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Abstract. We deal with a subshift of finite type and an equilibrium state p for a

Holder continuous function. Let o™ be the partition into cylinders of length n. We compute
. . . . . —1 Tn () i

(in partlcular we show the existence of the limit) limp—oon 4 log ijo u(a™(T? (z))),

where o (T (z)) is the element of the partition containing 77 (z) and 7y (z) is the return

time of the trajectory of z to the cylinder o™ (z).

1. Introduction. Let 7" : X — X be an ergodic measure preserving
transformation with respect to a probability measure p on X. Let a be
a countable measurable generating partition of X with finite entropy and
for every z € X let o"(z) denote the only element of the partition o™ =
\/?;01 T—7(a) containing z. Put

(1.1) To(x) = min{j > 1: T9(z) € o™(z)}.

Ornstein and Weiss proved in [OW] that for py-a.e. z € X,
1

(1.2) lim - log 7, (x) = hy,

where h,, is the measure-theoretical entropy of the mapping 7' : X — X
with respect to the measure p.

Assume now additionally that T": X — X is a subshift of finite type, ¢ :
X — X is a Holder continuous potential, i = p4 is the unique equilibrium
state (Gibbs measure) of 7' and ¢, and « is the partition of X into initial
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cylinders of length 1. Let
n—1 '
(1.3) Snp =Y poT’.
=0

We shall use the following important property of Gibbs measures for Hélder
continuous potentials (see, e.g., [Bo]): there exists a constant C' such that
for every z € X,

(14)  C7lexp(Snd(x) —nP(¢)) < pla”(z)) < Cexp(Sud(z) —nP(9)),
where P(¢) is the topological pressure of T and ¢,

1
P(¢) = lim —log »  exp(sup(Sndla)).
Aean

Another important property is the following:

(1.5) P(¢) =h,+ | ddu.
X
The following question arises. Given x, consider the sum

Tn (z)
(1.6) > u(@ (T ()

§=0
(the sum of the measures of the cylinders of the partition a” along the
trajectory of x until time 7,, when this trajectory reaches the initial cylinder
a™(x)). The question is whether the limit

()

(
(1.7) Llog - ula”(T(x)
=0

exists and what its value is. We shall give an answer for y being a Gibbs
measure for a Holder continuous potential.

There are at least two naive ways to answer the above question. First,
according to (1.2), the time 7, is approximately exp(nh,), while the mea-
sure of the typical cylinder is close to exp(—nh,,), so it seems that the limit
should be zero.

On the other hand, an atom of the partition " should be visited by the
trajectory of x with a frequency close to u(a™), thus the sum (1.6) should
be rather close to
(1.8) > A (@)p(A).

A€eam

This suggests that the limit (1.7) should be equal to
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(1.9)  lim (%logm(m) + %bg Z M(A)2>

n—oo

= lim (% log 7, () + %log S p(a™(z)) du(m))
X
provided that this limit exists. It is then easily seen that the limit (1.9)
really exists if p is a Gibbs measure for a Holder continuous potential ¢ for
a subshift of finite type and equals h,, + P(2¢) — 2P(¢).
Indeed, the first summand in (1.9) tends to h, by (1.2), while the sum
> Acan 1(A)? can be estimated by using the property of Gibbs measures

> (AP = ) supexp(25,6]a — 2nP(4))

Acan Aea™
and we conclude that the limit in (1.7) should rather be equal to h,,+P(2¢)—
2P(¢), which is greater than 0 provided ¢ is not homologous to a constant
(see Remark 1.2 below).

Of course, both “proofs” are wrong. They use some limit estimates for

a given time 7, and a growing number of cylinders . In particular, in the
second “proof” we see that the time 7, is certainly too short to visit all
cylinders a™ even once. However, this incorrect proof leads us to a correct
formula. More precisely, we have the following.

THEOREM 1.1. If T : X — X is a topologically mixing subshift of finite
type, ¢ : X — X is a Holder continuous potential, u = g is the unique
equilibrium state of T and ¢, and « is the partition of X into initial cylinders
of length 1, then for p-a.e. x € X,

7n ()
(110)  Tim " log > explSu00T/(2)) = by + P(26) ~ P(o),
o
1 7n(z) ‘
(1.11) Jim ~log Y u(a”(T¥(x))) = by, + P(20) — 2P(9).
j=0

Notice that for ¢ = 0 the above theorem follows immediately from the
result of Ornstein and Weiss. Thus it can be understood as its generalization.

REMARK 1.2. The value of the second limit in Theorem 1.1, h,+P(2¢)—
2P(¢), is non-negative. Moreover, h,,+P(2¢) —2P(¢) = 0 iff ¢ is homologous
to a constant, i.e. there exists a Holder continuous function g : X — R and
a constant ¢ € R such that ¢ = goT — g+ c.

Indeed, it is well known that (under the assumptions of Theorem 1.1) the
function t — P(t¢) is convex and smooth and %P(td)) = { ¢ dprg. More-
over, this function is strictly convex unless ¢ is homologous to a constant.
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Thus, using (1.5), we can write

| =

P(tg)dt > P(¢) + | ¢dus = P(¢) + P(¢) — by
X

2
P(2¢) = P(¢) + |
1

=

t

and the inequality is strict if ¢ is not homologous to a constant. This gives
the required inequality.

Roughly speaking, Theorem 1.1 means that the wrong “proof” above
gives the correct answer because large cylinders o, (i.e. cylinders of large
measure) are visited by the trajectory of z up to time 7,(z) with a fre-
quency close to the limit one (given by the Birkhoff Ergodic Theorem).
It turns out that (typically) the time 7,(x) is sufficiently long for the
integral §, pu(a"(x))dp(x) to be well approximated by the time average
(1/mn(2)) Z;’;(g) w(a™(T(x))). The main tool in the (real) proof of Theo-
rem 1.1 is provided by a detailed analysis of large deviations of the sums
Sul®).

After writing this note we found out that questions in this spirit have
been considered before for sequences of independent identically distributed
random variables. It seems that this research was originated by a “new law of
large numbers” (see [ER]), where the average k~1U,,, U,, = maxg<j<p—k(Xi+
oo+ Xitk), k = [clogn], was considered. See also [DDL].

A result analogous to Theorem 1.1 in the context of independent equally
distributed random variables appeared in [To].

2. Proofs. Let T : X — X be an ergodic measure preserving transfor-
mation with respect to a probability measure p on X. Let ¢ be a bounded
measurable function defined on X.

We introduce the following notation.

cou(t) = limsup 1 log S exp(Sy (tp)) du,

n—oo M
where S,,¢ is defined in (1.3). In statistical mechanics, ¢4 ,(t) is usually
called the free energy function, provided that limsup can be replaced by
lim. The notion of free energy is closely related to the notion of topological
pressure. We have the following simple

LEmMA 2.1. If T : X — X is a topologically mizing subshift of finite
type, ¢ : X — X 1s a Holder continuous potential and g is the unique
equilibrium state of T and ¢, then cg,,(t) = P((t + 1)¢) — P(¢), where
P((t+1)¢) is the topological pressure of the function (t+1)¢. In particular,
in this case, limsup can be replaced by lim in the definition of cg ., -
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Proof. As before, denote by « the partition into cylinders of length 1. It
is well known that for every = € X,
pig (" (x)) < exp(Snd(x) — P(d)n)
(see (1.4)), where A < B means that the quotients A/B and B/A are

uniformly bounded from above (and so also from below). For every cylinder
A € a" choose one point x4 € A. We then get

log | exp(Sute) du =< log > pg(A) exp(Sntd(xa))

Aean
= log Z exp(Snd(ra) — P(o)n) exp(Sptd(ra))
Aean
~log 3" exp(Su((t+1)6)(xa) ~ P(o)
Aean

where A <, B means that the differences A — B and B — A are uniformly
bounded from above (and so also from below). It now immediately follows
from the definition of ¢y ,,, () and from the definition of topological pressure
that

Couy(t) =P((t+1)p) —P(¢). =
REMARK 2.2. We use both free energy and pressure even though these
notions are very closely related to each other in our case. The free energy is

usually used in the statement of the Large Deviation Theorem, which will
be our main tool in the proof of Lemma 2.4.

To prove Theorem 1.1, we shall estimate the sum Z;’;(O‘T) exp(S,poTV(x))
from above (Proposition 2.3) and from below (Lemma 2.4). Notice that
the estimate from above holds under much weaker assumptions than the
estimate from below.

PROPOSITION 2.3. Suppose that T : X — X is an ergodic measure pre-
serving transformation with respect to a probability measure , and the par-
tition « and the time T,(x) are defined as in (1.1). Let ¢ be a bounded
measurable function. Then for p-a.e. x € X,

()

1 .
lim sup — log g exp(SppoT7(x)) < hy + ce u(1).
n—oo 1 ;
J=0
Proof. Put

gn(z) = exp(Snd(z)).
Fix € > 0 and for every n > 1 consider the set
exp((hy+e/3)n)

Bp(e) = {x €X: Z gn o TV (z) > exp((hy, + ¢ (1) + E)n)}
=0



134 V. Maume-Deschamps et al.

Applying Chebyshev’s inequality we obtain
exp((hu+e/3)n) }
w(Bn(e)) < exp(—(hy+cou(D+e)n)| > gooT du
§=0
< exp(—(hy + ¢c4,u(1) + )n) exp((h, +/3)n) Sgn dp

— exp(—(cap(1) +2¢/3)n) | gu di.

But it follows from the definition of ¢4 (1) that for all n large enough, say
n > ne, §gndp < exp((cg (1) +€/3)n). Consequently,

p(Bn(e)) < exp(—en/3)
for all n > n.. Thus the series Y 2 | u(Bp(e)) converges and it follows from
the Borel-Cantelli lemma that there exists a measurable set AL such that

p(AL) =1 and each point of AL belongs to finitely many sets By, () only. In
particular

exp((hp+e/3)n) '
lim sup — log Z gnoT?(x) <h,+cepu(l) +e
n—oo 1 :
7=0

for all € AL. Since by (1.2), lim,—.cc n ! log 7, (x) = by, for p-a.e. z € X,
we conclude that

()
1 ,
lim sup — log g exp(SppoT7(x)) < hy +cppu(l) +€
n—oo T -
j=0

for all points x in some measurable set A. with pu(A;) = 1. Putting A =
(Mi>1 A1k, we therefore have p(A) =1 and

7n(z)
1 ,
lim sup — log g exp(SppoT’(x)) <h, +cppu(l) forallze A m
n—oo T :
3=0

Our main technical result is the following.

LEMMA 2.4. If T : X — X is a topologically mizing subshift of finite
type, ¢ : X — X is a Holder continuous potential and p = pg is the unique
equilibrium state of T and ¢, then for u-a.e. x € X,

n(x)
(2.1) liminf ~log 3 exp(Suéo T9(x)) > by + cpu(1).
n—oo N
7=0

Proof. Replacing ¢ by ¢ — P(¢) if necessary, we may assume without
loss of generality that P(¢) = 0. Now, we can also assume that ¢ < 0 in X.
Indeed, since P(¢) = 0, it follows that there exists & € N such that for
every x we have Sk(¢) < 0. So, we can replace ¢ by ¢ = (Spd)/k. The
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Gibbs states ps and pg are the same. Since exp(Sp¢ o T (z)) differs from
exp(Sp ¢’ o T?(x)) by a bounded factor, the left-hand side of (2.1) does not
change when ¢ is replaced by ¢’. By the same reason, the right-hand side
does not change either.

From now on we assume that P(¢) = 0 and ¢ < 0 in X.

Assume that ¢ is homologous to a constant. In this case the pressure
function ¢t — P(t¢) is affine and (see Remark 1.2) h, + P(2¢) — 2P(¢) = 0.
Moreover, in this case p = p4 is simply the measure of maximal entropy
and p(a™) =< exp(—nh,). Thus, in this case the statement of Theorem 1.1
follows directly from the result of [OW].

So from now on, we assume that ¢ is not homologous to a constant. Put
Y = ¢ +h,. We then have

Tn(x) Tn ()
(22) ) exp(Snd(T'(x))) = exp(—nhy,) > exp(Snd(T'x) + nhy,)
i=0 =0
Tn ()
= exp(—nhy) Y exp(Sut(T'(x))).
=0

Fix § > 0. Then, using (2.2), we get

iexp(anb(Ti(m))) > exp(—nhy)exp(nd) - #{i € (0,7,) : Spy(x) > nd}.
=0

Since P(¢) = 0, we have {1+ dp = 0. Thus the Large Deviation Theorem (see
[El, Th. I1.6.1]) gives

(2.3) lim llogp<{x: S”:i(x) > 5}) — —1(6),

n—oo N

~

where I(6) is the Legendre—Fenchel transform of the free energy function

1
cpu(t) = Jim —log|exp(Sn(t)) dp.

~

Notice that I(0) = I(—h, + ¢), where I is the Legendre-Fenchel trans-
form of the free energy function

con(t) = lim % log { exp(Sn(t6)) di.

n—oo

For every n > 1 put

Bs(n) = {:c : there exists y € a"(x) such that Sutb(y) > 5}.
n

Since v is a Holder continuous function, there exists a constant C' inde-
pendent of n such that if y € a™(x) then |S,¢(z) — Spy(y)| < C. Fix e > 0.
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Since the transform I is continuous, it follows from (2.3) that for all n large
enough,

(24)  p(Bs(n)) > ,u<{$ : >0 %}) > exp(—n(1(5) + €)).

The idea of the computation below is the following. For an integer M =
M (n) we shall estimate from below the number of points in the trajectory
of  under T": z,T"(z),...,TM"(x) which fall into the set Bs(n). As a
tool, we use Chebyshev’s inequality together with weak dependence of the
random variables x g, (n)oT”j . More precisely, we conclude that the frequency
of “times” k € {1,..., M} such that T"*(z) € Bs(n) is close to the measure
of Bs(n). This estimate works for all = outside some set A,,, where p(Ay)
is close to 0 (see (2.7), (2.8), (2.10)). The “time” M under consideration
depends on n and is related to the typical return time 7, (see (2.8)). If = is
chosen so that for every n > ng = no(x) the point x is not in A,,, we will
get the estimate of

Snip(z)

n(x)
1 .
liminf =1 n (T
im inf — log ;:0 exp(Spo(T"(x)))

from below in terms of the value of Legendre—Fenchel transform of the free
energy function evaluated at ¢ (see (2.13)). Finally, we examine the range of
possible ¢’s. This will lead us (using the Legendre-Fenchel transform again)
to the inequality (2.1).

So, let Yy, = XB;(n), the characteristic function of the set Bs(n). Notice
that the function Y,, is constant on each cylinder of the nth generation. We
have E(Y,,) = u(Bs(n)) and D?(Y,,) = u(Bs(n))(1 — u(Bs(n))). For every
integer M > 1 set

Lipn =Yy +YyoT" +...+Y, oTY"
Our aim now is to estimate the variance DQ(L M) from above. Let }7” =
Y, — E(Y,). Then
(25)  D*(Lyn) = B(Yn+ Y o T" 4 ... 4+ Y, 0 TM™)?)
= (M +1DEY?) +2(ME(Y, (Y, 0 T"))
+ (M = 1)EY (Y o T?) + ... 4+ E(Y, (Y, o TM™Y)).
For every [ > 0 let
—(l+n) (W /
y(1) = sup { p(Cun T “;(gjj(g Z)u(%)u(cn

Since the random variable 17'” is constant on each cylinder of length n, we
get

) n>1, Cy, C;lEa"}.



Pressure and recurrence 137

E(Y, (Y, 0 TI™))
= Z Z u(Cp N T_jn(cq/z))?nbn{/nbé

Cn Co
p(Cn N T7M(C))
;;“ e Falon = e e
=Y > uc WYalo, Yaley
Cn C
p(Cn N T (Cy)) = p(Cr)ia(Cr)
+ 2 2 HC(CTileToley H(CC) |

The first summand on the right-hand side is equal to (E(Y,))? = 0. The
second summand can be estimated from above by v((j — 1)n)(E(|Y,]))?
v((j —1)n)E(Y2). The sequence {v(k)}72, converges to 0 exponentially fast
(this is a well-known property of Gibbs measures, see e.g. [Bo]). Using (2.5)
we obtain

(2:6) D*(Lagn) < (M + DET)(1 —1—227 (= 1)n)) < CLME(T2),

where (' is some universal constant 1ndependent of M and n. By Cheby-
shev’s inequality we get

el fos| 2 mi| >} ) < DX Latn/M)

2

n
Put
N N B Q)
and set
L T
29 Au={o \%n)” ~ u(Bs()| > 3 u(Bsto) |

Since E(Y,2) = D2(Y,,) = u(Bs(n))(1 — u(Bs(n))), using (2.4) and (2.6),
for all n large enough, we get

o0 i < DGR CoM@u(Bsn) (1 p(Bs(n))
| YT GuBsm))? T MO u(Bs(n))?
<C n _

* exp(n(hy, — ) exp(—n(1(5) + €))
= Cynexp(n(I(8) —hy, + 2¢)),
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where C3 and (5 are some universal constants. We therefore conclude that
if I(9) < h, and € > 0 is small enough, then the series ) p1(Ay) converges.
Hence, by the Borel-Cantelli Lemma, for p-a.e. x there exists ng = ng(x)
such that x € A, for all n > ng(z). In view of (1.2) we may assume without
loss of generality that 7,(x) > exp(n(h, — ¢€)) for all n > ng(z). Thus, for

all n > ng we get
#{i € {0,..., 7 (2)} : Spp(T"(x)) > nd} |
> #{i €{0,...,n texp(n(h, — )} : T"(x) € Bs(n)}
> 5u(Bs(n)) exp(n(hy — ¢)).
Finally, using (2.2) and (2.4) we obtain

n(x)

(2.11) exp(S,¢(T"(x)))
1=0

~

> 1 exp(—nhy,) exp(nd) exp(—n(I(5) + ¢)) exp(n(h, — €)).
Therefore,
Tn(m) . ~
(212)  liminf ~ log > exp(Sng(T'(x))) = ~hyy + 6 — 1(8) — 26 + hy,.
i=0

Letting € Y\, 0, we get
™ (T)

(2.13) lim inf % log 3 exp(Suo(T(x))) > & — 1(6).
=0

The reasoning above works for every § > 0 such that the series ) u(A4,) is

~

convergent. As we have noticed, a sufficient condition for this is that ()
< hy,. So, in particular, one can take an arbitrary ¢ such that IA(5) <0 <h,.
Notice that the domain of I (the Legendre-Fenchel transform of c4 (%))
is contained in (—o00,0) (roughly speaking, z is in the domain of I if there
exists ¢ such that cj; () = z). Consequently, the domain of T is contained in

(—o0,hy). Therefore, the estimate (2.13) is satisfied for all ¢ in the domain
of 1(6) for which I(d) < 6. We now argue that such Js exist. Indeed, I is

differentiable ([El, Th. VI.5.6]) and it attains its minimum 7(0) = 0 (so also
I'(0) = 0). Therefore, we have the estimate

n(x)
1 , ~
lim inf — log E exp(Spd(T"(x))) > sup{d — 1(d)},

where the supremum is over all § in the domain of 1. But, again by definition
of Legendre transform, this supremum is precisely the value of the Legendre—
Fenchel transform of I at the point 1. The Legendre—Fenchel transform of I
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is again ¢4, (t) (see e.g. [El, Th. VL.5.3]) and the Legendre-Fenchel transform
of I evaluated at t is

C¢7#(t) + h# - t.
So, its value at 1 equals cg (1) + hy,. This shows that

Tn(z)
hmmfllog Z exp(Snd(T" (%)) > hy + ¢y (1), m

n—00
=0

We now get the main result of this paper, Theorem 1.1, as an immediate
consequence of Proposition 2.3, Lemma 2.4 and Lemma 2.1.

The following remark along with (1.2) shows that Theorem 1.1 can be
used to calculate topological pressure provided that we are given generic
points of equilibrium states of the Hélder continuous potentials 277¢, 7 > 0.

REMARK 2.5. If T : X — X is a continuous map of a compact metric
space X and if ¢ : X — X is a continuous potential, then

P(¢) = hiop(T +Z (277¢) — P(27U+Dg)).
Moreover
‘P(gb)— (htop +Z (279¢) —P(2~ (j+1)¢))>‘ < 2|61
7=0

Indeed, for every n > 0 we have

n

P(¢) =Y (P(277¢) — P2 UTg)) + P(2~ "+ 1g),

7=0

[P(6) — (hiop(T +Z (2776) = P27 D)) | = [P 6) ~ hiop(T)|

= [P(2"""g) —P(0)
<270
Finally, let us discuss what can be proved in a more general context. In

general, without the strong assumption of Theorem 1.1 we are only able to
prove the following straightforward lower bound:

PROPOSITION 2.6. Suppose that T : X — X is a transformation pre-
serving an ergodic probability measure p. Let o be a countable measurable
generating partition of X with finite entropy and let 7, be defined as in (1.1).
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Let ¢ : X — R be a bounded measurable function. Then for p-almost every
x € X we have

n(x)
1 .
liminf = log E exp(SppoT?(x)) > h, + S ¢dp.
j=0 X

Proof. Fix M > 0 such that |¢| < M. Using Jensen’s inequality, we have

7n ()
1 .
- j
- log E exp(Sp¢ o T7(x))

n(x)
1 1
_* 2z ]
- og(r () 4 1) 4 - log — > (ST (@)
1 7n ()
> -
> log(mn(z) + 1) + - . R J;O Sno(T

The first summand on the right-hand size tends to h, as n tends to co. The
second one can be written as

n(x)—n n—1
%ﬁ S (T (@) + (7 + D) (T ()
n j=n Jj=0
Tn ()
n (7 — § + 1T (2)) ).
j=Tn(z)—n+1

It is easy to see that
n (@) Tn(z)—n
1 1
nTnCU-I- g Tn(:z;)—i-l ]Zn

tends to § ¢ dp, while the remaining part of the sum can be estimated by

ﬁ -2nM. This tends to 0 a.e. since 7,(x) grows exponentially fast for

almost every z. m

Let us recall the general estimate from above (see Proposition 2.3):

n(T)
1
lim sup — log Z exp(Sp¢ o TJ( )) <hy +cyu(l).

Of course, ¢¢,,(1) > { ¢ dy, but usually the inequality is strict, and in general
we do not get any precise formula analogous to (1.11).
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