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Minimal sets of non-resonant torus homeomorphisms
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Abstract. As was known to H. Poincaré, an orientation preserving circle homeomor-
phism without periodic points is either minimal or has no dense orbits, and every orbit
accumulates on the unique minimal set. In the first case the minimal set is the circle, in
the latter case a Cantor set. In this paper we study a two-dimensional analogue of this
classical result: we classify the minimal sets of non-resonant torus homeomorphisms, that
is, torus homeomorphisms isotopic to the identity for which the rotation set is a point
with rationally independent irrational coordinates.

1. Introduction and statement of results. Let T' = R\ Z and
let f: T' — T! be an orientation preserving circle homeomorphism. A lift
F:R — R of f satisfies f op; = p1 o F, with p;: R — T' the canonical
projection. The number

(1.1) p(F2) = lim @) =2

n—oo n
exists for all z € R, is independent of z and well defined up to an integer,
that is, if F' and F' are two lifts of f then p(F) — p(F') € Z. The number
p(f) = p(F,z) mod Z is called the rotation numberof f, and p(f) € Q if and
only if f has periodic points. Denote by ry: T' — T the rigid rotation of
the circle with rotation number . The following classical result classifies the
possible topological dynamics of orientation preserving homeomorphisms of
the circle without periodic points [P1l [P2, [P3].

POINCARE CLASSIFICATION THEOREM. Let f: T' — T' be an orienta-
tion preserving homeomorphism such that p(f) € R\ Q. Then

(i) if f is transitive then f is conjugate to the rigid rotation vy,
(ii) if f is not transitive then f is semi-conjugate to the rotation v,y
via a non-invertible continuous monotone map.
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Moreover, f has a unique minimal set M, which is the circle T' in
case (i) and a Cantor set in case (ii), and M = Q2(f) = w(z) = a(x)
for all z € T'.

Here, 2(f) is used to denote the non-wandering set of f and w(z), a(zx)
the omega-limit and alpha-limit sets of f relative to z € T'. Every connected
component I of the complement of the Cantor minimal set is a wandering
interval, i.e. f*(I) NI = () for all n # 0. Given a Cantor set in the circle,
there exists a circle homeomorphism with any given irrational rotation num-
ber that has this Cantor set as its minimal set. This fact was first explicitly
mentioned by Denjoy [D], but essentially known already by Bohl [Bo| and
Kneser [Kn]. Denjoy [D] proved that an orientation preserving circle dif-
feomorphism f € Diff?(T!) with irrational rotation number is necessarily
transitive and hence cannot have a wandering interval; see also [H] where
these ideas are further developed.

The key feature of an orientation preserving circle homeomorphism with-
out periodic points is that it has an irrational rotation number which is inde-
pendent of the basepoint, and the rotation with the corresponding rotation
number is minimal. A natural generalization to dimension two is as follows.
Let T? = R?\ Z2, where p: R? — T? is the canonical projection mapping.
We denote by Homeo(T?) the class of homeomorphisms of the torus and by
Homeog (T?) € Homeo(T?) the subclass of homeomorphisms isotopic to the
identity. Given an element f € Homeog(T?), we denote by F': R? — R? a lift
to the cover. Any two different lifts F) F of f differ by an integer translation,
that is, F(z) = F(z) + (n,m) where (n,m) € Z2. Given a lift F and % € R2,

define . . N
= Qe

The rotation set of f is defined as p(f) = p(F) mod Z2. In words, the
rotation set collects all limit points, modulo Z2, of sequences of the form

Fre(z) — %

Y

Ze ]RQ) c R2.

ng

where ny, — oo for k — oo and Z € R2. The rotation set of a homeomor-
phism f € Homeog(T?) is in general no longer a single point, but a convex
connected closed set (see [MZ]). We define

(1.2) Homeo, (T?) ¢ Homeog(T?)

to be the class of homeomorphisms isotopic to the identity for which the
rotation set p(f) = (a,3) mod Z? is a single point where the numbers
1, a, B are rationally independent. These homeomorphisms are said to be
non-resonant torus homeomorphisms.
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Generalizations of Poincaré’s Theorem have recently seen much progress
through the work of F. Béguin, S. Crovisier, T. Jager, G. Keller, F. Le Roux
and J. Stark [Bel JK| [JS], where one considers an analogous class of torus
homeomorphisms, namely quasiperiodically forced circle homeomorphisms,
which are torus homeomorphisms of the form (z,0) — (z+a, go(x)) mod Z2,
with (z,0) € T2, go: T' — T! circle homeomorphisms and a € R\ Q.
In [Be, JK. [JS], the appropriate analogues of the results of Poincaré and
Denjoy in the class of quasiperiodically forced circle homeomorphisms are
developed. Analogues of Poincaré’s Theorem in the setting of conservative
torus homeomorphisms are developed by T. Jager in [J]. In the setting of
non-resonant homeomorphisms of the two-torus, introducing differentiability
or other geometrical conditions on the homeomorphisms gives rise to ana-
logues of Denjoy’s Theorem; see [Nol [NV] INS] for results in this direction.

To state our results, we need the following definitions. A connected set
X C T? is said to be (un)bounded according to whether a lift X C R? is
(un)bounded as a subset of R?, where a lift X of X is a connected component
of p71(X). A compact and connected set is called a continuum. A continuum
in T? is called non-separating if its complement in T? is connected. Given
a bounded continuum C C T?, we define Fill(C) C T2, the filled continuum,
to be the smallest (with respect to inclusion) non-separating bounded con-
tinuum containing C. A bounded non-separating continuum in T? is called
acyclic.

DEFINITION 1 (Extension of a Cantor set). Let M be a minimal set for
f € Homeo,(T?), and {A;};c;r be the collection of connected components
of M. If Fill(4;) is acyclic for every i € I, Fill(4;) NFill(A;) = 0 if ¢ # j
and there exists a continuous ¢ : T? — T2, homotopic to the identity, and
an f € Homeo,(T?), such that

(i) ¢o f f o ¢, i.e. f is semi-conjugate to f,
(il) M :=¢(Q ) C T? is a Cantor minimal set for f

where Q = Uie[ Fill(4;), then we say M is an extension of a Cantor set.

Put in words, M is an extension of a Cantor set if the semi-conjugacy ¢
between f and f sends the collection of filled in components of M to points
in a one-to-one fashion, and the corresponding totally disconnected set M is
a Cantor minimal set of the factor f. An extension of a Cantor set is called
non-trivial if there exist components of M that are not singletons.

Further, we define the following. A disk D C T? in the torus is an injec-
tion by a homeomorphism of the open unit disk D? C R? into the torus. An
annulus A C T? is an injection by a homeomorphism of the open annulus
S x (0,1) into the torus; an annulus A is said to be essential if the inclusion
A— ’]I‘Q induces an injection of 71 (A) into my (T?).
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Let us now state our main results. Our first result gives a classification
of the possible minimal sets of homeomorphisms in our class Homeo, (T?).

THEOREM A (Classification of minimal sets). Let f € Homeo,(T?) and
let M be a minimal set for f. Let { X} }rez be the connected components of
the complement of M in T?. If M # T2, then either

(I) {X%} is a collection of bounded and unbounded disks,
(IT) { X%} is a collection of essential annuli and bounded disks, or
(III) M is an extension of a Cantor set.

We prove this result in Section 2l The proof of Theorem A implies

COROLLARY 1 (Structure of orbits; types I and IT). Let f € Homeo, (T?)
with a minimal set M of type I or II. Then

(1.3) M= 02(f) =w(z) = a(z)
for all z € T2. In particular, M is unique.

In [Bel Thm 1.2], F. Béguin, S. Crovisier, T. Jager and F. Le Roux con-
struct a counterexample to the conclusion of Corollary [I| in the case where
M is of type III in the setting of quasiperiodically forced circle homeomor-
phisms. Formulated in our terminology, this result reads

COUNTEREXAMPLE 2 (Structure of orbits; type III [Bel). There exist
homeomorphisms f € Homeo,(T?) which have a unique Cantor minimal
set M (and are thus of type III), but are transitive.

In other words, M # T? is the unique Cantor minimal set, but 2(f)
= T2. Uniqueness of minimal sets of type III homeomorphisms has not yet
been settled: see Question 1 in the final section of this paper. Further, we
have

COROLLARY 3 (Connected minimal sets). Let f € Homeo,(T?). If M
£ T2, then M is connected if and only if M is of type L.

To state the third corollary, we need the following. Recall that a null-
sequence is a sequence of positive real numbers for which for every given
€ > 0, only finitely many elements of the sequence are greater than e.

DEFINITION 2 (Quasi-Sierpinski set). A quasi-Sierpinski set is a contin-
uum S = T\ Uy Di with {Dyg}rez a family of disks such that (Jy.,, D
is dense in T?, and

(a) Dy is the interior of a closed embedded disk, for every k € Z,

(b) CI(Dy) N Cl(Dy) is at most a single point if k £ &/,

(c) diam(Dy), k € Z, is a null-sequence.

If property (b) above is replaced by the condition that Cl(Dy)NCl(Dy/) = 0
if k # k', then we refer to S as a Sierpiriski set.
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A closed subset of a topological space is locally connected if every of its
points has arbitrarily small connected neighbourhoods. Requiring a minimal
set to be locally connected reduces the list of Theorem A to one type of
non-trivial minimal set.

COROLLARY 4 (Locally connected minimal sets). Let f € Homeo,(T?)
and suppose that the minimal set M of f is locally connected. Then either
M =T? or M is a quasi-Sierpiriski set.

This result was (essentially) proved by A. Bis, H. Nakayama and P. Wal-
czak in [B1]. We show how this result, for our class of homeomorphisms, can
be recovered from Theorem A above, and our line of approach is different.
Rather than assuming the minimal set is locally connected from the start as
in [BI], here we show that most of the minimal sets of Theorem A are not
locally connected, ultimately arriving at the only possible locally connected
minimal set, a quasi-Sierpinski set.

Our second result says that the classification of Theorem A is sharp in
the following sense.

THEOREM B (Existence of minimal sets). Fvery type of minimal set
Theorem A allows is realized by homeomorphisms in Homeo,(T?).

This result is proved by a number of examples constructed in Section
below. Let us briefly discuss these. It is well-known there exist homeomor-
phisms f € Homeo,(T?) for which the minimal set is a Sierpiniski set. The
first example given, a locally connected quasi-Sierpinski minimal set that is
not a Sierpinski set, is known [B1]. The examples constructed below are a
minimal set for which the complement is a single unbounded disk (type I),
a minimal set for which the complement components are essential annuli
and bounded disks (type II) and examples of rather exotic non-trivial ex-
tensions of Cantor sets (type III), where the minimal sets constructed are
homeomorphic to Cantor dust interspersed with various continua.

2. Classification of minimal sets. In what follows, let f € Homeo, (T?)
with M a minimal set of f. This section is devoted to the proof of Theo-
rem A.

2.1. Preliminary results. We first set notation and recollect several
basic results to be used in the remainder of this paper.

Let us first recall the following. A vector (o, 3) € R? is irrational if the
numbers 1, «, 8 are rationally independent, that is, the only solution over
the integers of

(21) Nl—I—NQOt—FNgﬁ:O
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is N = Ny = N3 = 0. The translation 7: T? — T? corresponding to (a, 3),
(2.2) 7: (x,y) — (z + o,y + 3) mod Z2,

is minimal if and only if the vector («, 3) is irrational. The class of homeo-
morphisms of the torus T? isotopic to the identity with rotation set consist-
ing of a single irrational vector will be denoted by Homeo,(T?). It is easy
to see that a homeomorphism f € Homeo,(T?) has no periodic points.

LEMMA 5. Let f € Homeo,(T?). If X C T? is a bounded connected set,
then f*"(X) # X for all n # 0.

Proof. If X C T? is bounded and fV(X) = X for some N # 0, we can
take a lift F of f and a lift X of X such that FN(X) = X. Let Z € X. As X
is bounded, we must have p(F,z) = (0,0) and thus p(f, z) = (0,0) mod Z?2,
where z = p(Z), contrary to our assumption on the rotation set. m

In other words, if X C T? is a connected and f-invariant set, then X is
necessarily unbounded. In what follows, let

(2.3) Tpg: R = R% T, 4(z,y) = (z+p,y +q),
where (p, q) € Z2.

LEMMA 6. Let f € Homeo,(T?) and F a lift of f. Let D C R? be a
closed topological disk. Then there exist no N # 0 and (p, q) € Z* such that

FN(D) CTpq(D) or Tpe(D)C FN(D)~

Proof. Suppose that there exist N # 0 and (p, q) € Z? such that FV (D)
C T,4(D). Choosing a different lift Fif necessary, we may assume that
FN(D) C D. By the Brouwer Fixed Point Theorem, FV has a fixed point
on D, and thus f has a periodic point, contrary to our assumptions. The
case where T}, ,(D) C FN(D) follows by considering the inverse F~!.

Next, we turn to the topology of domains in the torus. In the subsequent
proof, the various topological types of domains on the torus play an impor-
tant role. In what follows, a domain is an open connected set. Let v C T?
be an essential simple closed curve. We say the curve v has homotopy type
(p, q) if 7y lifts to a curve 7 C R? such that, up to a suitable translation, ¥
connects the lattice points (0,0) € Z2 and (p, ¢) € Z? with p and q coprime.
Then 7 is periodic in the sense that

(2.4) 7= T (),
ne”L

where 7 C 7 is the arc connecting (0, 0) and (p, q). Let D C T? be a domain.
The inclusion D — T? naturally induces an injection of 71 (D) into 71 (T?).
This gives rise to the following.



Minimal sets of torus homeomorphisms 47

DEFINITION 3 (Types of domains). A domain D C T2 is said to be
trivial, essential or doubly essential according to whether the inclusion of
71(D) into 71 (T?) is isomorphic to 0,7 or Z? respectively.

DEFINITION 4. An essential domain D C T? has characteristic (p,q) if
an essential closed curve v C D has homotopy type (p, q).

Note that Definition [4] is correct, in the sense that any other essential
simple closed curve in D must have the same homotopy type (as otherwise
the domain D would be doubly essential). The following lemma relates the
notion of a trivial and essential domain to that of a disk and essential annulus
in the torus respectively.

LEMMA 7. A domain D C T? such that D is simply connected is trivial
(resp. essential) if and only if it is a disk (resp. essential annulus) in the
torus.

Proof. As the “if” part is evident, we need only prove the “only if” part.
First suppose that D is trivial and let D be a lift of D. By the Riemann
mapping theorem, there exists a biholomorphism ¢: D? — D, where D?
C R? is the unit (Poincaré) disk. As D is trivial, no two points in D are
identified under the action of the translation group Z* C R? and thus p| pis
injective, where p: R? — T? is the projection mapping. Therefore, the map
po¢: D? — T? satisfies p o (D?) = D, and thus D C T? is a disk.

Next, suppose that D is essential. Then there exists a unique pair (p, q)
€ Z* with ged(p,q) = 1 such that the translation T, , leaves D invariant,
ie. Tp7q(5) =D. Further, as Dis simply connected, again by the Riemann
mapping theorem, there exists a biholomorphism ¢: D? — D. As Tpyq:
D—Disa biholomorphism, the map

MZD2—>D2, N:¢710Tp,qo¢7
is itself a biholomorphism and thus a Mobius transformation. Moreover, as
T),4 does not fix any point in D, p does not fix any point in D? and thus u
is either a hyperbolic or a parabolic Mobius transformation.

As is well known, D? \ (1) is conformally equivalent to an annulus if y is
hyperbolic, and conformally equivalent to the once punctured disk D? \ {0}
if v is parabolic (see e.g. [AD]). Thus both are topologically equivalent to an
annulus S* x (0,1), therefore so is D \ (Tp.q)- As D admits no translations
other than (multiples of) T}, , that leave D invariant, the continuous projec-
tion p restricted to D\ (T,.4) into the torus T? is an injection and thus D is
indeed topologically equivalent to the annulus S! x (0,1). =

We recall some standard results from decomposition theory, to be used
in the proof of Theorem A. In the following statements, let M be a closed
surface.
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DEFINITION 5. A collection U = {U;};cs of continua in a surface M is
said to be upper semicontinuous if the following holds:

(1) If U, U; € U, then U; NU; = 0.

(2) Each U; is non-separating.

(3) M =Uje, Us-

(4) If U;,, with k € N is a sequence that has the Hausdorff limit C, then
there exists U; € U such that C C U;.

In a compact metric space, every Hausdorff limit of continua is again
a continuum. We have the following classical result (see for example [W]
or [Dal).

MOORE’S THEOREM. Let U be an upper semicontinuous decomposition
of M so that every element of U is acyclic. Then there is a continuous map
¢ : M — M that is homotopic to the identity and such that for every z € M,
¢~ L(2) =U; for some U; € U.

The following is a corollary of Moore’s Theorem (see also [Br]). We give
a proof here for the convenience of the reader.

LEMMA 8. Given an upper semicontinuous decomposition U of T? into
acyclic elements and an f € Homeog(T?) that sends elements of U onto
elements of U. Then the map f: T? — T? defined by o f(z) = fo &(2), for
every z € T2, is an element of Homeog(T?). In other words, f is semicon-
Jjugate to f through ¢.

Proof. The map ¢: T? — T? given by Moore’s Theorem, sending ele-
ments of U to points, is continuous. The map f, where ¢ o f(z) = f o ¢(z2),
is one-to-one as f sends elements of U onto elements of U. To prove that
f is continuous, we observe that, whenever C C T? is closed, so are C' =
(¢pof)~1(C) and C" = #(C’), since ¢ and f are continuous and T? is compact.
Since " = f_l(C), this shows that fis continuous and hence a homeomor-
phism, again by compactness of T2. m

2.2. Topology of the domains Y. In what follows, let X' = X be any
element of { X}, the collection of connected components of the complement

of M, a minimal set of an element f € Homeo,(T?). Further, let d(-,-) be
the standard Euclidean metric on R?, and d(-, -) the (induced) metric on T?.

LEMMA 9. If fM(X)N XY = 0 for all n # 0, then X is a disk or an
essential annulus.

Proof. First, suppose that X is doubly essential and let v,7" C X be
two non-homotopic essential simple closed curves. As f is homotopic to
the identity, the homotopy classes of f(v) and v are equal. As any two
non-homotopic simple closed curves on the torus intersect, it follows that
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f(y) N+ # 0. Therefore f(X) N X # () and thus X has to be either trivial
or essential. B

Thus let X' be a trivial or essential domain and let X' be a lift of X
In order_to show that X' is a disk or an essential annulus respectively, by
Lemma [7] it suffices to show that X is simply connected. Suppose it is not.
Then there exists a simple closed curve v C X' such that the open disk D,
with boundary curve v has the property that

(2.5) D, Np (M) # 0.
Let F be a lift of f. As every point in M is recurrent, there exists a sub-
sequence ny such that f"(z) — z for k — oo. Therefore, by passing to a
subsequence if necessary, we may assume that for all £ > 1,
(2.6) F™(Dy) N Ty g, (Dy) # 0
for certain (pg, qr) € Z2. Given (2.6)), there are two possibilities. For a given
k > 1, we have either

(@) F"(Dy) C Tpyqu(Dy) or Tp, g, (Dy) C F"™(D5), or

(b) F™(y) N Ty q(7) # 0.

Case (a) can be excluded as, by Lemma@, this yields periodic points for f.
Furthermore, case (b) is ruled out as this implies that

(2.7) F™ ()N Ty g0 (2) # 0,

implying that f™(X) N X # @, contrary to our assumption. Therefore, b))
must be simply connected indeed. =

In what follows, a fundamental domain of T? is defined as the standard
square [0, 1] x [0,1] C R? and the integer translates thereof.

LEMMA 10. If X is trivial, then X is a disk. Moreover, if X is bounded,
then f"(X)NX =0 for all n # 0.

Proof. Because M is invariant, we have either (a) f*(X) N X = § for
all n # 0, or (b) f¥(X) = X for some N # 0. In case (a), ¥ is a disk by
Lemma [9} In case (b), Lemma [f implies that X is necessarily unbounded.

Thus we need to show that for unbounded X', the set Y is simply con-
nected if fV(X) = X for some N # 0. We may as well assume that N = 1.
Take a lift F of f such that F(X) = Y. If X is not simply connected, then
there exists a simple closed curve v C Y such that the disk D, C R? with
boundary curve 7 has the property that D, N p~1(M) # 0. Similarly to
Lemma [0] there exists a subsequence ny, such that, for k > 1,

(2.8) F™(Dy) N Ty, qr.(Dy) # 0
for certain (p,qr) € Z2. As
o(f) = p(f,2) = (@, B) mod Z2 # (0,0) mod Z2
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for every z € T2, it follows that d(F™(%),%) — oo for k — oo. In partic-
ular, passing to a subsequence once again, we may assume that F"*(Z2) is
contained in a fundamental domain different from that of z, for all k > 1.
Condition gives again the two possiblities (a) and (b) of Lemmal9] and
we can exclude case (a) as this would yield periodic points for f. Therefore,
forall £k > 1, reduces to the condition that

(2.9) F™ (7) N Ty g (7) # 0
for some (pg, qx) € Z%. Thus for every k > 1,

(i) F" () N Ty g (1) # 0,
(ii) F"(y) lies in a fundamental domain different from that of -,

(iii) F™(y) C X.

Condition (iii) follows simply from the fact that X is F-invariant and v C X.
Fix any k > 1, choose W € F™ (y) N T}, 4 (v) and let @' = T, 1 () € ~. As
Yisa domain, it is path-connected and thus there exists an arc n C Y con-
necting w and w’. As these endpoints lie in different fundamental domains
of T2, n projects under p to an essential closed curve, as its endpoints differ
by an integer translate. However, this contradicts our assumption that X' is
trivial (and thus does not contain any essential simple closed curves). This
contradiction shows that ¥ must be simply connected, and this completes
the proof. m

Using the irrationality of the rotation vector (a, ), we now deduce the
following.

LEMMA 11. If X is essential, then X is an essential annulus and f™(X)N
Y =0 for alln #0.

Proof. Tt suffices to show that if X is essential, then f™(X) N X # () for
all n # 0. It then follows from Lemma [J] that X' is an essential annulus.
Assume that X' has characteristic (p, ¢). We will show that, by our choice of
translation number, fV cannot fix an essential domain, for any N # 0. To
derive a contradiction, suppose there exists an N # 0 such that fV(¥) = X.
We may assume that N = 1, i.e. f(X) = X. Let v C X be an essential simple
closed curve and let 4 be a lift of v. We may assume that 7 passes through
(0,0) € R% and by definition it also passes through (p,q) € R?, where
p,q € Z and ged(p,q) = 1. The arc n C 7 connecting (0,0) and (p,q) is
compact and therefore bounded. Therefore, the curve 7 divides R? into two
unbounded connected components H; and H,., homeomorphic to half-planes,
so that R?2\ ¥ = H; UH,. and H; N'H, = (). Further, as v is a simple closed
curve, any integer translate 7' = Ty ,(7), where (p/,¢’) is not an integer
multiple of (p, ¢), has the property that ¥'N7y = (). This follows from the fact
that X is essential, but not doubly essential; if ¥ # 7, then there exists an arc
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¢ C X connecting (0,0) to a point (p/,¢') = Ty (0,0) which is not a multiple
of (p,q); the projection of ¢ under p would then lie in a homotopy class
other than that of v, implying that 2 would be doubly essential, contrary
to our assumption. Therefore, we can choose integer translates 7; and 5, of
7 contained in H; and H, respectively and we can define I' C R? to be the
infinite strip bounded by ~; U ;..

We claim that ¥ C T Indeed, if rnre # (), where ' :== R?\ I', then
YN (3 UA,) # 0. Suppose that X N, # 0. The case where X N5, # 0 (or
both) is similar. Let 2’ € N q;- Because v C Y and X is path-connected,
there exists an arc ( C X connecting z’ to a point z € 5 such that z =
p(Z') = p(Z). As the arc ¢ connects two lattice points whose projection lies
in a homotopy class different from -, this would imply that X' is doubly
essential, contrary to our assumption. Thus X C I'. B B

To finish the proof, choose a lift F' of f such that F(X) = X. As I' is
invariant under the translation T}, ;, and ycr , we must have

q

F"z)—-z b
2wy o9 = g PO, e b=

for every z € Y. As (a,b) = (o +s,0 +t) for certain s,t € Z and o, 3 ¢ Q,
we see that a = a+ s # 0 and b= 5+t # 0, and we obtain
(2.11) ats_a_p

B+t b gq
Rewriting (2.11)) gives

qa —pB — (gs — pt) = 0.

As p,q,qs — pt € Z, with (p,q) # (0,0), this gives a non-trivial solution
of (2.1), which contradicts the irrationality of (c, ). m

The following lemma shows that not all combinations of types of domains
can occur.

LEMMA 12. The collection { Xy} cannot contain both an essential annu-
lus and an unbounded disk.

Proof. Suppose, to derive a contradiction, that {Xj} contains both an
essential annulus and an unbounded disk. By Lemma {X)} contains
infinitely many essential annuli; denote these by {X}}. Note further that,
as all these annuli are disjoint, they all have the same characteristic, which
we assume to be (0,1); the proof in the case of any other characteristic
is entirely similar. Denote by X an element of {¥}} homeomorphic to an
unbounded disk.

Let X C R? and g’,‘j C R? be lifts of X and 27 respectively. Take z € x

and let 5 be the horizontal (Euclidean) line through Z. Let I C £z N X be
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the connected component containing z. As the line 5 is horizontal and the
characteristic of the essential annuli X7 is (0,1), the length of the interval
I is finite. Indeed, as the characteristic of the annuli is (0,1), curves in
these annuli lift to curves in R? which are homotopic, and therefore within
uniformly bounded distance of genuinely vertical Euclidean lines. As the
length of a horizontal line segment disjoint from the genuinely Euclidean
vertical curves is at most 1 by periodicity, the length of I has to be finite, as
a homotopy moves points a uniformly bounded distance. Let 2=, 2% € 01 be
the left and right endpoints of the interval I respectively. As z—,2" € X,

(2.12) £ i=p(Ft) € 0¥ c M.
Define I*' = T (I). Let v C X¢ be a simple closed curve and J a lift
of ~g. Certaﬁnly,’%g N Ty (1) for all n € Z. As every orbit in M is dense,
we can take a point 2’ € 9X¢, for some k € Z, and find subsequences
ke and kj such that fF(z) — 2zt and f¥(2') — 2z~ for t — oo. After
appropriately labelling the annuli if necessary, we find points 2, € v, C 27,
and 2 € Wy C 2 such that 2, — 2% and 2y — 27 for t — oo. Thus
we can find lifts 74, and 7;; and points z, € Yk, and zj; € 7, such that
Zk, — 27 and zy — 2z~ for t — oo. As the curves Vkes Vi, are periodic (in
the sense of ), they define an infinite strip I} that contains the line
segments 7'y (I) for all n € Z. Further, after a relabelling if neccesary, we
may assume that I'y C Iy if ¢/ > t. We now see that Y C I} for every t > 1
and [ C Y.

By periodicity, Tg (Z,) and T3 (Z);) limit to T+!(Z+) and T+ (z7)
respectively. Therefore, as Y is unbounded, we must have either ¥n To1(I)
# () or ) ﬂT(ill(I) # (), or both. As Y is path-connected, we can find an arc

n C Y that projects under p to an essential closed curve v C X', which is the
desired contradiction: X' is a disk and thus does not contain any essential
closed curves. =

We recall that a Cantor set can be characterized topologically as being
compact, perfect and totally disconnected.

LEMMA 13. If X is doubly essential, then M is an extension of a Cantor
set.

Proof. Denote by {4;}icr the collection of connected components of M.
Because X is doubly essential, f(X)NXY # ), hence f(X) = X. As f(X) = X,
we have f(0X) = 0X. Further, as 0 C M and 90X is closed, 0¥ = M
by minimality of M. Let A := A; for some i € I. As A is closed in M and
M is closed in T2, A is closed, and thus compact, in T2. Therefore, A is a
continuum. Further, as M is nowhere dense (as M # T?), it follows that A
is nowhere dense.
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We need to show that a lift A of A is bounded. As X is doubly essential,
there exist two non-homotopic essential simple closed curves v,7 C . As
these curves are non-homotopic, their respective lifts 7,5’ C_X and the
integer translates of these lifts tile R? into bounded disks. As AN X =0, it
follows that A has to be contained in one of these bounded disks, implying
A itself is bounded.

As A is a connected component of M, we must have either f™(A)N A
= ( for all n # 0, or fN(A) = A for some finite N # 0. However, the
latter is excluded by Lemma [5] as A is bounded, and thus f"(A)NA = 0 for
all n # 0. As A is a bounded continuum, T? \ A has a unique unbounded
component and all the other components are bounded disks. Let D be one
such disk. Then Y is contained in the unbounded component: indeed, other-
wise we can take a point z € D N X and an essential simple closed curve
v C X passing through z; as M N X = () and z € D, this implies that
~v C D, contradicting that D is a disk. We thus conclude that D N X = (.
Further, if D NM # 0, then X N D # () as 90X = M, which contradicts our
earlier conclusion. In other words, to a component A, we can uniquely adjoin
the open disks which, apart from the unique doubly essential component
containing ¥, form the connected components of T2\ A. This proves that
Fill(4;) N Fill(A;) = 0 if ¢ # j, with Fill(4;) a bounded non-separating
continuum, for every ¢ € I.

Let again A; be any component of M and define O = Uier Fill(4;).
Define the decomposition ¢ of T? into the continua {Fill(A;)};c; and sin-
gletons in the complement of these continua. In order to show that M is an
extension of a Cantor set, we first show that the decomposition U is upper
semicontinuous. By Moore’s Theorem, this implies there exists a continu-
ous ¢: T2 — T? such that ¢~1(2) = U; for every z € T?. We have already
shown that the decomposition U satisfies conditions (1)—(3) of Definition [
To prove it satisfies condition (4), we need to show that if a sequence of con-
tinua U, , with k € Z, has Hausdorff limit C, then C C U; for some j € J.
This being obvious if C is a singleton, assume C is a non-trivial continuum.
Note that every non-degenerate element U;, € U has 0U;, C 90X = M. Fur-
ther, without loss of generality, we may assume that no dl;, is a singleton
and that they are mutually disjoint.

We first claim that the interior of C has to be empty. Indeed, if not,
there would exist a subsequence of elements for which the largest open disk
contained in the interior of ¢/;, would be bounded from below, contradicting
that the torus is compact and the elements mutually disjoint. Therefore, as
oU;, C M, every point of the Hausdorff limit C is the limit point of a se-
quence of points of M. As M is closed, this implies C is itself contained in M.
In particular, as C is connected, C is contained in a connected component of
M, ie. C C A; C U; for some j € J. So U is upper semicontinuous indeed.
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We have already shown that all non-trivial elements of f are non-separating
and bounded, and thus acyclic.

Thus, by Moore’s Theorem, there exists a continuous ¢: T? — T2, homo-
topic to the identity, such that for every z € T2, ¢~!(z) is a unique element
of U. By Lemma [8, as U is upper semicontinuous and f sends elements of
U into elements of U, the mapping f defined by ¢po f = f o ¢ is an ele-
ment of Homeog(T?). By a standard argument, p(f) = p(f) mod Z?2, thus
fe Homeo, (T?). This proves condition (i) of Definition

To prove condition (ii) of Definition |1} we need to show that M =
¢(@) C T? is a Cantor minimal set for f As M is a minimal set for f, M is
a minimal set for f Further, as M is totally disconnected by construction,
it suffices to show that it is compact and perfect. First, Q is compact as the
complement X' is open. Because ¢ is continuous, M is compact. To show
M is perfect, we observe that, because Fill(A;) NFill(A;) = 0 if ¢ # j, no
element Fill(4;) is isolated, as this would imply that a component A; is
isolated. Therefore, by continuity of ¢, no point of M is isolated, and thus
M is perfect. »

2.3. Proof of Theorem A and its corollaries

Proof of Theorem A. To show that the minimal set M of f is either of
type I, IT or III as given above, assume that M # T? and let {¥3} be the
collection of connected components of the complement of M. If no element
of {¥)} is doubly essential, then X} is either trivial or essential, for all
k € Z. By Lemmas [10| and {X)} are all disks and/or essential annuli;
however, by Lemma |12} { ¥} cannot both contain an essential annulus and
an unbounded disk. In case no element Y}, is essential, we have a type I
minimal set. In case at least one, and therefore infinitely many, connected
components are essential, we have a type II minimal set. If for some k, X
is doubly essential, then M is an extension of a Cantor set by Lemma
and these correspond to type III minimal sets. This concludes the proof. m

Proof of Corollary [l Let M be a minimal set of f of type L. It suffices
to show that M = £2(f). Indeed, if this is shown, then by minimality of M
and the inclusions a(z),w(z) C 2(f), with w(z), a(z) closed and f-invariant
sets for every z € T?, we obtain . Uniqueness then also follows, as any
other minimal set M’ of f has to be contained in the complement of 2(f),
which is clearly impossible: if z € M’ then z would be both recurrent and
wandering, which are incompatible conditions to hold simultaneously.

First, suppose that M is of type I. Fix a component X' := Y. Then
X is a disk. If X' is bounded, then by Lemma [10] we have f*(X)NX = ()
for all n # 0, and thus X' N Q2(f) = 0. So it remains to consider the case
where X/ is an unbounded disk. We may assume that there exists an N # 0
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such that fV(X) = ¥, as otherwise we are done by the previous argument.
A straightforward modification of the argument of Lemma shows that
Q(f) N X = 0 in this case as well. Finally, if M is of type II, then all
elements of { X} are essential annuli or bounded disks. We need only show
that if X is an essential annulus, then 2(f) N X = (). This follows from
Lemma stating that f™(Xy) N X, = 0 for all n # 0, and this finishes the
proof. =

Proof of Corollary[3 First, it is readily verified that no minimal set of
type II or III is connected. Conversely, let M be of type I, so that X is an
open topological disk for every k € Z. In each disk X, we can find a sequence
D}, of nested disks, i.e. D}, C Dtk,“, embedded in X, such that CI(D}) is a
closed disk and | J,~, Di = Y. We can accomplish this by uniformizing each
disk X} to the unit disk D?, taking nested such disks centred at the origin
in D?, and pulling these back to Xj. Define I} = T?\ Ukez Di- We claim
that I} is connected. Indeed, define the compact sets It = T\ [J;__, D}.
Clearly, I'7, as the torus with finitely many disjoint disks whose closures are
disjoint deleted, is connected. As It C I¥, we see that I} = (\,», I} is
connected as well. By the same token, as Iy, C I} with I} compact and
connected for every ¢ > 1, we conclude that M = (,~, I is connected. =

Sketch of the proof of Corollary[4 First, it is not difficult to show that a
locally connected minimal set M has to be of type I and that the collection
{Z)} cannot contain an unbounded disk. By the same arguments as in [BI,
Lemma 7], one can now show that diam(XY%) is a null-sequence. Further, as
no minimal set of a homeomorphism of a compact metric space can have
cut points by [BIl Lemma 2], it follows from e.g. [Ku, Thm. 61-4] that X
is the interior of a closed embedded disk.

To show that Cl(Xy) N Cl(X}) consists of at most one point if k # &/,
we reason as follows. Denote X = X} and X' = X} and let v = 9% and
v = 90X, both simple closed (trivial) curves. Assume, to the contrary, that
v N~ contains at least two points z1, z9. There exists an arc n C CI(X)
starting at z; and ending at zo such that n N 90X = {z1,22}. Similarly,
there exists an arc ' C CI(X’) starting at z; and ending at zy such that
n' NIX = {z1,22}. Then nUn' forms a simple closed curve that bounds
a disk D. As the diameters of X' and X’ tend to zero, diam(f"(D)) — 0
for |n| — oo. Furthermore, as z; # z2, and D contains arcs contained in
0 and 90X joining z; and zo in its interior, we have D N M # (. As
diam(f"(D)) is a null-sequence, for sufficiently large N we have fV (D) C D,
which by Lemmal 6] implies f has periodic points. Therefore, C1(X) N C1(X")
can consist of at most a single point and thus M is indeed a quasi-Sierpinski
set. m
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3. Existence of minimal sets. Having given a classification of the
possible minimal sets of homeomorphisms f € Homeo,(T?), in this section
we aim at constructing such homeomorphisms admitting a minimal set of
every type Theorem A allows. More precisely, we show there exist f €
Homeo, (T?) whose minimal set M

(1) is a quasi-Sierpinski set, but not a Sierpinski set,

(2) has complement consisting of a single unbounded disk,
(3) has complement consisting of essential annuli and disks,
(4) is a non-trivial extension of a Cantor set.

It is well-known there exist f € Homeo,(T?) for which the minimal
set is a Sierpinski set. Example [1| constructed in [BI], is derived from the
Sierpinski set; see also Section below for a discussion of this example.
The remainder of this section is devoted to the construction of Example [2]
(type I), Example (3| (type II) and Example {4] (type III). Combined, these
examples prove Theorem B.

3.1. Homeomorphisms semiconjugate to an irrational transla-
tion. There is a natural subclass of Homeo, (T?), namely those homeomor-
phisms that are semiconjugate to an irrational translation of the torus. In-
deed, a standard argument shows that an element f € Homeog(T?) semi-
conjugate to a translation 7, through a continuous map homotopic to the
identity, has the property that p(f) = p(r) mod Z2. Given a continuous
map 7: T? — T2, we call the set of points

(3.1) Re={z€T?|#(x *(n(z)) =1} c T
the regular set of .

DEFINITION 6. We define Homeo (T?) C Homeo,(T?) to be the class of
homeomorphisms which satisfy the following:

(i) f is isotopic to the identity, i.e. f € Homeog(T?),
(ii) there exists a monotone @ and continuous 7 : T? — T2, homotopic
to the identity, and an irrational translation 7 such that o f = rox

(cf. ),

(iii) the regular set R, is uncountable.

The following simple but important observation plays a crucial role in
the constructions below. In what follows, we denote by O¢(z) the full orbit
of a point z under f.

LEMMA 14. Let f € Homeoy(T?), with w the corresponding semiconju-
gacy. Then f has a unique minimal set M and

(3.2) M =Cl(Rr) = Cl(Of(2)) for any z € Ry.

(*) A map is said to be monotone if every point-inverse is connected.
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Proof. Let us first prove the uniqueness of the minimal set. Let M and
M’ be two minimal sets for f. Because M is closed and f-invariant, 7(M)
is closed and 7-invariant. In particular, 7(M) contains the complete T-orbit
of every point w(z) € (M), where z € M. Since every orbit of 7 is dense,
we have m(M) = T2. Similarly, 7(M’) = T2. Take z € R, # 0. Then
{2} = 77 1(n(2)) is contained in both M and M’. As two minimal sets are
either identical or disjoint, this implies that M = M’.

Next we prove that M = Cl(O¢(z)) for every z € R,. For any z € R the
set C1(O¢(z)) is closed and invariant, hence it contains the (unique) minimal
set M of f,ie. M C Cl(Of(z)). We need to show that Cl(Of(z)) € M. If
we had MNOy(z) = 0, then as 7(M) = T? by the above, there would exist a
point 2’ € M for which 7(2") = 7(2). However, this contradicts the assump-
tion that 2 € R, and thus 7 1(7(2)) = {z}. It follows that M N Oy (z) # 0.
Let 2/ € M N Of(2); then Of(2') = Of(z) C M, since M is invariant. But
since M is also closed, Cl(Oy(z)) € M. Hence M = Cl(Oy(z)) for any
z € Rr, and consequently M = Cl(R). =

Let us further introduce the following notation, to be used in the
proofs of Examples below. A non-transitive orientation preserving cir-
cle homeomorphism with irrational rotation number will be referred to
as a Denjoy countererample. Moreover, given a Cantor set in the circle
Q= T! \ UkeZ Iy, we denote by Qray C Q and Qjy = Q\ Qrat the rational
and irrational parts of O, which are the set of all endpoints of the deleted
intervals and its complement in Q. It is readily verified, using Poincaré’s
Theorem, that

(1) a product of a Denjoy counterexample and an irrational rotation,
and
(2) a product of two Denjoy counterexamples,

are elements of Homeo (T?), provided the rotation numbers of the factors
are rationally independent.

3.2. A topological blow-up procedure. In order to construct the
examples, we devise a tool that enables us to blow up an orbit of a point
under a homeomorphism to a collection of disks. A. Bis, H. Nakayama and
P. Walczak in [B2] define such a blow-up procedure that works for (groups
of) diffeomorphisms. J. Aarts and L. Oversteegen in [A] defined a similar
blow-up construction for a homeomorphism of the annulus that preserves
radial lines. Both constructions allow for the mapping to be extended to the
disks glued to the surface by the infinitesimal behaviour of the mapping.
As this would not work for a general homeomorphism, we circumvent this
by inductively blowing up punctures to disks, by pulling back points near
a puncture along leaves of a dynamically defined foliation emanating from
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the puncture. We use the continuity of the foliation to define an extension
of the mapping to the disks.

Let f € Homeoy(T?), with m: T? — T? the semiconjugacy between f
and an irrational translation 7. Take a point zg € R,; we do not require f
to be minimal, so Of(zp) may or may not be dense. Define I = T?\ Oy(20).
Clearly, f(I') = I' and f|r is a homeomorphism. Let Bjs := B(zg,6) C T?
be the embedded closed Euclidean disk of radius 0 < 0 < 1/4 centred at zo.
Choose 0 < 09 < 1/4 and let Fy be the foliation of Bs, by straight rays
emanating from zq (see Figure . The leaves pg € Fy are parametrized by
0 € [0,27). Fix 0 < ¢y < 1. To blow up the punctures to disks, we define
the following auxiliary planar map, in polar coordinates:

(3'3) Ge: él \ {0} - él \Eea 95(7“; 9) = (fj;ﬁ: 0)7

where Ep C R? is the closed Euclidean disk centred at 0 € R? of radius 0 <
p < 1. Conjugating g, with a linear injection (into the torus) A\g: By — B,
yields a homeomorphism

(3.4) ho = )\0 O gey © )\61: Ao — hQ(Ao),

where Ay = Bs,\{z0} and ho(Ao) = Bs, \ Be,s, is the corresponding annulus.
We can extend hg to T2\ {20} by declaring it to be the identity off Ag; the
extension is a homeomorphism we denote again by hg, and it naturally acts
on I' C T2\ {20} by restriction. Note that hg acts on B, \ {20} along the
leaves of the foliation Fy.

Ao ho(Ao)

ho

Fig. 1. Radial blow up of a puncture to a disk

Define I'y = ho(I"), define the homeomorphism
(35) f0:F0_>F07 f0:h00f|[‘0hal,

and consider the continuous map ¢g: Iy — I" given by ¢g = hg ! Note that,
by construction, fo = ¢, Lo f|r o ¢o. Define Xy := Int(Beys,) and o := 90X
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(see again Figure . Consider the points 241 := @5 (f*'(20)) and define
1
(3.6) dy = 1 min{(1/4)% d(z_1,21),d(z_1, o), d(z1, Xo)} > 0.

Given 0 < ¢p < € < 1, set € = (e + €0)/2 and define the second auxiliary
planar map

(3.7) Ge: Be\ Bey — Be\ By, Ge = Jerje © @6_0}67
where
(3.8) Gsje =Te0gsreory !

and . : By — B. is a linear (planar) rescaling for ¢y < < €. Let A.: B, —
Bs, be the linear injection of the disk B, C R? onto the disk Bes, C T2.
Define A ¢ = Bes, \ Bes, and

(39) qAE: Ae,eo — Ae,e’, qu = )\E 0 (e © )\E_l

In words, g has the effect of mapping the annulus A, , radially, i.e. along
(part of ) the foliation Fo, to the annulus A« with the same outer boundary

curve, but larger inner boundary curve, so as to halve the modulus of the

annulus. There exist 0 < ¢y < €41 < 1 such that if we denote A4y :=
1 Aesy o), then diam(Ay) < dy. Define

(3.10) hat: Agr — hai(Ax1),  har = 7 0 G, o f57

we extend h41 to T? by declaring it to be the identity off A4+;. The annuli
A4y are foliated by Fyq = f0|AEi17€O (Fo). The maps h4; have the effect
of blowing up the puncture zy; along the foliation F1; to a disk X'y (see
Figure . Denote by 241 the open disks obtained by blowing up the corre-
sponding puncture z11. As 90X = fg(C’E/i 1), where Ceril is the Euclidean
circle centred at zg of radius €y < €/, < €41, Y41 := 90X is a simple closed

curve, as fgﬂ| A is a homeomorphism.

€+1:€0

Al hl(Al)

hy

Fig. 2. Blowing up the puncture z; to a disk; p1,¢ is a leaf of the foliation F; emanating
from z1, and h1 has the effect of pulling back points on p1,9 € Fi1 along this leaf, for every
0 € [0,2m).
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Define hy := h_joh; on A1 U Aq, set I = iLl(F()) and define the
homeomorphism

(3.11) fi: L =T, fi=hyofoohlt

Further, consider the continuous map ¢;: I — I given by ¢1 = ¢g o ﬁl_l.

We proceed by induction. Assume we have blown up the punctures zj
to disks Xy for —n +1 < k < n — 1, and consider the points z4, :=
¢n21(f*"(20)). Define Ay =UpZ1,,,; Sp and

1

(3.12) dn =7 min{(1/4)" ", d(z_n, 2n), d(2—pn, Ap_1), d(2n, An_1)} > 0.
There exist 0 < ¢y < €4y, < 1 such that diam(A,) < d,. Define
(3-13) h:i:n: A:tn - h:l:n(A:I:n)a h:tn = fr,:lFfl o Qein o 7:l|:_nl,
which we extend to T? by declaring them to be the identity off Ay,. The
annuli A4 are foliated by Fi, = fg—l|A5:ﬁ:n7€0 (Fo). The maps hy, blow up
the puncture 2z, along the foliation Fi, to a disk Y'i,. The boundaries
Y+n, are again simple closed curves, as yi, = ff_"l(CE/i n), where Ce’i _ Is the

Euclidean circle centred at zy of radius ¢y < €/, < €1, and ff_"ll Acipieg 18

a homeomorphism. Define By :=h_pohy,onA_,U Ap, set Iy = hp(Ln—1)
and define the homeomorphism

(3.14) fniln — Iny  frni= ﬁnofn_loﬁgl.

Further, consider the continuous map ¢,,: I,, — I given by ¢,, = (bn,loizg 1
Next, we show that the above sequences of maps and homeomor-
phisms converge and have the desired properties. First, from com-
bined with , it follows that I, C [,,_1 and 5 = lim,_.o I}, exists
in the Hausdorff sense, as )., .,1/4"™ < 1 < co. Denote N' = Cl(I'x).
Notice that N' = I, U Ukez Yk, since no point in X} can be the limit point
of points in Iy, as X NIy = (). Furthermore, as the boundary curves ~; are
simple closed curves, the extension ¢, : CI(I},) — T? of ¢, is continuous.

LEMMA 15. The homeomorphisms fn: I, — I, converge to a homeo-
morphism foo: I'so — I'so that extends to a homeomorphism f’EHomeo*(']I‘Q)
with f'(N) = N. Further, the disks {Xy} in the complement of N are in-
teriors of closed topological disks. Similarly, the continuous maps ¢, con-
verge to a continuous map ¢oo: Lo — I that extends to a continuous map
¢: T2 — T? for which ¢(N) = T2. Furthermore, f' is semiconjugate to f
through ¢.

Proof. First, we show that the f, converge to a homeomorphism f.
of I'.. Indeed, for every n > 0, f,: I, — I3, is a homeomorphism and
we observed above that I, — [. As ﬁn moves points by no more than
dp < 1/4"71 and Y, 5,1/4" < 1 < oo, f, converges uniformly and
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thus the limit fo is a homeomorphism. Further, we observed that -~y is a
simple closed curve for every k € Z and thus X is the interior of the closed
topological disk C1(Xy) = Xy U .

Next, we show that f., extends to a homeomorphism f’ of A/. To this end,
we first show that fo, induces a homeomorphism from ~y to v;+1 for every
k € Z. To prove this, we note that the disks X, for —n < k < n, which have
been constructed after n steps, are left unmoved by future perturbations
by virtue of our choice of d,,. Moreover, again by our choice of d,, we have
falve = foolve: M = g1 for —n <k < n — 1, where f,|,, and fil|,, are
the extensions of f,, and fo to vx. To prove that f,|,, is a homeomorphism,
it suffices to show that f,|,, is one-to-one and continuous. We prove this by
induction for 0 < k < n, the case of negative k being handled by considering
the inverse.

Assume that after step n — 1, we have shown that fn_1|y, : v — Ye41
for 0 < k < n — 2 are homeomorphisms, and consider step n, where we
have to show that fy|+, ,: Yn—1 — n is a homeomorphism. By choice of €,
A, is disjoint from the previously constructed disks and disjoint from A_,.
Restricting to a smaller neighbourhood of A,,_1 if necessary, we may as well
assume that A,_1 N A4, = 0. As h, = hn‘An (as defined by ) acts
along the foliation F,,, f, sends leaves of F,,_1 to leaves of F,, which foliate
Ap—1 and A, respectively. To each 6 € [0,27) corresponds a unique point
2(0) € -1 lying on p,_19 € Fn_1, which is mapped by f, to a unique
point 2'(0) = fn(2(0)) € vy lying on p, 9 = fu(pn—1,0). As these foliations
are continuous, and as 7,1 and -y, are (continuous) simple closed curves,
the points 2/(6) vary continuously as 0 varies, and thus continuously as z(6)
varies, which is what we needed to show.

By induction, fo, extends homeomorphically to every boundary curve ~y,
k € Z. It thus follows that the extension f’ to N is one-to-one, as N =
I'o UUpez k- To show f' is continuous, we distinguish between two cases.

First, let z € . As fy is a homeomorphism, given a neighbourhood
V C N containing 2/, we can find a small neighbourhood U C N, containing
the point z for which f/(z) = 2/, such that Cl(foo(W)) C V, where W =
UNTy. As Cl(I'x) = N and f’ extends homeomorphically to N, we have
f'(U) = f(CUW)) = Cl(fo(W)) C V.

Secondly, suppose that z € «, for some k € Z. For N > k + 1, fn|, =
foolve : Y& — Yk+1 is a homeomorphism. Therefore, given a neighbourhood
V C N containing 2’ = fny(z) = f/(z), there exists a small neighbourhood
U > z such that fy(U) C V. Choosing N larger, and a smaller neighbour-
hood U’ C U containing z if necessary, as > -y dn — 0 for N — oo,
it follows that f/(U’) C V as well. Thus f’ is continuous, and therefore a
homeomorphism, being one-to-one as well.
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We can extend the homeomorphism f': N' — A to a homeomorphism
of T? by extending, e.g. by Alexander’s trick, the induced homeomorphisms
of the boundary curves ~; to homeomorphisms of the corresponding closed
disks Cl(X%) = Xk U~yk. As the disks X} are disjoint, and diam(X}) forms
a null-sequence, the extension of f': N — N to T? is a homeomorphism,
which we denote again by f’.

To show that ¢: N'— T? is continuous, we recall that C1(I},) = T?\ 4,
for n > 0. As we observed, for every n > 0, ¢,: I3, — I is continuous and
it extends to a continuous ¢,: C1(I},) — T2. As ¢, = ¢p_1 © iAL,jl with h,
as in , whose norm is bounded by d,, ¢ = lim,—oo on: N — T2
is continuous as the limit of uniformly converging continuous maps ¢,,.
By declaring ¢(X3) = f¥(20), ¢ extends to a continuous map defined
on T2

Finally, we show that f’ € Homeoy (T?). First, we observe that, as R is
uncountable, and a countable number of points of R, is blown up to disks,
R is uncountable as well. Further, the ¢ thus constructed is homotopic to
the identity. Thus it suffices to show that ¢ o f' = f o ¢. For this, we note
that for every n > 0 we have ¢, o f,, = f|r o ¢p, where f,,: I, — I, and
¢n: Iy — I'. As both f,, and ¢, converge uniformly and extend continuously
to N, it follows that ¢ o f/ = f o ¢ for some f': N' — N. Further, as Xy,
along with 74, is mapped to a single point by ¢, we also have ¢o f/ = fo ¢
when f’ is extended to T?. m

The following lemma, which combines Lemmas [14] and is the key
ingredient in the construction of Examples [3|and [4l Let Bs, \ {20} C T? be
an embedded punctured disk centred at zg € R, with 6y < 1/4, and Fy the
corresponding foliation of Bs, \ {z0} by straight rays emanating from zp, in
the notation of the construction above. A wedge W(r,61,602) C Bys, \ {20}
is the region bounded by two leaves py,, pg, € Fo, where 0 < |01 — 02| < 7
and 0 < r < 1. Define R? := ¢, (R \ Of(z0)) for n > 0.

LEMMA 16. In the construction above, let f' be semiconjugate to f
through ¢ by blowing up the orbit O¢(zy), with 29 € R, to disks whose
interiors are Xy, and let v, = 00Xy, where k € Z. Let M’ be the minimal
set of f and define 7’ = wo ¢. Then

(1) M'=CU(Ry) = Cl(¢~"(Rr \ Oy (20))),
(2) v € M, for all k € Z, if for every 0 < r < 1 and every 61,02 €
[0,27) with 0 < |61—62] < 7, we have W(r, b1, 02)N(R\O¢(20)) # 0.

Proof. To prove (1), as R, is uncountable, RO # (). As the points f*(z)
are blown up to disks, i.e. $~1(f¥(20)) = CI(Z}), where C1(X}) is a closed
topological disk, we have Ry = ¢ 1(Rx \ Of(20)). By Lemma M =
Cl(R,), and this proves (1).
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To prove (2), first assume that 49 C C1(R2). As the size of the perturba-
tions ﬁn, by virtue of our choice of d,, converges to zero as the perturbations
approach o, it follows that vy C CI(R}) for every n > 0. As the maps ¢,
converge, we thus have 79 C Cl(R) = M/, by (1). As M’ is f’-invariant,
and f'(vx) = Yka1, we find that 7, € M/, for every k € Z. To finish the
proof, suppose that W(r,61,62) N (Rx \ O(20)) # 0 for every 0 < r < 1
and every 61,02 € [0,27) for which 0 < |6; — 62| < 7. We have to show that
Y C CI(RS)T).

Suppose, to derive a contradiction, that o N CI(RY) # ~4g. As 4o N
CI(RY) is closed, this implies there exists an open subarc 1 C o such that
nNCHRY) = 0. Let z €  be the midpoint of  and let ¥ C n be a closed
subsegment properly contained in 7, and containing z € 7, with endpoints
{z7,21} = 0n'. Let pp, and py, be the two rays passing through 2~ and 27,
and W(1,01,0s) the corresponding wedge. As CI(RY) is closed, there exists
an open neighbourhood U O 7’ such that U N CI(RY) = (). However, this
implies that W(r,61,62) N (R~ \ Of(20)) = 0 for r > 0 sufficiently small,
contrary to our assumption. m

3.3. Minimal sets of type I. It is well-known that, given any Sierpin-
skiset S C T?, there exists a homeomorphism f € Homeo, (T?) for which the
minimal set M is S. The following example can be found in Thm. 3].
We will only sketch the proof.

EXAMPLE 1 (Type I: a quasi-Sierpinski set [B1]). There exist homeomor-
phisms f € Homeo, (T?) for which the minimal set M is a quasi-Sierpinski
set, but not a Sierpinski set.

[EE——

/r~

Fig. 3. Construction of a quasi-Sierpiniski set: collapsing arcs to points

Sketch of the proof. Let M be a Sierpinski minimal set of an f €
Homeo,(T?) and let X be a component of the complement of M. Denote
Y = fM(X) and v, = 0X,. Take an arc n C CI(X) such that only the end-
points of 7 intersect v = 7y (see Figure [3). Let 7, := () C CI(X,) the
corresponding arcs in the image disks. Using techniques from decomposition
theory, it can be shown that T? /~, where z ~ 2 if and only if z, 2’ € 1, (i.e.
collapsing the arcs 7, to points), yields a well-defined quotient space home-
omorphic to T? and that M quotients to a quasi-Sierpinski set M’ = M /~,
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which is not a Sierpinski set. The corresponding quotient homeomorphism
f" € Homeo,(T?) has M’ as its minimal set and this minimal set is locally
connected. m

Next, we give an example of a minimal set which is of type I, but not lo-
cally connected. It shows the existence of homeomorphisms f € Homeo, (T?)
for which the complement of the minimal set M consists of a single un-
bounded disk X, which is f-invariant.

ExAMPLE 2 (Type I: unbounded disks). There exist minimal sets M of
homeomorphisms f € Homeo,(T?) of type I such that the complement of
M in T? is a single unbounded disk.

The example uses a derived-from-Anosov type argument @ constructed
initially by P. McSwiggen [McSI] on the 3-torus and subsequently general-
ized to the general (k + 1)-torus for k > 1 in [McS2]. For completeness, we
recall this discussion for the case £ = 1 and collect the necessary results
needed for our construction. Almost all of this material, up to the proof of
Example 2, is taken verbatim from [McS2].

Start with a hyperbolic A € SL(2,7Z) and let go: T? — T? be the induced
linear toral automorphism. Let zy € T2, with zg = p(0) where 0 € R? is the
origin and p: R? — T2 is the canonical projection, be the fixed point of g.
Let v5,v" € R? be the stable and unstable eigenvector of A respectively and
As; Au the corresponding eigenvalues. Let Fj , 7). be the stable and unstable
foliations respectively relative to gg of T? by parallel lines and let £y C T?
be the unstable leaf of 7} passing through the saddle fixed point z9. Rel-
ative to the standard basis, the eigenvectors v®,v" have irrational slope,
and consequently every leaf of Fjj and F is an isometric immersion
into T? of a copy of R. For future reference, define Fj,,, to be the foliation
of T? by horizontal (relative to the standard basis) simple closed curves,
parametrized by y € T!, i.e. Fpor = {Cy}yem with C, C T? the curve of
height y € T*.

Next we perturb gy on a small neighbourhood U > zy of the original
saddle fixed point of gg to turn it into a repeller and create two additional
saddle fixed points z_1, z; close to zg through a pitch-fork bifurcation, re-
sulting in a DA diffeomorphism. We first describe the perturbation and
subsequently we scale it into the neighbourhood U of zy. For this, we use
the following (see [McS2, Lemmas 1.3 and 1.4]).

LEMMA 17. Fiz p > 0. Given any v > p and any arbitrarily small 6 > 0,
for each k with p > k > 0, there exists a C*° function A\s: R — R satisfying
the following conditions.

(%) See for example [PAM], Chapter 4] for these and related constructions.
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(1) Ae(t) =v fort <0 and A\s(t) =k fort > 1.
(i) =0 < tN.(t) < 0 for all t and N.(t) < 0 if v > \(t) > k. In
addition, if k > K/, then 0 < \(t) — Ao (t) < K — K’ for all t.
(iii) There exists ty > 0, depending only on p and §, where \;(tg) = p
and such that A\;(t) is independent of k for t <ty and independent
of v fort > tg.

Further, if we define n(t) = tA\(t), then 0 < (A—n')(t) < and 0 < n(t) — kKt
<6 fort>0.

Fix v with A\, > v > 1. Choose p with 1 > p > Ag and § > 0 small
enough so that 1 —§ > p. Choose ¥ satisfying 1 — & > © > p. Let A\, X be
the functions of Lemma [17] relative to the choices of kK = Ay and these v
and © respectively. Denote by F; & E» the splitting of the tangent bundle
TR? into the unstable and stable direction relative to A € SL(2,Z). By
a linear change of coordinates B taking E; @ Fs to R?, the action reads
BAB (z,y) = (Auz, Asy)- Let X0, X1, x2: R — [0, 1] be even C*° functions
satisfying xo + x1 + x2 = 1, x0(0) = 1; xo(t) = 0 for [¢t| > 1; x2(t) = 0 for
[t| <1 and x2(t) = 1 for |t| > 2. We may further assume that |x}| < 2 for
all 7.

Define G(z,y) = (Auz, L(2,y)y), where L(z,y) = xoA(y) + x1(z)A(y) +
x2Xs. The derivative of G has the following form:

Ay 0
. Gloy = ,
1) 26en = (i) (o)
where
oy = { 0@ =A@y, e <1,
610 e ={ O w12
and N (z,y) = L(z,y)+ (xo(@)N (y) + x1(x)X (y))y. The following estimates

x
hold (cf. [McS2, Lemma 2.2]).
c(x

LEMMA 18. We have |c

(z,y)] <28 and A\s < |N(z,y)| < v. Moreover,
if ly| > to or |x| > 1, then N

)
y) < 1.

(z
Proof. Set t = |y| and £ = y/|y|. For |z| < 1, we have c(z,y) =
Xo(@) A — A))E. As A(6)t — M)t = n(t) —7(t) < n(t) — At < d by
Lemma it follows that |c(x,y)| < d|xp(z)| < 26 by choice of xo. For
1 < |z| <2, A(t) — A(t) is replaced by A(t)t — A\st = 7j(t) — As, which has the
same estimate. For |z| > 2, we find that c¢(x,y) = 0.

To estimate N(z,y), we first estimate (xo(z)N (y) + x1(2)N(y))y. As
lyN(y)| < & and |yN (y)| < 6 by Lemma [17} it follows that |(xo(z)N (y) +
x1(@)N )y < 6. As A(t), M(t) > As, we have |N(z,y)| > Xs. For t > tg,
)\( ) = A(t) < p, again by Lemma Therefore, |[N(z,y)| < p+0 < 1. If



66 F. Kwakkel

x| > 1, we have [N (z,y)| < A(t)+6 < 046 < 1. Therefore, |N (x,y)| < 1 for

ly| > to or |z| > 1. Finally, if t < tp and |z| < 1, then )\( ) > A(t). We have
IN(z,9)] = [xo(A(t) + X (1)) + x1 (A(t) + X (£))]. As 7/(£) < A(t) and 7(t) <
A(t) < A(t) by Lemmal[17], and as 7/(t) = A(t)+tXN' () and 7' (£) = A(t )+t)\’( )

by definition, it follows that |N(z,y)| = |xon'(t) + x17 (t)] < A(t) < v for
all ¢. This finishes the proof. =

In particular, the map G: R? — R? is a C* diffeomorphism agree-
ing with BAB~! outside the square {(z,v) | |2| < 2, |y| < 1} and, as
N(0,0) = v > 1, the origin is turned into a repeller. We can now rescale
the perturbation so that the support is contained in U > zy, the fixed point
of the original linear gp, and we obtain a perturbed system g: T? — T2
Since rescaling does not affect estimates on first derivatives, relative to the
splitting Fy @ Es, the derivative of g has the form

(3.17) Dg. = <E)(\;l) N?z))’

where [¢(2)] < 20 and Ay < |N(z)| < v for all z € T2 With g defined
as such, Dg leaves the line bundle Fs invariant and, although it is not a
contraction on Fjs, it expands in this direction by no more than v < \,. Set
EPS .= F5. Even though FE; is no longer invariant, there is a new invariant
line bundle E" everywhere close to E7 which Dg expands uniformly by A,
in a suitable metric and thus E" is a strong unstable direction. To see this,
let s: L(FE1,Ey) — T? be the standard vector bundle over T? with fibres
s71(2) = Lin(FE1, F»), where Lin(Ey, F») is the space of linear maps from
E; to Es. A continuous section of L(E1, E2) corresponds to a continuous line
field on T2. If S, € Lin(E1(2), E2(2)), then the induced action of Dy, is given
by S: = E(2)A; + N(2)8:A;" € Lin(E1(g(2)), Ba(g(2)))- As [N(2)ATH] <
v\, ! <1, Dg contracts the section, hence there is a unique invariant section
S € L(E1, Es). If we define E" to be the corresponding invariant line field
for Dg, then E" @ EP® is the continuous invariant splitting under Dg of T2.
As the image of the zero section is bounded in norm by
sup ¢(2)A; "t < 2001,
2€T?2

Dg takes the disk of radius 7 := 26(\, —v) ™! into itself, which implies E%(z)
is contained in the cone {(u,v) € T,T? | |v| < r|u|} for each z € T?. Choose
§ > 0so that r < 1. Defining an equivalent metric || (u, v)|| on T2 by declaring
that ||(u,v)|| = max{|ul, |v|} for (u,v) € Ey & Ea, we have ||(u,v)| = |u| for
(u,v) € E". As E" is invariant, this implies that Dg,(u,v) € E" and thus
|IDg.(u,v)|| = | Awu| = Aulu| = Ay||(u, v)]||. Therefore, under this metric, Dg
expands E" by A,. Thus, all of T? is a pseudo-hyperbolic set for g with
strong unstable direction EY.
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The classical theory of (un)stable manifolds now gives that, through
each point z € T?, there is a unique strong unstable manifold, which is a
C* immersed copy of R. As two such manifolds are either disjoint or equal,
the union of these leaves foliates the torus T? and this foliation, denoted
FBa, is continuous. If 7 is sufficiently small, implying that ¢ is sufficiently
small, F}, will be everywhere transverse to the leaves of the foliation Fi,,.
Let us summarize this.

LEMMA 19. The diffeomorphism g: T? — T? admits a g-invariant strong
unstable lamination (i.e. a C° foliation by smooth leaves) FpHa whose leaves
are everywhere nearly parallel to the linear unstable foliation Fy and hence
everywhere transversal to the horizontal foliation Fyor of T2.

Recall that zg € T? is the repelling fixed point of ¢g. Let K be the set
of points at which g does not contract Fy. By Lemma K is contained
in the rectangle described in local coordinates by |z| < 1 and |y| < to. Let
{z_1, 21} be the two intersection points of K with the local pseudo-stable
leaf of FF5 passing through zo, which in local coordinates corresponds to
{(0,y) | A(y) = 1}. Since A is strictly decreasing, there is a unique r¢ such
that A(rg) = 1. Let J C T2 be the open arc contained in the pseudo-stable
leaf of F, passing through zy whose endpoints coincide with z_; and z;. As
A(rg) = 1, the points z_1, 21 are hyperbolic fixed points for g. Let X C T?
be the basin of repulsion of zy. Clearly, X' is the domain obtained by taking
the union of all unstable leaves of F}j, passing through points z € J, and
2 is bounded by the two unstable leaves W1, € Fp, passing through z_1,
and z; respectively. Further note that X' is g-invariant.

In what follows, let {Ié}iez be the collection of connected components
of Cy N X. The following holds (see [McS2, Thm 2.4] for a detailed proof).

LEMMA 20. If we denote by h,, h’y: Cy — Cy the holonomy homeomor-
phisms, i.e. the return maps to Cy along the unstable foliation, of the linear
and perturbed systems respectively, then for every y € T, there exists a
semiconjugacy my: Cy — Cy between the perturbed and the linear systems,
i.e. a continuous m, such that m, o h; = hy om,. Further, for everyy & T!,
YN Cy is dense in Cy and hy (1) NI, = for every i # 0, where I denotes
the closure CI(I) of the interval I in C,.

Let us further observe the following.
LEMMA 21. The domain X is an unbounded disk which is dense in TZ2.

Proof. By Lemma 2’NCYy is dense in Oy for every y € T?, thus X' C T?
is dense in T? as UyeTl Cy = T% To show that X is an unbounded disk,
we first recall the following. By [McS2, Thm. 2.4], ¢ is semiconjugate to go,
through a semiconjugacy which is homotopic to the identity, taking unstable

leaves of Fpj, injectively onto unstable leaves of 7! . Consequently, the lifts
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of the leaves of F{}, are homotopic (and thus uniformly close), through the
semiconjugacy between ¢ and gg, to the corresponding lifts of the leaves
of Fii . As the latter leaves are clearly unbounded in the lift, so are the lifts
of the leaves of Fj, and, in particular, Y is unbounded, where Y is a lift
of X to the cover R?. Further, as b5 is foliated by leaves homeomorphic to
R passing through the cross-section J C X, where J is a lift of the open
interval J C X as defined above, X' is homeomorphic to (0,1) x R and thus
simply connected.

To show that Y is a disk, we need to show that X' contains no essential
simple closed curves. To derive a contradiction, suppose there exists an es-
sential simple closed curve v C Y. As ~y lifts to a curve 4 which is homotopic
to a curve of type (p,q), where p,q € Z, 7y is homotopic, and thus uniformly
close, to a straight line with rational slope. However, as the unstable leaves
W1, have lifts that are homotopic to a leaf of F}j whose slope is irrational,
this implies that 5 has to intersect a lift of W7, implying that v N Wj' # 0,
a contradiction. Thus X' is an unbounded disk indeed. =

Let us now proceed to the construction of our example.

Proof of Example @ As Uy N Y is a dense union of disjoint intervals, we
find that Q, = C,\ (CyNY), being the circle minus a dense union of disjoint
intervals, is a Cantor set. Note that the endpoints Q, ot of Q, are exactly
the set of points Cy N 0X and that 90X = UyETl Qy.rat- The complement
in Q, of these endpoints is the irrational points, i.e. Qyirr = Qy \ Qy rat-
Further, as the slope of v" is irrational, there exists a suitable v € R such

that vo" = («, 8) with 1, «, 8 rationally independent. For example, if we

take go: T? — T? to be Arnold’s cat map, where v* = (1, 1+2‘/5), we may

choose v = e so that (a, 3) is an irrational vector, as 1,+/5, ¢ are rationally
independent. Let 7 := 7, g be the corresponding irrational translation of the
torus where, by construction, 7({y) = £p.

Choose compatible orientations on the foliations Fj, and Fj . Given
y € T, let hy,h;/: Cy — Cy be the holonomy homeomorphisms, i.e. the
return maps to Cy of the unstable foliations of the linear and the per-
turbed systems respectively. For every y € T', there exists a semiconjugacy
my: Cy — Cy such that ﬂyoh; = hyom,, by Lemma As the continuous fo-
liations Fpj, and F}} are everywhere transversal to the horizontal foliation,
the holonomy homeomorphisms h;, and consequently the maps m,, depend
continuously on y € T'. In other words, as T? = UyE'IFl Cy, this defines a
continuous map

(318) - T2 - T27 ﬂ-(wvy) = (Try(x)vy)a
that has the property that 7 (X U W", UW}) = £y, as m,(I}) € C, N Ly by
Lemma for every i € Z and y € T'. For every y € T!, there exists a
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Fig. 4. f, maps the point z € Cy along a leaf of the foliation Fp, to a point 2’ = f,(2) €
C .
r3(y)

homeomorphism fy: Cy — C(y), defined by mapping z € Cy to the first
intersection point of the unique leaf of Fp}, through z with C, 5(y) (along the
positive direction of the leaf), where r3: T' — T* is the irrational rotation
with rotation number p(r) = 8 mod Z (see Figure [4).

As F3, is a foliation which is transversal to F}% , f, is one-to-one. Fur-
ther, as FJj, is continuous, f, is continuous as well and thus a homeomor-
phism, for every y € T!. Further, it follows from the definitions that 7, 5(y) ©
fy = T omy,. Define

(3.19) [T T2 fz,y) = (fy(2),ra(y)).

As the maps f, are homeomorphisms for every y € T! and depend continu-
ously on y € T! (by virtue again of the foliation Fpa being tranversal and
continuous), it follows that f as defined by is a homeomorphism. It
is clear that this f is isotopic to the identity, 7 is homotopic to the identity
and, by construction, mo f = 7ox and f(X) = X with X the unbounded
disk (by Lemma bounded by the leaves W1, € Fp,, as 7(fy) = {o. Let
M be the minimal set of f. As 7 is one-to-one except on X U WY, U W}'
(again by Lemma , it follows that

(3.20) Re =71 (T \ b)) =T\ (ZUW UWY) = | Qyinr-
y€eT!

As Q, = Cl(Qyirr), combining (3.20) with Lemma [14] we conclude that

(321) M= Cl( U Qym) = |J aQum) = |J 9, =T\ %,

y€eT! y€eT! y€ET!
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where the second equality holds as the Cantor sets Q, (and therefore their
irrational parts Qi) depend continuously on y € T!. Thus M =
T2\ ¥, with X an unbounded and f-invariant disk, and f € Homeoy(T?),
as required. This finishes the proof. =

3.4. Examples of type II. Let us next give examples of homeomor-
phisms for which the connected components { X} of the complement of M
are essential annuli and disks.

ExaMPLE 3 (Type II: essential annuli and disks). There exist f €
Homeo, (T?) with minimal sets of the form M = T?\J, .5, Xk with {Zk}rez
a collection of essential annuli and disks. Furthermore, the essential annuli
can be constructed to have any characteristic (p, ¢), where ged(p, q) = 1.

The proof of Example [3| uses the following.

LEMMA 22. Let f € Homeo,(T?) and f' = L;‘lofoLA with Ly : T? — T?
induced by some A € SL(2,7Z). Then f € Homeo,(T?).

Proof. Let L4 be the linear conjugation induced by A € SL(2,Z). As f €
Homeog (T?), f/ € Homeog(T?) as well. Let F, F’ be lifts of f, f’ respectively.
By [KK| Lemma 2.4], we have

p(L ' o FoLy) = L;'p(F) mod Z*.
Therefore, p(f') = (o', 3") mod Z?, where
o =aa+b3 and [ =ca+ds

with a,b,c,d € Z. The condition N7 + Noa/ + N33 = 0 implies that
N1 = Noa + Nsc = Nob+ N3d = 0, as 1, «, 8 are rationally independent.
Multiplying Nsa 4+ Nsc by b and Nob + N3d by a and subtracting yields
Ny (ad — be) = 0, which yields Ny =0, as A € SL(2,7Z) and thus ad —bc = 1.
Similarly, N3 = 0 and it thus follows that 1, o/, 3 are rationally independent
as well. Therefore, f’ € Homeo,(T?). =

Proof of Ezample [3 First, we construct a homeomorphism [ €
Homeo (T?) for which the complement of M is a collection of essential an-
nuli of a given characteristic. Let (p, ¢) with ged(p,q¢) = 1 be given. Let f €
Homeoy (T?) be the product of a Denjoy counterexample ¢ € Homeo(T!)
with rotation number o ¢ Q and an irrational rotation rg with g ¢ Q
chosen so that 1, a, 8 are rationally independent. The corresponding semi-
conjugacy 7 is of the form 7 = (mq,1d), where 7; is the semiconjugacy of ¢
to the irrational rotation ro. As Ry = Qi X T', the minimal set M of f is
M = Cl(Qjyy X ’]I‘l) = O x T, where Q C T! is the Cantor minimal set of .
The characteristic of the corresponding essential annuli is (0, 1). For later
reference, denote by {Xf} the collection of essential annuli in the comple-
ment of M. Given any pair (p,q) € Z? such that gcd(p, q) = 1, there exists
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an element A € SL(2,7Z) such that the (linear) L4 € Homeo(T?) induced
by A has the property that an essential simple closed curve of characteristic
(0,1) is mapped to an essential simple closed curve of characteristic (p, ¢). By
Lemma conjugating f with L4 gives a homeomorphism f’ € Homeo, (T?)
and the components of the complement of the minimal set M’ = L*(M)
are now essential annuli of characteristic (p, q).

To obtain an example of a homeomorphism f’ € Homeo,(T?) with a
minimal set M’ for which the complementary components include both
essential annuli and disks, we modify the above example as follows. Let
f again be the product homeomorphism given above. Choose zy € R, and
blow up the orbit O (2g) to disks by the procedure of Section This gives
a homeomorphism f’ € Homeoy (T?) and a continuous map ¢: T2 — T2 such
that ¢o f/ = fo¢, and we define 7’ = mo$. We have ¢~ (f*(20)) = C1(X%),
where X is the interior of the closed disk Cl(X}) and v, = 90X} is a simple
closed curve. Denote by M’ the corresponding minimal set of f’.

In order to show that the complement of M’ consists of essential annuli
and disks, it suffices to show that 7, C M’. Indeed, as ¢ is one-to-one on
T? \ Upez CU(Zk), ¢~ (Xf) is again an essential annulus for every ¢ € Z,
where ¢~1(X2) N M’ = (). Thus to show that v, € M’ for every k € Z, by
Lemma [16]2) it suffices to show that for every 0 < r <1 and every 61,0, €
[0, 27) with 0 < |61 —62| < 7, we have W(r,61,02)N(Rz\Of(20)) # 0, where
we recall that the wedge W(r, 61,02) C By, \ {20} is the region bounded by
two leaves py,, po, € Fo, where 0 < |61 — 02| < mand 0 < r < 1 (see again
Section .

This is proved as follows: as zg € Ry = Qi x T!, through every wedge
W(r,01,02) pass infinitely many vertical simple closed curves (i.e. the con-
nected components of Q;.; x T!), arbitrarily close to zg. As only countably
many of these points are deleted from these curves, every wedge W(r, 61, 62)
contains points of R \ Of(zp), for any r > 0. Therefore, v, C M’ for every
k € Z indeed, where M’ = Cl(R,/) by Lemma [16[1). This finishes the
proof. =

3.5. Examples of type III. The simplest example of an extension
of a Cantor set is of course a Cantor set itself. A homeomorphism f €
Homeo, (T?) admitting such a Cantor minimal set is obtained by taking the
product of two Denjoy counterexamples with rationally independent rota-
tion numbers. Its minimal set is the product of the Cantor minimal sets of
its factors, and thus itself a Cantor set. Recall that an extension of a Cantor
set M is said to be non-trivial if not all connected components of M are
singletons. Below we give examples of non-trivial extensions of a Cantor set.
Recently, F. Béguin, S. Crovisier, T. Jager and F. Le Roux in [Bel, Thm. 1.2]
also constructed an example of a homeomorphism f € Homeo, (T?) for which
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the minimal set M is a non-trivial extension of a Cantor set (in our terminol-
ogy). This homeomorphism is constructed by adapting a quasiperiodically
forced circle homeomorphism (see [Be, Thm. 1.2]; cf. Counterexample
with a Cantor minimal set, and blowing up an orbit of points to arcs, using
a construction due to M. Rees [R1] [R2]. The minimal set thus constructed
has a countable number of arcs among its connected components. The ex-
amples below show that in our class Homeo,(T?) there exist minimal sets
which are non-trivial extensions of Cantor sets and which have separating
connected components among its connected components.

ExaMPLE 4 (Type III: extensions of Cantor sets). There exist f €
Homeo, (T?) for which M is a non-trivial extension of a Cantor set whose
non-degenerate components are simple closed curves.

REMARK 1. In a way similar to [B1, Thm. 3] (cf. Example, by defining
a suitable family of arcs in the disks enclosed by the non-degenerate com-
ponents of the above minimal set, if we pass to the quotient by collapsing
these arcs to points, this gives new quotient homeomorphisms of type III
for which the corresponding minimal set is again a non-trivial extension of
a Cantor set, possible connected components of which include flowers and
dendrites.

The proof of the above example needs two further lemmas. Let @ C T! be
a Cantor set and denote by {Ij }recz the collection of connected components
of T'\ Q. In what follows, we denote by |I| the length (relative to the Haar
measure on the circle) of an interval I C T!, and by d; the Euclidean metric
on R.

LEMMA 23. There exist Cantor sets Q C T with the following property:
there exists a point xg € Qip, an interval J C T with 0J C Qi and
xg as midpoint of J, and a constant C > 0, such that for every interval
I, C J\ Q, k > 1, we have |I},| < C(d(wo,x1))?, where xy, is the midpoint
of the interval I,.

Proof. First, let [—1,1] C R with midpoint 0 € [—1, 1]. Inductively delete
intervals from [—1, 1]: at each step ¢t > 1, choose a point z; € (—1,1)\J'Zj I/
with z; # 0, and delete an interval I} C (—1,1) \ J'Z{ I, centred at z; and
not overlapping 0, of length at most (671(0, 7¢))%. Repeating this ad infinitum
produces a Cantor set Q" C [—1,1]. Given a Cantor set Q C T! take a
small (closed) interval J C T! for which 8.J C Qj.. Replacing J N Q C T!
with a rescaled copy of Q' into J yields the desired Cantor set in T!, with

C = |J|/2. n

LEMMA 24. Let f € Homeoy(T?) be the product of two Denjoy coun-
terexzamples @, € Homeo(T?'), semiconjugate to an irrational translation T
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through 7. Let Q1, Qo C T be two Cantor minimal sets of o and 1) respec-
twely, with points xg € Qi and yo € Qo and corresponding intervals
J1 and Jo satisfying the conditions of Lemma . Set zo = (x0,%0) € Rr.
For every 0 < r <1 and 01,02 € [0,27) with 0 < |61 — 02| < 7, we have
W(r,01,02) N (Rr \ Of(20)) # 0.

Proof. First, we observe that R = Qi jrr X Qo2r, S0 the minimal set
of fis M = Cl(Q1irr X Q2irr) = Q1 X Qg, the product of the Cantor sets
of the factors ¢ and . Let Bs, C T? be the closed embedded disk centred
at zg, where g is small enough so that the disk is contained in the rectangle
of width |J1| and height |J2| centred at z.

Relative to the disk Bs,, let W(r,01,62) be any wedge, denoted W for
brevity from now on. Let 0 < v < 7, where v = |0; — 65| is the angle between
the two rays pp,, pg, that bound the wedge, and define p := p(g, 19,)/2, the
bisector of the two rays. Further, let v/ € [0,27) be the angle between p
and the positive horizontal line through zg. As the vertical and horizontal
lines through zy contain points of R, \ Of(z9) arbitrarily close to zg, by
symmetry we may assume that 0 < v/ < 7/2. Given a point w = (z,y) €
pNW, let £, (w), £, (w) be the horizontal and vertical straight lines through
w respectively and define the intercepts ) (w) = £p(w) N W and £ (w) =
£,(w) NW, which for w sufficiently close to zg only pass through pg, and pg,
(and not through the circular arc that cuts off the wedge).

There exist constants K, K, > 0, depending only on #; and 65, such that
0, (w) = Kpd(y,yo) and £ (w) = K,d(z,z0). Given any 0 < r < 1, choose
w € p such that d(w, z0) < dor. As the lengths ¢} (w), £, (w) behave linearly,
and the lengths |I1 x| < Ci(d(xo,xx))? and |[I24] < Ca(d(yo,y:))? behave
quadratically, with C1, Co > 0 uniform constants, if we choose w sufficiently
close to zg, then w € R := I j, x I, for some k,t € Z, with CI(R) properly
contained in WW. The cornerpoints of the rectangle R are limit points of R,
and thus also of Ry \ Of(20), as a neighbourhood of any point z € R
contains uncountably many points and only a countable orbit is deleted.
Therefore, as CI(R) C W, we see that WN (R \ Of(20)) # 0, as required. =

Proof of Example . We start with f € Homeoy (T?) which is the prod-
uct of two Denjoy counterexamples ¢, 1) € Homeo(T"), with Cantor minimal
sets M1 = Q1 and My = Q5 respectively, semiconjugate to an irrational
translation 7 through 7. As every Cantor set in T' can be realized as a
minimal set of a Denjoy counterexample, we can choose ¢ and @ such that
the Cantor sets Q; with i = 1,2, with 9 € Qi iy and yo € Qajrr and
corresponding intervals J; and Jy, satisfy the conditions of Lemma Let
20 = (z0,y0) € Rr and let Bs, C T? be the closed embedded Euclidean disk
with radius dp > 0 small enough so that B;, is contained in the rectangle
of width |J;| and height |Ja| centred at zp. Through the procedure in Sec-
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tion we blow up the orbit Of(zp) to a collection of disks to obtain a
homeomorphism f’ € Homeo,(T?) and a continuous map ¢: T? — T? such
that ¢ o f' = fo ¢ and ¢~ (f¥(20)) = CI(Z}) is a closed topological disk,
where v, = 02} is a simple closed curve, for every k € Z.

Fig. 5. A non-trivial extension of a Cantor set M’; Cantor dust accumulates on the
boundary v, C M’ of each disk X% and, conversely, every point of the Cantor dust is a
limit point of increasingly small disks Y.

If we denote by X' the doubly essential component of the complement of
the minimal set M of f, then X’ := ¢~ 1(X) C T? is open as ¢ is continu-
ous. As ¢ : X/ — X is one-to-one and continuous, it is a homeomorphism.
Therefore, as X' is doubly essential, take for example the vertical and hori-
zontal essential simple closed curves in X; then these are taken by ¢~ 1|5 to
essential simple closed curves in X’ with the same homotopy type, as ¢ is
homotopic to the identity. Therefore, X’ is doubly essential indeed and thus
M’ is of type III. The other connected components of the complement of
M’ are, by construction, the disks X}, for k € Z.

Now, ¢~ (R \ O(20)) C M’ are all singletons, which by Lemma (2)
combined with Lemma [24] accumulate on the boundaries of the disks Xy
to form the non-trivial connected components v (see Figure [5)). Thus, as
M = Cl(¢7 (Rx \ Of(20))) by Lemma [16[1), v C M’ for every k € Z,
which are the desired non-degenerate components of M’. m

REMARK 2. In the proof of Example[d] we explicitly constructed a semi-
conjugacy between the extension of the Cantor set M’ and the original Can-
tor set M. Theorem A in essence says that all extensions of Cantor sets are
of this form.

4. Concluding remarks. Let us conclude this paper with the following
remarks. Corollary [1] states that homeomorphisms that admit a type I or 11
minimal set have in fact a unique minimal set. This poses the natural

QUESTION 1 (Uniqueness of type ITI minimal sets). Let f € Homeo,(T?)
with a minimal set M of type III. Is the minimal set M unique?
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Note that, by Lemma a (possible) counterexample to the above ques-
tion could not be an element of Homeoy (T?). Further, it would be interest-
ing to get a completer description of the possible topology of extensions of
Cantor sets.

QUESTION 2 (Topology of type III minimal sets). Let f € Homeo,(T?)
with a minimal set M of type III.

(i) Exactly what continua can arise as a connected component of M?
(i) Can M have uncountably many non-degenerate connected compo-
nents? Can all components be non-degenerate?

For example, a classical result by R. Moore [M] implies that not all
components of M can be triodic continua, as the number of connected com-
ponents of M is uncountable @ However, it is not entirely clear whether
uncountably many components could be for example an arc.
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