — R from a set X to
a real closed field R and let A be a subring of R and A. Let f : R® — R
be semi-algebraic, let P(v,y,u) € A[v,y,u] be such that the graph of f is
defined by the formula p(v,y) = Ju P(v,y,u) = 0, and let s : R* — R" be
a semi-algebraic map with

R Vo P(v, f(v),s(v)) = 0.
(i) Ifae A" and b € A with A = ¢(a,b), then b= foa.
(ii) If A E=Vv 3y ¢(v,y) then for every a € A™ we have foa € A and
©(v,y) defines the graph of the map faq : A" — A, fa(a) = foa.
(iii) If foa,soa € A" for alla € A", then A |=Yv Jy (T, y).

Proof. (i) Take (a@,b) € A™ x A with A = ¢(a,b). We have to show
that b = f oa. Pick x € X. Since A |= ¢(a,b), there is some ¢ € A* with
P(a,b,¢) =0in A. Thus P(a(z),b(x),¢(z)) = 0 and R = Ju P(a(x),b(z),w)
= 0. This means b(z) = f(a(x)).

(ii) is an immediate consequence of (i).

(iii) Let @ € A™ and take b := foa. Thenb € Aand A = Ju P(a,b,u) =0
as ¢:= soa € A" satisfies P(a,b,¢) =0. m

(2.11) PROPOSITION. Letr € NgU{—1} and let A be a ring of functions
X — R from a set X to a real closed field R. Let A be a subring of R
and A. Then A = csa’y(A) if and only if for every n € Ny and every A-
semi-algebraic map f : R — R of class C", there is a C"-representation
P(v,y,u) € K[v,y,u] of the graph of f with

A =Y Jyu P(v,y,u) = 0.
If this is the case, then for every A-semi-algebraic map f : R — R of
class C", and every C"-representation P(v,y,u) € A[v,y,u] of the graph
of f, the formula Ju P(v,y,u) =0 defines the graph of the map
far A" — A, fa(@) = foa
Proof. By (2.10) and (2.7). =
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(2.12) THEOREM. Letr € NogU{—1}, let R be a real closed field and let
A be a subring of R such that R is the real closure of the ordered ring A.
Let A be a commutative unital A-algebra.

(i) Suppose A can be expanded to an R-real closed ring A of class C".
Then

(a) For each A-semi-algebraic map f : R™ — R of class C", every
C"-representation P(v,y,u) € A[v,y,u] of the graph of f and
all C"-sections s of P we have A |=Vv P(v, f4(v),s4(T, fa(0)))
= 0. In particular A |=Vv Jyu P(v,y,u) = 0.

(b) A/Nil(A) is real reduced, i.e. a% + --- + a2 € Nil(A) implies
ai,...,ap € Nil(A) for all ay,...,a, € A. Here Nil(A) denotes
the nilradical of A.

(c) If A is reduced, then for each A-semi-algebraic map f: R" — R
of class C" and all C"-representations P(v,y,u) € A[v,y,u)
of the graph of f, the function fq : A™ — A is defined by
Ju P(v,y,u) = 0. In particular A is the unique expansion of
A to an R-real closed ring A of class C".

(ii) Suppose A is reduced and for all n € N, each A-semi-algebraic map
f: R"™ — R of class C" and every C"-representation P(U,y,u) €
Alv,y,u] of the graph of f we have

A E Vv Jyu P(v,y,u) = 0.
Then A can be expanded to an R-real closed ring of class C”.

Proof. (i)(a) If f: R™ — R is A-semi-algebraic of class C" and P(7,y,u)
€ A[v,y,u] is a C"-representation of the graph of f with C"-section s :
RY x R — R", then R = Vv P(v, f(v),s(v, f(v))) = 0. Hence the axioms of
“R-real closed ring of class C™” imply A = Vv P(U, f4(v), sa(v, fa(v))) = 0.

(i)(b) Take ay,...,a, € A such that a3 + - - - + a2 is nilpotent. We must
show that each a; is nilpotent. By the division property for semi-algebraic
C"-functions there is some p € N and a Z-semi-algebraic C"-function d :
R" — R such that z = (2} +--- 4+ 27) - d(z1,...,2,) on R}, (alternatively
one can directly show by induction on r that xf with p = 2"t1+1 is divisible
by 22 +---+z2 in CF). Again the axioms of “R-real closed ring of class C"”
imply af = (a} +---+a2) -da(ai,...,ay), which is nilpotent. This shows
that A/Nil(A) is real reduced.

(i)(c) If A is reduced, then by (i)(b), A is real reduced, hence isomorphic
to a ring of functions X — R’ from a set X to a real closed field R’ O R.
We may assume that A is this ring of functions X — R’. But then (i)(c)
holds by (2.11) and (i)(a).

(ii) It is enough to show that A is real reduced; then (ii) follows from
(2.11) as in the proof of (i)(c). Let a1,...,a, € A with a3 +--- + a2 = 0.
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We must show that a; = 0 for all . Take p € N and a Z-semi-algebraic
CT-function d : R* — R such that 2f = (22 + -+ + 22) -d(21,...,3,)
on R} . Then the polynomial P@,y) =03+ +uv,)? y—ol € Av,y] is
a C"-representation of the graph of d. By assumption (ii) we have

AEVo 3y P(v,y) =0.

Hence by specializing v; to a;, there is some b € A such that af = (a3 + - --
+ap)?-b=0. Since A is assumed to be reduced, we get a; = 0 as desired. m

(2.13) COROLLARY. Letr € NoU{—1}, let R be a real closed field, and
let A be a subring of R such that R is the real closure of the ordered ring A.
Then for every reduced, commutative unital A-algebra A the following are
equivalent:

(i) A can be expanded to an R-real closed ring of class C".

(ii) For all m € N, each A-semi-algebraic map f : R™ — R of class C"
and every C"-representation P(U,y,u) € A[v,y,u| of the graph of f
we have

A =Vo Jyu P(v,y,u) = 0.
If this is the case, then there is a unique expansion A of A to an R-real
closed ring of class C" and the functions f4 : A™ — A are defined by
Ju P(v,y,u) = 0 whenever f € Ch. and P(v,y,u) € Alv,y,u] is a C"-
representation of the graph of f.

Proof. Directly from (2.12). =

By (2.2) every real closed ring is reduced (and therefore real reduced by
(2.12)(i)(b)). For r > 0 this is not true any more:

(2.14) ExaMPLE. Here is an example of an R-real closed ring of class
C' which is not reduced.

Let R be a real closed field. Recall that by o-minimality, every semi-
algebraic function R — R which is differentiable at a point is of class C! in
a neighbourhood of that point. Let B be the ring of all f € C’IO% which are
differentiable in R\ {0}. For ¢ € Q, ¢ > 0, let I, be the principal ideal of B
generated by x - (2)?, hence

I, ==z (2% B.

CLAM 1. For q1,q2 € Q with 0 < g2 < q1 we have I C Iz, C C’}%, m

particular
I=J1,
q>0

is an ideal of C']l%.
Proof. By (2.6) we have I, C C}, for all ¢ > 0.
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If 0 < g2 < q, then z- (22)? = x- (22)%2 - (22)01~2, As 2979 ¢ B this
shows that z - (v2)% € I, - B = I,, thus I, C I,, and Claim 1 is proved.

Our example now is A := Ck/I, which is not a reduced ring since el
and z ¢ I. We have to define the operation of definable functions R" — R
of class C'! on A:

Take F' € C’}zn and f1,...,fn € C’}%. We define

Fa(fimodI,..., fymodI):= F(f1,...,fn)modI
and we need only show that Fj is well defined. Take g1, ..., g, € Ck with

hi == fi —g; € I (1 <i < n). We must show that F(f) — F(g) is divisible
by some z - (z%)? in B. By replacing F with F(z1 + f1(0),...,z, + f»(0))
and f; with f; — fi(0) we may assume that f;(0) = 0 for all s.

Since F' is differentiable at 0 we have

(¥ F(@) = F(0) + Y 5 (0)- 2+ 7] - 6(@)

where ¢ : R™ — R is a function with limz_0 ¥ (Z) = 0. Since F is semi-alge-
braic and differentiable on R™, 1) is semi-algebraic, differentiable on R™\ {0}
and continuous on R".

CLAIM 2. For every semi-algebraic curve s : R — R™ of class C* with
s(0) = 0 the function |s(x)|-¥(s(x)) is in I.

Proof. Since v(s(x)) is semi-algebraic and continuous on R with ¢ (s(0))
= 0, there are ¢ € Q, ¢ > 0, such that a := lim,_ ¢ (s(z))/(2?)? exists in R.
Since s is differentiable at 0 with s(0) = 0, also b := lim,_¢ |s(z)|/x exists
in R. Hence

_ [s@)]-¢(s(z)) _

defines a continuous semi-algebraic function. By (%) and since s is differen-
tiable, |s(z)|- ¥ (s(x)) is differentiable on R. Hence ¢ is differentiable at all
points x # 0, in other words t € B. Thus |s(z)|-¥(s(x)) = x - (22)7-t(z)
€ I, which shows Claim 2.

Now we can show that F'(f(x)) — F(g(x)) € I. We have

F(F@) - F@@) =3 22 0) - by + [7@)|- 0(F(@)) — [g(2)] - 0(5(2)).

N o0x;
i=1 v

By Claim 2, [F(@)|-$(F(x)) — [g(@)|-(gx)) € I and as h; € T, alkso
Yoy 3—5(0) -hi € I. This finishes the example. =

In the example above we have:
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(i) CL/I = R+ x- R and after identification

OF
Fa(ay +aby, ... an + 2by) = F@) + Y -—(@) - b;.

This follows from Claim 2 in the example above.
(ii) The assertion in (i)(c) of (2.12) does not hold for the real closed
ring A = C/I of class C!, i.e. there is a representation P(v,y, ) of
a definable C''-function such that the function f4 : A — A is not
defined by Ju P(v,y,u) = 0. Take f(x) = - /z and P(v,y,u) =
y3 — v In A, the formula y® —v* = 0 does not define the graph of a
function since the equation y®> = 0 = z* mod I has infinitely many

solutions in A: all elements r-x mod I, r € R.
We state other consequences of (2.12):

(2.15) COROLLARY. Letr € N and let R be a real closed field. Let A be
an R-real closed ring of class C" and let I C A be a radical ideal. Then there
is a unique expansion of A/I to an R-real closed ring of class C" and the

residue map A — A/I is an ZL%-homomorphism. This applies in particular
to I = Nil(A).

Proof. By (2.12)(i)(a), the pure ring A satisfies all sentences Yo Jyu
P(v,y,u) = 0, where P runs through the C"-representations of A-semi-
algebraic C"-functions. Since these sentences are positive, and the residue
map A — A/I is surjective, also A/I satisfies all these sentences (without
any assumption on the ideal I). Since A/I is reduced, there is a unique
expansion of A/ to an R-real closed ring of class C” (cf. (2.12)(ii)) and it
remains to show that the residue map respects the f4. But this follows from

(2.12)(i)(a) and (i)(c). =
(2.16) COROLLARY. Let ¢ : A — B be a ring homomorphism between

real closed rings of class C". If B is reduced, then ¢ is an Z(RCR")-homo-
morphism.

Proof. We must show that p(fa(ai,...,an)) = fe(e(ai),...,p(ay)) for
all a1,...,a, € A and each semi-algebraic map f : Rglg — Ryjg of class C”.
Let P(v,y,u) € Z[v,y,u] be a C"-representation of the graph of f. Let
ap = fala1,...,an). By (2.12)(i)(a), A = Ju P(ai,...,an,a0,u) = 0.
Since P is a polynomial with coefficients in Z it follows that B = Ju
P(p(ar),...,o(an),¢(ag),w) = 0. Since B is reduced we have fg(p(ar),...,

p(an)) = ¢(ao) by (2.12)(i)(c). =
(2.17) THEOREM AND DEFINITION. Every commutative ring A has a

(reduced) real C"-closure (B, f), i.e. B is a (reduced) real closed ring of
class C", f is a ring homomorphism f : A — B and for every ring homo-
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morphism g : A — B’ with values in a (reduced) real closed ring of class C"
there is a unique -Z(RCR")-homomorphism h : B — B’ such that g = ho f.
We write o"(A) for the real C"-closure of A.

Proof. The theory RCR" as well as the theory red-RCR” of reduced real
closed rings of class C" in the language .Z(RCR") is strict universal Horn,
i.e. axiomatized by sentences of the form

YT o1 A+ N pg — Y,

where ¢; and 1 are positive atomic (cf. [Ho, 9.1]). This follows from the
shape of the axioms of RCR" and since reducedness is expressed by the strict
universal formula Vz 22 = 0 — 2 = 0. Let 7’ be RCR" or red-RCR". By the
general theory of presentations (cf. [Ho, 9.2]), we know that for every set of
positive atomic .Z(RCR")(C)-sentences, where C' is a set of new constants,
the term algebra (cf. [Ho, 1.2]) of T'"U @ is again a model of 7.

We take C' = A and ¢ to be the set of positive atomic .Z(A)-sentences,
valid in A (recall that .Z is the language of rings). Then the term algebra of
red-RCR" U @ can be viewed as a ring homomorphism f : A — B, where B
is a model of red-RCR". By the correspondence between models of diagrams
and morphisms (cf. [Ho, 1.4]), this gives the assertion. m

(2.18) COROLLARY. Let A be a ring and let B := ¢"(A)/Nil(o"(A)).

(i) The composition f of the natural map f : A — o"(A) with the
residue map 0" (A) — B is the reduced real C"-closure of A.

(ii) If A is real reduced, then f is injective.

(iii) The reduced real C"-closure can be entirely defined inside the cate-
gory of rings: B is the commutative ring which can be expanded to
a reduced, real closed ring of class C, f is a ring homomorphism
A — B and for every ring homomorphism g : A — B’ into a ring B’
which can also be expanded to a reduced real closed ring of class C",
there is a unique ring homomorphism h : B — B’ with g = ho f.

(iv) If A= 0"(A) and I is a radical ideal of A, then also A/I is a real

closed ring of class C”.

Proof. (i) By (2.16), the residue map ¢"(A) — 0"(A)/Nil(¢"(A)) is an
Z(RCR")-homomorphism. Hence (i) follows from the functorial definition
of both closures in (2.17).

(ii) If A is real reduced, then A can be embedded into a product of real
closed fields. This product is a real closed ring and since the embedding
factors through f, f must be injective.

Item (iii) is straightforward from (i) and (2.16), (2.12), and item (iv) is
straightforward from (ii) and (2.16), (2.12). =
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3. Computation of the z-radical in C(X). First we recall standard
notions for rings of continuous functions (cf. [Gil-Jer]). Let X be a Tikhonov
space, i.e. a completely regular Hausdorff space. Let C'(X) be the ring of
continuous functions X — R. Then C'(X) is a subring and a sublattice of the
distributive lattice R¥. Recall that for every topological space Y there is a
Tikhonov space X such that C(X) is isomorphic to C(Y") (cf. [Gil-Jer, 3.9]).
Moreover, Tikhonov spaces are precisely the subspaces of compact spaces.

A zero set of X is a set of the form {f = 0} := {z € X | f(x) = 0},
with f € C(X). A cozero set of X is a set of the form {f # 0} := {z € X |
f(z) # 0} with f € C(X). Observe that any set of the form {f > 0} with
f € C(X) is a zero set, since {f >0} = {f A0 =0}.

An ideal a of C(X) is a z-ideal if f € a whenever f vanishes on a zero
set of a function from a. The z-radical /a of an arbitrary ideal a of C'(X)
is the smallest z-ideal of C'(X) containing a.

Let

T :={s:R — R | s is continuous and s~'(0) = {0}}.

(3.1) DEFINITION. An ideal a of C(X) is called T'-radical if so f € a for
all f € aand all s € 7. Since the intersection of 7-radical ideals is obviously
again 7-radical, we may define the T-radical {/a of an ideal a of C(X) as
the smallest 1-radical ideal of C'(X) containing a.

Clearly T -radical ideals are radical and every z-radical ideal of C'(X) is
T -radical.

(3.2) DEFINITION. A subset Y of T is called a set of generalized root
functions if for all s € T, there are sy € 1y and ¢ € R with ¢ > 0 and
|s| < so| on (0,¢).

A subset Tj of T is called a set of generalized power functions if for all
s € T, there are sp € 1p and € € R with £ > 0 and |so| < |s| on (0,¢).

(3.3) ProposITION ([Trl, (5.12)]). Let a be an ideal of C(X). Then

(i) For every set Yo C 1 of generalized root functions we have
Va={g-(sof)|geC(X), fea, f>0, 5T}
(ii) For every set Yo C T of generalized power functions we have
Va={feC(X)|so|f|l €a for someseTy}.

(3.4) ProposiTION ([Tr1, (5.7)]). If a is an ideal of C(X), then there is
a largest Y-radical a¥ contained in a and for every set Yo C 1 of generalized
root functions we have

al ={Fea|spoF,spo(—F)€a foral sy € Vp}.
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The foregoing propositions imply functoriality of the 1 -radical:

(3.5) PropoSITION ([Trl, (5.13)]). If 7: X — Y is a continuous map
between Tikhonov spaces X, Y and ¢ : C(Y) — C(X) is the corresponding
ring homomorphism (so ¢(g) = g o T) then for every ideal a of C(X) we

have
Ve Ha)=¢ {(Va) and ¢ '(a)" =¢ ' (a").

(3.6) DEFINITION. A Tikhonov space X has computable z-radicals if
{/a = {/a for all ideals a of C(X).

(3.7) THEOREM ([Tr1, (8.9) and (8.15)]). A cozero set X of a compact
space has computable z-radicals. A subset X of R™ has computable z-radicals
if and only if X is locally closed.

4. A sentence in the language of rings separating continuous
semi-algebraic from arbitrary continuous functions. The first order
theory of the pure ring C'(X) is undecidable if X is a nondiscrete metric
space. This has been shown by Cherlin in [Che]. This section contributes (in
a negative way) to the problem what the theory T' of the class of all C'(X)
in the language of rings is. It was conjectured that this theory is “almost
equal” to the theory of real closed rings (more precisely, that T is RCR plus
the set of sentences which asserts that a semi-local ring which is a model of
T is a product of fields). We disprove this conjecture by showing that rings
of semi-algebraic functions are not a model of T'. Explicitly:

Let M be an o-minimal structure expanding a real closed field (cf. [vdD]).
Let Cs be the ring of M-definable, continuous maps M — M. Then Cj; is
not a model of the theory of all C'(X), more precisely we construct a first
order sentence in the language of rings which holds in each C}; and in no
C(X).

This will also disprove the conjecture that the theory of the class of
all rings C'(X) together with all the quotients C(X)/p (p € SpecC(X)) is
the theory of real closed rings (cf. [PS]); otherwise Cs can be elementarily
embedded into an ultraproduct of rings of the form C(X) or C'(X)/p—since
C)s is not a domain, we may assume that it is actually an ultraproduct of
rings of the form C(X); but then the above mentioned formula must hold
in at least one C(X).

We now construct this sentence. First we construct several auxiliary
sentences and formulas in the language of rings. The notation Cj; below
always means the ring of M-definable, continuous maps M — M for an
o-minimal expansion of a real closed field. X always denotes a Tikhonov
space.
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1. Let < y be an abbreviation for the formula
Vu Jvow l=w-y+v-(1+u-x).
Then for every ring A and all a,b € A we have a < b < a is in the
Jacobson radical "Vb-A = (Nc(gpec Aymax, pem ™ (this is well known by
basic commutative algebra).
If a,b € A then we write a>=<b if a > b and a < b.

2. Let A be a ring of functions from a set .S to a field K. We say that
S is weakly represented in A if for all f,g € A we have f < g< {g =0} C
{f = 0}. In this case f € A is a unit in A if and only if f has no zeros in S.

Indeed, if f is a unit in A, then clearly f does not have zeros in S.
Conversely, if f is a nonunit in A, then 1 £ f, hence {f =0} € {1 =0} = 0.

For example M is weakly represented in C'y; and X is weakly represented
in C(X).

3. Let A be ring of functions from a set S to a field K. We say that S is
represented in A if S is weakly represented in A and if for all s,t € .S there
is some f € A with f(s) =0 and f(¢) # 0.

For example M is represented in Cpy and X is represented in C'(X).

From now on, A denotes a real closed ring of functions S — K for
some set S and some real closed field K.

4. Let pt(z) be the formula
pt(z) =Vuur 1AMy Vuuy#1)ANx <y —y<zx]
Then for each a € A we have A |= pt(a) < a is a maximal element in the
set of nonunits of A, with respect to the relation <. We write pt(A4) for the
realizations of pt(z) in A and call these realizations point functions.
For each f € A we have A |= pt(f) if and only if the Jacobson radical of
f is a maximal ideal, i.e. there is a unique maximal ideal of A containing f.

We define
Maxpt(A) == {m e Max A |3f € A:m= "%/f A}

and we call the elements of Max(A) the points of A. Hence there is a 1-1
correspondence between Maxy, (A) and the realizations of pt(z) in A modulo
the relation >< (which is equal to < on pt(A)). For short, Max(A) =
pt(A)/~.

5. If S is represented by A, then for each f € A we have

A E=pt(f) & f has exactly one zero in S.

Indeed, clearly A = pt(f) if f has exactly one zero in S. Conversely,
suppose A = pt(f). Then f has zeros in S. Suppose s,t are two such zeros.
Since S is represented in A there is g € A with g(s) = 0 # g(¢). But then
f=g*+ f*and g + f? £ f, a contradiction to A = pt(f).
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6. Let DENSE and DENSE®™" be the following sentences in the language

of rings:
DENSE :=Vz z # 0 — 3z pt(z) Az £ z,
DENSE®" :=Vz,y ~x <y — 3z pt(z) ANy < 2 A~z < 2.

Then A = DENSE < Maxp(A) is dense in Spec A and A = DENSE®" <
Maxpt(A) is dense in (Spec A)°°", i.e. in Spec A equipped with the con-
structible topology.

7. Let

P :={s e S| {s}is a zero set of A}.

If S is represented in A, then

A = DENSE & P is dense in S with respect to
the cozero-topology induced by A,

i.e. with respect to the topology on S which has the sets {f # 0} (f € A)
as a basis of open sets. In particular, if A = C(X), then A = DENSE <
P is dense in X.

Moreover
A = DENSE®" < P is dense in S with respect to
the constructible topology induced by A,

i.e. with respect to the topology on S which has the sets {f # 0} N {g = 0}
(f,g € A) as a basis of open sets.
Hence Cjs = DENSE®" | in particular Cs = DENSE.

8. Let
pt*(x) := pt(z) AVy = # 3> A # —°.
Hence, as A is a real closed ring, a point function f of A is in pt*(A4) if and
only if f is neither everywhere positive nor everywhere negative. We call
the elements of pt*(A) the sign changing point functions. Let LINE be the
sentence
LINE :=Vz (pt(z) — Jy 2 <y A pt*(y)).

Hence by definition, A satisfies LINE if and only if each point of A is the
Jacobson radical of a point function which changes sign. This for example
holds in the ring Chs and resembles the shape of M as a line. Note that
in the ring of continuous semi-algebraic maps M? — M no point function
changes sign.

9. For f,g € A we define f| g if and only if f,g € pt*(A) and both
ft+g", f~ 4+ g are zero-divisors. Since pt*(A) is defined by the same
formula for all real closed rings, there is a first order formula ¢(z,y) in the
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language of rings such that for every real closed ring A and all f,g € A we
have

fllg & AEe(f,9)

Let f,g € Cy be point functions which change sign. Then a straightfor-
ward calculation shows that f || ¢ if and only if f is strictly increasing in a
neighbourhood of its zero and g is strictly increasing in a neighbourhood of
its zero, or f is strictly decreasing in a neighbourhood of its zero and g is
strictly decreasing in a neighbourhood of its zero.

10. Let f € pt*(Cyr). Then for every g € pt*(Cp) we have f|lg <
f I —g, hence there is a unique e(f, g) € {1} C Cys such that f | e(f,9) g
and there is a first order formula in the language of rings which defines the
graph of € in C3;. We define a preorder C; on pt*(Cyy) as follows. We say
g Cy h if and only if (e(f,h)-h)* + (—(f,g) - g)" is a non-zero-divisor.

It turns out that g><h if and only if g &y h and h E; g. Moreover
pt*(Ca)/ = (which is “equal” to Maxp(Chr)) equipped with the induced
order of C is order isomorphic to M or to M°PP (according as f is strictly
increasing or strictly decreasing in a neighbourhood of its zero).

Moreover there is a first order formula ¥ (x,y, z) in the language of rings
such that for all f,g,h € Cy we have

gCrh & Cu EYU(f,9,h).
We write y C,, z for this formula and we write y C, z for y C, 2zA—(2 T, y).
11. The sentence
Vo pt*(z) — [[Vu,v,w pt*(u) A pt*(v) A pt*(w) —
(U vAvE, w—ul, w)A(uly vV, u)
A [Vu,v pt*(u) Apt*(v) mus<v— (U, vAvC, u)]]

holds in C'y; it says that for each sign changing point function f, the relation
C defines a total semi-order on the set of sign changing point functions,
and the induced total order is in 1-1 correspondence with those points that
are generated by a sign changing point function.

Clearly there is also a sentence DLO in the language of rings which says
that all these total orderings are dense without endpoints.

12. Suppose C(X) = DENSE A LINE A DLO. Let f € pt*(X). Let
S :={x € X | {z} is a zero set}. Then S is dense in X and the formula
y Cs z defines a total semi-order on the set of sign changing point functions
of C(X). Moreover, the underlying set of the induced total order is in 1-1
correspondence with S.

Hence if we identify an element s of S with the set of point functions
that vanish at s, then S is totally ordered by C and this order is dense
without endpoints.
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13. Let BUMPS be the sentence in the language of rings which says the
following: “For all sign changing point functions f, g, h1,he with by Cy g
C s ho there is I such that

) 0<F<L
(i) F A g,
(iii) fcar all sign changing point functions A’ with F' A b’ we have hy Cy
h' Ty ha”

Intuitively, BUMPS says that with respect to Cy, for every point (given as
the zero of ¢) in an open interval (whose endpoints are given by the zeros of
hi and hg), there is some F', 0 < F' < 1, which vanishes outside this interval
and which does not vanish at the given point. Clearly BUMPS holds in C)y.

14. Let DEFCOMPLETE; (F, f,h) be the formula in the language of
rings which says the following: “f is a sign changing point function and A is
the smallest sign changing point function with respect to C such that

(ii) either F' < 1’ for all sign changing point functions A’ with h C¢ A/,
or F' £ k' for all such h'.”

Intuitively, DEFCOMPLETE (F, f, h) says that with respect to Cy¢, the
zero of h is the supremum of all points greater than or equal to the zero
of f for which F' changes sign from 0 to # 0 or from # 0 to 0. In Cyy,
DEFCOMPLETE; (F, f,h) in fact says precisely this.

Let

DEFCOMPLETE :=VF, f pt*(f) — 3'h DEFCOMPLETE, (F, f,h).
Then Cy; E DEFCOMPLETE, by o-minimality of M.

15. We now encode in Cj; the fact that in an o-minimal structure M,
unary functions do not change sign close to the left hand side of any given
point.

Let NOSIGNCHANGE; (F, f, ho,h) be the formula in the language of
rings which says the following: “f, h, hg are sign changing point functions
with hg Cy h, and either F' < A’ for all sign changing point functions h’
with ho Cf b/ Ty h, or F' A I/ for all such h'.”

Hence NOSIGNCHANGE; (F, f, ho, h) says that the function F' either is
constantly zero on the half open interval [hg, h) with respect to Ty, or does
not have any zeros in that interval.

Let NOSIGNCHANGE be the sentence
VE, f,h [pt*(f) A pt*(h) — Jhg NOSIGNCHANGE; (F, f, ho, h)].
Again, by o-minimality of M, C; = NOSIGNCHANGE.



140 M. Tressl

16. The sentence
DENSE ALINE ADLO ABUMPS ADEFCOMPLETE A NOSIGNCHANGE

holds in every ring C)ps but in no ring C'(X).

Indeed, we have already seen during the definitions of the subsentences
that C); satisfies this conjunction. Let X be a Tikhonov space and suppose
the sentence

DENSE A LINE A DLO A BUMPS A DEFCOMPLETE

holds in C'(X). We shall construct functions F, f,h in C(X) which violate
the property stated in the definition of NOSIGNCHANGE.

Since C(X) = DENSE A LINE there is a sign changing point function
f e C(X). Let g; € C(X) (i € N) be sign changing point functions with
f CTrg1Cyfg2 Cy--- such that the sequence (g;) is bounded in the preorder
C ¢ defined on pt*(C(X)); such g; exist since C'(X) = DLO. Since C(X) =
BUMPS there are F; € C(X) with 0 < F; < 1 such that F; £ go; and such
that for all h € pt*(C'(X)) with F; A h we have go;—1 T¢ h T goit1-

Intuitively, (g;) is a strictly increasing sequence of (representatives of)
points (with respect to C¢) and the F; are functions from C'(X) which are
nonzero in ¢go; so that every nonzero point of F; is in the open interval
(92i—1, 92i+1) (in particular, each F; vanishes on each gog41)-

Since each F; satisfies 0 < F; < 1, the function F := Z,LEN 27F; is
continuous on X. Moreover, by the choice of the Fj, for every h € pt*(C(X))
with g; C¢ h (j € N) we have F; < h. Thus Fj(z) = 0, where x is the zero
of h (cf. item 12). Thus also F(z) = 0, which in turn means F' < h.

Since C'(X) = DEFCOMPLETE and (g;) is a bounded sequence with
respect to Ty, there is a minimal h € pt*(C(X)) such that FF < A’ for
all h Ty W € pt*(C(X)). By construction of F', h is the supremum of the
sequence (g;) with respect to Cy.

Therefore, if pt*(C(X)) 2 ho Tf h, then there is some ¢ € N with
ho Ef g2i E h, hence also hg C¢ g2;41 Ef h.

But F' £ go; and F' < go9;11, and this shows that F, f, h violate NOSIGN-
CHANGE.

Hence the sentence stated in item 16 has the property described at the
beginning of this section. Actually one can show that there is a sentence ¢
in the language of rings which holds in every ring A of continuous definable
functions X — M for every o-minimal expansion of a real closed field M
and every definable subset X of dimension > 0, but which does not hold in
any C(X) (the reason is that each such set contains a definable curve germ
and then it is possible to interpret Cjs in A and with this interpretation we
can code the sentence in item 16).
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5. Super real closed rings: Definition and basic properties
(5.1) DEFINITION.

(a) Let & be the first order language extending the language {+, —, -,
0,1} of rings which has in addition an n-ary function symbol F' for
every continuous function F': R” — R and every n € Ny.

(b) Let Ty be the Zr-theory with the following axioms:

1. The axioms of a commutative unital ring (with 1) in the language
{+,—,-,0,1}.

2. The axiom Vzy (+(z,y) =z +yA :(z,y) =z-yANid(z) =z A
—(x) = —z Al(x) = 1 AQ(z) = 1). Hence the symbols from the
language of rings have the same meaning as the corresponding
symbols when reintroduced in .#» as symbols naming continuous
functions.

3. All the sentences

VZ F(f1(Z),..., fa(@) = Fo(fi,..., [»)(T)
for F € C(R") and f1,..., f, € C(R%).

The models of Ty are called super real closed rings. We shall denote the
functions F4 of a super real closed ring by Fy (F € C(R™)); one might
think of F'4 as the scalar extension of F' to A. If it is clear how the F4 are
defined we even drop the subscript A and write F' again for Fj.

If A is a super real closed ring and a local ring, a domain, a field, etc.
then A is called a super real closed local ring, a super real closed domain, a
super real closed field, etc.

Observe that the null ring is also considered as a super real closed ring.

Note that if ' € C(R") is considered as the function G € C(R" x
R*) defined by G(Z,7) := F(Z), then Ty F Va1,..., 20, y1,...,yr F(T) =
G(Z,7), since G = F o p for the projection p : R® x RF — R™,

The natural examples of super real closed rings are rings of continuous
functions:

(5.2) DeFINITION. If X is a Tikhonov space, then we expand C(X) to
a super real closed ring, denoted by C(X)r, via

FOCO(fi,.  fo) = F o (fi,..., fn)-
In particular Ry is the super real closed field expanding the ring R, where
FRr = F.

(5.3) DEFINITION. A homomorphism between Zr-structures is called
a super homomorphism. An Zyr-substructure of an Z-structure is called a
super substructure.
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(5.4) DEFINITION. Since Tr is axiomatized by sentences of the form
VT t1(Z) = to(T) for Lr-terms ti,te, Tr has term models over any set
of constants C' (cf. [Ho, Section 9], where term models are called “term
algebras”). We write tmy(C) for the term model of super real closed rings
over a set C' of constants.

Recall that tmy(C) is the following structure: Let .Z* be the language
Zr together with a new constant for every element in C. Then the universe
of tmy(C) is the set of all constant terms in the language .#* modulo the
equivalence relation t ~ t' < Ty + t = t'. The function symbols F' from %
are interpreted as F'™r(©)(t) /~ . t,/~) = F(t1,... t,)/~.

Also recall that tmy(C) is characterized by the following property: for
every super real closed ring A and every map f : C — A, there is a
unique super homomorphism tmy(C) — A extending f. In other words,
Homy (tmy(C), A) = A®. In particular tmy(C) is uniquely determined up
to an Zp-isomorphism by the cardinality of C.

(5.5) THEOREM.

(i) Tr is aziomatized by sentences of the form VT t1(T) = t2(T), where
ti,ta are Ly-terms. Moreover, for every Ly-term t(T), there is
some F € C(RT) with Ty & VT t(Z) = F(Z). In particular the
category of all models of Ty together with super homomorphisms is
a variety in the sense of universal algebra.

(ii) Ry is the term model of Ty, in particular for every super real closed
ring A, there is a unique super homomorphism Ry — A.

(iii) Tr is an extension of RCR, hence every model of Ty is a real closed
ring (cf. (2.1)).

(iv) Tr FVZ E(Z) =0 — G(T) = 0 for all F,G € C(R") with {F =
0} C{G =0}.

(v) Ty U “domains” is the universal theory Th(Ry)y of Ry.

Proof. (i) and (ii) hold by definition of Ty.

(iii) holds by (our) definition of real closed rings.

(iv) By (3.7), R™ has computable z-radicals. Hence {F = 0} C {G = 0}
implies G = g-so (F - f) for some f,g € C(R™) and some s € 7. Therefore
Tr -VZ G(7) = g-s(F(Z) - f(T)). Since Tr - 5(0) = 0 we get the claim.

(v) Since Ry is a domain and a model of Ty we have T U “domains” C
Th(Ry)y. Conversely, let ¢(Z) be a quantifier free Z-formula such that
Ry = VZ o(Z). We have to show that in every super real closed ring A
which is a domain we have A |= VZ ¢(Z). Let a € A%. We have to show
A E ¢(a). Now ¢ is a finite conjunction of finite disjunctions of formulas of
the form ¢1(Z) = t2(T) or t1(T) # t2(T), where t1, t2 are Lr-terms. By (i) we
may assume that these atomic parts are of the form F(Z) =0 or F(Z) # 0
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for some F' € C(R?). So in order to prove A = ¢(a) we may assume that
¢ is of the form V/, Fi(z) = 0V \/,; G;(Z) # 0. Since A is a domain it is
enough to show A4 |= [[; Fi(@) = 0V >_; gﬂ(d) # 0. Since Ry = VT ¢(7)
we know Ry = VT 3. 2]2@) =0 — [[, Fis() = 0. So by (iv) we have
Tr+VE Y, G*(T) = 0 — [[; Fi(T) = 0 as desired. =

(5.6) COROLLARY. If A is a super real closed domain, then the super
real closed ring Ry is existentially closed in A.

Proof. This is a reformulation of (5.5)(v). m

By (5.5)(i), a super substructure A of a super real closed ring B is again
a super real closed ring. We then call A a super real closed subring.

(5.7) LEMMA. Let f : A — B be an injective super homomorphism
between super real closed rings. Then f is an Ly-embedding, i.e. for every
quantifier free Lr-formula ©(T) and all @ € A* we have A |= p(a) & B =
o(f(@)). In particular f is an Lr-isomorphism if f is bijective.

Proof. We may assume that ¢(Z) is of the form F(Z) = 0 for some
F e C(R?). If A = F(a) = 0, then B = F(f(a)) = 0, since f is a super
homomorphism. Conversely, if A = F(a) # 0, then as f is injective we have
f(E(a)) # 0. Since f(F(a)) = F(f(a)) we get the lemma. =

(5.8) PROPOSITION. If C is a finite set of cardinality n, then the term
model tmy(C) is C(R™). If C is infinite, then tmy(C) is the following subring
of C(RC): for each finite subset £ C C let Cg be the subring of C(RC) induced
by the projection RC — RE; then tmy(C) = Uece, finite Ce -

Proof. Straightforward. m

By the shape of the axioms of Ty we get many constructions known
from commutative algebra for free also in the category of super real closed
rings and super homomorphisms. In order not to inflate the text we will
use them ad hoc whenever needed and refer to basic model theory for the
justification. For example, in (5.8) above, the free super real closed ring of
cardinality cardC is introduced. Similarly, there is a free super real closed
ring of cardinality C over every given super real closed ring. Four other
constructions obtained from the axiomatization should be mentioned right
now:

The category of super real closed rings and super homomorphisms has
direct limits and fibre sums as well as inverse limits and fibre products.
Moreover the underlying ring of a direct limit, an inverse limit and a fibre
product of super real closed rings is also the direct limit, the inverse limit
and the fibre product in the category of commutative rings, respectively. All
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this follows via routine checking from the definitions of the constructions in
both categories.

On the other hand, the relation between the fibre sum of super real
closed rings and the tensor product of these rings is a subtle matter. For
example, given super real closed ring extensions A C B, (), it is an open
problem whether the natural ring homomorphism f from the real closure
(cf. (2.17)) of the tensor product B ® 4 C in the category of rings to the
fibre sum D of B,C over A in the category of super real closed rings is
injective (specializing A, B and C' to super real closed fields, this question
asks whether super real closed fields have the amalgamation property). It is
also unclear whether the image of f generates the super real closed ring D.

6. T-ideals. Recall from (3.1) that an ideal a of C'(X) is called Y -radical
ifsofeaforall fecaandallse?.

(6.1) DEFINITION. An ideal a of a super real closed ring A is called an
Y -ideal or an T -radical ideal if s4(a) C a for all s € 7.

We will show that 7-radical ideals are precisely the kernels of super
homomorphisms in (6.3) below. As a preparation we need:

(6.2) LEMMA. If F : R" — R is continuous, then there is some s € T

with
S(F(x1, . yxn) — F(Y1,--yyn)) € (X1 — Y1y, Tn — Yn)s

where (x1—y1,...,Tn—yn) denotes the ideal generated by x1—y1,...,Tn—Yn
in C(R™ x R™).

Proof. Let G € C(R™ x R") be defined by G(Z,y) := |F(Z) — F(y)|. Let
H € C(R™ x R") be defined by H(Z,7) :== > (x; —yi)% Then {H =0} C
{G = 0} and since R™ x R™ has computable z-radicals, there is some s € T"
such that H divides s o G. Hence so G € H-C(R" x R") C (z1 — 1, .-,
Tn — yn) u

(6.3) THEOREM. Let a be an ideal of a super real closed ring A. Then a
is T-radical if and only if a is the kernel of a super homomorphism A — B
for some super real closed ring B. In this case, there is a unique expansion of
the ring A/a to a super real closed ring such that the residue map A — A/a
s a super homomorphism.

Proof. If there is a super homomorphism ¢ : A — B with a = Ker ¢,
then for f € a and s € T we have p(sa(f)) = sp(e(f)) = sp(0) =0, so
sA(f) € a. Thus a is T-radical.

Conversely, suppose s4(a) C a for all s € 7.

Cramm. If F € C(R™) and fi,91,--- fn,gn € A with fi —g; € a (1 <
ZS”) thenFA(fh”wfﬂ)_FA(glv"'agn)ea’
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Proof. Let ¢ be the super homomorphism C(R"™ x R") — A which
maps the projections z; to f; and y; to g; (1 < i < n). Let b := ¢ 1(a).
Then, as sa(a) C a for all s € T, we also have s(b) C b for all s € 7.
By (6.2) there is some s € 1 with s(F(x1,...,2,) — F(y1,...,9n)) €
(x1—y1,...,Tn—Yyp). By assumption (z1 —y1,...,Tn—yn) C b. Since b is -
radical we get F(x1,...,2,)—F(y1,...,yn) € b= a),s0 Fa(f1,..., fn)
— Fag1,- - 0n) = o(F(1 . a) — F(yn,..,1m)) € 0

This proves the claim and we may define, for all FF € C(R") and all
fi,. ., fn€aq,

Fp/e(fimoda,. .., faomoda) := Fa(f1,..., fn) moda.

With this interpretation of the function symbols from %, A/a becomes
an Zr-structure and the residue map A — A/a is a super homomorphism.
Clearly A/a is a super real closed ring and it is the unique expansion of A/a
to a super real closed ring such that the residue map A — A/a is a super
homomorphism. =

(6.4) DEFINITION. If a is an ideal of a super real closed ring, then the
smallest T-ideal containing a is called the T -radical of a. We denote the

Y-radical of a by /a.

(6.5) REMARK. We shall now generalize results from [Tr1, Section 5] to
super real closed rings, in particular we compute the 7-radical of an ideal
of a super real closed ring. In proving these generalizations we use mostly
the following strategy.

Any super real closed ring A is the union of the finitely generated super
real closed subrings of A. These are subrings B of A which are the -
substructures of A generated by a finite subset of A. Each of these subrings
is of the form C(R™)/I for some Y-radical ideal I of C'(R"™) (since R™ has
computable z-radicals, I is even a z-ideal).

Therefore we proceed by proving our statements first for quotients of
rings C(X) by T-radical ideals, and then for unions of finitely generated
super real closed rings.

In doing this, we shall constantly use the observation that the preimage
of an 7-radical ideal under a super homomorphism is again 1"-radical (which
follows immediately from the definition of 7-radical ideal, cf. (6.1)). Here is
an example:

If a is an ideal of a super real closed ring A, then there is a largest
T -radical ideal contained in a.

Proof.

CLAIM. The assertion holds if A = C(X)/I for some T-radical ideal I
of C(X).
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By (6.3), the residue map C'(X) — A induces a bijection between the
Y-radical ideals of A and the T-radical ideals of C'(X) containing I. Since
for every ideal b of C'(X) there is a largest 1-radical ideal of C'(X') contained
in b (cf. [Trl, (3.4)]) the same property also holds for all ideals of A. This
shows the claim.

Now we get the assertion as follows. A is the union of the finitely gener-
ated super real closed subrings of A. By the claim, for every ideal b of such
a ring B there is a largest T-radical ideal bY of B contained in b. Now we

see that
U (anB)T
BCA, fin. gen.
is the largest 7-radical ideal of A contained in a. =

So we may define

(6.6) DEFINITION. Let a be an ideal of a super real closed ring A. Then
there is a largest T-radical ideal contained in a, which we denote by a”.

(6.7) PROPOSITION. Ifa is an ideal of the super real closed ring A, then
ol ={fecAl|sa(f)€aforalsecT}
If Yo C T is a set of generalized root functions (cf. (3.2)), then

ol ={fecalsoa(f),s0a(—f) €a forall so €Ty}
Proof. Follows from (3.4), using the strategy explained in (6.5). =
(6.8) PROPOSITION. For all ideals a,b of a super real closed ring A we

have Ya+b= Ya+ Vb.
Proof. Follows from [Tr1, (5.8)], using the strategy explained in (6.5). =

Recall that for any ring extension A C B, the induced map Spec B —
Spec A is dominant, i.e. the image is dense, in other words every minimal
prime ideal of A is in the image of this map.

(6.9) PROPOSITION. If A is a super real closed ring and p is a prime
ideal of A, then pT is a prime ideal of A. In particular the minimal prime

ideals of A are T-radical.

Proof. First let A be a term model of super real closed rings (cf. (5.4)).
Then A is a super real closed subring of C(RT) for some set T. Since
the minimal primes of C(RT) are T-radical (they are even z-radical) and
Spec C(RT) — Spec A is dominant, each minimal prime ideal of A is -
radical. Therefore, if p is a prime ideal of the term model A, then p contains
an 7-ideal q which is prime. Since q C p? and p? is a radical ideal of A, we
conclude that p? is prime as well.

Now let A be an arbitrary super real closed ring. Then A = B/I for
some term model B of super real closed rings and some 1 -radical ideal I
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of B. Since the residue map B — A induces a bijection between the 1-
radical ideals of A and the 7-radical ideals of B containing I, we get the
proposition. m

(6.10) PROPOSITION. Let a be an ideal of a super real closed ring A.
Then

(i) If Yo C T is a set of generalized root functions, then

Va={g-sa(f)lgec A, fea f>0,s€cTo}
(ii) If Yo C T is a set of generalized power functions, then

Va={f€A|sa(lf]) € a for some s € 1p}.
Proof. Follows from (3.3), using the strategy explained in (6.5). m

(6.11) PROPOSITION. Let @ : A — B be a super homomorphism between
super real closed rings and let b be an ideal of B. Then

Ve 1(6) = ' (Vb) and ¢ (0)" = 7' (0").
Proof. Follows from (3.5), using the strategy explained in (6.5). m
(6.12) THEOREM. Let A be a super real closed ring. Then
Y-Spec A := {p € Spec A | p is T-radical}

s a proconstructible subset of Spec A containing the minimal and the mazx-
imal points of Spec A. If ¢ : A — B is a super homomorphism, then the
restriction T-Spec ¢ of the map Spec ¢ to T-Spec B induces a convexr map

T-Specp : T-Spec B — T-Spec A.

Moreover Spec ¢ has going up if and only if T-Specy has going up, and
Spec ¢ has going down if and only if T-Spec ¢ has going down (see [Trl,
Section 6] for the notions of “convex map”, “going up” and “going down”).

Proof. From (6.7), (6.10), (6.11) as in the proof of [Trl, (6.5)]. m

7. Localization of super real closed rings. In this section we want
to extend the operation of continuous functions on a given super real closed
ring A to certain localizations S~'A of A. That is, we want to equip S~ A
with an %-structure such that the localization map A — S~'A4 is a super
homomorphism. This is not possible for arbitrary multiplicatively closed
subsets S of A. We need the additional assumption that t4(f) € S whenever
feSandte? (for example, if f € A, then S = {ta(f) | t € T} has this
property; also complements of 7-radical prime ideals have this property).

In order to reach our goal we first look at the “generic situation” of
n+1 indeterminate elements X1, ..., X,,Y and we must apply a continuous
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function F' € C'(R"™) to the n-tuple (X;1/Y,..., X,/Y). In (7.2) below, we
show that there are t € 7 and G(7,y) € C(R" x R) with

1 v\ G(1,...,20,9) - n
P20 < Costed) (@) R x (R (0))

This equation allows the localization of super real closed rings at multiplica-
tively closed subsets S of A with t4(S) C S (t€T).

(7.1) PROPOSITION. Let ¢ : [0,00) — (0,00) be continuous and nonde-
creasing. Let s € T with s(z) > 0 for x > 0. Let t : (0,00) — (0,00) be

defined by
s(x)

t(x) = —————

A gy
and let q : (0,00) x [0,00) — (0,00) be defined by
q(z,y) = w(%) ().

Then t has an extension to a function from T, and q has a continuous
extension g on [0, 00) x [0,00) with g(0,y) = 0 for all y > 0.

Proof. Since ¢ is nondecreasing we have, for every = € (0,1),

1 1 1 1
and <

<
= 1 = T\
e(1) 7 - p(x) e(rm) ~ e(am)
Hence lim,_,o t(x) = 0, which implies that ¢ has an extension to a function
from 7. In order to show that ¢ has a continuous extension onto [0, 00) X

[0,00) we first prove that the function

y
qO(xvy) = Laf)
So(m)
defined on @ := (0,00) x [0,00) is locally bounded in [0,0)?, i.e. for all
70,50 > 0 there is an open subset U of R? containing (x¢,%o) such that
ql|gnu is bounded. If o # 0, then this holds true, since gp is continuous. So
let 9 = 0. We take U := s71(—o0,1/(yo + 1)) x (0,90 + 1). Since s € 7" and
s(z) > 0 for x > 0, we have (x9,y0) = (0,10) € U. Pick (z,y) € [0,00)2NU,
hence z > 0 and 0 < y < yo + 1 < 1/s(x). Since ¢ is nondecreasing and
positive we get
1

o<o(2) so() (k)

Thus 0 < go(z,y) < 1 for all (z,y) € (0,00)2N U as desired.

Since qq is locally bounded in [0, 00)? and s(0) = 0, the function q(z,y) =
qo(z,y) - s(r) has a continuous extension g on [0,00)? with g(0,y) = 0 for
ally >0. =
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The next theorem is the key tool for most of the algebra developed in
the rest of the paper:

(7.2) THEOREM. Let F' € C(R™). Then there aret € T and a continuous
function G € C(R™ x R) with

F(z1,...,zpn) t(y) =G(z1-y,...,2n-v,y) ((T,y) € R" x R).
More precisely, we can choose t as follows:

(i) If ¢ : [0,00) — (0,00) is continuous, nondecreasing with |F(T)| <
©(|Z]), and s € T with s(x) > 0 for x > 0, then we can take

o Lﬂi‘) if x #0,
t(x) := (p(m)
0 if x = 0.
If in addition s is nondecreasing on (0,00) with lim,_,~ s(z) = oo,
then also t is nondecreasing on (0,00) with lim,_, t(z) = oco.
(ii) If there is a polynomial P(T) € R[T|, T = (Th,...,Ty), of total
degree d with |F| < |P|, then for every s € T we can choose t(y) =

y®-s(y). In particular, if F is bounded we can choose t(y) = y.

Proof. (i) The function Fy(Z) := F(T)/¢(|Z|) is bounded. By (7.1),
t €Y and t(v)-¢(Jul) = q(v-u,v) for some continuous function ¢ € C(R?)
with ¢(u,0) = 0 (u € R). Then F(7)-t(y) = Fo(T) - q(|Z| - y, y). Since Fp is
bounded and ¢(u,0) = 0 (u € R), the function Fy(x1/y,...,zn/y) - q(|Z|,y)
can be extended to a continuous function G € C(R" x R). So G(z1 -y, ...
Tn -y, y) = Fo(T) - q(|7] -y, y) = F(T) - t(y) everywhere.

This shows that ¢t and G have the required property. If s is nondecreasing
on (0,00) and lim, . s(x) = oo, then it is straightforward to see that ¢ is
also nondecreasing on (0, 00) and lim;_, t(z) = 0.

(ii) Let Gp € C(R™ x (R\ {0})) be defined by

)

Go(@1,- -+, @n,y) = F(21/y, . 20 /y).
Then
x x x x
|G0($17...,l‘n7y)'yd| = 'F<_177_n> 'yd < 'P<_177_n> 'yd .
Y ) Y Y
Since the total degree of P is d, P(x1/y,...,2n/y)-y? is a polynomial.
Hence Go(z1, ..., Zn,y) - y? is a continuous function on R” x (R\ {0}) whose
absolute value is bounded by a continuous function on R" x R. Therefore,
and since s(0) = 0, Gg-y?- s(y) has a continuous extension G on R" x R
defined by G(z,y) =0 if y = 0.
Clearly G satisfies F(x1,...,7,) -y = G(z1-y, ..., 20 -1,9) (T,y) €
R” x R). u
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(7.3) DEFINITION. Let A be a super real closed ring and let 1 € S C A.
We say that S is T-multiplicatively closed if S-S C S and t4(S) C S for all
teT.

(7.4) THEOREM (Localization of super real closed rings). Let A be a
super real closed ring and let 1 € S C A be T-multiplicatively closed. Then
there is a unique expansion of the localization S™'A to a super real closed
ring such that the localization map A — S™'A is a super homomorphism.
The operation of F € C(R"™) on (S7'A)" is given as follows: Pickt € T
and a continuous function G € C(R"™ x R) with

F(xy,...,xpn) ty) =G(x1-y,...,xn-y,y)  (T,y) € R" x R).
Such functions exist by (7.2). Then for fi,...,fn € A and g € S,
F <f1 fn) L GA(fla--'afnag)
S—14 e, ) = .
g g ta(g)

Proof. First we show that the definition of Fg-1,4 does not depend on
the choice of G and ¢. Let t* € 7" and G* € C(R" x R) with

F(zy,...,2n) t"(y) =G (z1-y,...,2n-y,y) ((T,y) € R" x R).

Then t*(y) ’ G(xl Yy s T y7y):t(y) ’ G*(xl Yy s Tt Y, y) for all (fv y)
€ R™ x R. Hence for all y, z1, ..., 2z, € R with y # 0 and z; := z;/y we have

t(y) Gz, 2n,y) =t (Y) -Gy, T Y, Y)
=t(y) G (1Y, s Tn Y, Y)
=1t(y)-G* (21, .-, 2n, V).
If y = 0, then t*(y) = t(y) = 0, and this shows that t*(y) - G(z; yZn,Y) =
t*(y) - G(z1,. .., zn,y) for all (z,y) € R"xR. Therefore t(g) - G* (fl,...,fn,g)
—t*(g) - G(f1,---, fn,g) = 0, in particular G(f1,..., fn,9)/t(9) = G*(f1,- ..,
fn,9)/t*(g) in STA.

Hence we know that Fg-14 is well defined and we may consider S~!1A
as an Z-structure with these definitions of the F’s.

In order to see that S™'A is a super real closed ring, let F € C(R")
and let Fy,...,F, € C(R¥). Let F* := Fo (F,...,F,) € C(R¥). Take
t1,...,t, € T and Gy,...,G, € C(R* x R) as in the definition of Fy g-14,

Fy g-14. For z1,..., 71,y € R with y # 0 we have

y y y y

Gy ( 331,-- xk,y) Gn(xl,---,f%y))

(Givnn)
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where t := ti1---t, €7 and

n
Gi(z1,...,z,y) = Gi(x1, ..., 2, Y) - H tj(y) € C(R" x R).
=1,
Take t € T and G € C(R™ x R) as in the definition of Fg-1 4. Then
F* (ﬂ %) — G(Gl(xh IERE J:k’y)’ ) Gn(ﬁla e ,xk,y),t(y))
y oy t(t(y))
Hence G*(z1,...,zk,y) = G(Gi(x1,...,2k,Y),...,Gu(x1,. .., 2k, Y),t(y))
€ C(R¥ xR) and t* :=t ot € T satisfy

F*(x1,...,x) t"(y) =G (@19, .. .,xn-y,y)  ((T,y) € RF x R).
This shows that F§_, , = Fg-14(Fyg-14,---,F, g-14), S0 S~1A is a super
real closed ring.

Clearly the localization map A — S~1'A is a super homomorphism with
respect to the Z-structure provided by the Fg-14. It remains to show
that this structure is uniquely determined by the requirement that the lo-
calization map A — S™'A is a super homomorphism. Let B be another
expansion of ST'A to a super real closed ring such that the localization
map A — S7'A is a super homomorphism. If F € C(R"), then clearly
Fp(fiy.. s fn) = Fg-14(f1,..., fn) for all fi,...,f, € A. If g € S, then
take t € 7" and a continuous function G € C'(R™ x R) with

F(xy,...,zn) tly) =G(x1-y,...,2n-y,y)  ((T,y) € R" x R).
Since g is a unit in B and B is a super real closed ring we have

FB(%%.-,%) tB(g):GB(%gva%gmg) :GS_IA(fb‘"?f"’g)'

Since also tp(g) = tg-14(g) it follows that
FB<£7---7&> _ Gs-1alf1,-- -, fny9) :FslA(ﬁ,...,f—n>
g g ts-14(9) g 9
as desired. m

(7.5) COROLLARY. Let A be a super real closed ring and let P C A be
arbitrary. Let S be the smallest T-multiplicatively closed subset of A con-
taining P. If ¢ : A — B is a super homomorphism with p(P) C B*, then
also ¢(S) C B* and there is a unique super homomorphism ¢ : ST'A — B

such that the diagram
S—1A

S

e
commutes (where A — S™1A is the localization map).
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Proof. The set S is the closure of P under multiplication and the appli-
cation of elements from 7". By (6.12) every maximal ideal of A is T-radical,
hence for every t € 7 and b € B, b is a unit in B if and only if #(b) is a
unit in B. Since ¢ is a super homomorphism, ¢(S) C B* and the corollary
follows from (7.4). =

(7.6) PROPOSITION. Let A be a super real closed domain and let p €
Y-Spec A be a proper, direct specialization of (0) in T-Spec A, i.e. there is
no q € T-Spec A with (0) € q C p. Then p is convex in the quotient field
of A.

Proof. Let f,g,p € A, f,g,p> 0 with f/g < p € p. We must show that
f/g € A. If g > 1, then g is a unit in A and we are done. So we assume
that g < 1. Since p is a proper, direct specialization of (0), there is some
strictly increasing s € 7 with 0 < s(p) < g. Since p < 1 we may replace s
by a strictly increasing and bounded function from 7°. Since 0 < s(p) < ¢
and f/g < p we have s(f/g) < g. By (7.4) and since s is bounded, there
is F € C(R?) with s(f/g) = F(f,9)/g. It follows that F(f,g) < ¢* and
the convexity condition for real closed rings implies that g divides F(f,g)
in A. Thus s(f/g) = F(f,g)/g € A. Since s € T is strictly increasing, there
is some ¢ € R, ¢ > 0, such that sp := s[(_..) : (—¢€,6) — s((—¢,¢)) is a
homeomorphism. Take ¢ € T with t[y(_cc)) = 861.

Since 0 < f/g < p € p, f/g is positive infinitesimal (with respect to R) in
qf(A). Then also s(f/g) is positive infinitesimal, hence 0 < f/g,s(f/g) < &
and f/g=1t(s0(f/g)) =t(s(f/g)) € A. =

8. Application: o-minimal structures on super real closed fields.
Throughout this section, T" is an o-minimal extension of real closed fields in
the language .# extending the language of ordered rings. We do not assume
that T is complete here. The reference on o-minimality is [vdD].

(8.1) THEOREM. Let T be an o-minimal (not necessarily complete) the-
ory extending the theory of fields, in the language £ extending the language
of ordered rings, and suppose £ has function symbols for all bounded, con-
tinuous, T-definable functions. Then

(i) T has quantifier elimination.
(ii) Let M =T and let A be an L -substructure of M. Then A is a do-
main and the quotient field of A in M is an elementary substructure

of M.

This is a folklore theorem in the case when T is complete. I am not aware
of a reference and I will give the proof for arbitrary 7.
First the explanation of the term “T'-definable function”.
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(8.2) DEFINITION. Let T be an .Z-theory. A T-definable function is an
Z-formula ¢(x1,...,2,,y) for some n € Ny such that

T HVZ Ay o(T,y).

In other words, ¢(Z,y) is a T-definable function if and only if for every
model M of T, ¢(Z,y) defines the graph of a function M® — M.

If M is a model of T" and f : M" — M is a map, then f is called
T-definable if the graph of f is defined by a T-definable function. Now let T’
be an extension of an ordered abelian group. A T-definable function ¢(Z, y)
is continuous if

THYVZ,yVe>036 >0 Vu,v
(T, y) A (U, v) Amax{|z; —wi|} <0 — |y —v| <e.
7

Again, a formula ¢(Z, y) is a continuous T-definable function if ¢ defines
a continuous function M* — M in every model M of T.

(8.3) DEFINITION. Let T be o-minimal (not necessarily complete) in
the language .Z expanding the language of ordered rings. We say that .Z
has function symbols for all (bounded) continuous, T-definable functions if
for every T-definable, continuous function ¢(Z,y) (such that there is some
n € N with T +VZ,y (Z,y) — |y| < n) there is a function symbol f(Z) in
L with T HVZ,y o(T,y) < y = f(T).

For each Z-formula ¢(Z), T = (x1,...,2y), let Dy(Z,y) be the £-for-
mula

y = inf{||T — Z|| | ¢(Z) holds}.

So if M is a model of T', then D (Z,y) is the graph of the distance function
dy(Z) of the set of all realizations of ¢(T).

Proof of Theorem (8.1)(i). If p(T) is an £-formula defining a closed set
in every model of T', then there is a T-definable bounded continuous function
which defines the graph of dy(Z)/(1 + d,(Z)?) in every model of T'. Since
the zero set of this function is the set of realizations of ¢ in every model
of T, it remains to show that every .Z-formula is T-equivalent to a boolean
combination of formulas, each defining a closed set in every model of T'.

In order to prove this we use the following facts from o-minimality theory.
Let M be a model of T and let X C M™ be definable. Then

1. The frontier X := X\ X of X is of dimension strictly less than dim X
(cf. [vdD, IV, (1.8)]). We define 0o X = X, 0p41(X) := 0(0n(X)).

2. Let L(X) := {x € X | there is ¢ € M, ¢ > 0, such that B-(z) N X is
closed in B.(z)}, where B.(z) is the open ball of radius € around x.
Then L(X) is a locally closed subset of M™ which is dense and open
in X. Moreover X \ L(X) = 02(X); this is straightforward from the
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observation that B:(z) N X is closed in Be(x) if and only if B.(xz) N
0X =10.

It follows that
() X = L(X) U L(02(X)) U L(84(X)) U - - U L(9ax (X)),
where k € N is such that 2k > n: by item 1, 99, (X) is a finite set, hence the
process stops at this index. We shall now formulate (x) in terms of formulas.
For each .Z-formula ¢(Z), T = (z1,...,2n), let ¥,(Z) be the formula

which defines the closure ¢[M"] in models M of T. Let O,(%Z) be the Z-
formula

Iz,e | —Z|| < e A p(T) A “Bo(T) N(T) is closed in B.(T)”.
Hence in every model M of T', O, (Z) defines an open subset of M" such that
L(p[M™]) = Ou[M")N@[M™]. But then also L(p[M"]) = O [M™]Ntp,[M™].
Pick k& € N with 2k > n. We define formulas (), ¢o(T), xo(T), ...,

0i(T), Yi(T), xk(T) as follows: @o = ¢, Yo = y,, xo := ~O, and induc-
tively,

Pir1 = @i A (Yo A—xo) Ve V(s A oxa)),

Yip1 = ¢%+1’ Xi+1 = _‘O%H'
Inductively we see that (¢; A—x;)[M™] defines L(02;(¢[M"])) and ¢; defines

02i(p[M"]) in models M of T'. Since all the v; and y; define closed sets in
models of T', the representation (x) shows:

(8.4) PROPOSITION.
k
Tz (@) < \/ 6@ A (@)
=0

and for every model M of T the sets ¥;[M™] and x;[M"] are closed subsets
of M". m

In particular T has quantifier elimination.

Proof of Theorem 8.1(ii). Of course, A is a domain. In order to prove
that the quotient field of A is an elementary substructure of M it is enough to
show that qf (A) is the definable closure of A in M (by o-minimality). Take a
function F': M"™ — M, 0-definable in M, and let ay,...,a, € M. We must
show that F'(ai,...,a,) € qf(A). Clearly, we may assume |F(a1,...,an)|
<1 and that dim{ay,...,a,} = n, where dim denotes the dimension in the
sense of Th(M). We may also assume that F' is T-definable and less than or
equal to 1 everywhere. Suppose the graph of F' is defined by 7o(Z,y) in M,
then the formula

/Y(f? y) = [’YO(‘fvy) A3z ’Z’ < 1 /\70(57 Z)] \ [y =0A -3l |Z| < 1 /\70(57 Z)]
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defines the graph of F' and defines a function of absolute value < 1 in every
Z-structure.

We have to find T-definable, bounded, continuous functions ¢(Z,y),
¥(Z,y) such that for every model M of T' we have M |= F(a)-H(a) =
G(a) A H(a) # 0, where G, H : M™ — M denote the functions defined by
©, 1 in M respectively. Let 6(Z) be the formula which says that F' is con-
tinuous at T and of absolute value < 2:

5(Z) = |F(@)]| <2AVe>03>0Vy [T —7| <6 — |F(T)— F©)| <e.
Let ¢ (Z,y) be the formula which defines the distance function to the

complement of §(Z), composed with the function y3 /(1 + y3) if this comple-
ment is nonempty, and the constant function 1 otherwise. Hence

Y(@,y) = [Vu o(u) Ny = 1]

V|3, 50 —0(T) Ay = 22— Ayo = inf{z | T ~6(@) A |Z — || = 2}|.
Yo +1

Clearly 9 (T, y) is a bounded, continuous, T-definable function. Finally, let

o(Z,y) =3y, y2 y = y1- 12 AY(T, y1) ANY(T, y2).

We claim that ¢(7,y) is a bounded, continuous, T-definable function.
To see this, let NV be a model of T" and let f, h be the functions defined by
v(Z,y), ¥(Z,y) in N respectively. By definition, ¢(Z,y) defines the graph of
the product g := f-h in N and we must show that ¢ is continuous at every
¢ € N”. The formula 6(Z) defines the set

S:={m € N*| f is continuous at 7 and |f(7)| < 2}.

If S = N7, then by definition h = 1 and g = f is continuous of absolute
value < 1. So we assume that S # NZ. Then h is the distance function to
NZ\ S composed with the function y3/(1 + y3), and by definition of S we
have |f| <2 on N7.

If ¢ € S, then f is continuous at ¢, so g = f - h is also continuous at €.

Ife ¢ S, then h(¢) = 0 and |¢g(T)| < 2h(Z) — 0 as T — ¢. This shows
that g is also continuous at ¢.

So we have defined bounded (by 2 € N), continuous, T-definable func-
tions ¢, ¥ and we return to our initial data, M, A and @ € AT. Let
G, H : M™ — M denote the functions defined by ¢, ¥ in M respectively. We
have assumed that |F(@)| <1 and that dim{ay,...,a,} = n. Let & be the
definable closure of () in M. By o-minimality, there is an open, 0-definable
subset U of &?" such that F' is continuous and of absolute value < 2 in U,
and @ € Uyy. Therefore, the function H defined by ¥ (Z,y) in M is not zero
at a. It follows that M = F(a)- H(a) = G(a) A H(a) # 0, as desired. m
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(8.5) THEOREM. Let A be a super real closed ring and let p be an T-
radical prime ideal of A.

(i) There is a unique expansion IC of the quotient field of A at p such
that the residue map A — K is a super homomorphism.
(ii) For every o-minimal expansion M of the field R in the language £
(consisting of function symbols for continuous definable functions
R™ — R), the restriction of K to £ is an elementary extension
of M.
Proof. (i) holds by (6.3) and (7.4).
(ii) Let N be the restriction of K to .Z. Since the super real closed field
R is existentially closed in K by (5.6), M is also existentially closed in N.
Hence there is an .Z-embedding of N into an elementary extension M’ of M.
By (8.1)(ii) applied to the theory of M, N is a model of that theory. From
(8.1)(i) it follows that M is an elementary substructure of N. m

9. Convexity in super real closed rings. If F': R" — R is continuous
with F(0) = 0, then there is some s € 7" with

|F(z1,...,20)| < s(x1)+ -+ s(zn) (z €R).

For example the map s(t) := [t| V max{|F(Z)| | |z1],...,|zn| < |t|} has this
property. This observation generates the following super real closed rings:

(9.1) PROPOSITION. Let B be a super real closed ring and let M be a
subgroup of (B,+) such that

1. M is absolutely convex in B, i.e. for all b,m € B we have
bl < |m|,me M = be M.
2. M is closed under 1, i.e. sg(M) C M (s €T).
Then

(i) If A C B is a super real closed subring of B and M is an A-
submodule of B, then A+ M is a super real closed subring of B.

(ii) The set C:={c€ B|c-M C M} is an absolutely convex super real
closed subring of B, and M 1is an ideal of C.

Proof. (i) Let F € C(R"), let @ € A™ and let 1 € M™. By assumption we
know that Fp(a) € A and it is enough to show that Fp(a+u)— Fp(a) € M.

Let G(z,y) := F(T +7) — F(T). Hence G : R” x R" — R is continuous.
Let H : R® x R” — R be defined by H(Z,7) = y? + --- + y2. Then every
zero of H is a zero of (G. Since R™ has computable z-radicals, there is a
homeomorphism s € 7" and some @ € C(R" x R™) such that so |G| = Q- H.
Take 5§ € T such that |Q(t1,. .., t2,)| < |Q(0)| +35(t1) + - - - + 3(t2,) on R?™,
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Then

s o|Gp(@ )|
< i+ + 12 (1QO)| +55(a1) +--- +3p(an) +5(1) + - - - +35(1n)).

By assumption 2 and since M is an A-module and A is closed under 7,
the right hand side of this inequality is in M. By assumption 1, we get
sp o |Ggp(a,)] € M. Since s is a homeomorphism, assumption 2 implies
|Gp(a, )| € M, hence by assumption 1 again, Gg(a,n) € M, as desired.

(ii) Clearly C' is a subring of B, and M is a C-module. By assumptions
1 and 2, M C C, hence M is an ideal of C. If ¢ € C and b € B with [b] < ||,
then b- M C M, since for m € M we have |b-m| < |c-m|and ¢-m € M; so
by assumption 1, b-m € M.

Hence C' is an absolutely convex subring of B and it remains to show
that C' is a super real closed subring of B. Since C' is an absolutely convex
subring and every F' € C(R") can be bounded above by a natural number
plus the sum of s(z;) (1 <1i <n) for some s € 7', it is enough to show that
C' is closed under 7.

Let s € T. Since C' is absolutely convex and there is an increasing hom-
eomorphism h € 7 such that |s| < |h| we may assume that s is an in-
creasing homeomorphism R — R. By (7.2) (i), there is some ¢ € T with
lim, 0 t(7) = 0o and some continuous G : R? — R such that s(x)-t(y) =
G(x-y,y). As lim, o t(z) = 00, there is some ¢t € T such that z < t o t(z)
for all x > 0. Take ¢ € C and m € M. Then

[s5(c) -m| < |sp(c) - tu(ts(ml)| = Galc-tp(ml), to(Iml).

Since t5(Jm|) € M by assumption 2 and ¢ € C' we know that also ¢ - tg(|m|)
€ M. Since |G(z,y)| < s1(x) + s2(y) for some s1,s2 € T (observe that
G(0,0) = 0) we get |sp(c)-m| < s1,p(c-tp(Im|)) + s2.5(tp(|m|)) € M. By
assumption 1 we get sp(c)-m € M.

This shows that sp(c) € C. u

(9.2) COROLLARY. Let B be a super real closed ring and let A be a
subring of B, closed under 1. Then

(i) The convex hull of A in B (defined as {b € B | |b| < |a| for some
a € A}) is a super real closed subring of B.

(ii) If A is a super real closed subring of B and I is an T-radical ideal
of B, then A+ I is a super real closed subring of B.

(iii) If A is an T-subring of B, and I is an T-radical ideal of A, then
C:={beB|b-JCJ}withJ:={be B||bl <|a| for somea € I}
s a convex super real closed subring of B, and J is an T -radical ideal
of C, lying over I.
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Proof. (i) holds, since the convex hull M of A in B satisfies conditions 1
and 2 of (9.1). Now apply (9.1) for M and the super real closed subring R
of B.

(ii) Let M := I. Since M is a radical ideal of B, it satisfies condition 1
of (9.1). Since M is Y-radical, it also satisfies condition 2 of (9.1). Hence
A+ 1= A+ M is a super real closed subring of B.

(iii) By (9.1)(ii) it is enough to show that J satisfies conditions 1 and 2
of (9.1). By definition, J satisfies condition 1 of (9.1) and it remains to
show that J is closed under 7. Let s € 7. Take some strictly increasing
homeomorphism ¢ € 1" with |s| < |¢|. Then for b € J and a € I with |b] < |a]
we have |sp(b)| < |tg(b)| < |tp(a)|. Since tp(a) € I we get sp(b) € J as
desired. m

10. An extended Gelfand—Kolmogorov theorem. Let A be a ring
with normal spectrum, i.e. every prime ideal of A is contained in a unique
maximal ideal of A. Let r : Spec A — (Spec A)™** be the map which sends a
prime ideal to the maximal ideal containing it. Then 7 is continuous and any
ring homomorphism ¢ : A — B induces a continuous map ¢ : (Spec B)™** —
(Spec A)™a by mapping m to 7(p~(m)) (in the proof of (10.1) below, this
is explained with references to proofs).

The Gelfand-Kolmogorov theorem says that this map is a homeomor-
phism if A =C*(X), B = C(X) and ¢ is the inclusion.

We generalize this in (10.1) to arbitrary rings with normal spectrum by
calculating the fibres of «. In (10.5) we apply (10.1) to convex subrings of
real closed rings (which then gives back the original statement). At the end
of this section we apply our results to rings of continuous functions. In the
next section we apply the results to super real closed rings.

First some notations. For a subset S of an arbitrary ring A, V(S) de-
notes the set of prime ideals of A containing S. Recall from [Trl, Section
4], the ideal construction O(a) for an ideal a of a ring A. O(a) is the rad-
ical ideal which defines the Zariski closure of ﬂV(a)gO,o open O I Spec A.
By [Tv1, (4.9)),

O(a) = {f € A | there are a € a and k € N such that f*. (1 —a) = 0}

is the radical ideal generated by the kernel of the localization map A —
(1+a) LA

(10.1) THEOREM (Gelfand-Kolmogorov for rings with normal spec-
trum). Let A be a ring with normal spectrum and let ¢ : A — B be a
ring homomorphism. Then the map

L (SpeCB)maX N (SpeCA)maX, n— max/(p—l(n)’

) max

is continuous and closed with image V(Ker , and for each m in
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(Spec A)™@ the fibre of v at m is
(" H(m) = V(O(m) - B)™#x,
Moreover the following are equivalent:
(i) ¢ is injective.
(ii) For every mazimal ideal m of A the localization By, of the A-algebra
B at m is a local ring.
(iii) For all f € B the ideals ¢~ '(fB) and ¢~ 1((1 — f)B) of A are

coprime.

Proof. ¢ is continuous, since ¢ is the composition of the continuous map
Spec ¢ with the retraction r : Spec A — (Spec A)™#*. That r is continuous
(and closed) can be found in [Kn-Sch, Kapitel III, §6, Satz 5], under the
additional assumption that Spec A is completely normal—but this proof
only needs the assumption that every prime ideal of A is contained in a
unique maximal ideal.

So we have a continuous map ¢ : (Spec B)™** — (Spec A)™**. Since
(Spec B)™** is compact and (Spec A)™** is Hausdorff (this follows again
from the assumption that every prime ideal of A is contained in a unique
maximal ideal, together with the separation lemma for spectral spaces, cf.
[Trl, (2.6)]), we deduce that ¢ is closed.

We now prove that :~1(m) = V(O(m) - B)™®. Let m € (Spec A)™#* and
n € (Spec B)™Ma*,

C:If t(n) = m, then O(m) C o~ !(n), by definition of O(m). Consequently,
n e V(O(m)- B)max,

D: If O(m) - B C n, then O(m) C ¢~ !(n), and since Spec A is normal we
get t(n) = m.

Clearly, the image of ¢ is contained in V(Ker ¢)™#*. Conversely, if m in
(Spec A)™# is not in the image of ¢, then we already know that 1 € O(m) - B;
so take ay,...,a, € O(m) and by,...,b, € B with

(*) 1 =(a)bi + -+ ¢(an)bn.

Since a; € O(m) there are pi1, ..., i, € m and some k € N with a¥ - (1 + ;)
= 0. By taking the (kn)th power of (%) we may assume that k¥ = 1. Take
a:=(1+p) (14 ppn). Then a € m and from (x) we get p(a) = 0. This
shows that the image of ¢ is V(Ker p)™®*.

It remains to prove the characterizations of the injectivity of .

(i) is equivalent to (ii), since for every m € (Spec A)™#* the natural map
Spec By, — Spec B is a homeomorphism onto the set of all prime ideals q of
B with ¢~ *(q) C m.

(i)=-(iii). Suppose ¢ is injective and let f € B. Suppose there is some
maximal ideal m of A containing ¢~1(fB)+ ¢ 1((1 — f)B). Let b := f - B.
We apply what we have already proved to the (A/¢~1(b))-algebra B/b. This
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shows that there is some ny € (Spec B)™#* containing f with ¢(n;) = m. The
same argument applied to 1 — f shows that there is some ng € (Spec B)™a*
containing 1 — f with ¢(ny) = m. Since ¢ is injective we must have n; = no,
which is impossible, as f € n; and 1 — f € ns.

(iii)=>(i). Suppose 1 € ¢ ' (fB) + ¢ '((1 — f)B) for all f € B. Let
ny, ng € (Spec B)™** with ny # ng. Then there are f € ny and g € ny with
f + g = 1. By assumption, there are ay € ¢~ 1(n1) and a4 € ¢~ !(ny) with
1 =ays+ay. So t(ny) # t(n2). This shows that ¢ is injective. m

(10.2) COROLLARY. Let A be a ring with normal spectrum and let ¢ :
A — B be an A-algebra. Let

t: (Spec B)™™ — (Spec A)™*,  n— "X/p~1(n),
and let b be an ideal of B. Then the restriction v of v to V(b)™** is a
surjective, continuous and closed map

P V(O - V(e ()"
If 1 is injective, then r is a homeomorphism.

Proof. Let r denote the restriction of ¢ to V' (b)™#*. Clearly r has values
in V(p~t(b))™ma*. Since A/p~1(b) is again normal we may apply (10.1) to
the injective ring homomorphism A/p~1(b) — B/b and we see that r is
onto V(p~1(b))™*. If ; is injective, then 7 is a continuous bijection from a
quasi-compact space onto a Hausdorff space, hence a homeomorphism. =

Our main application of (10.1) will concern the case where B is a real
closed ring and A is squeezed between B and the holomorphy ring of B.
Recall that the holomorphy ring Hol(B) of a real closed ring B is the subring
of all elements f € B such that |f| < N for some N € N. As a preparation
we need

(10.3) LEMMA. Let A be a real closed ring. Then for all f € A, f? +
(1 — f)? is a unit in A with 2+ (1 — f)2>1/2.

Proof. We may consider A as a ring of functions X — R for some real
closed field R and some set X.

Let ¢ : Ryy — Ry be the continuous semi-algebraic function defined
by ¢(z) = 1/(2®+ (1 —x)?). As A is real closed, also ¢ o f € A. But
(0o f)-(f2+ (1 — f)?) =1 as we see by evaluating at each z € X. Since
22+ (1-2)2>1/20n R we have f2+ (1 — f)2>1/2. »

(10.4) OBSERVATION. Let a be an ideal of a real closed ring A and let
f € Abesuchthat 0 < f <1modp forallp e V(a). Then g:=(fA1)VO
satisfies f —g € v/a and 0 < g <1 mod p for all p € Spec A.

Proof. We omit the easy proof. m
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For a subset S of an arbitrary ring A, D(S) denotes the set of all prime
ideals p of A with pNS = () (hence D(S) is in general not the complement
of V(S5)). The set D(S) is an inverse closed subset of Spec A, i.e. D(S5)
is closed in the inverse topology of Spec A, which has the quasi-compact
open subsets of Spec A as a basis of closed sets. Moreover, if S is multi-
plicatively closed, then a straightforward calculation shows that the map
Specy : Spec S~'A — Spec A induced by the localization ¢ : A — S~'A
is a homeomorphism onto D(S) with inverse p +— p-(S~!-A). Hence if
A — S71A is injective, then D(S) contains all minimal prime ideals of A
(as Spec ¢ is dominant).

(10.5) THEOREM. Let A C B C R be rings such that R is real closed
and A contains the holomorphy ring of R. Then A and B are real closed,
convex subrings of R, B = S~'- A with S := B* N A, and for every ideal b
of B the map

L V(O S V(N A, n— "VnnA,
is a homeomorphism.

Proof. A is convex in R, since for all f € Rand a € A with 0 < f <a
we have 1+a? € R* and f/(1 + a?) € Hol(R), so f = (1+a?)- f/(1+a?) €
A- Hol(R) C A. As a convex subring of a real closed ring, A is real closed.
Hence, also B is real closed and convex in R.

Let S := B* N A. Clearly S is a multiplicatively closed set of non-zero-
divisors of A containing 1. If b € B, then s := 1/(1 + b?) € Hol(R) C A C B,
hence s € B*N A. Since b= s71-b/(1 +b?) and b/(1 + b?) € Hol(R) C A it
follows that B = S~—! - A.

Since 1/(1 + f2) € Hol(R) for all f € Band |f/(1+ f2)|,1/(1 + f?) <1
we have f/(1+ f?),1/(1+ f?) € A for all f € B. Consequently, every ideal
b of B is generated by b N A.

Since Spec A is completely normal we can apply (10.2), and by (10.1) it
is enough to show that fBN A and (1 — f)BN A are coprime for all f € B.

Since B is real closed and Hol(B) € A we know from (10.3) that
1/(f?+ (1 - f)?) € A for all f € B. Consequently, for every f € A we
have

f? (1-f)?

Pra-pe PN praogpe
e (1- fp?

CERIE PG

ce(1-f)BnA

and

as required. m

Observe that for a proper convex subring A of a real closed ring B, there
is some m € (Spec A)™** with m - B = B. To see this take some b € B\ A.
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Then f:=1+4+0%> ¢ A, since —f < b < f. Since f € B* and f~! € A, any
maximal ideal of A containing f~! satisfies m - B = B.

Not every inverse closed subset of Spec A containing (Spec A)™" is of
the form D(S), where S = B*N A and B is a real closed overring of A as in
(10.5). To see an example, let X := R™. Then X is cozero complemented (cf.
[He-Wo)), i.e. Z := (Spec C'(X))™™ is an inverse closed subset of Spec C'(X).
On the other hand, if B is a real closed ring containing A := C(X) as a
convex subring, then by (10.5), (Spec B)™** is homeomorphic to X . Since
X = R", X is not boolean, so (Spec B)™®* is not boolean and Z cannot
be the image of Spec B — Spec C(X). The same argument also works for
C*(X) instead of C(X).

11. The convex closure of a super real closed ring

(11.1) LEMMA. Let ¢ : A — B be a surjective ring homomorphism
between real closed rings (actually, lattice ordered rings are enough). Let
F C C C B be such that F is finite and C is countable. Suppose we have
a section v : F' — A such that v : ' — (F is an order isomorphism. Then
L can be extended to a section ' : C — A which is an order isomorphism
onto ' (C).

Proof. Straightforward by induction on the cardinality of F. =

(11.2) PROPOSITION AND DEFINITION. Let A be a real closed ring. Let
S:={fe€eA|f>0, f anon-zero-divisor andVa € A:0<a < f= fl|a}.
Then

(i) For alla,be A and f € S with0 <a <b and f|b we have f|a.
(ii) 1€ Sand S-S CS.
(iii) The ring B := S~'A is the largest real closed ring so that A is
convex in B, more precisely: if C is a real closed overring of A such
that A is convex in C, then there is a unique A-embedding of C
into B.

B is called the convex closure of A.

(iv) For f € A we have f € B* if and only if |f| € S if and only if
f?es.
(v) For fe€ S and f < g€ A we have g € S, in particular g| f.

Proof. (i) Let 0 < a < b and let b/ € A with b = fV'. By replacing ¥/
with [b| if necessary, we may assume that b’ > 0. Let ¢ :=% V1 € A. Then
ft/ < fc and since ¢ > 1, c is a unit in A. Hence with o’ := a/c* € A we
have 0 < o/ < f. Since f € S there is some o’ € A with o’ = fd”. So
a=dc*= fa"c® and f|a.
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(ii) Clearly 1 € S. Let f,g € S and 0 < a < fg, a € A. Since f € S,
(i) says that there is a1 € A with a = a1 f. Hence 0 < a1 f < fg and since f
is a non-zero-divisor, f > 0 implies 0 < a; < g. Since g € 5, there is some
ay € A with a; = azg. Thus a = a1f = aggf, i.e. fg|a. This shows that
fge S s0S-5SCS.

Before we prove (iii), (iv) and (v) we need

CLAIM. Let C be a real closed overring of A such that A is convex in C'.
If fe C*N A, then |f| € S.

Proof of the Claim. Since A C C, f is a non-zero-divisor of A, hence so
is | f|]. Take a € A with 0 < a < |f|. Then 0 < a/|f| < 1in C, as f € C*.
Since A is convex in C' we get |f||a in A. This shows the claim.

(iii) A is convex in B = S™1A, since for 0 < a/f < d’, a,a’ € A, f € S
we have 0 < a < d'f, hence by (i), f|ain A and a/f € A.

Now let C' be a real closed overring of A such that A is convex in C'. We
already know from (10.5) that C = T-'A with T = C* N A. By the claim
we have T := {t?> | t € T} C S. Since a/t = at/t> for alla € A, t € T, we
have C =T 1'A=T"1AC S 14 =B.

(iv) If f € B* N A, then |f| € S by the claim. If |f| € S, then f? = |f|?
€S.If f2€ S, then f2€ B* and f-(f-(f?)~!) =1, that is, f € B*.

(v) Let S5 f < g€ A. Then 0 < f € B* and therefore f < g implies
g€ B*. By (iv),g=|g|€S. =

Note that by [Kn-Zh2, Theorem 9.15], the convex closure of a real closed
ring is the Priifer hull (cf. [Kn-Zh1]) of that ring.

Our next goal is to prove that the convex closure of a super real closed
ring is again a super real closed ring in a natural way. In order to carry
out this task we will prove that the set S from (11.2) is stable under the
application of s € T'.

First a characterization of the elements from S in the case of the super
real closed rings C'(X)/a for a z-radical ideal a of C'(X).

(11.3) PROPOSITION. For f € C(X), f > 0, and every z-ideal a of
C(X) the following are equivalent:

(i) Vg e C(X) : 0 < gmoda < fmoda = fmoda | gmoda.

(i) Vge C(X):0<g < f= fmoda| gmoda.

(iii) D :={f # 0} is C*-embedded into X at f:= {{a =0} | a € a}, i.e.
for every H € C*(D) there are Z € f and an extension h € C(X)
of H|znp-

Proof. (iii)=(i). Let g € C(X) with 0 < g < f modulo a. By (11.1) there
are ¢, f' € C(X) withg—¢', f — f € aand 0 < ¢’ < f'. By replacing f by
/" and g by ¢’ we may assume that 0 < g < f. Let H :=g|p/f|p € C*(D).
So by assumption there is Z € f such that H|znp can be extended to an
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heC(X). Then{h-f—g=0}2ZND.On Z\D wehave0 < g < f=0,
hence {h- f — g =0} O Z and this shows that f moda|gmoda.

(i)=(ii) is a weakening.

(ii)=-(iii). Suppose Vg € C(X) : 0 < g < f = f mod a|g mod a. Let
H € C*(D). We have to find some Z € f such that H|znp can be extended
to a continuous function on X. Since H = H™ — H~ we may assume that
H > 0 and of course also that H < 1. Since D is the cozero set of f,
f|p - H has an extension g € C(X) with g(z) =0 for all x € {f = 0}. Since
0<H<1land f >0 we have 0 < g < f. By (ii), fmoda|gmoda and
there is some h € C(X) with f-h—g € a.So Z :={f-h—g =0} is a set
from f such that h extends H|znp. =

(11.4) CorOLLARY. If f € C(X), f # 0, and D := {f # 0}, then the
following are equivalent:

(i) Vge C(X):0<g<f=flg.

(i1) {f # 0} is C*-embedded into X .

Proof. By (11.3) applied to the z-ideal a = {0}. =

(11.5) COROLLARY. Let A be the super real closed ring C(X)/a for some
z-radical ideal a of C(X). Let a € A, a > 0, and let s € T with s(t) > 0
(t >0). Then

Vbe A:0<b<a=al|lb & Yoe A:0<b<s(a)= s(a)l|b.

Proof. Pick f € C(X), f > 0, with a = f mod a. By (11.3), Vb € A :
0<b<a= al|bif and only if D := {f # 0} is C*-embedded into X at
f:={{h =0} | h € a}. This latter property only depends on the cozero set
of f, hence it holds for f if and only if it holds for s o f, and this shows the
corollary. m

(11.6) PROPOSITION. Let A be a real closed ring and let f € A with
f > 0. Then the following are equivalent:

(i) Vae A:0<a< f= fla.
(ii) The natural map between the holomorphy rings Hol(A) — Hol(Ay)
18 surjective.

Proof. First note that Hol(A) — A — A has indeed values in Hol(Ay).
To see this let a € Hol(A). There is some N € N with |a| <g N (8 € Sper A,
the real spectrum of A). But then also |a/1| <, N for all & € Sper Ay, hence
a/1 € Hol(Ay).

(i)=(1). Let 0 < a < f. Then 0 < a/f < 1in Ay, so by (ii) there is
some g € A such that g/1 = a/f in Ay. We claim that g- f = a in A. To
see this take a prime ideal p of A. If f € p, then also a € p, as 0 < a < f.
If f&p,then gf —a € p, since g/1 =a/f in Ay. Hence gf —a € p for all
prime ideals p of A, and this shows gf = a in A.
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(i)=(ii). Let a« € A and N € N be such that |a/f"| <, N for all
a € SperAy. Then 0 < a™/Nf™ <, 1 and 0 < a= /Nf" <, 1 for all
a € Sper A¢. So in order to show that Hol(A) — Hol(Ay) is surjective we
may assume that a > 0 and 0 < a/f" <, 1 for all @ € Sper Ay. This
assumption implies 0 < f-a < f**! in A. By (i) there is some g € A
with f"*1.g = f-a. But this means that g is a preimage of a/f™ in A.
Now, g need not be in Hol(A), but we can modify it in order to get this
property as well: Let ¢’ := (g A1) V —1. Then |¢'| < 1 and for p € Spec A
with f € p, 0 < f-a < f* and the equation f"*!.g = f-a shows that
frtl.g = f-amodp. =

(11.7) COROLLARY. Let B be the convex closure of C(X). Then the im-
age of (Spec B)™** under Spec B — Spec C(X) is contained in z-Spec C'(X).

Proof. B is the localization of C'(X) at

S:={feC(X)|f>0, fanon-zero-divisor and
VgeC(X):0<g<f=flg}

by (11.2). If p € SpecC(X) with p NS = 0, then also /p NS = 0, since
membership in S only depends on the cozero set of a function by (11.4). Since
the image of (Spec B)™** under Spec B — Spec C'(X) is the set D(S)™
this proves the corollary. =

(11.8) LEMMA. If A C B are real closed rings, then
Hol(A) = AN Hol(B).

Proof. B is isomorphic to a ring of functions X — R for some set X and
some real closed field R. For such a ring, the assertion is obvious. =

(11.9) LEMMA. Let A be a super real closed ring and let f,a € A and
7,5 €T be such that |a/s(f)| < 1 in Ayyy. Then there is some g € A with

gl < [r(f)] such that g = r(f)-(a/s(f)) in Ayy).

Proof. First we reduce to the case where A is generated by f and a as a
super real closed ring. Let B be the T-subring of A generated by f and a.
Since |a/s(f)] < 1in Agp) we also have [a/s(f)| < 1in By (cf. (11.8)). If
we find an element g € B with |g| < |r(f)| such that g = r(f)- (a/s(f)) in
By(s), then also g = r(f) - (a/s(f)) in Ags). This argument shows that we
may replace A by B, hence we may assume that A is generated by f and a
as a super real closed ring.

Let ¢ : C(R?) — A be the unique super homomorphism which sends x
to f and y to a. Since s(f)/1 = ¢(s(x))/1 is a unit in A,y) we get a natural
map v : C(RQ)S(@ — Ay(y), which is surjective, as ¢ is surjective. Since
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la/s(f)] < 1in Ayp), there is some F(z,y) € C(R?) such that

F(l‘,y) a F(l‘,y) : 2
w< )z and <1 in C(R*)y
@ )5 (@) (e
(cf. (11.1)). Let D := {(u,v) € R? | s(u) # 0}. Then F|p/s|p € C(D) is of
absolute value less than 1. Therefore the function
F .
Glu, v) = r(u) - Tf(u, v) ifu#0,
0 if u =0,
is continuous on R? |G(u,v)| < |r(u)| for all u,v € R and G-s = r-F
on R?. Thus G/1 = r(x)- (F/s) in C(R?)y).
We take g := ¢(G) € A. Then [g| < [r(f)] and g = r(f)-(a/s(f))
in As(f) ]

(11.10) PROPOSITION. Let A be a super real closed ring, let f € A
and let r,s € T. Then the natural map Agyy — Ayp).s(p) induces an iso-
morphism of the holomorphy rings

Hence Hol(Agyy) is independent of s and equal to Hol(Ay).

Proof. First we show that the natural map Ayy) — A, y). 5(p) IS injec-
tive. Let a € A be such that a/s(f)" = 0in A,(s). 5(s). Then (r(f)-s(f))"-a
= 0 for some k and we will show that s(f)-a = 0. This proves a/s(f)" =0
in Agy) as desired. Let p be a minimal prime ideal of A. If a € p, then
s(f)-acyp. Ifagp, then (r(f)-s(f)*-a =0 implies r(f) € p or s(f) € p.
Since p is minimal, it is 7-radical, hence f € p in any case and so s(f) € p
ifaép.

This shows that s(f)-a € p for all p € Spec A, hence s(f)-a = 0.

It remains to show that Hol(Ays)) — Hol(A,(yy. ) is surjective. Pick
a € A such that a/(r(f)-s(f))" € Hol(A,(s).4))- Clearly we may assume
that |a/(r(f)-s(f))"| < 1in A, (p). 5(f)- Now we apply (11.9) to s and (r - 5)"
(instead of r, s). We get some g € A with |g| < |s(f)| such that

a .
=) sy B A0

It follows that g/s(f) is a preimage of a/(r(f)-s(f))" in Hol(A ) under
HOI(AS(f)) — HOI(AT(f) . s(f)) ]

REMARK. By (11.6), Proposition (11.10) says that Ay is a convex
subring of A.(s).4) (note that at the beginning of the proof of Proposi-
tion (11.10) it is shown that 7(f)/1 is a non-zero-divisor in Ay)).

(11.11) COROLLARY. Let A be a super real closed ring, let f € A, f >0,
and let s € T with s(u) > 0 for w > 0. Then with S .= {f € A| f >0
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andVa € A:0<a < f= fla} we have f € S < s(f) € S. In particular
D(S)™ma* C T-Spec A.

Proof. By (11.6), f € S if and only if Hol(A) — Hol(Ay) is an isomor-
phism. Since Hol(Ay) — Hol(Aj. ) and Hol(Agpy) — Hol(Ay. i) are
isomorphisms by (11.10), we get f € S < s(f) € S. n

(11.12) THEOREM. Let A be a super real closed ring and let B be the
convex closure of A. Then there is a unique expansion of B to a super real
closed ring having A as a super real closed subring.

Proof. By (11.2), B = S7'A with S := {f € A| f > 0, f a non-zero-
divisor and Va € A: 0<a < f = f|a}. By (11.11), S is T-multiplicatively
closed and by (7.4) the theorem follows from B = S~!A. =

12. Real closures over proconstructible subsets of 7-Spec A

(12.1) PROPOSITION. Let I be an index set and let M; be a super real
closed field for i € I. Let A be a super real closed subring of R := [];c; M;.

For every semi-algebraic function f : Rilg

ff(a) == (fMi(a;))ier € R. Then
D:={f%a)|keN, f: R’;lg — Ryyg semi-algebraic, a € AF}

s again a super real closed subring of R and this Ly-structure is the only

one which expands the pure ring D to a super real closed ring having A as
a super real closed subring.

Proof. Let F € C(R™) and let f1,..., fn: R’;lg — Rag be semi-algebraic.

Let a € RF. We have to show that Fr(f{(a),..., fF(a)) € D. By (7.2), there
aret € 1 and G € C(R" x R) with

F(zi,...,zp) t(y) =G(z1-y,...,2n-y,y) ((T,y) € R" xR).
Recall that every semi-algebraic function R’a“lg — Ry)g is of the form

l
i=1

where x; are semi-algebraic characteristic functions with R’;lg =U{x; =1},

— Rag and every a € RF let

|

gi
J

>

gj,hj are continuous semi-algebraic functions R’;l — Rag and hj; has no
zeros on {x; # 0} (by convention (g;/h;) - x;j(x) = 0if h;(x) = 0).

Pick such functions x,;,guj,hyu; for each f,. By selecting a common
refinement of the supports of the x,;, we may assume that the x,; do not
depend on p € {1,...,n}, so we write x; instead of yx,;. Moreover, by
suitably changing the g,;’s we may also assume that the h,; do not depend
on p € {1,...,n}, so we write h; instead of hy;.
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Let f: Rigk — Ra1g be semi-algebraic, defined by

f(xhylv o 7xl7ylvg)

. {%)@(5) if y; - x;j(%) # 0 for some j € {1,...,1},
=9 Yi
0 if yj-x;(Z) =0forall j € {1,...,1}.

Observe that f is well defined, since Rglg = Uj{Xj = 1}. It is enough to
show that
(*) FR(flR(a)v ey fTIL%(a)) = fR(Cl,dl, s ,C[,dl,a) €D
with ¢; := GR(gﬁ-(a), . ,gfj(a), hf(a)) €A, dj=tF(hj(a)) € A(1<j<).

We prove () coordinatewise. Let i € I. There is a unique j with X;‘/I"(ai)
= 1. Then for each p € {1,...,n} we have ff(a)i = ffyi (a;) = g%i(ai)/h% (a;),
hence
(1) Fr(f{'(a),. .., f(@)i = Fag, (fi" (ai), .., [ (a2)
(e iy

= N A
hj (a;) hj (ai)

By (7.4) we know that

M; M.
915 (ai) Inj'(ai) MM
FMi(hé”%a@-)"”’h?@(ai)) )

= G, (975 (ai), ., g (@i)), 1) (ar)),
in other words
Fr(fi'(a), ..., fa(a))i - dji = ¢ji,
where dj;, c;; denote the ith components of d;, c¢; respectively. By the choice
of the h; and since X;‘/I"(ai) =1, we know that dj; # 0. Thus
Fr(ffi(@),.... f(@))i = 2,
J
which is the ith component of ff(c1,dy, ..., ¢, d;,a), since the pure field M;
is an elementary extension of R,g.

Hence D is a super real closed subring of R. Now let E be another super
real closed ring expanding D such that A is a super real closed subring
of E. We must show that Fp = Fg for every F' € C(R"), n € N. Pick
1 € I. Let 1 : D — M; be the projection and let M be the image of .
Then M is the quotient field of the image of A — D — M;, hence the
kernel of 7 is a maximal ideal, thus an T -radical ideal with respect to every
super real closed ring structure on D. Let N be the Zp-structure of the
pure field M imposed by E according to (6.3). Then 7 : D — N is a super
homomorphism. Composing 7 with the inclusion A — D (which is a super
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homomorphism by assumption) shows that the natural map A — N is a
super homomorphism as well. By (6.3) and (7.4) we must have N = M.
Thus 7 : E — M; is a super homomorphism, in other words we have

Fu(ff(a), ..., fi(@)i = Far (£ (@), - -, 12" (as))
for all F, f1,..., fn,a as in (}) above. Now the computation following (f)
and the fact that A is a super real closed subring of D force Fp = Fg. =

We have two consequences of (12.1).

(12.2) COROLLARY. Let A be a super real closed ring and let E(A) be
the epimorphic hull of A (cf. [St, Definition 8.3]) in the category of commu-
tative, unital rings. Then there is a unique expansion of E(A) to a super
real closed ring such that the canonical homomorphism A — E(A) is a super
homomorphism.

Proof. Let Z be the closure of (Spec A)™™ in the constructible topology.
Then E(A) is the ring B of constructible sections of A above Z (the definition
of this ring can be found in [Schwl, Chapter I, Section 2]). This follows
easily from the characterization of epimorphisms [Schw-Ma, Theorem 5.2],
and basic results from [St]. By the characterization of the elements of B in
[Schwl], B is the ring D defined for A C [] ., af(A/p) in (12.1). Hence the
corollary is an instance of (12.1). m

Note that by [Schw2, Theorem 1.2] the epimorphic hull of every real
closed ring in the category of commutative rings is real closed.

The second consequence of (12.1) concerns rings of abstract semi-al-
gebraic functions over proconstructible subsets of T-Spec A as defined in
[Schw1, Chapter I, Section 2]. We first recall some tools from [Schwl].

(12.3) REMINDER. Let A be a ring. Let «, 5 € Sper A (the real spectrum
of A) and assume that [ is a specialization of «. Then supp [3/supp « is
a convex prime ideal in A/supp « and there is a largest convex valuation
ring C of k(a) (the ordered residue field of the support of «) such that
mN A/supp « = supp 3/supp «, where m is the maximal ideal of C. The set
m can be defined as

m = {y € k(a) | y" € the convex hull of supp 3/supp a}

and then
C={cek(a)|c-mCm}.

We write C,g for this valuation ring, m,g for its maximal ideal and kg
for the residue field of C3. Observe that the map A/supp 8 — kqp factors
through an embedding k() — kqag; we write Ay for this map.

We will apply this construction to real closed rings exclusively. In this
case orderings of A are identified with their support, hence we write Cjq,
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Myg, ... instead of Cyp,myg,... where p = suppa and q = supp 8. Also
observe that in this case k(p) is real closed and

mpq = the convex hull of q/p.

(12.4) LEMMA. If A is a super real closed ring and p,q € T-Spec A with
p C q, then Cpq is a super real closed subring of k(p) with T-radical maximal
ideal and the map Apq is a super homomorphism.

Proof. This follows from (9.2) applied to the super real closed rings
A/p C k(p) and the Y-radical ideal q/p of A/p. m

Recall that for a real closed ring A and a proconstructible subset P of
Spec A the real closure of A above P is the following ring: Let & : A —
[Ipep k(p) be the evaluation map and let Ay be the image of @. Let D be
the ring defined for Ay according to (12.1). Then the real closure of A above
P is the subring of all elements (sp)pep € D which are compatible, i.e. for
all p,q € P with p C q we have

spmod(q/p) = Apq(Sq)-
(12.5) THEOREM. Let A be a super real closed ring and let P C 1-Spec A
be proconstructible. Let B be the real closure of A above P. Then there is a
unique expansion of B to a super real closed ring such that the natural map
A — B is a super homomorphism.

Proof. Let @ : A — [[,cpk(p) be the evaluation map and let Ay be
the image of @. Since P C T-Spec A we know that @ is a super homomor-
phism and A is a super real closed subring of [[,cpk(p). Let D be the
ring defined for Ay according to (12.1). We claim that B is a super real
closed subring of D. Hence we must show that, for every F' € C(R"), all

51 := (S1p)peP,-- - 5n = (Snp)pep € B and each specialization p C q inside
P we have
() Figp(s1ps- - 5up) m0d(a/8) = Apq(Fecq) (5165 - 500).

Since q/p is an Y-radical ideal of A/p we have

Flo(p)(81ps - -+, Snp) mod(q/p) = Fa/q(s1pmod(q/p), ..., sppmod(q/p)).
Since Apq is a super homomorphism we know that

)‘pq(Fk(q)(Slm N Fip (Apq(81q)s -+ -5 Apa(Snq))-
Finally, since A/q is a super real closed subring of rpq and s;, mod(q/p) =
Apq(Siq) We see that () indeed holds.

Hence B can be expanded to a super real closed ring such that the
natural homomorphism A — B is a super homomorphism. The uniqueness
statement follows from the uniqueness statement in (12.1), since D is also
the ring obtained from B according to (12.1). =



Super real closed rings 171

13. The complete ring of quotients of a super real closed ring.
Recall that a subset of a ring A is called dense if it is not annihilated by
nonzero elements of A. For a ring extension A C B and any element b € B
we define b™1- A := {a € A| a-b € A}. Clearly b=!- A is an ideal of A.
Recall from [FGL, Section 1.4] that B is called a rational extension (the
name “fractional extension” is also used in the literature) of A if b=1- A is
a dense subset of B for all b € B.

By [FGL, 1.9], every commutative ring has a largest rational extension
Q(A), called the complete ring of quotients, which is uniquely determined up
to A-isomorphism. In this section we prove that for every super real closed
ring A there is a unique expansion of Q(A) to a super real closed ring having
A as a super real closed subring (see (13.5)).

(13.1) LEMMA. Let A be a super real closed ring and let B be an overring
of A. Let b,by,...,b, € B be such that b does not annihilate (bf1 “A)N---N
(b,1-A). Then for every F € C(R") there are a,a* € A with a-b # 0 such
that whenever B is expanded to a super real closed ring having A as a super
real closed subring, we have

(*) a-FB(bl,...,bn):a*.

Proof. By assumption there is some a’ € A with a’-b # 0 such that
a'-b; € A for each i.

By (7.2) there are G € C(R" x R) and t € T with F(z1,...,2,) - t(y) =
G(x1-Y,...,xn-y,y) for all (z1,...,2,,y) € R” x R. Now we take a :=
ta(a') and a* := Gy(a' - by,...,d -by,d) € A.

First we show a-b = t4(a’)-b # 0. Since a’'-b # 0 there is a minimal
prime ideal p of B with a’-b ¢ p. Since p is minimal, p is T-radical. Since
a &p,alsots(a) €p. Asb ¢ p we get ta(a’) b ¢ p as desired.

Finally, we prove (k) for every expansion of B to a super real closed
ring having A as a super real closed subring: We have a- Fg(by,...,b,) =
ta(a')- Fp(bi,...,by) =tp(d) Fp(bi,...,by) = Gp(by-d,...,b,-d,d) =
Galby-d,...;b,-d,d)=a* =

(13.2) PROPOSITION. Let A be a super real closed subring of the super
real closed ring B. Let D be the set of all d € B for which d='- A is a dense
subset of B. Then D is a super real closed subring of B and the induced
Ly-structure on D is the unique one for which D is a super real closed ring
having A as a super real closed subring.

Proof. First we show that D is a super real closed subring of B.
Let FF € C(R™) and let by,...,b, € D. We must show that the ideal
Fg(by,...,by)" ' - Aof Ais a dense subset of B. Pick b € B, b # 0. Since each
b; ! Ais a dense subset of B, also (b; ' - A)N---N (b !+ A) is a dense subset
of B. As b # 0, bis not in the annihilator of (b; ' - A)N---N(b;* - A). Pick a, a*
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according to b, by,...,b, and F as in (13.1). Then (x) of (13.1) shows a €
Fg(by,...,by)" - A. Since a-b#£0, b does not annihilate Fg(by,...,b,) "' A,
as desired.

Hence D is a super real closed subring of B. Let F be another expansion
of the pure ring D to a super real closed ring having A as a super real closed
subring. Let by, ...,b, € D. We must show Fp(b1,...,b,) = Fg(b1,...,by).
Otherwise b := Fp(b1,...,bn) — Fr(b1,...,b,) # 0. Since all b; are in D, b is
not in the annihilator of (b; - A)N---N (b, ! - A). Pick a,a* as in (13.1) with
respect to the ring D, the elements b,b;,...,b, € D and the function F'.
By (13.1) we have a-b # 0 and a- Fp(by,...,b,) = a* = a- Fg(by,...,by),
which contradicts the definition of b. m

(13.3) REMINDER. Let A be a ring and let Ogpec a4 be the sheaf of the
affine scheme of A. Hence the stalk of Ogpec 4 at p is the localization Ay of
A at p and for every U C Spec A open,

Ospec A(U) = {f = (fp)pev € H Ap ‘ for all p € U there are a,s € A
peU

with p € D(s) CU and fq = g in Aq (q € D(s))}

Fix an open subset U C Spec A and let B := Ogpec a(U). We shall consider
B as an A-module via the natural homomorphism ¢ : A — B. If p € U,
then the natural map A, — By between the localizations of the A-modules
A and B is easily seen to be injective. If A is reduced, then this map is an
isomorphism, since the map By, — A, induced by the projection B — A, is
injective.

(13.4) PROPOSITION. Let A be a super real closed ring. If U C Spec A
is open and U C T -Spec A, then there is a unique T -structure on B :=
Ospec A(U) such that B is super real closed and the canonical map A — B
is a super homomorphism. Moreover B is a super real closed subring of the
super real closed ring C := HpeU Ap.

Proof. Pick fi1,...,fn € B and F € C(R"). We have to show that
Fo(fi,..., fn) € B.Pickp € U. Then there are a;,s € Awithp € D(s) CU
such that (fj)q = ai/s in Aq for all ¢ € D(s). By (7.2) there are G €
C(R™ x R) and t € T with F(x1,...,z,) t(y) = G(x1-y,...,2n-y,y) for
all (z1,...,2,,y) € R" xR. Since U C Y-Spec A, every Aq with q € D(s) is
super real and t4(s) € q for all q € D(s). Thus we may apply (7.4) to get

a1 an Ga(ay,...,an,s)
Fy |l —,...,— | = D(s)).
(Bt < Galtnentnd) (g e iy
This proves Fo(fi,...,fn) € B. We equip B with this Zr-structure and
denote the resulting super real closed ring by 4.
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It remains to show the uniqueness statement. Fix a super structure on
B which turns B into a super real closed ring 2 such that the natural map
e: A — Z is a super homomorphism. Then £(A \ p) is a -multiplicatively
closed subset of 2, hence 2 — %, = e(A\ p)~'- 2 is a super homomor-
phism. Hence the composite map A — %, is also a super homomorphism.
By (13.3) the induced map A, — By is an isomorphism. Since there is only
one superstructure on A, such that A — Ay is a super homomorphism we
get Iy = By = Ap. Since 7 and £ are super real closed subrings of C', also
2 = A as super real closed rings. m

(13.5) THEOREM. Let A be a super real closed ring and let () be the
complete ring of quotients as defined in [FGL, Section 1]. Then there is a
unique Lyr-structure on ) such that Q is a super real closed ring having A
as a super real closed subring.

Proof. Uniqueness follows from (13.2).

By [St, Satz 11.3], @ contains the epimorphic hull £ of A. As explained
in [FGL, Section 1.4], @ is also the complete ring of quotients of E. Hence
by (12.2), we may replace A with E. In particular, we may assume that A
is a super real closed ring which is von Neumann regular.

It follows that Spec A = 7-Spec A and by (13.4), we have a unique way
to expand the rings Ospec 4(U) (U C Spec A open) to super real closed rings;
moreover for all V- C U C Spec A open, the restriction map Ogspec a(U) —
Ospec A(V') preserves the Zr-structure. Hence the filtered family of all the
Ospec A(U) with U C Spec A open and dense, together with the restriction
maps, is a filtered family in the category of super real closed rings with super
real homomorphisms. Since this category has direct limits, we may define
the super real closed ring

H(A) = lim{Ogpec 4(U) | U C Spec A open and dense}.

We can easily see that the underlying ring of H(A) is also the direct limit of
the Ogpec A(U) (U C Spec A open and dense) in the category of commutative
rings. But, as A is reduced, this ring is A-isomorphic to Q). This last fact is
folklore, we sketch a proof:

For each b € Q let Uy, := Spec A\ V(b1 A). Since b=' A is dense in A, U,
is dense in Spec A and we may define an element 6(b) € H(A) as the image
of the section

b
pH;SGAp for some s € b 1A\ p

of Ospec A(Up) under the natural map Ospec 4(Upy) — H(A). It is a routine
matter to check that 6 : Q — H(A) defines an A-algebra homomorphism.
Since A is reduced and each b~ A is dense in B (b € Q), it turns out that 0
is injective. Hence we may identify @ with a subring of H(A).
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On the other hand, H(A) is a rational extension of A, since each
Ospec A(U) with U C Spec A open and dense is a rational extension of A (as
follows from (13.3) with the help of the isomorphisms A, — By, p € U). u

14. Entering varieties of 7-Spec A. Here we prove a theorem ((14.5))
about the location of V (a) with respect to V(a?) if a is a finitely generated
ideal of a super real closed ring A. By the general theory of real closed rings,
every point q of Spec A outside V' (a) that specializes to some point in V' (a)
has to enter V(a) at a first point, namely at q + \/a. Theorem (14.5) says
that this entrance point is minimal in V'(a). This is in strong contrast to the
semi-algebraic case (we assume some basic knowledge of real geometry for
this argument, cf. [BCR]): Let A be the ring of continuous semi-algebraic
functions R” — R and let f € A be the distance function to the closed unit
ball in R™. Then for each prime ideal q of A outside V(f) that specializes
to a point in V(f), the point q + /(f) lies in S*—1 = V(g), where g is the
distance function to the sphere S®~!. This point is not minimal in V(f) !

(14.1) LEMMA. Let A be a super real closed ring and let p be a prime
ideal of A. If f € A and /p + f- A is a proper T-radical ideal, then f € p.

Proof. First we show

(%) v+ f-A={ge€ Allg|" <|f| mod p for some n € N}.

The inclusion D follows from the convexity condition for the real closed ring
A/p. Conversely, since 1 € p+ f- A we have |f-h| <1 mod p for all h € A.
Therefore f2h? < |f| mod p for all h € A and it is straightforward to prove
that the set on the right hand side of (x) is an ideal of A. This ideal is radical
and contains p and f. This shows (k).

Now take a barrier function L : R — R (see [Tr1, (7.1)]). Since /p + f - A
is Y-radical we have LA(f) € \/p + f - A. Let Ag be a finitely generated super
real closed subring of A containing f such that LA(f) € v/p N Ag + f - Ap.
By (*) applied to Ag and p N Ag, there is some n € N such that |[LA(f)"| <
|f] mod pN Ag. Let k € N be such that Ay is of the form C(R¥)/I for some
T-radical ideal I of C(R¥) and let q € Spec C(R¥) be such that q/I = pN Ay.
Take a preimage F of f in C(RF). Then |LA(f)"| < |f| mod p N Ag means
(Lo F)" < |f| mod q. By [Tr1, (7.2)] we get F' € q. This in turn implies
fep m

(14.2) COROLLARY. Let A be a super real closed ring, let a C A be
an ideal and let f1,...,f, € A. If there is an T -radical prime ideal with
aCpCp+ (fiyoosfn) C A, then \Ja+ (fi,..., fn) is not T-radical.

Observe that in the case A = C(X), a might not be the largest z-radical
ideal contained in a++/(f1,..., fn), even if a = p is z-radical: take z-radical
prime ideals p C p1 C p2, a:=p and f € p2 \ p1.
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Proof. Suppose \/a+ (fi,..., fn) is Y-radical. Then

Vot VU d = Ve ra+ VT fo)
— ot Yo VT )

=p+ {/\/a+(f1,...,fn):p+\/a+(f1,...,fn)
=p+vVat V(i fo) =0+ V(1L fa),

hence p + v/(fi,---, fn) = V/p + (f2 + -+ + f2) is T-radical and by (14.1)
we get f24+---+ f2€p, thus fi,....,f, €p. =

(14.3) LEMMA. If a is an ideal of a super real closed ring A and q is
an T-radical prime ideal of A, then either q + /a € V(a)™® or q+ v/a is
T -radical.

Proof. We may assume that q++/a is a proper ideal, hence q++/a € V(a).
Take p € V(a)™® with a € p C q + @ Then p¥ C p,(q + Va)¥, so p
and (q 4 v/a)? are comparable. If (q + v/a)¥ C p, then, as q is Y-radical,
qC (q++va)T Cp,s0q++/aCp, which shows that q+/a =p € V(a)™",

Now assume that p C (q + +/a)’. Then v/a C p C (q+ +/a)”. Since q is
T-radical, also q C (q 4 /@), hence q + va = (q + /a)T is T-radical. =

(14.4) REMARK. If A = C(X) and q is a z-radical prime ideal of C'(X),
then the proof of (14.3), where “Y-radical” is replaced by “z-radical” and

the ideal construction I7 is replaced by the diamond construction I¢ (cf.
[Tr1, (3.4)]), shows that either q 4+ v/a € V(a)™", or q + \/a is z-radical.

(14.5) THEOREM. Let a be an ideal of a super real closed ring A and let
q be an T -radical prime ideal of A, not containing a and such that 1 € a+q.

Ifa+va=q+/(fi,.... fa) for some fi,..., fo, then q+a € V(a)™™.
Proof. By (14.2), g + v/a is not T-radical; then apply (14.3). =
Recall from [Tr1, (4.5)] the tubular ideal O(a) attached to an ideal a of
a ring A with normal spectrum: O(a) is the intersection of all prime ideals p
of A with 1 ¢ a+p; we have O(a) C a and the set V(O(a)) of prime ideals of
Spec A containing O(a) is the set &(V(a)) of all q € Spec A specializing to
some p € V(a). All this is explained at the beginning of Section 4 in [Tr1].
(14.6) COROLLARY. Let a be an ideal of a super real closed ring A. If

b is an ideal of A with O(a) C b C a such that \/a is finitely generated as a
radical ideal over b, then the map

V(b) = V(a), a—a+a,

maps minimal elements of V(b) to minimal elements of V(a).
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Proof. Let q € V(b)™". If g € V(a), then g+ /a =g, and as b C a, q is
already minimal in V'(a). So assume q € V(b)™" \ V(a). Since O(a) C b we
have q € &(V(a)) \ V(a). By assumption v/a = /b + (f1,..., fn) for some
fi,..., fn € C(X), hence

a+vVa=q+ o+ (fi,. .. fn)=a+Vo+/(f1,.... fa)
:q+\/b+(f1)7fn)7
since b C q. Thus we can apply (14.5) and get q + v/a € V(a)™". =

In contrast to (14.6), the map V(a) — V({/a), p — ¥/p, does not map
minimal elements of V(a) to minimal elements of V({/a), even if a is a
principal ideal and X is compact. Here is an example:

EXAMPLE. Let I := [-1,1] C R, let f € C(I) be the function f(z) =
x V0, and let a := f-C(I). Let h € C(I) be defined by h(z) =0if x <0
and h(z) = (log(z/e))~t if z > 0. Then x-h(x) = f(z)-h(z) € a but no
power of x and no power of h(z) is divisible by f in C(I).

This shows that  mod +/a is a zero divisor of C(I)/+/a, thus there is a
prime ideal p of C'(I) minimal over a, containing x. It follows that

Vp=p={9€C)]g(0) =0},

which is not minimal over /a: take q € Spec C(I), z-radical, such that the
prime filter { of closed subsets of I corresponding to q contains [—1, 0], avoids
{0} and specializes to 0. Then ¢a C q C /p.
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