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Realization of fixed point sets of relative maps
by

Moo Ha Woo (Seoul) and Xuezhi Zhao (Beijing)

Abstract. Given a relative map f: (X, A) — (X, A) on a pair (X, A) of compact
polyhedra and a closed subset Y of X, we shall give some criteria for Y to be the fixed
point set of some map relatively homotopic to f.

1. Introduction. The paper is motivated by the following natural ques-
tion:

PROBLEM 1.1. Given a self-map f: X — X and a closed subset Y of X,
can we find a map g: X — X homotopic to f with Fix(¢g) =Y ?

The question is related to early work in fixed point theory. For example,
the existence of some g in the case of Y = () means that the space X does
not have the so-called fized point property. If each nonempty closed subset
Y of X is the fixed point set of a self-map on X, then X is said to have the
complete invariance property (see [7]).

When Y is a finite set, the question was answered affirmatively in [§]
for a fairly general type of compact polyhedra. Problem was treated in
[14]. Unfortunately, a mistake was found by H. Schirmer (cf. [11], [15]), and
a corrected condition was given. Some similar results are obtained in [20].

Relative Nielsen fixed point theory ([9], [3], [21]) deals with the estima-
tion of the number of fixed points of maps of the form f: (X, A) — (X, A).
Similarly, one can ask the above question in a relative version:

PROBLEM 1.2. Given a relative self-map f: (X,A) — (X,A) and a
closed subset' Y of X, can we find a map g: (X,A) — (X, A) relatively
homotopic to f with Fix(g) =Y ?

Clearly, if there is such a map g, the restriction of the relative homotopy
to Y is a homotopy from the restriction f|y of f to Y to g|y, which is just the
inclusion ¥ : Y — X. This is a natural necessary condition. It is a typical
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problem in homotopy theory to decide if there is such a homotopy. However,
the existence of a homotopy is not enough to guarantee the existence of a
map g with Fix(g) = Y. Some criteria were obtained in [6] (cf. [I3]) by
generalizing the conditions on H in [I1].

In this paper, we focus on necessary conditions that an arbitrary relative
homotopy from f|y to the inclusion i must satisfy. Using the generalized
Jiang group, we obtain a necessary condition, which we call the key property.
This property is defined for a given homotopy from f|y to i¥, but it is
actually independent of the choice of the homotopy. We are therefore able
to check whether a subset Y can be realized as the fixed point set of a map
relatively homotopic to the given map f.

Our paper is organized as follows. Section [2| presents a review of fixed
point classes on subsets, and makes some conventions on notation. The
Jiang group (1-dimensional Gottlieb group) is generalized in Section 3. Some
properties of these groups are discussed. Section 4 is devoted to the key
property which is satisfied by any homotopy from the restriction of f to Y
to the inclusion ¥ : Y — X if Y can be realized as the fixed point set of a
map relatively homotopic to f. In Section 5, we prove that under some mild
assumptions on X, A and Y, the key property is sufficient for Y to be the
fixed point set of a map relatively homotopic to f.

2. Fixed point classes on subsets. We shall give a brief review of
fixed point classes on subsets. This concept is a natural generalization of
fixed point class, was used in [12] and treated systematically in [2], where
these classes are called local fixed point classes. Readers may find more
details in [2] or [21].

Let ¢: Z — B be a map from a subset Z of B into B, where B is a
compact polyhedron; both Z and B may be disconnected. For the universal
covering pg: B — B, we say that a map ¢: Z — B is a lifting of ¢ if there
is a commutative diagram

w| |

¢

J —

where Z is a union of some components of pl_gl(Z ) such that Z contains
exactly one component of pgl(Zj) for each component Z; of Z. Clearly, the
number of components of Z is the same as that of Z.

Consider a homotopy H: Z x I — B from ¢o: Z — B to ¢1: Z — B.
We also say that H: Z x I — B is a lifting of H if the following diagram



Realization of fized point sets 97

comimutes:
H ~
Zx1 —— B
pBXidJ/ pPB
H

where Z is as before.

Let Z¢c be a component of Z. The pair (qb, Zc) is said to be a lifting
data pair, and we write Fix(¢, ZC) for the fixed point set Z¢ N Fix(¢) of ¢
on Z¢. Two lifting data pairs ((;5, Zc) and (gb Zev) are said to be conjugate
if there is an element ~ in the covering transformation group T(B) of B
such that qb’]z =70 ¢|ZC o~y~' and Zor = v(Z¢). Notice that B may

be disconnected. The set T(B) is regarded as the disjoint union | |T(B¢),
where Bo ranges over all components of B.

PROPOSITION 2.1. The fized point set Fix(¢) equals |Jpp(Fix(p, Zc)),
the union of the projections of the fized point sets of all its lifting data
pairs. For any two lifting data pairs (¢, Z¢) and (gb' Zer), pB(le(qb, Zo)) =
pB(Fix(¢', Zc1)) if they are conjugate; pp(Fix(¢, Zo))Npp(Fix(¢', Zer)) = 0
if they are not conjugate.

Thus, the fixed point set Fix(¢) is split into a disjoint union of subsets
of the form pg(Fix(¢, Z¢)), which is said to be the fixed point class of ¢
determined by the lifting data pair (¢, Z¢). By definition, fixed points in
different components lie in different fixed point classes.

EXAMPLE 2.2. Let i: Z — B be the inclusion. The set of all lifting
data pairs of i¢

{0z, Zc) | Zc is a component of pg*(Z), v € T(B)}.

Clearly, the subset {(idB|Zc,Zc) | Z¢ is a component of p5'(Z)} con-
sists of a complete conjugacy class, where the identity map idz on B is
regarded as the trivial element in T'(B). The fixed point class determined
by this conjugacy class is just the unique non-empty fixed point class of iZ.
The fixed point classes determined by the other lifting data pairs will be
empty. Thus, there do exist some empty fixed point classes as long as B is
not simply-connected.

Let W be a non-empty subset of B with W C Z. Clearly, any fixed
point class of ¢|y: W — B, which is said to be a fixed point class of ¢ on
W, is contained in a unique ﬁxed point class of ¢: Z — B. More precisely,
the fixed point class pB(F1X(¢|W, We) is contained in the ﬁxed point class
pg(Fix(¢, Zc)), where Zc is the unique component of pz'(Z) containing

We, and ¢ is the unique lifting of ¢: Z — B such that ¢|WC = dlw.
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Given a lifting ¢70 Z — B of ¢y, there is a unique lifting H:ZxI— B
of H such that H (2,0) = do(Z ) for all 2 € Z. Hence, ¢ determines a unique
lifting ¢1: Z — B, given by ¢1(2) = H(Z,1) for all Z € Z. The converse is
the same. Thus, any homotopy from ¢ to ¢; induces a bijection between
the set of liftings of ¢y and that of ¢1. It is not hard to check that such a
bijection induces a bijection between the sets of fixed point classes of ¢y and
of ¢1. A fixed point class of ¢y and a fixed point class of ¢; are said to be
H-related if they correspond to each other under the above bijection.

Throughout this paper, we shall use the following notation:

e (X, A): a pair of compact polyhedra, where X is connected;

e ¢|z: the restriction of the map ¢ to Z;

e ¢y : the restriction of the map ¢ to W which is considered to map into
the invariant subspace, i.e. py: W — Aif ¢: (Y, Y NA) — (X, A) is
a relative map and W C Y N A4;

e iZ: the inclusion map of a subset Z into A or X;

e £¢S: the number of components of S;

e Fix(¢, Z): the fixed point set of a self-map ¢ on Z, where Z is a subset
of the domain of ¢;

e FPC(¢): the set of fixed point classes of a self-map ¢;

e FPC,.(¢): the set of essential fixed point classes of a self-map ¢;

FPCy(¢): the set of fixed point classes of a relative map ¢ which do

not assume their indices in the invariant subspace of ¢;

p: X — X: the universal covering of X;

Pr: flk — Apg: the universal covering of a component Ay of A;

PA: A — A: the universal covering of A;

W: a union of components of p~ (W) (or p, ' (W)) such that W con-

tains exactly one component of p~(W;) (or p Ai(Wj» for each com-
ponent W; of W if W C X (or W C Ay);

e T(V): the covering transformation group of the universal covering
of V.

3. Generalized Jiang groups. In this section, we shall introduce some
generalized Jiang groups.

DEerINITION 3.1. Let ¢p: Z — B be amap, H: Z x I — B be a cyclic
homotopy of ¢ (i.e. a homotopy from ¢ to itself), and ¢: Z — B be a
lifting of ¢ with respect to the universal covering pg: B — B. When Z is
a connected subset of B we define £(¢, H) to be the element 3 in T(B'),
where B’ is the complement of B containing ¢(Z), such that (5 and o (5
are respectively the 0- and 1-slices of a lifting H:ZxI — B of H, ie.
H(%,0) = ¢(2) and H(2,1) = fo¢(3) for all Z € Z.
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If Z has finitely many components, say Z1,..., Z,, we define E(QB, H) to
be the array

(E @Zl H‘lel) e((i‘z 7H’Z ><I)

WhereZ:U Z andd>|Z Z —>Blsahft1ngof¢lz,for]—1
Furthermore we define

Jp.z(¢) = {{(¢,H) | H is a cyclic homotopy of ¢}.

It is easy to prove that if Z is connected, then JB:Z(J)) is a subgroup of
T(B'), where B’ is the complement of B containing ¢(Z). In particular, if
Z = B is connected, Jp.5(¢) is just the Jiang group J(¢) (see [5, Ch. II,
3.1]). If Z has finitely many components, we have

Ip:2(¢) = Jp:z, (¢l 7,) X -+ x IB.2,(8]3,),
where v = §°Z.
The generalized Jiang groups do depend on the choices of liftings of ¢ in
the following way.

PROPOSITION 3.2. Let ¢: Z — X and ¢': Z' — X be two liftings
of 9: Z — X, where Z is a_ connected subset of X. Then JX;Z(QE’) =
vJx.z()y! for some v € T(X).

Proof. Since both Z and Z’ are components of p~Y(Z), there is a unique
element § € T(X) such that Z/ = 5(Z ). From uniqueness of lifting, there
is also a unique v such that ¢’ = yo ¢ od~L. For any o € Jx. Z((Z)) there
is a lifting H of a cyclic homotopy H of gzb such that H (2, 0) = ¢(2 ) and
H(%,1) = ozogbfor allz € Z. Hence, 70H(5 1(2,0) = 'yogboé L2 =¢/(z "),
and yo H(671(%),1) = yoaopod () = yoaoytod(Z) forall Z € Z'.
It follows that yay~' € Jx.z(¢').

Consider a lifting ¢ of a map ¢: Z — X. If an element ~ in T(X)
satisfies v(Z) C Z, then gzﬁ o~ is still a lifting of ¢ with domain Z. Thus,
there is a unique 7' € T(X) such that 7' o ¢ = ¢ o y. We write <Z>7r( ) for +'.
Clearly, {y € T(X) | v(%2) C Z} is a subgroup of T(X), and ¢: {y €

T(X) | v(Z) ¢ Z} — T(X) is a homomorphism. Unlike the case Z = X,
such a homomorphism may not extend onto the whole T'(X) if Z is a just a
connected subset of X.

PROPOSITION 3.3. Let ¢: Z — X be a map, where Z 1is a connected
subset of X. Let b: Z — X be a lifting of ¢. If v is an element in T(X)
such that v(Z) C Z, then dx(V)a = adg(y) for any a € Jx.z(d), i.e.
Jx:z(0) C Z(Im ¢, T(X)), the center of ITm ¢ in T(X).

Proof. Let a € Jx:. Z(gb) Then, by definition, there is a lifting H of a

cyclic homotopy H of ¢ such that H(%,0) = ¢(2 Z) and H(z 1) =ao $(%) for
all Z € Z. Thus, ¢ (7)o H is a homotopy from ¢ (7)o ¢ to ¢ (y)oaod. On
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the other hand, H(v(2),t) is a homotopy from doytoaogon,ie. from
bx(7) 0 to a0 (v) 0. Note that both ¢ (y)oH and H(y(Z),t) are liftings
of H starting from the same lifting of ¢. Hence they are the same lifting
of H. Thus, ¢r(7)oaod = aogr(v)oe. It follows that ¢ (7)a = agr(7). =

Applying this result to the case that ¢ is the inclusion i: Z — X, we
have

COROLLARY 3.4. Let Z be a connected subsel of X, and let Z be a
component of p~(Z). If v is an element in T'(X X) such that v(Z) C Z, then

ya = ary for any o € Jx.z(i% Z%X)

Fix a point Z9 € p~!(xg). It is well-known that there is a canonical
isomorphism 1z, : T(X) — 71(X, x0), defined as follows. Given an element
o € T(X), pick a path & from Zg to aZg. Then 9z, (a) is defined to be the
element (po¢) € m(X,zg). Clearly, ¢z, depends on the choice of g, but
does not depend on the choice of the path ¢ because X is simply-connected.

LEMMA 3.5. Let ¢: Z — X be a lifting of ¢: Z — X, where Z is a con-
nected subset of X with xg € Z. Then the isomorphic image wq;(jo)(JX;Z(qb))

of Jx.z(¢) under Vi) : T(X) — m (X, ¢(z0)) is
{(H(x0,-)) € m(X,¢(x0)) | H is a cyclic homotopy of ¢},
and hence is independent of the choice of the point &y in Z Np~Y(xo).

Proof. Let a € Jx. Z(gzb) By definition, there is a lifting H of a cyclic
homotopy of ¢ such that H(Z,0) = ¢(2) and H(,1) = aoqb( )forall 2 € Z.
Pick a point &y € ZNp~'(x0); the path H(o,-) starts at ¢(Z) and ends at
a¢(F). Projecting it down to X, we get a loop at ¢(z), given by H(zq, -).

Suppose that there is another cyclic homotopy H' of ¢ with a lifting H'
starting from ¢ and ending with ong Notice that the lifting path H (%o, -) and
H'(Z, -) have the same end points ¢(Zg) and ag(io). It follows that H (z, -)
and H'(zo, ) are homotopic relative to the end points. Thus, (H(zg,-)) is a
well-defined element in 71 (X, ¢(xg)), which is independent of the choice of
the point g and the cyclic homotopy H.

Clearly, any element of the form (H(xo,-)) is in the image of v 3(50)

By this lemma, we can write this isomorphic image w&(fo)(‘] X Z((%)) as
Jx.z(¢p, x0), which is a subgroup of the fundamental group of 71 (X, ¢(zo)).
From this lemma, we have

Ix.z(¢,x0) = {(H(z0,-)) € m (X, d(z0)) | H is a cyclic homotopy of ¢}.

When ¢ is the inclusion ‘.7 — X, JX;Z(Z'Z, xo) is just the 1-dimensional
general Gottlieb group G1(X, Z, x¢) introduced in [18].
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We can generalize the concept of Jiang group (1-dimensional general
Gottlieb group) to the following:

DEFINITION 3.6. Let ¢: (Z,Z N A) — (X, A) be a relative map, where
7 is a connected and compact subset of X such that ZN A has ﬁnltely many

components. Let ¢: Z — X be a lifting of ¢, and let ¢zna: Z N ZNA— Abe
a lifting of ¢zna: ZN A — A. We define

Jix,ay.2(8, 0z04) = U{ (6, H), €(dz0a, H znayx1)}

where H: (Z x I,(Z N A) x I) — (X, A) ranges over all cyclic relative
homotopies of ¢.

From this definition, we immediately get

COROLLARY 3.7. The set J(X7A):Z(q~5, bznA) is a subgroup of

T(X) x T(A)™ x -+ x T(A,)"™,

where 1y is the number of components of Z N A which are mapped by ¢
into Ay, fork=1,...,u =f°A.

It should be noticed that if Z N A is empty, then Jx a). (gb bzn A) will
be the same as JX;Z(¢).

4. Necessity. In this section, we consider a relative map f: (X, 4) —
(X, A) and a closed subset Y in X. We shall provide some necessary condi-
tions on Y for it to be the fixed point set of some map relatively homotopic
to the given map f.

Suppose that f is relatively homotopic to a map g with Fix(g) = Y.
The restriction to Y x I of a relative homotopy from f to g gives us a
relative homotopy from the restriction f|y to the inclusion i¥". Here, we are
going to ask for common features of all relative homotopies from f|y to Y.
It is obvious that for any two such homotopies H' and H”, the homotopy
product (H')~'+ H" is a cyclic relative homotopy of the inclusion ¥, which
is a kind of “difference” between the two homotopies. Any homotopy induces
a one-to-one correspondence, which may not be the identity, between the
sets of fixed point classes of homotopic maps. We will find that all possible
differences in the sense of fixed point classes are coded in the elements (key
elements) of generalized Jiang groups, which are defined in the last section.
So, our approach is different from the work of [11I] and [6] (cf. [I3]), where
the existence of special homotopies was assumed.

In relative fixed point theory, because of the invariant subset A, the
location of fixed points of a relative map is no longer arbitrary. In [10],
Schirmer considered the fixed point classes which do not assume their indices
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in A,
FPCy(f) = {F € FPC(f) | ind(f, F) # ind(f4, AN F)}.

Its cardinality, N(f; X — A), is a lower bound for the number of fixed points
on cl(X — A) of all maps in the relative homotopy class of f. It is evident that
Y has at least N(f; X — A) components meeting cl(X — A) if f is relatively
homotopic to a map g with Fix(g) = Y. More necessary conditions on Y’
appear in our main theorem:

THEOREM 4.1. Let Y be a closed subset of X such that Y and Y N A
have finitely many components. Suppose a relative map f: (X, A) — (X, A)
is relatively homotopic to a map g: (X,A) — (X, A) with Fix(g) = Y.
Then the restriction fly:Y — X is relatively homotopic to the inclusion
iY:Y — X, and there are injective functions

n: FPCy(f) — {components of Y meeting cl(X — A)},
7: FPCe(fa) — {components of Y N A}

such that any relative homotopy H: (Y xI,(YNA) xI) — (X, A) from fly
to i¥ has the following key property:
To each component Y’ of Y one can assign a key element
Oé/ S ‘](X,A):Y’ (’L'f//, Z'YIQA)

)

for any lifting iV’ of i¥' and any lifting i¥' ™4 Y'NA— A of the inclusion
Y'0A Y N A — A, such that

(K1) if n(F) =Y', then F contains a fized point class of f on'Y’ which
is H-related to the fized point class p(Fix(ay, 17")) of the inclusion
Y'Y — X, where ag is the first entry in o, i.e. the one corre-
sponding to Y';

(K2) if 7(F) = U is contained in a (unique) component A’ of A, then F
contains a fized point class of far on U which is Har«-related to
the fived point class p4(Fix(al;,Y' 0 A'NpH(U))) of the inclusion
iV U — A, where oy, is the entry of & corresponding to U.

Proof. Let H': (X x I,A x I) — (X, A) be a relative homotopy from
f to g. Its restriction H'|y«; is obviously a relative homotopy from the
restriction fly: (Y, Y N A) — (X, A) to the inclusion i¥: Y — X.
Firstly, we construct an injective function
n: FPC4(f) — {components of ¥ meeting cl(X — A)}.

Pick a fixed point class F' = p(Fix(f)) € FPC4(f). Then F' is H'-related to
a fixed point class F’ of g which does not assume its index in A, and hence
F’ meets cl(X — A) (see [10]). Since Fix(g) =Y, F’ contains a component,
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say Y/, of Y which meets cl(X — A). We set n(F) = Y’'. Note that “H’-
related” is a one-to-one correspondence between FPCy(f) and FPCy(g). It
follows that 7 is injective. By definition of “H’-related”, there is a lifting H’
of H' such that H'(Z,0) = f(&) for all Z € X, and such that F’ is determined
by the 1-slice of H'. Hence, there is a component Y’ of p_l(Y’ ) lying in the
fixed point set of the 1-slice of H', i.e. H'(§,1) = § = i* () for all §j € Y".
Clearly, the fixed point class p(Fix( 1,y )) of f on Y’ is contained in F and is
H'|y x -related to the fixed point class p(Fix(H'(-,1),Y")) = p(Fix(i*",Y"))
of the inclusion ¥ : Y/ — X.

Secondly, we construct an injective function
7: FPCe(fa) — {components of Y N A}.

Let F' € FPC.(fa,). By essentiality, F' is H', ;-related to a non-empty
fixed point class F’ of g4. There is a component U of Y N A such that
U C F’. We can pick a component U of pZI(U ) such that the O-slice of
a lifting H’ "vwq of H'y..; determines the fixed point class F', and such that
U is contained in the fixed point set of the 1-slice of H’ Ax1- We define the

component U as 7j(F). Clearly, the fixed point class pa(Fix(H'y, ;(-,0),0))
of f4 on U is contained in F and is H/ (YNA)xT -related to the fixed point class
pa(Fix(H'y, (- 1),0)) = pA(FiX(iU, U)) of the inclusion iV: U — A.

Up to now, each of the components of Y or Y N A in the image of n
or 77 has been chosen a component of p~!(Y) or p,*(Y N A). Now, choose
a component of p~(Y) or p;*(Y N A) for each component of Y or Y N A
which does not lie in the image of i or 7. Then for the chosen components
of p~1(Y) or p;* (Y N A) as above, the key element for each component Y”
of Y is just the trivial element in the group Jx, A):y/(iy/, iY'04). Conditions
(K1) and (K2) are satisfied automatically from the method of choosing the
components of p~1(Y) or p (Y N A).

Fix a component Y’ of Y. Any component of p~(Y) can be written as
v(Y"), where Y is the chosen component of p~*(Y) and v € T'(X X). The fixed
point class F' = p(le(f)) = p(Fix(yfy~ 1)) will contain a fixed point class
p(Fix(y fy~ ,7( ))) of f on Y’ which is H'|y x-related to the fixed point
class p(FlX(ﬂ(Y ), 4(Y"))) of the inclusion i¥": Y’ — X. There is an analogy
for an arbitrary component of pATl(Y N A). It follows that the key elements
for the homotopy H'|y x; with respect to the chosen 1 and 7 are all trivial
elements for any component of p~!(Y") and any component of p;'(Y N A).
Now, we will show that any relative homotopy H: (Y x I, (Y N A) x I)

— (X, A) from f|y to i¥ has the key property with respect to the chosen n
and 7.
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Define H¢: (Y x I, (Y NA)xI)— (X,A) by

He(y 1) = H'(y,1—2t) if0<t<1/2
YU\ H@y2t—1) it12<t<1.

It is a cyclic relative homotopy of the inclusion i¥ : Y — X. Fix a component
Y’ of Y. Given any component Y’ of p~*(Y”), let Y/ Abea disjoint union
of components of pZI(Y' N A) which contains exactly one component of
p1}(U) for each component U of Y’ N A. We have an element

(" HO), £ /A JH 0 4)) € Jixayy (1Y, Y04.

It is sufficient to show that it is a key element, i.e. to check conditions (K1)
and (K2). If n(F) = Y’, then by the above argument, we may assume that
F = p(Fix(f)) and that there is a unique lifting H’' (depending on the
component Y') of H' such that H'(7,0) = f(§) and H'(§,1) = § for all §
in the given component Y” of p~(Y”). By definition of £(i¥", H¢), there is a
lifting H¢ of HC such that H¢(g,0) = ¥ () = jand H(g,1) = £(i¥", HC)()
for all j € Y'. Define H”: Y' x I — X by

H"(5.1) = H'(y,21) if0<t<1/2,
’ He(g,2t—1) if1/2<t<1.

It is a lifting of the restriction of H”: (Y x I,(Y N A) x I) — (X, A) to
Y’ x I, which is a relative homotopy from f|y to the inclusion ¥ : ¥ — X
given by

Y 1) = H'(y, 2t) if0<t<1/2,
’ He(y,2t —1) if1/2<t<1,
H'(y,2t) if0<t<1/2,

= H'(y,3—4t) if1/2<t<3/4,
H(y,4t—3) if3/4<t<1.

Note that F1”(7,0) = F'(§,0) = () and (3, 1) = H¥(7, 1) = £(i¥, H)(7)
for all § € Y’. Thus, F contains a fixed point class p(Fix( f Y')) of f on
Y’ = n(F), which is H-related to the fixed point class p(Fix(H"(-,1),Y")) =
p(Fix((iY', H®),Y")) of the inclusion i¥". Notice that H” and H are de-
formed into each other [0, 2.11 Definition]. By [5, 2.13 Theorem| and [21,
Theorem 2.8], “H"-related” and “H-related” are the same correspondence
between sets of fixed point classes. Thus, the fixed point class p(Fix( 1,y )

of f on Y is also H-related to the fixed point class p(Fix(¢(:¥, H¢),Y")) of

. . . !
the inclusion ¥ .
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Let F be an essential fixed point class of f4 with 7(F) = U, which is
a component of Y/ N A’ for some component Y’ of Y and some component
A" of A. Similarly, we can prove that F contains a fixed point class of f4
on U which is Hysnanx-related to the fixed point class pa(Fix(83, U)) of

the inclusion iV: U — A’, where 3 = E(iU,H(Cy/mA,)XI). This finishes the
proof. =

The key property does depend on the choice of the injective functions n
and 7. The existence of 7 obviously implies that Y has at least fFPCy(f) =
N(f; X —A) components meeting cl(X — A). If N(f; X —A) = 0, then
condition (K1) is satisfied automatically. Similarly, (K2) is satisfied auto-
matically when N(f4) = 0.

Notice that FPCy(f) may contain inessential fixed point classes. For
example, the identity map id: (S' x D?,C x D?) — (S' x D?,C x D?),
where C' is an arc in S', has no essential fixed point class on the total space.
The unique non-empty fixed point class does not assume its index in the
subspace C' x D?. Hence no set Y in the interior of C' x D? can be a fixed
point set of any map in the relative homotopy class of id, although the
conditions in [I3] Theorem 4.6] are satisfied if we take Y to be a singleton.

The proof of Theorem suggests that the existence of key elements
satisfying conditions (K1) and (K2) is independent of the choices of compo-
nents of p~*(Y)’s and p;' (Y N A)’s. Such an independence relies on a more
general statement:

PROPOSITION 4.2. Suppose that (a|z,Z) and (a/|5,Z') are conjugate
lifting data pairs of the inclusion ‘. 7 — X, where Z is a connected subset
of X. Then a € Jx.z(i%) if and only if o/ € Jx.z(i7").

Proof. Since (a]Z,Z) and (o], Z') are conjugate, by definition, there
is an element v € T(X) such that o/ = yay~! and Z’ = 4(Z). By Proposi-
tion o€ JXzZ(iZ) if and only if o/ = yay™! € Jx.z(y o iZ). Note that
yoiZ = i?' . We are done. u

Compared with the necessary conditions (C1) and (C2) in [11], our con-
ditions have an obvious advantage when proving that a certain set Y cannot
be realized as the fixed point set of a map in a given relative homotopy class.
It is sufficient to find one homotopy from f|y to ¥ which does not have the
key property. The following examples illustrate the way of checking our key
property, as well as of computing generalized Jiang groups.

EXAMPLE 4.3. Let X = S' x D? = {(e%,re?") | 0 < r < 1} be the
solid torus, and A = S! x {0} be the core circle in X. A relative map
f:(X,A) = (X, A) is defined by f(e?, re?) = (e=%,re?"). Consider the
compact set Y = Y; U {yo} where Y is the arc {(e™", sin(rt)e’)}o<i<1 and
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yo = (%, e™). Then Y touches A at end points. We shall show that Y
cannot be relatively deformed to a map g with Fix(g) =Y.

Let p: X = R! x D? — X denote the universal covering map which is
defined by p(u, re?’) = (2™, re®"). Then the universal covering p4: A — A
can be regarded as the restrlctlon of p to A = R! x {0}. Hence,

T(X) = { | v, re?) = (u+ k,re?), k= 0,£1,£2,.. .},
T(A) = {3 | T = wlz, k= 0,41, 42, .},

Pick the lifting f: X — X given by f(u,re?") = (—u, re?’). Then the restric-
tion f; 1 is a lifting of f4 with respect to the unlversal covering pa: A — A.
Clearly, fa has two fixed point classes Fy = {(e%,0)} = pA(le(fA)) and

Fy = {(e™,0)} = pa(Fix(m fA))» and f also has two fixed point classes which
contain F; and F» respectively. Each of these four fixed point classes has
fixed point index 1. It follows that FPC4(F') = () and FPC.(fa) = {F1, F»}.

Consider the components Y, = {(e”“, sin(7t)e%) }o<i<1 and Yo = {(e%, ™)}
of Y, and the components U; = {(¢”,0)} and Uz = {(e™,0)} of Y1 N A.
Pick the component Y1 ={(t/2, 51n(7rt) 01)}0<t<1 of p~1(Y1), the compo-
nent Uy = {(0,0)} of p;* (U1) and the component Uz = {( 1/2,0)} of p 1 (Us).
Let us compute the generalized Jiang group Jix a).y, (zyl iV), where U =
Uy UU;y. Let Hi: (Y1 x I, (Y1 NA) x I) (Y1, A) be an arbitrary cyclic
relative homotopy of the inclusion i"1:Y; — X. We have £(i "1 JHy) = Tk
for some v € T(X), i.e. there is a hftlng H, of H; such that H,(,0) =
and Hy(j,1) = § + k for any § € Yi. It is obvious from Definition
that E(iU, Hy (any)yx1) = (k7). Conversely, for any integer m, the cyclic
homotopy H(™: (X x I, A x I) (X, A) given by H™((e? re?) t) =
(el0+2mmi)i 1edt) yields 6( Vi pp(m )y, x1) = Ym. Thus, we obtain

Jx,4)y, (i 1 0) = { (v Ao k) | k= 0, 41,42, } 2 7,

Define a relative homotopy H: (X x I, A x I) — (X, A) starting from f
by
(e, re??) if 0 <0 < t,

(5 t+2 5 (0—mt)+mt)i

(e't ,re®) if mt < 0 < 27

H((e%, re?) t) = {
Its restriction to Y} x I is a homotopy from f|y, to the inclusion .

Let us check the key property. Since FPCy(f) = 0 and Y5 does not
intersect A, it is sufficient to consider the possibility of an injective function
n: {Fl,FQ} — {Ul,UQ}.

Suppose that 7(Fy) = Uy and 7(Fy) = Us. Note that any fixed point
class of f4 on U; which is contained in Fy = pu(Fix(f 1)) must have the
form pA(FiX(’_ymfgﬁgzl, U1)). Since 7j(Fy) = Uy, condition (K2) implies that
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pA(Fix(”ymfA"yn}l, U1)) is Hax-related to a fixed point class pa (Fix(x, Uy))
of iY1: Uy — A. Since H is constant on Uj, we have ’_ymf;ﬁ,jll(o,())
,(0,0). It follows that & = 2m is an even number.

Similarly, any fixed point class of f4 on Us in Fy = pa(Fix(51 f 7)) must
have the form p4 (Fix(y,7 f;ﬁgl, Us)). As 7j(Fy) = Us, condition (K2) forces
that the fixed point class pA(Fix(ﬁfnﬁquS/;l, Ug)) is H gy -related to some
fixed point class pa(Fix(Fp,Us)), i.e. %’71]‘11’751 and Fix(yx) are respec-
tively the 0- and 1-slices of the restriction to Ug X I of some lifting of Hx;.
Let us denote by H the lifting of H such that H((0,0),0) = £(0,0) = (0,0).

Note that H((1/2,0),t) = (352, 0). The restrictions of its 0- and I-slices to

U, are respectively f \02 and idg,. The 1-slice of the lifting Fons1H| Fyxr Of
H|uy,xr1 is 72n+1|02 since its 0-slice is Jap,41 fA|02 = ﬁnﬁlff;’_yglbz. It follows
by uniqueness of lifting that ¥’ = 2n + 1. Thus, pA(FiX(%ﬁlfAﬁgl, 0y)) is
H 4« -related to the fixed point class pa(Fix(J2n41, f]g))

Since (83, 52m,Yon+1) € J(x,4)vi (:¥1,iV) for any § € T(X), this homo-
topy H|y s will not have the key property with respect to the injective
function 7 given by 7(F1) = Uy and 7(Fy) = Us.

The situation is the same if 7(F;) = Uz and 7(F2) = U;. Thus, by
Theorem [4.I] Y cannot be the fixed point set of any map in the relative
homotopy class of f, although Y N A = Fix(f) N A.

EXAMPLE 4.4. Let X = S} U D? U S} U D2 be a subset of the complex
plane, where

Sh={e""-3]0<0<2r}, D}={re"-1]0<0<2r 0<r<1},
Sh={’"+1]0<O<2r}, Di={re® +3]0<6<2m, 0<r<1}.

Let A = S] U S U ST with S] = dD? and Si = 9D2. A relative map
f:(X,A) — (X, A) is defined by

f(2) = {Z if 2 € 83,

z otherwise,

where Z is the conjugate complex number of 2. Take the compact set Y = S
Pick zg = 0 as the base point of both A and X. We have the following
loop classes at zq:

ag = ({e™ — T}ocect - {€*™ = BYoci<r - {e™™ — 11,
= ({e*™ — 1}o<i<1),

ag = ({0 4 1} oci<1),
=

{e™™ 4+ 1}o<i<r - {7+ 3 o<t - {€™ + Lo<e<a)-
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Thus, m1(A,z) is a free group of rank 3 with generators aj, s, as, and
m1(X, x0) is a free group of rank 2 with generators ay, as.

Take a point Gy € p;' (o), and a point Zo € p~!(z¢). We have two canon-
ical isomorphisms, 9z, (fl) — 11 (A, z0) and 3, : T(X) — 7 (X, z0). Let
Y4 be the component of Py (Y) containing dg, and Y the component of
p~ 1Y) containing Zo.

We shall compute Jix.A): y( i 4) as follows. Suppose that (3,03) €

Jix,a)y (i v Ya), Then 8 € J A( 4), and by Lemma and its corollary,

we have /3’7 73 for all v € T( satisfying fy(YA) C Yj. Since T(A)
is a free group generated by > ( 1), V3 1( 2) and 1/)_1( 3), and since its
subgroup {y e T(A) | ’y(YA) C Y4} is the infinite cychc group generated

by wao (1), the element 3 must have the form ( ¥). Notice that for

any integer m, the map H,,: Y x I — A given by ( el,t) e(0+2mmi)i g

a cyclic homotopy such that - ( ) = (i Va JHp). Let H: Y x I — A

be an arbitrary cyclic homotopy of i¥ with E(ZYA, H) = 1,!)501 () € T(A).
Then {H (xo,t) }o<t<1 =~ {Hm(xo,t) }o<t<1 rel {0,1}, i.e. they are homotopic
in A relative to their end points. Since the loop {H,,(xo,t)}}o<i<1 is trivial
in X, so is {H(zo,t)}o<t<1. Thus, the lifting of the path {H (zo,?)}o<t<1
with respect to p: X — X starting at xg will end at zg. It follows that
the lifting of the cyclic homotopy H startlng with 7Y will end also with ¥
Thus, £(i¥, H) is the trivial element 1 in 7'(X). We obtain

Joxayy (¥ ,7) = {(Lv3 b)) | ke 2} 2 2.

The symmetric behavior of f4 tells us that the two components S and
S% of the fixed point set of f4 must have the same indices. Hence both have
zero indices because L(f4) = 0. Thus, FPC.(f4) =0

Let us consider the fixed point classes of f. Note that the fixed point set
of f consists of two components: St U D? and D3. Clearly, ind(f, D3) =1
The fact that L(f) = 1 implies ind(f, So U D?) = 0. Let b: I — X be the
lifting of {e®™~™" 4 1}g<4<1 with b(0) = Zg. Since {7~ 4 1},_ 1/2 18
contained in the fixed point set of f, there is a lifting f of f such that
f(b(1/2)) = b(1/2). Thus, the unique fixed point class of f which does not
assume its index in A is just p(Fix( f)). By the definition of f, we have
that f(b(1/2 —¢€)) = b(1/2 4 ¢) for —1/2 < & < 1/2. This implies that
F(b(0)) = b(1). Since ag = (b) € m(X,x0), from the argument preceding
Lemma we have b(1) = wiol(ag)b( ). It follows that f(iy) = w;ol(ag)ico.
This also implies that the two components of the fixed point set of f lie in
different fixed point classes of f, and therefore FPCy(f) = {D3}.

Notice that f(y) = y for all y € Y. We can choose the constant ho-

motopy from f|y to i¥. Notice that any element in J(XVA):y(Z'Y,Z'YA) has
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the form (1,x%). If the key property were satisfied, condition (K1) would
imply that f v = i¥ for some lifting f" which also determines p(Fix( f))
Clearly, f' = yfy~! for some v € T(X). In particular, we would have
vy~ (Z0) = Zo. It would follow that xo € p(Fix(f)). This is a contradic-
tion. Thus, by Theorem [4.1} ¥ cannot be the fixed point set of any map in
the relative homotopy class of f.

If we consider the map f xidp2: (X x D?, Ax D?) — (X x D%, Ax D?),
with the same argument we can show that ¥ x {0} is not the fixed point
set of any map in the relative homotopy class of f x idp2. But, since it is
contained in the contractible set D3 x {0}, Y x {0} can be realized as the
fixed point set of a map which is homotopic (not relatively homotopic) to
f xidp2 by using [11, Theorem 4.3] directly.

5. Sufficiency. In this section, we shall provide some sufficient condi-
tions under which a compact subset Y of X can be realized as the fixed
point set of a map relatively homotopic to a given relative map f. The main
idea is the same as in the proof of the minimum theorem [9, Theorem 6.2]
for the relative Nielsen number N(f; X, A).

THEOREM 5.1. Let f: (X, A) — (X, A) be a relative map of a pair (X, A)
of compact polyhedra. Suppose that Y is a compact subpolyhedron of X sat-
isfying:

(1) YU A can be bypassed in X,

(2) YNA can be bypassed in A for each component A" of A,

(3) X — (Y UA) has no local separating point and is not a 2-manifold,

(4) A"—=Y has no local separating point and is not a 2-manifold for each

component A" of A.

If there is a relative homotopy H: (Y x I,(Y NA) x I) — (X, A) from the
restriction of f to'Y to the inclusion of Y into X having the key property
with respect to injective functions n and 7 as in Theorem then f is
relatively homotopic to a map g: (X, A) — (X, A) with Fix(g) =Y.

Proof. Let us outline the scheme of our proof. We shall construct a
relative homotopy from f: (X, A) — (X, A) to: f satisfying Y C Fix f/, f”
satisfying Y C Fix(f”) and YNA = Fix(f")NA, f"” satisfying Y C Fix(f"),
Y NA=Fix(f"”)N A and Fix(f") — Y are fixed points in distinct classes.

Since both Y and A are compact subpolyhedra of X, Y and Y N A must
have finitely many components. Consider a component Y’ of Y which meets
the images Im(n) U Im(7). By deﬁmtlon of the key property, there is a key

element o’ in the the group Jix,4)y (i Y, Y’ mA), where Y’ is a component of

p~ YY), and Y’ /' A is a union of components of p,*(Y’ N A) such that



110 M. H. Woo and X. Z. Zhao

e~

Y’ N A contains exactly one component for each component of Y’ N A. By
definition of the above generalized Jiang group, there is a cyclic homotopy
HS, (Y xI,(Y'NA) x I) — (X, A) of the inclusion of Y/ in X such that
V'V — X and o 0¥ : V' — X are respectively the 0- and I-slices
of a lifting of the homotopy Hy,, and such that V.U — A and ay o

iV: U — A are respectively the 0- and 1-slices of a lifting of the homotopy
(Hy))(vinayxr: (Y M A) x I — A for any component U of YN A, where aj
is the first entry of o, o, is the entry of o’ corresponding to the component
U, and U is a component of p,*(U).
Having the H¢., for each component Y’ of ¥ meeting Im(n) UIm(7), we
can define
H(y,2t) if0<t<g,yeY Y N(Im(n) Ulm(7)) # 0,
H'(y,t)=1{ Hy.(y,2 - 2t) if 53 <t <1,y €Y’ Y N (Im(n) Ulm(q)) # 0,

H(y,t) if y € Y, Y" N (Im(n) UIm(7)) = 0.

It is a relative homotopy from f|y to the inclusion of Y into X. By condition
(K1), each fixed point class F' of f that does not assume its index in A will
contain a fixed point class of f on the component n(F) of Y, which is H'-
related to the unique non-empty fixed point class of the inclusion of n(F)
into X; from condition (K2), each essential fixed point class F' of fa will

contain a fixed point class of f4 on the component 77(F) of Y N A, which is
H EYﬂ A)x ;-related to the unique non-empty fixed point class of the inclusion
of 7(F) into A.

Using the homotopy extension property for pairs (A,Y N A) and then on
the pair (X,Y), we extend H’ to a relative homotopy H': (X x I, A x I)
— (X, A). Let f" denote the relative map given by f'(x) = H'(z,1). Then
Y C Fix(f’). Each fixed point class F of f that does not assume its index in
A is H'-related to a fixed point class of f’ containing the component 7(F')
of Y; and each essential fixed point class F of f4 is H " j-related to a fixed

point class of f/, containing the component 7(F') of Y N A.

Let A’ be a component of A. The restriction of f’ to A’ can be regarded
as a relative map f,: (A, Y NA") — (A, Y N A’). Using the method of
[9, Lemma 4.1}, we may assume that f/, has finitely many fixed points on
A" =Y. Since Y N A’ can be bypassed in A" and since A’ — Y has no local
separating point and is not a 2-manifold, we can combine the fixed points
of f%4, in A’ —Y lying in the same fixed point class of it into one point. The
isolated fixed points with zero indices can be removed in the usual way (cf.
[T, p. 123, Theorem 4]). The resulting map is still denoted f’. Now, the fixed
points on A’ — Y lie in distinct fixed point classes of f/,, and have non-zero
indices. Let a be a fixed point on A’ — Y. If a lies in an essential fixed point
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class, this class must be H'-related to an essential fixed point class F of far.

Thus, the point a and the component 7(F') of Y N A’ are in the same fixed
point class of f/,. We can then move a into the component 7j(F). If a lies
in an inessential fixed point class of f’,, since a has non-zero fixed point
index, there must be a component of Y N A’ lying in the same fixed point
class as a. Hence, we can move a into this component.

Repeating this procedure in each component of A, we get a new map
f1: A — A which is homotopic to f’; relative to Y N A such that Fix(f}) =
Y NnA.

Let H': A x I — A denote the homotopy from f/ to f4. Clearly,
H'(y,t) =y for all y € Y N A. We can extend H” to H": (Y U A) x I,
A x I) — (X, A) by defining H"(y,t) = y for all y € Y. Using the homo-
topy extension property again, we can extend H” to a relative homotopy
H": (X xI,Ax1I)— (X, A) starting from f": (X, A) — (X, A). We write
" (X, A) — (X, A) for the 1l-slice of H”, ie. f"(z) = H"(x,1) for all
reX.

Now, we regard f” as a relative map of the pair (X,Y U A). Using the
technique of the proof of [9, Lemma 4.1] again, we may homotope f” relative
to YU A so that f” has finitely many fixed points on X — (Y U A). The fixed
points on X — (Y U A) in the same fixed point classes will be combined into
one point. After that, the fixed points on X — (Y U A) with zero indices will
be removed as in [I}, p. 123, Theorem 4]. Thus, we have a new map f”/ which
is homotopic to f” relative to Y U A so that the fixed points on X — (Y U A)
lie in distinct fixed point classes and have non-zero indices.

Let x be a fixed point of f” on X — (Y U A), lying in a fixed point
class F,. If F, does not assume its index in A, then x is homotopy re-
lated to a fixed point class F' of f which does not assume its index in A.
Item (K1) in the key property ensures that the component n(F) of Y
meets cl(X — A) and is contained in F,. Therefore, we can move x to
become a point in n(F) Ncl(X — A). If F, assumes its index in A, there
must be a component Y’ of Y such that Y’ N cl(X — A) # (. Other-
wise, F, would be a disjoint union of {z} with several components of YV
lying in int(A). Hence, ind(f", Fy) = ind(f",x) + > y/cp ind(f",Y') =
ind(f", 2)+> yicp, ind(f},Y") = ind(f", z)+ind(f7’, FxNA). This contra-
dicts the fact that F, assumes its index in A, because ind(f", ) is non-zero.
Thus, in this case, we can still find a fixed point in Y Ncl(X — A) lying in Fy,
and therefore we can move x into Y Ncl(X — A).

Since each fixed point on X — (Y U A) has already been moved into Y,
we obtain the desired relative map. m

By using the idea in [11, Theorem 3.2] or in [13], the assumption that Y
is a subpolyhedron can be weakened. We omit the details.
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