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Local symplectic algebra of quasi-homogeneous curves
by

Wojciech Domitrz (Warszawa)

Abstract. We study the local symplectic algebra of parameterized curves introduced
by V. I. Arnold. We use the method of algebraic restrictions to classify symplectic sin-
gularities of quasi-homogeneous curves. We prove that the space of algebraic restrictions
of closed 2-forms to the germ of a K-analytic curve is a finite-dimensional vector space.
We also show that the action of local diffeomorphisms preserving the quasi-homogeneous
curve on this vector space is determined by the infinitesimal action of liftable vector
fields. We apply these results to obtain a complete symplectic classification of curves with
semigroups (3,4,5), (3,5,7), (3,7,8).

1. Introduction. We study the problem of classification of parameter-
ized curve-germs in a symplectic space (K", w) up to symplectic equivalence
(for K = R or C). The symplectic equivalence is a right-left equivalence (or
A-equivalence) in which the left diffeomorphism-germ is a symplectomor-
phism of (K", w), i.e. it preserves the given symplectic form w in K?".

The problem of A-classification of singularities of parameterized curve-
germs was studied by J. W. Bruce and T. J. Gaffney [BG| and C. G. Gibbson
and C. A. Hobbs [GH] who classified the A-simple plane curves and the
A-simple space curves respectively. A singularity (an A-equivalence class)
is called simple if it has a neighborhood intersecting only a finite number
of singularities. V. I. Arnold [A2] classified stably simple singularities of
curves. A singularity is stably simple if it is simple and remains simple after
embedding into a larger space.

The main tool and the invariant separating the singularities in the A-
classification of curves is the semigroup of a curve singularity ¢ — f(t) =
(fi(t),..., fm(t)) (see [GH] and [A2]). It is the subsemigroup of the additive
semigroup of natural numbers formed by the orders of zero at the origin of
all linear combinations of products of f;(t).
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In [A1] V. L. Arnold discovered new symplectic invariants of parameter-
ized curves. He proved that the Ay singularity of a planar curve (the or-
bit with respect to standard A-equivalence of parameterized curves) splits
into exactly 2k + 1 symplectic singularities (orbits with respect to sym-
plectic equivalence of parameterized curves). Arnold posed the problem of
expressing these invariants in terms of the local algebra’s interaction with
the symplectic structure. He proposed to call this interaction local symplectic
algebra.

In [IJ1] G. Ishikawa and S. Janeczko classified symplectic singularities
of curves in the 2-dimensional symplectic space. All simple curves in this
classification are quasi-homogeneous (see also [DR]).

A symplectic singularity is stably simple if it is simple and remains
simple if the ambient symplectic space is symplectically embedded (i.e. as
a symplectic submanifold) into a larger symplectic space. In [K] P. A. Kol-
gushkin classified the stably simple symplectic singularities of curves (in the
C-analytic category). All stably simple symplectic singularities of curves are
also quasi-homogeneous.

In [DJZ2] new symplectic invariants of singular quasi-homogeneous sub-
sets of a symplectic space were described by the algebraic restrictions of the
symplectic form to these subsets.

The algebraic restriction is an equivalence class of the following relation
on the space of differential k-forms:

Differential k-forms w; and wo have the same algebraic restriction to a
subset NV if w; — w9 = a+ dfF, where « is a k-form vanishing on N and [ is
a (k — 1)-form vanishing on N.

The algebraic restriction of a k-form w; to a subset N; and the algebraic
restriction of a k-form wy to a subset Ny are diffeomorphic if there exists a
diffeomorphism @ of K™ which maps N; to No such that &*ws and w; have
the same algebraic restriction to N; (for details see Section 3).

The results in [DJZ2] were obtained by the following generalization of
the Darboux—Givental theorem.

THEOREM 1 ([DJZ2]). Quasi-homogeneous subsets of a symplectic man-
ifold (M,w) are locally symplectomorphic if and only if the algebraic restric-
tions of the symplectic form w to these subsets are locally diffeomorphic.

This theorem reduces the problem of symplectic classification of quasi-
homogeneous subsets to the problem of classification of algebraic restrictions
of symplectic forms to these subsets.

In [DJZ2] the method of algebraic restrictions is applied to various clas-
sification problems in a symplectic space. In particular, a complete symplec-
tic classification of classical A-D-E singularities of planar curves is obtained,
which contains Arnold’s symplectic classification of the Ay singularity.
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In this paper we return to Arnold’s original problem of local symplectic
algebra of a parameterized curve. We show that the method of algebraic
restrictions is a very powerful classification tool for quasi-homogeneous pa-
rameterized curves. This is due to the several reasons. The most important
one is that the space of algebraic restrictions of germs of closed 2-forms to
a K-analytic parameterized curve is a finite-dimensional vector space. This
fact follows from the following more general result conjectured in [DJZ2],
which we prove in this paper.

THEOREM 2. Let C be the germ of a K-analytic curve. Then the space of
algebraic restrictions to C' of germs of closed 2-forms is a finite-dimensional
vector space.

By a K-analytic curve we understand a subset of K" which is locally
diffeomorphic to a 1-dimensional (possibly singular) K-analytic subvariety
of K™. Germs of C-analytic parameterized curves can be identified with
germs of irreducible C-analytic curves.

The tangent space to the orbit of an algebraic restriction a to the germ f
of a parameterized curve is given by the Lie derivative of a with respect to
germs of liftable vector fields over f. We say that the germ X of a liftable
vector field acts trivially on the space of algebraic restrictions if the Lie
derivative of any algebraic restriction with respect to X is zero.

THEOREM 3. The space of germs of liftable vector fields over the germ
of a parameterized quasi-homogeneous curve which act non-trivially on the
space of algebraic restrictions of closed 2-forms is a finite-dimensional vector
space.

Theorem 2 is proved in Section 5. In Section 6 we prove Theorem 3 us-
ing the quasi-homogeneous grading on the space of algebraic restrictions. We
show that there exist quasi-homogeneous bases of the space of algebraic re-
strictions of closed 2-forms and of the space of liftable vector fields which act
non-trivially on the space of algebraic restrictions to a quasi-homogeneous
parameterized curve. These bases allow us to prove Theorem 6.13 that states
that the linear action on the space of algebraic restrictions of closed 2-forms
to the germ of a quasi-homogeneous parameterized curve by Lie derivatives
with respect to liftable vector fields determines the action on this space by
local diffeomorphisms preserving this germ of the curve.

Both the space of algebraic restrictions of symplectic forms and this
linear action are determined by the semigroup of the curve singularity.

We apply the method of algebraic restrictions and results of Section 6
to obtain a complete symplectic classification of curves with semigroups
(3,4,5), (3,5,7) and (3,7, 8) in Sections 7, 8 and 9. The classification results
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are presented in Tables 1, 5 and 9. All normal forms are given in the canonical
coordinates (p1,q1, ..., Pn, gn) in the symplectic space (R*", Y"1 | dp; Adg;).
The parameters c,ci,co are moduli. The different singularity classes are
distinguished by discrete symplectic invariants: the symplectic multiplicity
tsympl (f), the index of isotropy i(f) and the Lagrangian tangency order
Lt(f), which are considered in Section 4.

We consider only quasi-homogeneous parameterized curves in this pa-
per. But there are A-simple singularities of curves which are not quasi-
homogeneous. For example, the curve f(t) = (t3,¢” + %) is not quasi-homo-
geneous. Theorem 1 cannot be applied to such curves. But there exists a
generalization of this theorem to any subsets N of K™ ([DJZ2, Section
2.6]). In general there is one more invariant for the symplectic classifica-
tion problem which can be represented by a cohomology class in the second
cohomology group of the complex of 2-forms with zero algebraic restric-
tions to N. These cohomology groups vanish for quasi-homogeneous subsets
([DJZ1]). They are finite-dimensional for C-analytic varieties with an iso-
lated singularity ([BH]). This implies that they are finite-dimensional for
non-quasi-homogeneous C-analytic curves. The space of algebraic restric-
tions of closed 2-forms to a K-analytic curve is also finite-dimensional by
Theorem 2. But the description of the action on algebraic restrictions of
diffeomorphisms preserving a non-quasi-homogeneous curve is much more
complicated.

2. Quasi-homogeneity. In this section we present the basic definitions
and properties of quasi-homogeneous germs.

DEFINITION 2.1. A curve-germ f : (K, 0) — (K™, 0) is quasi-homogeneous
if there exist coordinate systems ¢ on (K, 0) and (z1,...,zy) on (K™,0) and
positive integers (A1,..., Ay,) such that

d

where E = """, X\jz;0/0x; is the germ of the Euler vector field on (K™, 0).
The coordinate system (x1,...,2,,) is then also called quasi-homogeneous,
and the numbers (\1,..., \y,) are called weights.

DEFINITION 2.2. Positive integers A1, ..., A\, are linearly dependent over
non-negative integers if there exists j and non-negative integers k; for i # j
such that \; = Z#j k;\;. Otherwise we say that Aq,..., A, are linearly
independent over non-negative integers.

It is easy to see that quasi-homogeneous curves have the following form
in quasi-homogeneous coordinates.
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PROPOSITION 2.3. A curve-germ f is quasi-homogeneous if and only if
f is A-equivalent to
t (.. t,0,...,0),

where \1 < --- < Mg are positive integers linearly independent over non-
negative integers.

Al, ..., A\ generate the semigroup of the curve f, which we denote by
A1y eey M)

The weights Ay, ..., A\; are determined by f, but the weights Ag11,..., Am
can be arbitrary positive integers. Actually in the next sections we study the
projection of f to the non-zero components: K 3 ¢ +— (tM, ... t*) € KF,

DEFINITION 2.4. The germ of a function, of a differential k-form, or of
a vector field o on (K™,0) is quasi-homogeneous in a coordinate system
(x1,...,2m) on (K™, 0) with positive weights (A1,..., ) if Lpa = da,
where E = > \jx;0/0x; is the germ of the Euler vector field on (K™, 0)
and ¢ is a real number called the quasi-degree.

It is easy to show that « is quasi-homogeneous in a coordinate sys-
tem (z1,...,T,,) with weights (A1,..., A\y) if and only if F'a = t°, where
Fy(z1,...,xm)=(tMz, ..., t"2,,). Thus germs of quasi-homogeneous func-
tions of quasi-degree ¢ are germs of weighted homogeneous polynomials of
degree 6. The coefficient f;, . ;, of the quasi-homogeneous differential k-form
> fir,igdxi A+ - Ady,, of quasi-degree § is a weighted homogeneous poly-
nomial of degree § — Z?Zl Ai;- The coefficient f; of the quasi-homogeneous
vector field Y ;" | f;0/0x; of quasi-degree ¢ is a weighted homogeneous poly-
nomial of degree § + A;.

PRoOPOSITION 2.5. If X is the germ of a quasi-homogeneous vector field
of quasi-degree i and w is the germ of a quasi-homogeneous differential form
of quasi-degree j then Lxw is the germ of a quasi-homogeneous differential
form of quasi-degree i + j.

Proof. Since LgX = [E, X] =iX and Lpw = jw, we have
ﬁE(ﬁxw) = ﬁx(ﬁEw) + E[E,X]w = ﬁx<jw> + Lixw
= jLxw+ilyw = (i +j)Lxw.

This implies that Lxa is quasi-homogeneous of quasi-degree i + j. =

3. The method of algebraic restrictions. In this section we present
basic facts on the method of algebraic restrictions. The proofs can be found
in [DJZ2].

Given the germ of a smooth manifold (M, p) denote by A¥(M) the space
of all germs at p of differential k-forms on M. Given a curve-germ f :
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(K,0) — (M, p) introduce the following subspaces of AP(M):

A]IDmf(M) ={we AP(M): W‘f(t) = 0 for any t € K},

Ab(Im f, M) ={a+dB:ae A (M), e A (M)}

The relation w| 7ty = 0 means that the p-form w annihilates any p-tuple
of vectors in T,y M, i.e. all coefficients of w in some (and then any) local
coordinate system vanish at the point f(¢).

DEFINITION 3.1. The algebraic restriction of w to a curve-germ f : K —
M is the equivalence class of w in AP(M), where w is equivalent to w if
w—we Aj(Im f, M).

NOTATION. The algebraic restriction of the germ of a form w on (M, p)
to a curve-germ f will be denoted by [w]|f. Writing [w]f = 0 (or saying
that w has zero algebraic restriction to f) we mean that [w]; = [0]f, i.e.
w € Ab(Im f, M).

REMARK 3.2. If ¢ = f o ¢ for a local diffeomorphism ¢ of K then the
algebraic restrictions [w]; and [w], can be identified, because Im f = Im g.

Let (M,p) and (]\7 ,p) be germs of smooth equi-dimensional manifolds.
Let f : (K,0) — (M,p) be a curve-germ in (M,p). Let f : (K,0) — (M,7)

be a curve-germ in (M, p). Let w be the germ of a k-form on (M, p) and w
be the germ of a k-form on (M, p).

DEFINITION 3.3. Algebraic restrictions [w]y and [w]7 are called diffeo-

morphic if there exists a germ of a diffeomorphism @ : (M ,p) — (M,p) and
a germ of a diffeomorphism ¢ : (K, 0) — (K, 0) such that #o fo¢ = f and
P*([wlf) = [P*w]p-105 = [@]}-

REMARK 3.4. The above definition does not depend on the choice of w
and w since a local diffeomorphism maps forms with zero algebraic restric-
tion to f to forms with zero algebraic restriction to f. If (M, p) = (M, p) and
f= f then the definition of diffeomorphic algebraic restrictions reduces to
the following one: two algebraic restrictions [w]; and [W]; are diffeomorphic
if there exist germs of diffeomorphisms @ of (M, p) and ¢ of (K, 0) such that
Do fop=fand [Pw|; = [w]f.

The method of algebraic restrictions applied to singular quasi-homogene-
ous curves is based on the following theorem.

THEOREM 3.5 (Theorem A in [DJZ2]). Let f : (K,0) — (K*,0) be
the germ of a quasi-homogeneous curve. If wg,w1 are germs of symplectic
forms on (K2",0) with the same algebraic restriction to f then there exists
a germ of a diffeomorphism @ : (K?* 0) — (K?",0) such that ®o f = f and
@*wl = wo-
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Two germs of quasi-homogeneous curves f,qg of a fized symplectic space
(K2", w) are symplectically equivalent if and only if the algebraic restrictions
of the symplectic form w to f and g are diffeomorphic.

Theorem 3.5 reduces the problem of symplectic classification of singular
quasi-homogeneous curves to the problem of diffeomorphic classification of
algebraic restrictions of symplectic forms to a singular quasi-homogeneous
curve.

In Section 5 we prove that the set of algebraic restrictions of 2-forms to
a K-analytic curve is a finite-dimensional vector space. We now recall the
basic properties of algebraic restrictions which are useful for a description
of this subset [DJZ2].

Let f be a quasi-homogeneous curve on (K27, 0).

First we can reduce the dimension of the manifold we consider due to
the following propositions.

PROPOSITION 3.6. Let (M,0) be the germ of a smooth submanifold of
(K™,0) containing Im f. Let wy,ws be germs of k-forms on (K™,0). Then
[wilf = [waly if and only if [wilrarly = [walra]y-

PROPOSITION 3.7. Let fi, fa be curve-germs in (K™, 0) whose images
are contained in germs of equi-dimensional smooth submanifolds (Mji,0),
(My>,0) respectively. Let wy,ws be germs of k-forms on (K™, 0). The algebraic
restrictions [wi]f, and [wa]f, are diffeomorphic if and only if the algebraic
restrictions [wi|ran ] g and [we|ra,]p, are diffeomorphic.

To calculate the space of algebraic restrictions of 2-forms we will use the
following obvious properties.

PROPOSITION 3.8. Ifw € Af(Im f,K?") then dw € A (Im f,K?") and
wAa€ A§+p(1m f,K27) for any p-form o on K?".
The next step of our calculation is the description of the subspace of

algebraic restrictions of closed 2-forms. The following proposition is very
useful for this step.

PropoSITION 3.9. Let aq,...,a; be a basis of the space of algebraic re-
strictions of 2-forms to f satisfying the following conditions:

(1) da1 :---:daj :0,
(2) the algebraic restrictions daji1,...,day are linearly independent.

Then a1, ...,a; is a basis of the space of algebraic restrictions of closed
2-forms to f.

Then we need to determine which algebraic restrictions of closed 2-forms
are realizable by symplectic forms. This is possible due to the following fact.
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PROPOSITION 3.10. Let r be the minimal dimension of germs of smooth
submanifolds of (K*",0) containing Im f. Let (S,0) be one of such germs of
r-dimensional smooth submanifolds. Let 6 be the germ of a closed 2-form on
(K2",0). There exists a germ of a symplectic form w on (K2*,0) such that
0]f = [w] if and only if rank(0|1,5) > 2r — 2n.

4. Discrete symplectic invariants. Some new discrete symplectic in-
variants can be effectively calculated using algebraic restrictions. The first
one is symplectic multiplicity [DJZ2] introduced in [IJ1] as a symplectic
defect of a curve f.

DEFINITION 4.1. The symplectic multiplicity psympi(f) of a curve f is
the codimension of the symplectic orbit of f in the A-orbit of f.

The second one is the index of isotropy [DJZ2].

DEFINITION 4.2. The index of isotropy ¢(f) of f is the maximal order
of vanishing of the 2-forms w|pps over all smooth submanifolds M contain-
ing Im f.

They can be described in terms of algebraic restrictions [DJZ2].

PROPOSITION 4.3. The symplectic multiplicity of a quasi-homogeneous
curve f in a symplectic space is equal to the codimension of the orbit of the
algebraic restriction [w]y with respect to the group of local diffeomorphisms
preserving f in the space of algebraic restrictions of closed 2-forms to f.

PROPOSITION 4.4. The index of isotropy of a quasi-homogeneous curve
f in a symplectic space (K*,w) is equal to the mazimal order of vanishing
of closed 2-forms representing the algebraic restriction [w]y.

The above invariants are defined for the image of f. They have a natural
generalization to any subset of the symplectic space [DJZ2].

There is one more discrete symplectic invariant introduced in [A1] which
is defined specifically for a parameterized curve. This is the maximal tan-
gency order of a curve f to a smooth Lagrangian submanifold. If H; =
.-+ = H, = 0 define a smooth submanifold L in the symplectic space then
the tangency order of a curve f : K — M to L is the minimum of the orders
of vanishing at 0 of the functions Hio f,..., H,o f. We denote the tangency
order of f to L by t(f,L).

DEFINITION 4.5. The Lagrangian tangency order Lt(f) of a curve f is
the maximum of ¢(f, L) over all smooth Lagrangian submanifolds L of the
symplectic space.

For a quasi-homogeneous curve f with semigroup (Ag,...,\;) the La-
grangian tangency order is greater than \;.
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Lt(f) is related to the index of isotropy. If the index of isotropy of f is 0
then there does not exist a closed 2-form vanishing at 0 representing the
algebraic restriction of w. Then it is easy to see that the order of tangency
of f to L is not greater than .

The Lagrangian tangency order of a quasi-homogeneous curve in a sym-
plectic space can also be expressed in terms of algebraic restrictions.

The order of vanishing of the germ of a 1-form « on a curve-germ f at 0
is the minimum of the orders of vanishing of the functions a/(X)o f at 0 over
all germs of smooth vector fields X. If o = )" | g;dz; in local coordinates
(z1,...,2Tm) then the order of vanishing of o on f is the minimum of the
orders of vanishing of the functions g; o f fori=1,...,m.

PROPOSITION 4.6. Let f be the germ of a quasi-homogeneous curve such
that the algebraic restriction of a symplectic form to it can be represented
by a closed 2-form vanishing at 0. Then the Lagrangian tangency order of
the germ of a quasi-homogeneous curve f is the maximum of the orders of
vanishing on f over all 1-forms « such that [w]; = [da];.

Proof. Let L be the germ of a smooth Lagrangian submanifold in the
standard symplectic space (K*",wp = > ©,dp; A dg;). Then there exist
disjoint subsets J, K C {1,...,n}, JUK = {1,...,n} and a smooth function
S(ps,qx) ([AG]) such that

oS oS

4.1 L=<q;j=—-—(pJ, ik = (P, cjed, ke K 5.
41 L= { = o) i p = G ax) ) }

It is obvious that the order of tangency of f to L is equal to the order of
vanishing of the 1-form a = 7, e prdar — > ;e 9dp; — dS(py, q) and
da = wg.

If two closed 2-forms have the same algebraic restrictions to f then their
difference can be written as the differential of a 1-form vanishing on f by the
relative Poincaré lemma for quasi-homogeneous varieties [DJZ1]. This im-
plies that the maximum of the orders of vanishing of 1-forms « on f depends
only on the algebraic restriction of w = da. Let f(t) = (t*,...,t*.,0,...,0).
We may assume that [w]; may be identified with [da]y, where o is a 1-
form on {zyy1 = -+ = x2, = 0} and dajp = 0. In local coordinates
a = Zle gidx; where g; are smooth function-germs. Let ¢ be the germ
of a symplectic form

k n—k
o=da+ Z dx; N dxgs; + Z dzopyi N dTpy ki
i=1 i=1

Let L be the germ of a smooth Lagrangian submanifold (with respect to o)
{xk—l—i:gi) izl,...,k, L2k+5 :0, jzl,...,n—k}.

The tangency order of f to L is the same as the order of vanishing of o on f.
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It is obvious that the pullback of ¢ to {xp4+1 = - -+ = x9,, = 0} is da. Then
by the Darboux—Givental theorem [AG] there exists a local diffeomorphism
which is the identity on {zp41 = -+ = z9, = 0} and maps o to w. The

submanifold L is mapped to a smooth Lagrangian submanifold (with respect
to the symplectic form w) with the same tangency order to f. =

5. The proof of Theorem 2. In this section we prove Theorem 2. The
proof is based on the following lemmas.

LEMMA 5.1. Let N be the germ of a subset of K™ at 0. Let (z1,...,%m)
be a local coordinate system on K'™. The space of algebraic restrictions of
2-forms to N 1is finite-dimensional if and only if there exists a non-negative
integer L such that :Cfda:j A dxy has zero algebraic restriction to N for any
i,j,k=1,...,m.

Proof. To prove the “only if” part notice that there exists a non-negative
integer K such that the algebraic restrictions

[d.%'j AN dl‘k]N, [xid:nj A d.%'k]N, [:v?dx] A diL‘k]N, ceey [xZKd:ch A d-%'k]N

are linearly dependent, since the space of algebraic restrictions of 2-forms to
N is finite-dimensional. Therefore there exist a non-negative integer M and
c1y...,¢s € Ksuch that [zM(1+ Y7, esal)dz; A day]n = 0. This implies
that [xMdz; A drg]y = 0. Now it is easy to see that L is the maximum of
M for all choices of i, j, k.

To prove the “if” part first notice that any germ of a 2-form can be writ-
ten in the local coordinates as > ;< <, Fjk(2)dx;j Adzy, where Fj (x) are
function-germs on K. Using Taylor expansions of Fj(x) with remainder
of degree greater than mL we obtain the result, since :U? coegimdry A daxy,
has zero algebraic restriction to N for i1 + -+ 4, > mL. =

LEMMA 5.2. Let f : (K,0) — (K2,0) be the germ of a K-analytic pa-
rameterized curve in K2. Let (y, z) be a local coordinate system on K2 such
that the line {y = 0} does not contain f(K). Then there exists a K-analytic
function-germ H vanishing on f of the form H(y,z) = 2P —G(y, 2)y', where
G is a K-analytic function-germ on K2, and p,1 are positive integers.

Proof. We use the method of construction of H described in [W] (proof
of Lemma 2.3.1 on page 28). As f is K-analytic, there exists a coordinate
system ¢ on K such that f(t) = (™, 32, a;t'). We write it as y =™, 2z =
pradt a;t'. Any non-negative integer i can be written as i = gm + r, where
r, q are integers such that 0 <r <m—1and ¢ > 0. Thus z = Z;”:Bl t" o (y),
where ¢.(y) = " 2o agm+,y? is K-analytic for » = 0,1,...,m — 1. Then we
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regard the equations

m—a—1 m—1
(51) taZ: Z ta+r¢r(y)+ Z ta+r_mz¢7"(y)’ a:(],l,...,m—l,
r=0 r=m-—a
as a system of linear equations for the unknowns ¢", r =0,...,m — 1, with
coefficients in K{y, z}. The determinant D(z,y) of this system has the form
z=¢oly)  —oily)  —d2y) o —Pm-1(y)
—2¢m-1(y)  z2—¢oly) —d1(y) - —Pm-2(y)
det | —20m—2(y) —2¢m-1(y) 2—¢o(y) -+ —Pm-3(y)
—2¢1(y)  —zd2(y)  —23(y) - z—¢oly) |
= 2" ()T Y1 (1) 7+ YY),
where 91, ..., 1Y, are K-analytic function-germs. Since the values t" for r =
0,...,m — 1 provide non-zero solutions of (5.1), the determinant D(y, z)

vanishes on the image of the curve f. Since f(0) = 0 we have v,,(0) = 0.
Thus we can decompose D(y, z) as

D(y,z) = zm—i-i/Jl(O)zm’l +-- -+1/Jm_1(0)z+ylF(y,z) = 2Ph(z2) +ylF(y, z),

where h is a polynomial of degree m — k that does not vanish at 0, p,l
are positive integers and F' is a K-analytic function-germ. Now we take

LEMMA 5.3. Let C be the germ of a K-analytic curve on K? at 0. Let
(y,2) be a local coordinate system on K2 such that the line {y = 0} does not
contain any branch of C. Then there exists a K-analytic function-germ H
vanishing on f of the form H(y,z) = 2P — G(y, 2)y', where G is a K-analytic
function-germ on K? and p,l are positive integers.

Proof. We decompose C' into branches C1, . .., Cs. Then we apply Lemma
5.2 to each branch C;. We obtain a K-analytic function-germ vanishing on
C; of the form H;(y, z) = 2P — G4(y, 2)y", where p;,l; are positive integers
and G; is a K-analytic function-germ for ¢ = 1,...,s. Now we may take
H = Hy--- Hg, which vanishes on C and has the desired form. =

LEMMA 5.4. Let N be the germ of a subset of K? at 0. Let H be a
K-analytic function-germ on K2 wvanishing on N. If H has a reqular point
at 0 or an isolated critical point at O then the space of algebraic restrictions
of 2-forms to N is finite-dimensional.

Proof. The space of algebraic restrictions of 2-forms to {H = 0} is iso-
morphic to C2/(H, VH) [DJZ2], where Cs is the space of K-analytic function-
germs on K2. Thus its dimension is finite and equal to the Tjurina number
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of {H = 0}. Since N is a subset of {H = 0}, the dimension of the space of
algebraic restrictions of 2-forms to IV is smaller than the Tjurina number of
{H = 0}, and consequently it is finite. m

Proof of Theorem 2. Let C' be the germ of a K-analytic curve in K™
at 0. In fact, we prove that the vector space of algebraic restrictions of all
2-forms to C' is finite-dimensional. It is obvious that the set of algebraic
restrictions of closed 2-forms is a vector subspace of the vector space of
algebraic restrictions of all 2-forms.

Let (z1,...,Tmy) be a coordinate system on K™ and let

Tk K™ > (wl, e ,:L’m) — (a;j,xk) S K2
be the standard projection. We choose a coordinate system so that for any
j # k, mjk(C) is the germ of a K-analytic curve on K? at 0 such that the
lines {x; = 0} and {z; = 0} do not contain any branch of ;1 (C).

Then the space of algebraic restrictions of 2-forms to m;(C) is finite-
dimensional by Lemma 5.4, since 7;;(C') may have a non-singular point at
0 or an isolated singular point at 0. By Lemma 5.1 there exists a positive
integer K such that ij dxj A dxj has zero algebraic restriction to m;(C)
and consequently it has zero algebraic restriction to C.

By Lemma 5.3 there exist positive integers p, [ and a K-analytic function-
germ G on K? such that the function-germ H(xz;,z;) = ¥ + G(xj,:vi)xé-
vanishes on 7;;(C') and consequently it vanishes on C. This implies that

:chdxj Ndxy = (fG(xj,xi))Kxé-dej A dxy,
also has zero algebraic restriction to C.

Hence by Lemma 5.1 the space of algebraic restrictions of 2-forms to C'
is finite-dimensional. =

6. Quasi-homogeneous algebraic restrictions. In this section we
prove that the action by diffeomorphisms preserving the curve is totally
determined by the infinitesimal action by liftable vector fields, and the
space of vector fields which act non-trivially on algebraic restrictions is a
finite-dimensional vector space spanned by quasi-homogeneous liftable vec-
tor fields of bounded quasi-degrees.

The proof of Theorem 2 is very easy in the case of quasi-homogeneous
parameterized curves. Let f be the germ of a quasi-homogeneous curve.
Then f is A-equivalent to f(t) = (tM,...,t*,0,...,0). By Proposition 3.6
we consider forms in x1, ...,z coordinates only. We may also assume that
the greatest common divisor ged(Ag, ..., Ag) is 1. If it is not 1 we introduce
the weights A\;/ged(A1, ..., Ax) for ;, i = 1,..., k. The proof of Theorem 2
in this special case is based on the following easy observation.

LEMMA 6.1. The function-germ h(z) = x;-\j - xj‘z vanishes on f.
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The above lemma implies the following facts.

LEMMA 6.2. The 2-form m?j_ldxi/\dxj has zero algebraic restriction to f.

Proof. By Lemma 6.1, dh has zero algebraic restriction to f. This implies
that (1/X;)dh A dx; = $;\j_1d:ci A dx; has zero algebraic restriction to f. m

LEMMA 6.3. If the monomials s(z) = [[}_; «}" and p(z) = [[}_, ¥ have
the same quasi-degree then the forms s(z)dx; A dx; and p(x)dz; A dx; have
the same algebraic restrictions to f.

Proof. The function-germ s(z) — p(x) vanishes on f. m

The above lemmas imply that we can choose quasi-homogeneous bases
of the space of algebraic restrictions of 2-forms to f. Thus as a corollary of
Theorem 2 and the above lemmas we obtain the following theorem.

THEOREM 6.4. The space of algebraic restrictions of closed 2-forms to
the germ of a quasi-homogeneous curve f is a finite-dimensional vector space
spanned by algebraic restrictions of quasi-homogeneous closed 2-forms of
bounded quasi-degrees.

We will use quasi-homogeneous grading on the space of algebraic restric-
tions. Therefore we define quasi-homogeneous algebraic restrictions.

Let f be the germ of a quasi-homogeneous curve on (K™, 0). Let w be
the germ of a k-form on (K™, 0). We denote by w(") the quasi-homogeneous
part of quasi-degree r in the Taylor series of w. It is easy to see that if h is
a function-germ on (K™, 0) and ho f = 0 then h(") o f = 0 for any r. This
simple observation implies the following proposition.

PROPOSITION 6.5. If [w]; = 0 then [w()]; = 0 for any r.

Proposition 6.5 allows us to define quasi-homogeneous algebraic restric-
tion.

DEFINITION 6.6. Let a = [w]f be an algebraic restriction to f. The
algebraic restriction a(” = [w(’")] ¢ is called the quasi-homogeneous part of
quasi-degree r of the algebraic restriction a; and a is quasi-homogeneous of
quasi-degree r if a = a(").

We consider the action on the space of algebraic restrictions of closed
2-forms by the group of diffeomorphism-germs which preserve the curve f
to obtain a complete symplectic classification of curves (Theorem 3.5). The
tangent space to this group at the identity is given by the space of vector
fields liftable over f.
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DEFINITION 6.7 ([Za], [BPW]). The germ X of a vector field on (K™, 0)
is called liftable over f if there exists a function germ ¢ on (K, 0) such that

g(ZJ;) =Xof.

The tangent space to the orbit of an algebraic restriction « is given by
Lxa for all vector fields X liftable over f. The Lie derivative of an algebraic
restriction with respect to a liftable vector field is well defined due to the
following proposition.

PROPOSITION 6.8. Let X be the germ of a vector field on (K™, 0) liftable
over f andw be the germ of a k-form on (K™, 0). If w]; =0 then [Lxw] ¢ =0.

Proof. This is a consequence of the Cartan formula and the following
fact: dh(X) o f = 0 for any function-germ h on (K™, 0) vanishing on f. To
prove the above fact notice that

aH(X) o f = (@ho (X o f) = (aho Naf () =dto ) (9 %) =

By the Cartan formula we also obtain the following proposition.

ProproSITION 6.9. If X is a vector field vanishing on the image of f
then Lxa =0 for any algebraic restriction a to f.

If f is quasi-homogeneous then the Euler vector field F is liftable over f.
The following proposition describes its infinitesimal action on quasi-homo-
geneous algebraic restrictions.

PROPOSITION 6.10. If an algebraic restriction a to f is quasi-homogene-
ous of quasi-degree § then Lpa = da.

Let X be a smooth vector field. We denote by X (") the quasi-homogeneous
part of quasi-degree r in the Taylor series of X. We have the following result.

PROPOSITION 6.11. If X is liftable over f then X is liftable over f.

Proof. We assume that f(t) = (t™,...,t*,0,...,0). Then X o f =
g(t)df /dt for some function-germ ¢ on K. This implies that
1 dr—H d
L gy
(r+ 1) dir+7 dt
Let K(f) be the minimal natural number such that all quasi-homogene-

ous algebraic restrictions to f of closed 2-forms of quasi-degree greater than
K(f) vanish. By Theorem 6.4, K(f) is finite.

THEOREM 6.12. Let f(t) = (t*,...,t*,0,...,0). Let X, be the germ of
a vector field such that Xs o f = tt1df /dt. Then the tangent space to the
orbit of the quasi-homogeneous algebraic restriction a, of quasi-degree r is

x () of =
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spanned by Lx, a, for s that are Z>o-linear combinations of Ai,..., A\ and
are smaller than K(f) —r.

Proof. Let Y be a quasi-homogeneous vector field liftable over f. Then
Y o f = ct*Tldf /dt where s is the quasi-degree of Y and ¢ € K. By Propo-
sition 6.9 we obtain Lya, = cLx_a,, since (Y —cXg)o f = 0. If Z is
a liftable vector field we can decompose it to Zf:((]; )71 Z(9) 4 V', where
V is a liftable vector field such that V() = 0 for s < K(f) — r. Then
Lza, = Zfz(g)_r_l csLx,ar+Lya,, wherecg € Kfor s =0,..., K(f)—r—1.
Proposition 2.5 implies that (Lya,)® = 0 for s < K(f). By Taylor expan-
sion we can decompose Ly a, as Y .+, f;b;, where f; are function-germs and

b; are quasi-homogeneous algebraic restrictions of quasi-degree greater than
K(f)—1. Thus Lya, =0. =

Theorem 6.12 implies Theorem 3. Now we prove the following theorem
which is crucial for the description of the action of diffeomorphisms preserv-
ing f on the space of algebraic restrictions to f.

THEOREM 6.13. Let ay,...,a, be a quasi-homogeneous basis of quasi-
degrees 61 < -+ < 0 < 041 < -+ - < 6p of the space of algebraic restrictions
of closed 2-forms to f. Let a = Z?:s cjaj, where ¢c; € K for j = s,...,p
and cs # 0. If there exists a liftable quasi-homogeneous vector field X over
f such that Lxas = rag for k > s and r # 0 then a s diffeomorphic to

k—1 .
di—s Cjaj + Z?Zkﬂ bjaj for someb; €K, j=k+1,...,p.

Proof. We present the proof for K = R. In the C-analytic category the
proof is similar. We use the Moser homotopy method. Let a; = Zf;sl cja; +
(1—t)ckak+2§:k+1 b;(t)a; where b;(t) are smooth (or R-analytic) functions
b;j : [0;1] — K such that b;(0) =¢; for j =k+1,...,p. Let &, t € [0;1], be
the flow of the vector field T%’“SV. We show that there exist functions b; such
that

(6.1) Dia; = a
for t € [0; 1]. Differentiating (6.1) we obtain
P
db;
(6.2) E%Xat = cLap — Z ditj aj.
Jj=k+1

Since Lxas = ray, the quasi-degree of X is d; — 5. Hence the quasi-degree
of L e, yaj is greater than 6 for j > s. Then the b; are solutions of the

TCs

system of p — k first order linear ODEs defined by (6.2) with the initial
data b;(0) = ¢j for j = k+ 1,...,p. This implies that ap = a and a; =

Zf;sl cjaj + >0 411 bj(1)a; are diffeomorphic. =
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Remarks on the algorithm for a quasi-homogeneous parameterized curve
with an arbitrary semigroup. The results of this section allow us to give
an algorithm for the classification of the symplectic singularities of an ar-
bitrary quasi-homogeneous parameterized curve-germ f. It is obvious that
this algorithm depends only on the semigroup of the curve singularity.

Let us assume that the semigroup is

(A, AR),

where A\ < --- < )\, are positive integers linearly independent over non-
negative integers. We use the quasi-homogeneous grading on the space of
algebraic restrictions of 2-forms with weights (A1,...,Ax) for coordinates
(x1,...,2K). We may also assume that Aq,...,\; are relatively prime. If
they are not we introduce weights \;/ged(\1, ..., \g) for z;, i =1,... k.

We fix the quasi-degree § starting with A\; + Ao since there are no quasi-
homogeneous 2-forms with a smaller quasi-degree.

2-forms of quasi-degree 0 (together with the zero 2-form) form a finite-
dimensional subspace of the space of differential 2-forms.

By Lemma 6.3 the algebraic restrictions of all forms of quasi-degree § of
the form

(6.3) s(x)dx; A dx;j

for fixed ¢ # j are linearly dependent. Hence for all ¢ < j we need to check
whether the equation

(6.4) AL+ apAE =0 — N — A

has a solution a1, ..., a; in non-negative integers.

For fixed ¢ < j we take one of the solutions of (6.4) (if it exists). All other
algebraic restrictions of the 2-forms of the form (6.3) are linear combinations
of [* - -z da; A dxjly.

To find a basis of algebraic restrictions of quasi-homogeneous 2-forms
with quasi-degree § we look for quasi-homogeneous functions vanishing on f.

To find them we need to solve the equation

(6.5) a1A1 + - Faghe =0 — A

If (a1,...,ar) and (b1, ..., bg) are distinct solution of (6.5) then the function-
germ

(6.6) H(ﬂsl,...,xk)::U‘lll---xzkfxlilo'mzk

vanishes on f and the form dH A dx; has zero algebraic restriction to f
and has quasi-degree . If we also consider quasi-homogeneous 2-forms of
quasi-degree  — s multiplied by monomials of quasi-degree s then we obtain
all relations between algebraic restrictions of quasi-homogeneous 2-forms of
quasi-degree § and consequently we find a basis of this vector space.
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Then we proceed to algebraic restrictions with quasi-degree ¢ + 1.

For some quasi-degrees we find that all quasi-homogeneous 2-forms have
zero algebraic restriction to f. Then using the fact that quasi-homogeneous
forms of a sufficiently high quasi-degree can be obtained by multiplication
by functions of quasi-homogeneous forms of lower degrees we infer that all
2-forms of a sufficiently high quasi-degree have zero algebraic restriction. In
this way we construct a quasi-homogeneous basis of the space of algebraic
restrictions of all 2-forms.

Then by Proposition 3.9 we get a quasi-homogeneous basis of the space
of algebraic restrictions of closed 2-forms from the quasi-homogeneous basis
of the space of algebraic restrictions of all 2-forms.

Next we calculate the number K (f) and we find germs of vector fields
such that X, o f = t5*1df/dt for s representable as non-negative integer
combinations of Ay, ..., A\x and smaller than K (f)—A;—A2. By Theorem 6.12
the tangent space to the orbit of the quasi-homogeneous algebraic restriction
a, of quasi-degree r is spanned by Lx, a,.

Finally, we apply Theorem 6.13 to get a classification of the algebraic
restrictions. From this classification we easily obtain the symplectic singu-
larities normal forms.

In the next sections we apply the above algorithm to curves with semi-
groups (3,4,5), (3,5,7) and (3,7,8).

Although the algorithm works very well for concrete examples, the prob-
lem of calculating the dimension of the space of algebraic restrictions of
closed 2-forms to a quasi-homogeneous parameterized curve in terms of the
semigroup of this curve is complicated. It is obvious that it is related to the
classical Frobenius coin problem (the diophantine Frobenius problem) [R].

FroBeENIus CoIN PROBLEM. Given k relatively prime positive integers
AL, ..., Ak, find the largest natural number (denoted by g(A1,...,Ax) and
called the Frobenius number) that is not representable as a non-negative
integer combination of A1, ..., .

By Schur’s theorem the Frobenius number is finite [R]. The formula for
the Frobenius number for k = 2 was found by J. J. Sylvester: g(A1, A2) =
A1A2 — A1 — A2 ([S]). He also demonstrated that there are (A — 1)(A2 — 1)/2
non-representable natural numbers. More complicated formulas and fast al-
gorithms to calculate the Frobenius number for k = 3 are known, but the
general problem for arbitrary k is known to be NP-hard [R].

7. Symplectic singularities of curves with semigroup (3,4,5). In
this section we apply the results of the previous section to prove the following
theorem.
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THEOREM T7.1. Let (R®™ wy = Y%, dp; A dg;) be the symplectic space
with the canonical coordinates (p1,q1,--.,Pn,qn). Then the germ of a curve
f: (R,0) — (R?",0) with semigroup (3,4,5) is symplectically equivalent to
one and only one of the curves in the second column of Table 1 for n > 2,
and f is symplectically equivalent to one and only one of the curves in the
second column and rows 1-3 for n = 2.

The symplectic multiplicity, the index of isotropy and the Lagrangian
tangency order are given in the third, fourth and fifth columns of Table 1.

Table 1. Symplectic classification of curves with semigroup
(3,4,5)

Normal form of f Hsympl (f)
t— (t3,t4,°,0,...,0) 0
3,5, ¢1,0,...,0)
3,0,t,4°,0,...,0)
t*,+t7,t1,0,4°,0,...,0)
t3,45,1,0,°,0,...,0)
t%,0,t,0,t°,0,...,0)
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We use the method of algebraic restrictions. The germ of a curve f :
R > ¢t — f(t) € R?™ with semigroup (3,4,5) is A-equivalent to ¢ ~
(t3,t4,¢5,0,...,0). First we calculate the space of algebraic restrictions of
2-forms to the image of f in R?",

PROPOSITION 7.2. The space of algebraic restrictions of differential 2-
forms to f is the 6-dimensional vector space spanned by the following alge-
braic restrictions:

ar = [dx1 A dxalg, ag = [dxg A dx1lg, ag = [dxa A dxsly,
aro = [r1dry Adasly,  an = [radry Adxsly,  arx = [ridre A drs]g,
where § is the quasi-degree of as.

Proof. The image of f is contained in the 3-dimensional smooth sub-
manifold {z>4 = 0}. By Proposition 3.6 we can restrict our considera-
tions to R? and the curve g : R 3 ¢t — (#3,¢*,¢5) € R3, which is quasi-
homogeneous with weights 3,4, 5 for variables x1, x2, x3. We use the quasi-
homogeneous grading on the space of algebraic restrictions of differential
2-forms to g(t) = (t3,t*,°) with these weights. It is easy to see that the
quasi-homogeneous functions or 2-forms of a fixed quasi-degree form a finite-
dimensional vector space. The same is true for quasi-homogeneous algebraic
restrictions of 2-forms of a fixed quasi-degree.

There are no quasi-homogeneous function-germs on R? vanishing on ¢ of
quasi-degree less than 8. The vector space of quasi-homogeneous function-
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Table 2. Quasi-homogeneous function-germs of quasi-
degree 8, 9, 10 vanishing on the curve ¢t — (£3,* %)

Quasi-degree 0 fs Differential dfs
8 xr1r3 — :Jc% x1dxs + r3dry — 2xodxo
9 XTox3z — xf xodxs + xr3dre — 3x%dx1
10 x%xz — x§ x%dmz + 2x1x2dx1 — 223dT3

Table 3. The quasi-homogeneous basis of algebraic restrictions of 2-forms
to the curve t — (¢3, ¢ t%)

0 Basis Forms Relations Proof
7 ar a7 =dzi A dzs ar = [ar]g
8 as ag = dzxs N dx as = [aslg
9 ay a9 = dxa A dzs ag = [aglg
10 aio Tio aio = r10a7
11 a1 T20r7, ai1 := Taaz [dfs Adz1]g =0
ria8 a1l = —2x10a8
12 a1z T3Q7, a1z := x3a7 [dfo A dz1]lg =0
Tos, a12 = T208 [dfs A dx2]g =0
109 a1z = T1a9
13 0 z2ar, z2a7 =0 [dfio A dx1]y =0
T308, z3as = 0 [dfo A dx2]g =0
TaQg ZToag =0 [dfs A\ dxs]g =0
14 0 T1T2007, x1x207 =0 [dfio A dx2]lg =0
z2as, z2ag =0 [dfo A dzs]g =0
Taa10 x2a10 =0 z1[dfs Adz1]g =0
15 0 T1T3007, r1x307 =0 [dfio A dxs]lg =0
T1T208, x12208 =0 z1[dfo A dz1]g =0
2o zlag =0 x1[dfs A dx2]g =0
> 16 0 z10>13, b>13 = [B>13]g | @2bz12 = 216513
21b>13 =0 z3b>11 = 210513
r203>12, b>12 1= [B>12]g d(b>13) > 13
T2b>12 =0 b>13=0
z30>11 bz11 = [Bz11]
x3b>11 =0

germs of degree ¢ = 8,9,10 vanishing on ¢ is spanned by f; given in Ta-
ble 2 together with their differentials. We do not need to consider quasi-
homogeneous function-germs of higher quasi-degree, since using fs, f9 and
f10 we show that the algebraic restrictions of quasi-homogeneous 2-forms of
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quasi-degree greater than 12 are zero (see Table 3) and all possible relations
of algebraic restrictions of quasi-homogeneous 2-forms of quasi-degree less
than 13 are generated by quasi-homogeneous functions vanishing on g of
quasi-degree less than 13 — 3 = 10.

Now we can calculate the space of algebraic restrictions of 2-forms. The
scheme of the proof is shown in Table 3. The first column lists the possible
degrees ¢ of a 2-form. In the second column there is a basis of the algebraic
restrictions of 2-forms of degree §. In the third column we give a basis of
2-forms of degree §. In the fourth column we show the relations between
algebraic restrictions of elements of the basis of 2-forms of degree §. The
last column sketches the proofs of these relations.

The lowest possible quasi-degree of a 2-form is 7. The space of quasi-
homogeneous 2-forms of degree 7 is spanned by dxj A dxo. This form does
not have zero algebraic restriction since it does not vanish at 0 [DJZ2]. This
implies that the vector space of algebraic restrictions of 2-forms of quasi-
degree 7 is spanned by [dz1 A dxa]y. We have a similar situation for quasi-
degrees 8,9,10. The algebraic restriction zja7 is not zero since there are
no quasi-homogeneous functions vanishing on g of quasi-degree not greater
than 10 -3 =17.

The space of quasi-homogeneous 2-forms of quasi-degree 11 is spanned by
xodz1 Ndxe and zidxs Adzy. But by Proposition 3.8 we have [dfsAdxi]g = 0,
which implies that the algebraic restrictions of these 2-forms are linearly
dependent: ziag = [z1dx3 A dz1]y = [—2x2dz1 A dxo)y = —2a11. We use
similar arguments to show that the space of algebraic restrictions of quasi-
degree 12 is spanned by as.

The space of 2-forms of quasi-degree 13 is 3-dimensional. But from the
linearly independent linear relations satisfied by algebraic restrictions of
the elements of the basis, given in the last column of the row for § = 13,
we see that all algebraic restrictions of quasi-degree 13 are zero. The same
arguments apply for quasi-degrees 14 and 15.

To prove that all algebraic restrictions of quasi-degree 16 are 0 we notice
that they can have the following forms of quasi-degree 16: x1(13 or x2[312 or
x3f11. In the first case the algebraic restriction bi3 = [313]4 has quasi-degree
13, so it is 0. In the second case the quasi-degree of bia = [B12]4 is 12. So the
algebraic restriction b2 can be represented in the form cziag, where ¢ € R.
But then x9bia = x1(cxaag). The quasi-degree of cxaag is 13, which implies
that cxoag is 0. A similar shows that x3bi; is 0. Using the same arguments
and induction on the quasi-degree we show that all algebraic restrictions of
higher quasi-degree are 0.

Any smooth 2-form w can be decomposed as w = 22127 w; + Z§:1 fioj,
where k is a positive integer, w; is a quasi-homogeneous 2-form of quasi-
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degree i for i = 7,...,12 and f; are smooth function-germs and o; are quasi-
homogeneous 2-forms of quasi-degree greater than 12 for j = 1,..., k. Thus
the space of algebraic restrictions of 2-forms is spanned by a7,...,a12. =

PRrOPOSITION 7.3. The space of algebraic restrictions of closed differen-
tial 2-forms to the image of f is the 5-dimensional vector space spanned by
the following algebraic restrictions:

ar, ag, ag, a1p, aii-

Proof. 1t is easy to see that da; = 0 for ¢ < 12 and dajs # 0. Then we
apply Proposition 3.9. =

PROPOSITION 7.4. Any algebraic restriction of a symplectic form to f is
diffeomorphic to one and only one of a7, ag, —as, ag, aig, —aig, aii, 0.

Proof. By Theorem 6.12 we consider vector fields X such that X o f =
tstLdf /dt for s = 0,...,5. They have the following form:

0 0 0 0 0 0
Xo=E =371 ——+4vy — +5x3 —, X1=23wy ——+4w3 —+5r] —
0 o 82?1 ez 81‘2 T3 8.1‘37 ! 2 (9:6‘1 s 8:62 + e (9:63’
P , 9 )
Xo =323 — + 427 — + dr1209 —, X3 =m1F, Xy =x9F.
8.7}1 8.7)2 81‘3

Table 4. Infinitesimal actions on algebraic restrictions
of closed 2-forms to the curve t — (¢3,t*, %)

Lx,;a; a7 as ag aio ail
Xo=F Tar 8asg 9ag 10a10 1la1:
X1 —4ag —3ag —10a10 1lai: 0
X9 —3ag —5a1o 1la11 0 0
Xz =z1F | 10a10 —22a11 0 0 0
Xy =a2F | 1lann 0 0 0 0

The infinitesimal action of these germs of quasi-homogeneous liftable
vector fields on the basis of the vector space of algebraic restrictions of closed
2-forms to f is given in Table 4. Using the data of Table 4 we deduce by
Theorem 6.13 that an algebraic restriction of the form ) .. c;a; for ¢s # 0
is diffeomorphic to cgas. Finally, we reduce csa, to as if the quasi-degree s
is odd or to sgn(cs)as if s is even by the diffeomorphism @;(x1,z2,x3) =
(t321, t1as, t923) for t = ct/* or for t = |cs|'/® respectively.

The algebraicrestrictions ag, —ag are not diffeomorphic. Indeed, any diffeo-
morphism @ = (&1, ...,Py,) of (R?",0) preserving f(t) = (t3,t4,°,0,...,0)
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has linear part

A3z + Apwo 4+ Arzzs + Auzs + -0+ A12aTo
Alzy + Aggws + Asamy + -+ + As2nTon

A5a:3 + Asqxgy + -0 + A3,2nx2n

Apzy + -+ + Agonmon

A2n,4334 + -+ A2n,2n$2n

where A, A; ; € R. If we assume that $*(ag) = —ag, then A8dx3 A\ dr|o =
—dx3 A dx1|p, which is a contradiction.
One can similarly prove that aig, —a1g are not diffeomorphic. =

Proof of Theorem 7.1. Let 6; be a 2-form on R? such that a; = CAPE
Then rank(6;|o) > 2 if n = 2 and rank(6;|p) > 0 if n > 2 by Proposition
3.10. It is easy to see that a7, +as, ag are realizable by the symplectic forms

dri Ndxo +drs Ndrg+---, FdrsANdry +dro Adxy+---
dro Ndxg + dxy ANdrg + - -+

respectively. The algebraic restrictions +ajg, a11 and ao, = 0 are realizable
by the forms

+x1dry Adxo 4+ dry ANdrg + drg Adxs + des Adxg + - - -
xodxy N dxo + dxy A dxy + dxo A dxs + drs Adrg + - - -,
dxi Ndxy 4+ dro Ndrs + dxs Ndxg + - - -

respectively. By a simple coordinate change we map the above forms to the
Darboux normal form and we obtain the normal forms of the curve.

By Propositions 4.3, 7.3, 7.4 and using the data in Table 4 we obtain
the symplectic multiplicities of curves in Table 1. The indices of isotropy
for these curves are calculated via Propositions 4.4 and 7.4. The Lagrangian
tangency orders for the curves in rows 1-3 are obtained using the fact that
any Lagrangian submanifold can be represented in the form (4.1). By Propo-
sitions 4.6 and 7.4 we obtain this invariant for other curves in Table 1. =

8. Symplectic singularities of curves with semigroup (3,5,7). In

this section we present a symplectic classification of curves with semigroup
(3,5,7).

THEOREM 8.1. Let (R®™ wy = Y%, dp; A dg;) be the symplectic space
with the canonical coordinates (p1,qi, ..., Pn,qn). Then the germ of a curve
f:(R,0) — (R?",0) with semigroup (3,5,7) is symplectically equivalent to
one and only one of the curves in the second column of Table 5 for n > 2
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and f is symplectically equivalent to one and only one of the curves in the

second column and rows 1-3 and 5 for n = 2. The parameter ¢ is a modulus.
The symplectic multiplicity, the index of isotropy and the Lagrangian

tangency order are given in the third, fourth and fifth columns of Table 5.

Table 5. Symplectic classification of curves with semigroup

(3,5,7)

Normal form of f tsympt (f)  ¢(f)  Lt(f)
1t (,£t°,7,0,...,0) 0 0 5
2t (83, 7,5, ..., 0) 2 0 7
3 ot (35,85, ct7,...,0),c#0 3 0 7
4t (83,65,1°,0,47,0,...,0) 3 1 8
5 tes (83, et +t5,17,0,...,0) 4 0 7
6t (t3ct™, 7, t5,47,0,...,0) 5 1 10
7Tt (83, M 45,0,47,0,...,0) 5 2 11
8 t (t3,£t/2,65,0,t7,0,...,0) 6 2 13
9 t— (t3,0,t°,0,¢7,0,...,0) 7 00 00

The germ of a curve f : R 3 ¢ — f(t) € R?" with semigroup (3,5,7)
is A-equivalent to t — (¢3,¢°,¢7,0,...,0). We use the same method as in
the previous section to obtain a symplectic classification of these curves. We
only present the main steps with all calculation results in tables.

PROPOSITION 8.2. The space of algebraic restrictions of differential 2-
forms to g is the 8-dimensional vector space spanned by the following alge-
braic restrictions:

ag = [dz1 A dx2lg, ajo = [dxz A dzi]g, a1 = [x1dzy A dxolg,
a1 = [dl’g VAN d:L‘g]g, a3 = [I‘le'l A dl’g]g, a14 = [l’%d(l)l A dZL‘Q]g,
a5 = [l‘3d.%'1 A d$2]g, a1 = [xlxgdxl A d.fg]g,

where 0 is the quasi-degree of ag.

Table 6. Quasi-homogeneous function-germs of quasi-
degree 10, 12, 14 vanishing on the curve t — (¢3,°,¢7)

Quasi-degree 0 hs Differential dhs
10 xr1r3 — wg x1dxs + x3dr1 — 2x2dxs
12 ToX3 — :E‘l1 xodxs + r3dre — 4x§dw1
14 x?xz — x% 3x§x2dx1 + x:{’dxg — 2x3dxs

Sketch of proof. We use the same method as in the previous section; see
Tables 6 and 7. =
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Table 7. The quasi-homogeneous basis of algebraic restrictions of 2-forms
to the curve t — (¢%,°,¢7)

6 Basis Forms Relations Proof
8 as as = dri A dxs ag = [aslg
10 alo a0 = dxs A dzy a10 := [a10]g
11 ail T108 ail = T1as
12 a2 a12 = dxo A dzs a1z = [a12]g
13 a3 To0, a13 = T2as [dhio Adz1]g =0
1000 T1a10 = —2a13
14 a14 m%ag a14 := x%ag
15 as T30s, a1s 1= x3as [dhi2 Adz1]g =0
T2010, T2a10 = A15 [dhio A dx2]g =0
10012 riai2 = ais
16 aie T1x208, a6 = x1x208 | T1[dhio Adz1]g =0
ziang ziaio = —2a16
17 0 23os, z3ag =0 [dhia Adz1]g =0
3010, x3a10 =0 [dhi2 A dx2]g =0
Toa12 ZT2a12 =0 [dhio A dzs]yg =0
18 0 T12308, r1x308 = 0 z1[dh12 Adxi1]g =0
T1X20010 Ti1x2a10 =0 z1[dh1o A dxa]g =0
a2 22a12 =0 z2[dhio A dz1]lg =0
19 0 riz20s, xixaas =0 x%[dhm ANdz1]g =0
ziono, x3a10 =0 [dhi2 A dzs]y =0
T3Q12, z3a12 =0 [dh1a A dz2]g =0
> 20 0 x1B>17, bo17 = [B>17]g | @2bz15 = w1bSyy
z1bi7 =0 z3b>13 = $1b,2,17
T2B>15, b>15 = [B>15]g 6(b>17) 2 17
T2b>15 =0 b>17=0
z308>13 b>13 := [B>13]g
x3b>13 =0

PROPOSITION 8.3. The space of algebraic restrictions of closed differen-
tial 2-forms to the image of f is the T-dimensional vector space spanned by
the following algebraic restrictions:

as, aip, @11, @12, @13, @14, 416-

Proof. By Proposition 8.2 it is easy to see that da; = 0 for ¢ # 15 and
days # 0. By Proposition 3.9 we get the result. =
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PROPOSITION 8.4. Any algebraic restriction of a symplectic form to f is
diffeomorphic to one of the following: +ag, *ai9+cai1, a11+caio, a1, *tais
+cai3, aiz+ cays, *aig, taig, 0, where the parameter ¢ € R is a modulus.

Sketch of proof. The vector fields X, (see Theorem 6.12) are

0 0 0 0 0 0
Xo=E=31 —— Xo =319 —— T2 —
0 3T By +5r9 — B +Txy — By’ 9 = 3Ty By +5x3 By +7x] B’
0 0 0
X3 =mz1F, X4—39638 1+5xla—+7x1x28 s

X5 = xgE, X6 = w%E, X7 = {L'3E, Xg = x1$2E.
Their actions on the space of algebraic restrictions of closed 2-forms are

given in Table 8. From these data we obtain the classification of algebraic
restrictions as in the previous section.

Table 8. Infinitesimal actions on algebraic restrictions of closed 2-forms to the
curve t — (t3,£5,¢7)

Lx,a; as a0 ai ai2 ai3 ai4 aie
Xo=F 8ag 10a10 1la11 12a12 13a13 14a14 16a1s
Xo —baio —3a12 13a13 —2laia 0 16a16 0
Xz3=un1F 1la11 —26a13  14a14 0 16a16 0 0
X4 —3a12  —Taia 0 6a16 0 0 0
X5 =x2F 13a13 0 16a16 0 0 0 0
X¢ = 22F 1las  —32ai6 0 0 0 0 0
X7 =x3F 0 0 0 0 0 0 0
Xs =z122F 4a16 0 0 0 0 0 0

From Table 8 and Theorem 6.12 we also see that the tangent space to the
orbit of +a19 4 ca11 at +a1g9+ caq1 is spanned by +10a10 + 11caq1, aio, ais,
a14, a1g; a11 does not belong to it. Therefore the parameter ¢ is a modulus
in the normal form +aig + caii.

In the same way we prove that ¢ is a modulus in the other normal forms. =

9. Symplectic singularities of curves with semigroup (3,7,8). This
section presents a symplectic classification of curves with semigroup (3,7, 8).

THEOREM 9.1. Let (R*",wy = > I, dp; A dg;) be the symplectic space
with the canonical coordinates (p1,qi, ... ,Pn,qn). Then the germ of a curve
f:(R,0) — (R?*,0) with semigroup (3,7,8) is symplectically equivalent to
one and only one of the curves in the second column of Table 9 for n > 2,
and f is symplectically equivalent to one and only one of the curves in the
second column and rows 1-3, 5 and 7 for n = 2. The parameters c, c1, co
are moduli.



82

W. Domitrz

The symplectic multiplicity, the index of isotropy and the Lagrangian
tangency order are given in the third, fourth and fifth columns of Table 9.

Table 9. Symplectic classification of curves with semigroup (3,7, 8)

Normal form of f tsympt (f) () Lt(f)
1t (83,4748 ct3,0,...,0) 1 0 7
2 tH(# 5,47, ct%,0,...,0) 2 0 8
3 = (83,110 ettt eat®,0,...,0), c2 £ 0 4 0 8
4 — (83,1018, ct® 7,0, ..,o) 4 1 10
5 — (3, £t +c 13,47, ¢1t%,0,...,0), c1 # 0 5 0 8
6 — (83, 117 e, 18,0, 5 1 11
7 — (t3, e t?® +cQt14 t7, tS 0 6 0 8
8 = (83, £ e t' 018, eat0,0,...,0), c2 £ 0 7 1 11
9 — (83, £t1317 !0 180, . 7 2 13
10t (836"t cat™ 15, cot™,0,...,0), c1 #0 8 1 11
11 — (t%,t1,¢7,0,t%, ct't) 0, 8 2 14
12t (83, et 7 :I:tn,tg,CQtu,O,...,O) 9 1 11
13t (3, 4147 et %,0,...,0) 9 3 16
14 (t3,:tt17 t7,0,1%,0,...,0) 9 3 17
15t (¢3,0,t7,0,t5,0,. ,0) 10 o0 o0

Let f : R >t — f(t)

curve A-equivalent to t +— (¢3,t7,1%,0,.. .,

€ R?" be the germ of a smooth or R-analytic

0). First we calculate the space

of algebraic restrictions of 2-forms to the image of f in R?".

Table 10. Quasi-homogeneous function-germs of quasi-
degree 14, 15, 16 vanishing on the curve ¢ — (¢3,t7,t%)

Quasi-degree § hs Differential dhs
14 x%xs — x% 2x1x3dT + .’E%dibg — 2x2dxo
15 Tox3 — :c? xodxs + x3dTo — 5x‘1ldx1
16 :v:f:cg — :cg Bﬁxgdxl + xi’dwz — 2x3dxs

PROPOSITION 9.2. The space of algebraic restrictions of differential 2-
forms to g is the 12-dimensional vector space spanned by the following alge-

braic restrictions:

alg = [dl’l A d$2}g7

[
a14 = |x1drs A dxl]g, CL15 = [dCCQ VAN dajg]g, alg =
[

[
a7 = [xodzy A dxolg,
alg = [xgdl‘g A dxl]g,

where § is the quasi-degree of ags.

a1l = dxg AN da:l]g,

aoy = [xlxgdxl A d(EQ]g,

a3 = [(l)ldl’l A\ dl’g]g,
d:L“l VAN dxg]g,

[z
a18 = [z1dxo A dx3]g, ajg = [xodxs N dzilg,
[

ao1 = |z1x3dx1 A dl‘g]



Local symplectic algebra

83

Sketch of proof. We use the same method as in the previous sections;
see Tables 10 and 11. =

Table 11. The quasi-homogeneous basis of algebraic restrictions of 2-forms

to the curve t — (t3,t7,1%)

1) Basis Forms Relations Proof
10 aio a1o = dxy A dzo a0 := [@10]g
11 al a1 = dzs A dz a1 = [a11]g
13 a3 T1010 a3 1= x1a10
14 a4 Q14 = T1011 a14 1= T1011
15 ais a5 = dra A dzs a5 = [aislg
16 aie z3 a0 a6 := ziaio
17 a7 T20¢10, air = T2a10 [dhia Adz1]g =0
i riai = —2a17
18 atss 10015, aly == z1a15 [dhis Adz1]g =0
ag Ta20u11, Qg = T2011
T30010 T3G10 = Qg
19 ale T30011, a19 := x3a11 [dhie A dz1]g =0
Trano T3a10 = —2a19
20 azo T1T210, ago := x1x2a10 | T1[dhia Adz1]g =0
Trom T3a10 = —2az0
21 az1 T1T30010, G21 = T123010 [dhia A dxalg =0
T1Ta0011, T1T2011 = a21 | x1[dhis Adz1]y =0
3005 zia1s = 2am
22 0 chllam, ﬂlelalo =0 z1[dhis A dzi]g =0
T1230011, z1x3a11 =0 [dhis A dxa]g =0
To1s xoa15 = 0 [dh14 A dxs]g =
23 0 riTaaio, zizaa10 =0 zi[dhia Adz1]g =0
ziail, ztan =0 [dhie A dx2]g =0
3015 zzais =0 [dhis A dxs]g =0
24 0 T30, z3a10 =0 x3[dhis Adx1]y =0
rizaoa, zizaa1r =0 [dhis A dx3]y =0
30015 x3a15 =0 z1[dhia A dx2]lg =0
> 25 0 z10>22, b>22 1= [B>22]4 Tabs1s = T1b50y
21b>22 = 0 x3b>17 = 21659y
x23>18, b>1s =: [B>1s]g 0(b>22) > 22
T2b>18 =0 b>22 =0
30>17 by17 1= [B>17]g
x3b>17 =0
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PROPOSITION 9.3. The space of algebraic restrictions of closed differen-
tial 2-forms to the image of g is the 10-dimensional vector space spanned by
the following algebraic restrictions:

aio, aii, @13, ai4, ais, aie, 17, A18 = afg — aqg, G19, A20.
Proof. 1t is easy to see that da; = 0 for ¢ # 18,21, daf8 =da;g # 0 and

dag1 # 0. Hence the algebraic restriction afg — ajg is closed and dajg, daz;
are linearly independent. Thus Theorem 3.9 implies the result. »

PROPOSITION 9.4. Any algebraic restriction of a symplectic form to f is
diffeomorphic to one of the following: a9+ cay1, ai1 +cais, a13+ciais+
coays, tajg+ciais+ceaie, ais+ciaie+c2arr, taie+crary +coaig, arr+
craig + coatg, Ltais+ ciaig+ coasy, a9+ casg, Ftasg, 0, where ¢, ci,co € R.

The parameters c, c1, co are moduli.

Sketch of proof. The vector fields X (see Theorem 6.12) are

0 0 0
Xo=F=30v1 — + 709 — + 8x3 — X3 =x1F
0 T1 921 + Tx2 5$2+ 3 D3’ 3 = T1lY,
0 0 0 0 0 0
Xy =319 —+7 — 48zt = Xy=3w3 —+T2t — 4871y —
4 ) 8x1+ 13 8$2+ T 81‘3, 5 T3 6a:1+ T 83:24- TiT2 ax37

Xe=22E, X;=uxE, Xg=u3F, Xo9=1E, Xjg=z12:F.

Their actions on the space of algebraic restrictions of closed 2-forms are
shown in Table 12. From these data we obtain a classification of the algebraic
restrictions as in the previous section.

Table 12. Infinitesimal actions on algebraic restrictions of closed 2-forms to the curve
t— (t3,t7,1%)

Lx;a; aio an ais a4 ais aie a7 as>1s
FE 10a10 1la11 13a13 14a14 15a15 16a16 17a17 das
X3 13a13 14a14 16a16 17a17 15a18 —38aig9 20asz9 0
X4 —Ta14 —3a1s 17a17 —3a1s 9a19 20a29 0 0
X5 —3a1s —8a1g —3a1s 19a19 12a20 0 0 0
Xs 16a16 17a17 —38a19  —38a20 0 0 0 0
X7 17a17 —3a1s 20a20 0 0 0 0 0
X3 —3a1s 19a19 0 0 0 0 0 0
X9 —38a19  —40a20 0 0 0 0 0 0
X0 20a20 0 0 0 0 0 0 0

Now we prove that the parameters ¢, c¢q, co are moduli in the normal
forms. The proofs are very similar in all cases. As an example we consider the
normal form aq3 + ciai4 + c2a15, the first normal form with two parameters.
From Table 12 and Theorem 6.12 we see that the tangent space to the
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orbit of a13 + c1a14 + coa15 at a13 + c1a14 + coaq5 is spanned by the linearly
independent algebraic restrictions ai3 + 14cia14 + 15¢c0a15, aig, ai7, ais,
a19, azo. Hence the algebraic restrictions a14 and ai5 do not belong to it.
Therefore the parameters ¢; and co are independent moduli in the normal
form ay3 + craig + c2a15. =
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