FUNDAMENTA
MATHEMATICAE
226 (2014)

On generalized shift graphs
by

Christian Avart (Atlanta, GA), Tomasz Luczak (Poznan) and
Vojtéch Ro6dl (Atlanta, GA)

Abstract. In 1968 Erdds and Hajnal introduced shift graphs as graphs whose vertices
are the k-element subsets of [n] = {1,...,n} (or of an infinite cardinal k) and with two
k-sets A = {a1,...,ar} and B = {b1,...,bx} joined if a1 < ag = b1 < a3z =by < --- <
ar = br—1 < by. They determined the chromatic number of these graphs. In this paper we
extend this definition and study the chromatic number of graphs defined similarly for other
types of mutual position with respect to the underlying ordering. As a consequence of our
result, we show the existence of a graph with interesting disparity of chromatic behavior of
finite and infinite subgraphs. For any cardinal x and integer [, there exists a graph G with
[V(G)| = x(G) = & but such that, for any finite subgraph I' C G, x(F) < log, |V (F],
where log ;) is the [-iterated logarithm. This answers a question raised by Erdds, Hajnal
and Shelah.

1. Introduction. In this paper we study the chromatic number of graphs
whose vertices are subsets of [n] = {1,...,n} and whose edges are induced
by patterns of mutual positions of subsets.

The chromatic number of such graphs has been investigated in a number
of papers. For example, Erdgs and Rado [7] considered graphs whose vertices
are triples such that {1, x2, 23}, {y1, y2, y3} form an edge if 1 < zo < y1 <
x3 < y2 < ys3. Other well known graphs considered in [4] are shift graphs
whose vertices are pairs of integers, and {x1,z2}, {y1,y2} are adjacent if
1 < 3 = y1 < y2. Both these graphs provide examples of triangle free
graphs with large chromatic number. Here we study the chromatic number
of graphs defined in a similar way.

DEFINITION 1.1. For a fixed k and ¢, k < £, we call a sequence 7 =
(1i)i_y, 7 € {1,2,3}, a type of width k and length ¢ if

fiime{l, 20} =|{i:me (1,3} =k.
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DEFINITION 1.2. Let & < n be integers and X,Y € ([Z]) be subsets of
size k of [n]. We say that the type of a pair X,Y is 7 = (7;)_,, and write
7(X,Y) =7,if | XUY| = £ and, for XUY = {z1,...,2¢}<, we have z; € X\Y
form, =1,z €Y\ X for; =2, and 2; € X NY when 7, = 3.

DEFINITION 1.3. For a type 7 of width k and n > k, the type graph
G(n,T) is the graph with vertex set ([Z]) in which two vertices X,Y are
adjacent if 7(X,Y) = 7.

In this paper we are interested in the chromatic number of type graphs.
The definition of G(n,7) can be extended by replacing n with any to-
tally ordered set. In fact, the first results in this direction concerned infi-
nite cardinals. For example, Erdgs and Rado [7] proved that for any infi-
nite cardinal x and the type d3 = 112122, the chromatic number satisfies
X(G(k,03)) = k. Erdés and Hajnal [3] showed that for any infinite cardi-
nal k and o9 = 132, we have x(G(k,0)) = min{a : exp(a) > k}. They also
proved a generalization of this result: for o = 13...32, of length | =k + 1,
we have x(G(k,0x)) = min{a : expy_y(a) > K}, where expg_q)(a) =
exp...exp(a), taken k — 1 times. Their proof extends to finite graphs and
yields x(G(n, o)) = (140(1)) log(;_1) n, where log 1y is the (k—1)-iterated
binary logarithm. It is easy to check that G(n, o) contains no odd cycles
shorter than 2k 4+ 1. Consequently, the G(n, o) provide examples of graphs
with arbitrarily large odd girth and chromatic number.

While the chromatic number of graphs defined by o behaves similarly
in the finite and infinite case (in the sense that the chromatic number is
the k — 1 times iterated logarithm of the size of the graph), the chromatic
behavior of the graphs G(n, d3) and G(k, d3) is quite different. Indeed, while
the result of Erdés and Rado [7] states that the chromatic number and
the cardinality of the graph G(k,d3) are the same, i.e. x(G(k,03)) = k,
the chromatic number of finite subgraphs of G(k,d3) grows much slower,
ie. x(G(n,d03)) < 2logn (see Lemma below). Our result is much more
general. Let 6 = 1121...122 be the type of length 2k consisting of 1 fol-
lowed by k& — 1 copies of 12 and ending with the last 2. We show that while
X(G(k,0)) = k for any infinite cardinal k, the chromatic number of its
finite subgraphs grows only as an iterated logarithm. This follows from The-
orems [LL5 and 2] below.

THEOREM 1.4. If T is a type of width k which contains no threes, then
X(G(n, 7)) = (1 +o(1)) log(| (k—1)/2)) T-

THEOREM 1.5. For the canonical type 0y of width k we have

(o412
X(G(n, o)) Sbk(log(t(k—l)ﬂj)n)( %)

for some by, > 0.
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We prove Theorem [T.5]in the following form, presenting a slight improve-
ment for even k.

THEOREM 1.6. Let k > 3.
1+1

(1) ]f k=20+1is Odd, then X(G(n752l+l)) < b21+1(10g(l) n)( 2) fOT
some by, > 0.
(ii) If k is even, then x(G(n,d0r)) < x(G(n,0k-1))-

In the last section of the paper, we extend both results above to a larger
class of types.

REMARK 1. It is easy to see that G(n,dy) contains no odd cycle shorter
than 2[k/2]. Thus Theorem [1.4] gives an example of graphs with large odd
girth and large chromatic number.

REMARK 2. For an infinite graph G with x(G) = k and & infinite, let
fa(n) be the maximum chromatic number of its n-vertex subgraph. The
function f¢ is clearly non-decreasing, and a result of de Bruijn and Erdés [I]
implies that lim,, fg(n) = co. Erdés and Hajnal established in [3] that the
graphs Sy = G(k,0%) for kK > exp(_1)(A) are examples of graphs with
X(Sk) = A and fg,(n) < logg,_qyn. In other words, the chromatic number
of infinite graphs as well as of their finite subgraphs is slowly growing with
their size.

As a corollary of Theorems and we observe in Theorem [2.3] that
the graphs Dy, = G(k, d) provide examples of graphs with chromatic number
largest possible while the chromatic number of their finite subgraphs is very

slowly growing with their size. More precisely: x(Dy) = |V (Dg)| = & and
fp,(n) < br(log(|(k-1)/2)) n)(L(H?l)m) for some constant by.

Komjath and Shelah proved in [§] the following related result: given an
arbitrarily slowly growing function ¢ : N — N, it is consistent that there
exists a graph Gy(k) with |V(G,(k))| = x(Gy(k)) = &, while x(G") <
©(n) for any subgraph G’ C G with n vertices. The graphs Dy are ex-
amples of graphs with x(Dy) = [V(Dg)| and fg () (n) < p(n) for ¢(n) =

br(log (| (k—1)/2)) n)(L(HZl)m). It would be interesting to find explicit examples

of such graphs for even slower growing functions ¢ (n).

2. Infinite graphs. A type consisting only of 1’s and 2’s is called a
disjoint type. In the infinite case, the behavior of the chromatic number of
graphs defined using disjoint types is simple. A similar result was proved in
[3, Theorem 7.4].

THEOREM 2.1. If T is any disjoint type and k is any infinite cardinal,
then

X(G(k,T)) = K.
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Note that it is sufficient to prove the theorem for x regular. Indeed, if
is a singular cardinal then

Kk =sup{u® :p <k},
and assuming Theorem for regular cardinals we obtain
X(G(k, 7)) = supx(G(p', 7)) = .
U<k

For an infinite cardinal x, a subset S C k is said to be cofinal if it is
unbounded in k. We extend this notion to families of k-tuples the following
way. For k = 1, a family S of singletons of « is cofinal if | J S is unbounded
in k. For k > 1, we say that a family of k-tuples of k is cofinal if it satisfies
the following two conditions:

o the set S1 = {a1: Hai,...,ax} € S} is cofinal in &;
o for every a; € S1, the set {{zo,...,z1} : {a1,z2,23,..., 21} € S} is a
cofinal family of (k — 1)-tuples.

LEMMA 2.2. Let Kk be an infinite reqular cardinal. For any coloring x :
[k]F — 7 of the k-tuples of k usingy < k colors, there exists a monochromatic
cofinal family of k-tuples.

Proof. We use induction on k. For k = 1, this is clear since v < k. We
assume the statement is true for £ > 1 and show it for k + 1. For every
a € k define f, : [k]¥ — v by setting fo(B1,...,8k) = fla,B1,...,B). By
the induction hypothesis, there exists a monochromatic cofinal family S, of
k-tuples for the coloring f,. Let ¢, € v be the color of the elements of S,.
Since v < k, there exists A C k, |A| = k, such that ¢, is the same for each
a € A. Since |A| = k, it is cofinal in &, and the family

{(a,a9,...,a;) : @ € A and (ag,...,a;) € Su}
is a cofinal family of (k + 1)-tuples. m

Theorem for a regular cardinal k is an immediate consequence of the
above lemma. Rather than giving a somewhat tedious and technical proof
of the statement, we illustrate this with an example for d3. The general
case follows from a similar argument. Let x be an infinite cardinal and let
X : [k]> = 7 be a coloring for some v < k. According to Lemma there
exists a monochromatic cofinal family S of 3-tuples for the coloring x. For
every a; € S1, we define Séal) = {az : Jz3 with {a1,a9,23} € S}. For any
a; € 87 and ay € Séal) we define Séal’@) = {as : {a1,az2,a3} € S}.

Note that because S is cofinal, all three sets Sy, Séal) and S§a1,a2) are
unbounded. Choose a; € S7 and ay € Séal) such that as > aq. Then select
by € 51 such that by > a9, and then ag € S§a1,a2) satisfying ag > bo.

Finally, using again the cofinality of the family S, choose by € Sébl) and
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bs € S?()bl’bQ), bs > by > ag. The resulting triples {a1, as,as} and {by, ba, b3}
satisfy a1 < ae < b; < ag < by < bz and since they both belong to S they are
of the same color. Consequently, x is not a proper coloring and x(J3, k) = k.

The following theorem is a consequence of Theorems and
It asserts that while the chromatic number of the graph Gy, . is the same
as its vertex size k, a very different behavior is demonstrated by its finite
subgraphs, the chromatic number of which grows only very slowly with their
size.

THEOREM 2.3. For any integer k and infinite cardinal k, the graph Dy =
G(k, 6k) has the following properties:
(i) x(Dx) = |V(Dg)| = k.
(ii) For any finite subgraph G C Dy, there exists a constant ay, such that
k
X(G) < ar(log|(k—1)2)) [V (Dr))?*".

Proof. Each element of V(G) is a k-set so that n = |JV(G) < k|V(G)].
By Theorem there exists a constant by > 0 such that
L(k+1)/2]

X(G)Sbk(logq(kq)/zj)”)( 2 )Sbk(log(t(kq)/zj)k|V(G)D(
(e+1) /2]
< ap(log 1y ) V(@)D

for an appropriately chosen a; > bi. =

L(k+1)/2J)
2

We remark that if S is a totally ordered set with |S| = &, then the
chromatic number of a naturally defined G(S,7) does not have to satisfy
X(G(k, 7)) = x(G(S,7)).

Indeed, for an infinite cardinal « let us consider the set S of functions
f:a — {0,1} with the lexicographical order. Let us color a triple (f; <
f2 < f3) by a pair (a,f), where a is the minimum element of « for which
the three values fi(a), fa(a), f3(a) are not all the same (i.e. fi(a) = 0 while
fala) = 1), and £ = fy(a). It is easy to see that it is a proper coloring of
G(S, 63) and so x(G(S,03)) < a while Theorem [2.1] states that

X(G(15],83)) = 2% > x(G(S, 83))-

On the other hand, assuming GCH, any totally ordered set of size x*
contains a subset of size k which is either well ordered or its reverse is well
ordered. Consequently, x(G(S,7)) > « for any disjoint type 7 and any totally
ordered set S with |S| = kT,

3. Proof of Theorem We say that the disjoint type 7 is simple
if when reading it from left to right it is possible to group it into disjoint
blocks of the form 1...12...2 or 2...21...1 (each with the same number
of 1’s and 2’s). Here is a precise definition of a simple type.



178 C. Avart, T. Luczak and V. Rodl

DEFINITION 3.1. A disjoint type 7 = (71,...,7) is simple if there exists
a partition of [1,{] into intervals Iy, ..., I, each of even length, |I;| = 2I;,
j=1,...,m (with m possibly equal to 1), and so that for each j = 1,...,m,
(Ti)igj is a sequence of /; 1’s followed by [; 2’s or vice versa, i.e. (Ti)iejj is
either (1,...,1,2,...,2) or (2,...,2,1,...,1).

ExAMPLE. The type 112221222111 is simple with m = 3 and |; = 2,
lo =1 and I3 = 3, since it can be split into the following three groups:

1122 21 222111.
PROPOSITION 3.2. If T is a simple type of width k, then x(G(n,T)) =

[n/k].

Proof. Fix a simple type 7 of width k and let X,Y € [n]¥. First observe
that if 7(X,Y) = 7(Y,Z) = 7 then also 7(X,Z) = 7. Consequently, the
relation < on ([Z}), defined by X < Y if and only if 7(X,Y) = 7, is a partial
order. Then G(n, 7) is the comparability graph of the partial order <, which
implies that it is perfect (see Dilworth [2]). Thus, in order to determine
X(G(n,T)), it is sufficient to find the largest clique.

We will show that the largest clique in G(n, T) is of size [n/k]. Since the
vertices of a clique in G(n,7) are disjoint k-tuples, there are no cliques of
size larger than |n/k]. Consequently, we just need to show the existence of
a clique of size [n/k|. Since the size of the largest clique can only decrease
in a subgraph, we can assume that k divides n.

To avoid tedious notation, instead of giving a formal proof of a general
case we outline it for a special case. The argument can be mimicked for all
other simple types. We will work with the simple type 7 = 1122 21 222111
of width k& = 6. Consider the following partition of n into three parts:

Pl PQ P3

| | | | »
2n n 3n
6 6 6

The partition classes correspond respectively to the blocks 1122, 21 and
222111 of the simple type 7 and are of sizes proportional to the length of
each block. In each block we embed a monotone sequence of numbers as
shown in the following picture:

| 112233... | ...321] ... 333222111 |

| | | | n

2n
6

3n
6

o3

It is easy to see that the 6-tuples of vertices with the same label form a clique
of size n/6. m
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Before giving a proof to Theorem [I.4] we introduce some definitions and
prove a few auxiliary results.

DEFINITION 3.3. Given two types 7 = 71...7 and 7/ = 7{...7/, the
concatenation 7 ... 7] ... 7, will be denoted by 77'.

DEFINITION 3.4. A type which cannot be written as a concatenation of
two types is called irreducible.

In other words, irreducible types starting with 1 are those types 71 ... 7
such that for any j7 < [ the number of 1’s exceeds the numbers of 2’s in
{71 ...7j}. For example, 112122 is irreducible while 11212212 is not since it
is the concatenation of 112122 and 12. Note that if in a type 7 we switch
the occurrences of 1’s and 2’s we obtain a type 7 with the property that
G(n, ") ~ G(n,7"). Since it may be convenient to have a 1-1 relationship
between graphs and types, we will usually assume that each type begins
with 1 (or possibly 3). However we cannot make this assumption in the
above definition since the graphs G(n,77’) and G(n,77") do not have to be
isomorphic. For example, setting 7 = 7/ = 12 and hence 7" = 21 yields the
graphs G(n,1212) and G(n,1221) which are not isomorphic (the latter has
vertices of higher degree than any vertex in the former).

DEFINITION 3.5. Given a disjoint type 7 = 71 ... 7ok, let tgl) << tg)
be the indices of the 1’s, i.e.

Tt(I):l, 1< <k,

Similarly let t§2) < - < t,(f) be the indices of the 2’s. We also set 171 =
Ti(r) = {0} and Ty = To(r) = {67, P},

DEFINITION 3.6. Let 7 be a disjoint type of width k and S C {1,..., k}.
Then 7° is the type obtained by deleting Ty and T from 7 for every
i ¢ S. Any type of this kind is called a subtype of 7.

In other words, if 7 describes the position of the sets A = {a1,...,ar}<
and B = {by,...,b;}<, then 7% describes the position of the sets A’ =
{a; : 1 € S} and B’ = {b; : i € S}. For example, if 7 = 12211122, then
{23} = 2112 and 71134 = 121122.

LEMMA 3.7. If p is a subtype of T, then for every integer n,

X(G(n, 7)) < x(G(n, p)).
Proof. Fix a type 7 of width k and let p = 7° for some proper
S C {1,...,k}. Assume moreover that we are given a proper coloring
¢ : V(G(n,p)) — [c] of G(n,p). For every vertex v = {v1,...,vx}< of
G(n,7), let v° = {v; : i € S}. The mapping f : V(G(n,7)) = V(G(n, p))
defined by f(v) = v° is a homomorphism. Indeed we can easily check that
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if the type 7(v,w) is 7, then p = 7(v®, w?). Consequently, the mapping
pof:V(G(n,7)) — [c] defined by po f(v) = ¢(f(v)) is a proper coloring. m

LEMMA 3.8. Forn > 6, x(G(n,d3)) < 2log, n.

Proof. Since x(G(6,03)) = 2, the statement is true for n = 6. We use
induction for n > 6. Suppose the statement is true for the integer n and
that x is a proper coloring of G(d3,n) using 2log, n colors. We give a proper
coloring x of G(2n,d3) using two additional colors ¢; and cy. Setting A =
[1,n] and B = [n + 1,2n] we color the triples of the form (a,a, a) using the
coloring x and similarly the triples of the form (b, b, b). We color all triples of
the form (a, a, b) using the new color ¢; and all the triples of the form (a, b, b)
using the new color co. Observe that the type of any two (a,a,b) triples is
never d3 and that the same holds for any (a,b,b) triples. Consequently, the
new coloring is a proper coloring as well.

We have just showed that if 2¥3 < n < 2513 then x(G(n,6;)) = 2k +2.
Consequently, x(G(n,dx)) < 2[logyn/3] < 2logyn. =

Combined with Proposition [3.2] the next proposition shows that for a
disjoint type 7, the chromatic number either grows linearly with n, or is
bounded by a logarithm.

PROPOSITION 3.9. A disjoint type T is either simple, or x(G(n,T)) <
2logy n.

Proof. Let 7 be a non-simple type. We can write 7 = I7/ where [ is
a simple type of maximal length (possibly empty, in which case 7 = 77).
Assuming that 7/ begins with 1, 7/ must be of the following form:

1...12...21...

where the initial string of 1’s is of length a and the following string of 2’s
is of length b. Since [ is simple of maximum length, we have b < a. Let
S ={1,a,a+ 1}. Since a < b, the following represents the type 7/ where the
1’s and 2’s of indices in S are respectively boxed and circled:

1. 1@...20...@...Q)...

From the above picture, it is clear that the subtype 7/ is 112122, and by
Lemma X(G(7',n)) < x(G(112122,n)) < 2log, n, the last equality fol-

lowing from Lemma [3.8] =

The next proposition is a strengthening of Theorem [I.4] for irreducible
disjoint types.

PROPOSITION 3.10. For each irreducible disjoint type T of width k there
exists a positive integer m(t) = m < (k+ 1)/2 such that
n

X(G(.7) 2 0801 (165
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Proof. Let us assume that the type 7 begins with 1. We define for some
integer m = m(7) a partition P U --- U P41 = [1,2k] into sets of con-
secutive integers as follows. Let P = [1,p;1], where p; is the size of the
maximal consecutive block of 1’s. In other words, p; is the largest integer
satisfying 7 = 7 = --- = 75, = 1. Set P» to be the largest consecutive
set of indices following P, and with as many 2’s in as there are 1’s in Pj.
In other words, Py = [p1 + 1, p2], where po is the largest integer such that
{1415 Tpi42, - - - » Tpo t N To| = |P1|. We then define P3 = [pa + 1,p3] simi-
larly: ps is the largest integer such that [{7p,41, Tpyt2, ..., Tps } NTo| = | Pal.
And by induction P41 = [pm + 1, pm+1] with py,41 the largest integer such
that [{7p,,+1,7m + 2,...,Tpyr y N 12| = |Pp|. For example, for the type
1121112121212222 the partition looks as follows:

P1 P2 P3 P4

11 211121 212122 22

Note that by construction |P; NTy| = |Pit1 NTe|, 1 < i < m, and that due
to the maximality of p;, each P; for ¢ > 2 begins with a 2.

Cram 3.11. Foreveryl <i<m-—1, |P,NT1| > 2.

Proof. 1If not, let 1 < ig < m — 1 be the smallest integer such that
|P;, N T1| = 1. Note that by construction,

‘(PlUPQU"'UBO)ﬁTﬂ:|(P2UP3U"'UP¢0+1)HT2|
=|[(PRUP3U---UP)NTy| + 1.

In other words, the number of 1’s in the first p; + - - - + p;, entries is exactly
one more than the number of 2’s. As noted earlier, each P; for ¢ > 2 begins
with a 2, i.e. Ti4p,4..4p,, = 2. Consequently, the number of 1’s in the first
14+ p1 +p2+---+p;, entries is the same as the number of 2’s, contradicting
the assumption that 7 is irreducible. u

By the claim above and the fact that |P,NT1| = |Pi41NT3| for 1 <i < m,
we conclude that |P; NTy| > 2 for 2 < i < m, and consequently P; contains
at least two elements, P, through P,,_; at least four elements, P,, (which
contains at least one 1) at least three and P,y at least one. In particular,

we have 2 4+ 4(m — 2) + 3+ 1 < 2k, where k is the length of the type 7, i.e.
kE+1
(1) m < %

REMARK 3.12. In above, equality can be achieved in the case P;
contains exactly two elements, P» through P,,_1 exactly four elements, P,
exactly three and P11 exactly one.

Set r = (2k)™ (which, as we will see shortly, is a bit wasteful). We are
going to find an embedding ¢ : G(n,o,,) — G(rn,7) which will establish



182 C. Avart, T. Luczak and V. Rodl

that x(G(nr, 7)) > x(G(n, 0m,)). To this end we divide [rn] into n consecutive
intervals Ay,..., Ay, |Aj] = r for all i« = 1,...,n, and for each m-tuple
Al‘l, . 7Aim define Bi]- C Aij, ] = 1,. .o,m, with ‘UT:I sz‘ = k so that
@ :{i1, ... im} = UjL, Bi; gives the desired embedding.

Although the idea behind defining the B;;’s is simple, the formal descrip-
tion will require some more definitions. We will find it convenient to imagine
a linear order on each of the intervals A;, i = 1,...,n, as a lexicographic
order of m-tuples over the alphabet {0,1,...,2k — 1}. (Recall r = (2k)™.)
To this end we introduce Q(2k, m) to be the set of lexicographically ordered
m-tuples over {0,1,...,2k — 1} and let Q?(2k, m) C Q(2k,m) be the set of
those m-tuples that have zeroes on entries j + 1,7 +2,...,m.

We define m subsets Q1,...,Qn, of Q(2k,m) that will be used in the
definition of the B;;’s, j = 1,..., m. Recalling the partition Py U---U P41
= [2k] considered above let

Q1 ={(1,0,...,0),(2,0,...,0),...,(|P1],0,...,0)} C Q' (2k, m).

Suppose that Q; C Q7(2k, m) was already defined and that |Q;| = |P;NT1.
In order to define ()41 we first identify the 2’s in P; 1 N7 with the elements
of Q; (observe that this is possible in view of the fact that |Q;| = |P;NT1| =
|Pjs1 NTal). Let Qi1 C Q71(2k,m + 1) be a set of vectors whose order
type with respect to Q; (by identifying Qj41 with the 1’s and Q; with the
2’s) will be identical to the order type of the 2’s and 1’s in Pj1;. Observe
that this set exists due to the fact that between any two elements of (); there
are enough (precisely 2k) elements of Q7*1(2k, m + 1).

Having defined the sets @Q1,...,Q, we can now establish the promised
embedding {i1,...,im} — UjL; Bi;. Recall that each of the intervals 4;,,
..., A;,, has length r = (2k)™, therefore its elements can be identified with
the elements of Q(2k, m) respecting the order of each of the intervals and
lexicographic order of Q(2k,m). For j =1,...,m, let B;, C A;; be the sets
of precisely those elements which correspond to @);. With this definition, one
can verify that {i1,...,i,} — UjL, Bi; is an embedding as required. m

Proof of Theorem[1.4} In the proof above, for an irreducible type 7 we
construct an embedding of G(n(2k)™™, 0,,(7)) into G(n, ), thus showing
a lower bound on the chromatic number of G(n, 7). Next we consider the
simplest reducible disjoint case, i.e. 7 = 779 is a type of width k& with 7
and 79 irreducible. Let k1 and ko (k1 + k2 = k) be the width of 71 and 7
respectively. Set ¢; = (2k1)™™, ca = (2k2)™™2 and n; = cin, ng = con.
Consider the graphs G(n, 1), G(n, 72) and let G(n, 1) x G(n,2) be a graph
formed by k-tuples K of [1,2n] with K N [n] = k; and such that K, K’ form
an edge in the product graph if and only if both (KN [n], K'N[n]) € G(n, 1)
and (K —nNn],K' —nnNin]) € G(n,m2) (here K —n = {z,z+n € K}).
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Clearly there is an embedding G(n,71) X G(n,m) — G(2n, 7). Since 71,7
are irreducible it follows that there is an embedding

(2) G(nl,aml) X G(ng,amQ) — G(n,’ﬁ) X G(n, 7'2).

Without loss of generality, we assume now that m; > mgo. We will show
that there is an embedding

(3) G(nl,aml) — G(nl,aml) X G(ng,a,m).
In order to observe , to each mq-tuple i1, ..., %y, assign the mj+meo-tuple
11,92, - ooy by, 41 + My l2 + Ny oo, Gy + N

Indeed, if {i1,...,%m,} and {j1,...,Jm,} are joined in G(ni,on,), then
12 = J1y---yimy = Jmy—1 and hence i1,...,%my, and ji,...,Jm, are joined
in G(n2, o, ), establishing the required embedding.
By and ,
xX(G(2n,7)) = x(G(n1,0m,))-
Since m; —1 < (k1 —1)/2 < (k — 1)/2, Proposition implies that

X(G(2n, 7)) > log(|(k—1)/2)) M-

Thus, since k > 3 and n; = c¢in for large n we have

X(G(2n,7)) > (1 + o(1))log(|(k—1y/2)y 7 = (1 + 0(1)) log(| (k—1)/2]) 2n-

Following this, a similar reasoning to the case t = 2 shows that
n
(4) X(G(n, 7)) = (14 0(1))log(m—1) 2k
Finally, note that by Remark if 7 is any irreducible type of length
k then m(7) < m(dg). Similarly, in order to achieve the lowest lower bound
in (), m = max{m(r;) : 1 <i <t} has to be largest. Since m(7;) is at most
m(d,), it is easily seen that m is largest when ¢t = 1 and 7 = ¢, proving

X(G(n,7)) = (1 +o(1)) log(| (k—1)2)) 7- =

4. Proof of Theorem This proof is the most involved part of the
paper. We begin by defining two modifications of a type 7 which will play
an important role in this section: overlapping and reduction.

DEFINITION 4.1. A 12 [21] overlap of a type 7 is a type 7/ which is
obtained from 7 by replacing a pair of consecutive 1 and 2 [2 and 1| by a
single 3. We say that a type 7/ is an overlap of 7 if it is obtained from 7 by
a sequence (possibly empty) of 12 and 21 overlaps.

For example, the overlaps of the type 112122 are: 112122, 13122, 11322,
11232 and 1332. Observe that if 7 is a type of width k, then any of its
overlaps 7" has width k as well.
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DEFINITION 4.2. Let 1 <41 < -+ < 4y, < k—1 be natural numbers such
that i, <4i,41 —2for r =1,...,m and let 7 be a type obtained from J; by
‘merging’ the i,th and (i, + 1)th ones and the i,th and (i, + 1)th twos. More
precisely, we replace any sequences 11 and 22 of merged ones and twos by 1
and 2 respectively. Furthermore, a sequence 121 where the ones are merged
(but the two is not) is replaced by 3. Similarly a sequence 212 where the twos
are merged (but the one is not) is replaced by 3. Finally, sequences of the
form 1212 or 2121 for which both pairs of ones and twos are merged are each
replaced by a 3. We call each type 7 obtained in this way a (k, m)-reduct of
index (i1,...,0m)-

Thus, for instance, if ¥k = 10 and i1 = 2, io = 4, and i3 = 9, then
7 = 1333121232. Note that a (k,m)-reduct has width £k —m, and a (k,0)-
reduct is d. Our first result states that the chromatic number of a type
obtained after performing an overlap, or a reduction, on a type 7 is not
significantly larger than the chromatic number of 7 itself.

LEMMA 4.3.

(a) If T is an irreducible type of width k, and T is obtained from T by a
single overlap, then

G(n,7) C G(2n,T).
(b) If T is a (k,m)-reduct, then
G(n,7) C G(4n, ).

Before giving the proof of the lemma above, we extend Definition 3.5 to
non-disjoint types in the following way.

DEFINITION 4.4. Given a type 7 = 71 ... 7; of width k, let tgl) << t,({l)

be the indices of the 1’s and 3’s, i.e.
Tt(1):10r3, 1 <i<k.

Similarly let th) < e < t,(f) be the indices of the 2’s and 3’s. We set
Ty =Ti(r) = {tV, ..t} and Tp = Tu(r) = (¢, 12},

Proof of Lemma . We begin with the proof of (a). For a type 7 con-
sider two sequences 7'% and 722 obtained by deleting the 2’s and 1’s from 7
respectively. Clearly each of these sequences has length k. Let &, ...,& and
N, ..., be the positions of the 3’s in 713 and 723 respectively. Due to the
irreducibility of 7, we have n, < & for all s = 1,..., 7. Note that a 21 overlap
of a type 7 = mmo... 7 is a 12 overlap of T = 7;... 707, and if 7 is irre-
ducible, so is 7. Since x(n,7) = x(n, T), it is sufficient to prove the statement
for a 12 overlap. Assume now that 7 arises from 7 by merging 12 to 3 which
in 7 appears on the position sy of 7'3. Consequently, ?5(1) = 3. Consider the

50
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ground set of G(2n,7) broken into n consecutive intervals I; < --- < I,
each of size 2. Set I; = {l;,r;} for its “left” and “right” point. We describe
an embedding G(n,7) — G(2n,7) as follows: for each k-tuple I,,,...,I,,,
select aj € I,;, 1 < j <k, in such a way that

(5) o =14, forj<sy and aj=I, forj=so.

For 7 > sg and if j = &5 we define the embedding inductively using the
fact that ns < & for all s. We set

(6) aj=1; ifoy, =1, and o;j=r; if o, =mr,.

On the other hand, if j > sg and j # & we choose «a; arbitrarily to be [;
or rj.

This way we have established a 1-1 mapping (}) — (2,?), (at,...,a5) —
(a1,...,a). It remains to show that (aj,...,ar) — (a1,...,qx) is an em-
bedding G(n,7) — G(2n,7). We omit the somewhat tedious verification of
the general case and instead demonstrate the embedding by an example be-
low. We will consider in our example the type 7 = 1112313222, which after
a 12 overlap on the only occurrence of 12 yields 7 = 113313222. Here sg = 3.
In the successive pictures, we represent the different stages described in (5]

and @ on two elements Z and Z' of (2,:‘) of type 7.

T

| |
I
Left

Right

We first choose the right element of each set I; for j < so:
1 1

| | | | | |

J J 1 1 | |

Then we choose the left element of I; for j = s:
1 1 1

| | | | | |

2 2 2

—1 R E— | 1 | |

For 7 > sg and if j = & we choose the element according to @:
1 1 1 1

| | | | | |
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Then, for j > sg and j # & we choose o arbitrarily to be [; or r;:
1 1 1 1 1

| L | L | L

2 2 2 L2 L2 1

Finally, for j > so and if j = &; we choose the element according to @:

11 11 11 11 11 11

2 2 2 L2 L2 2

As we can see from the example above, the procedure describing the
embedding leaves the 1’s and 2’s unchanged as well as the 3’s present in the
original type 7. The unique 3 arising from the 12 overlap is replaced by a 12,
thus “undoing” the overlap and concluding the proof of part (a). Note that
for this procedure to be guaranteed to work, it is important that the type 7
(and thus 7) is irreducible.

The proof of part (b) is similar though simpler. In order to avoid com-
plicated notation, we will illustrate the idea of the proof by an example.
Consider d¢ = 112121212122 and its (6,2)-reduct of index (2,4), namely
p = 13332. We break the ground set of G(4n,7) into n consecutive inter-
vals Iy < -+ < I, each of size 4. Set I; = {a;, b;,¢;,d;}. We describe an
embedding G(n, p) — G(4n, d¢) as follows: For each 4-tuple I, Ip,, Isg, Iy,
set ag, = {b1}, az, = {a2,c2}, az, = {b3,ds} and a,, = {cs}. The pro-
cess is illustrated in the following two drawings. The first picture represents
two 4-tuples forming a type p, and the second represents the corresponding
choices of a;, b;, ¢;, d;’s:

I, Lo, Ly Iy
I, I, I, I
3 4
by a2 C2 b3 ds Cq
by a2 ch bs ds Cq

As we can see in the picture above, the process described earlier is an
embedding G(n, p) — G(4n, d). This method straightforward generalizes to
0 for any k and to any reduct of di. =

The following result is a direct consequence of Lemma (a).
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COROLLARY 4.5. If T is an irreducible type and T is obtained after m
successive overlaps of T, then

X(G(n, 7)) < x(G(2"n,7)).
Proof. Apply Lemma [4.3| m times to obtain G(n,7) C G(2™n, 7). =

In the proof of Theorem we have to properly color simultaneously all
possible overlaps of each reduct of §;. Unfortunately, the argument we have
leads to an additional power in the estimates of the chromatic number.

PROPOSITION 4.6. Let T be a fized (k,m)-reduct. There exists a coloring
of [n]¥ which is proper for simultaneously all overlaps of T and using at most
x(G(2¥1n, 7))3" ™" colors.

Proof. By Corollary each individual type p obtained after m succes-
sive overlaps of 7 can be properly colored using no more than x(G(2™n, 7))
colors. Since one can perform at most & — 1 overlaps on d; and thus on 7,
each overlap can be colored using no more than x(G(2871n,7)) colors. We
will color all overlaps simultaneously using a product coloring. We first find
an estimate of the number of possible overlaps.

Let M} be the set of all types which can arise after successive overlaps
of the type 7, and let pug = |My|. All but the first 1 of 7 can be overlapped
with adjacent 2. So for each of these 1’s, there are at most three possibil-
ities: merging with the left, merging with the right or not merging. Thus,
iy < 3k‘—1.

We now define more in detail the product coloring. Consider the coloring
@ of [n]* defined as follows. As mentioned earlier, each overlap p of 7 arises
after at most k — 1 overlaps of 12’s and 21’s and Corollary implies that
G(n,p) € G(2*"!n, 7). Consequently there exists a proper coloring ¢, of
G(n, p) using at most x(G(2¥ n, 7)) colors. Define ¢ to be the product of
all the colorings ¢, when p ranges over all possible overlaps of 7, i.e. for each
k-tuple K € [n]*,

p(K) = H%Op(K>-

Clearly, ¢ is a proper vertex coloring of simultaneously all the overlaps of 7
using at most

(G, )™ < X(G(2E 0, )P
colors. m

In our argument we use the notion of planted rooted trees. Let T denote
a complete binary tree in which all leaves have the same height and are
“naturally” ordered from left to right. We shall measure the height of a tree
from its leaves up, i.e. in T all leaves have height zero, and the root of T has
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the largest height. In this paper by a planted rooted tree, or briefly a tree,
we mean a subtree T of T all of whose leaves have height zero. Note that
the leaves of T are ordered by the order inherited from the order of leaves
of T. The root of T is its vertex of the largest height. A left branch of a
rooted tree T, denoted by Pp(T), is the path joining the root v of T" with
the smallest leaf. After removing the edges of Pr(T") the tree T naturally
decomposes into a forest which, counting from the right, consists of trees

Tp1,...,TL,s, where the last tree T7, 5 consists of one vertex only. We denote
the roots of those trees by vr 1,...,vr s respectively, and let hy; denote
the height of vy ; for ¢ = 1,...,s. In an analogous way we define the right

branch Pr(T') of T', trees Tr ;, vertices vg; and heights hg; fori =1,...,t.
Thus, the root of T' can be denoted as either vy 1 or vg; and clearly we
have

(7) hpa > hpo > - > hrg,
(8) hgri > hpra > ---> hpy.

An important role in this part of the paper is played by the notions of a
comb and the shape of a tree.

DEFINITION 4.7 (Left and right k-combs). We say that a planted tree T
is a left k-comb if each of the trees 17, 1,...,T, s has at most k leaves. A tree
T is a right k-comb if each of the trees Tg1,...,Tr; has at most k leaves.
If we do not specify whether a k-comb is left or right, we refer to it as a
k-comb.

DEFINITION 4.8 (Shape of a tree). The shape sh(T") of a planted rooted
tree T is a planted rooted tree whose vertex set consists of the root of T" and
of all vertices of degree at least three of T', and all leaves of T" are ordered
with the order inherited from T'. Two vertices of sh(T') are adjacent if they
are joined by a path in T'. (See Figure )

Fig. 1
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Thus, roughly speaking, sh(7T") is obtained from 7" by ignoring all vertices
of degree two (except, possibly, the root).

Now we sketch the idea of our argument. In order to prove Theorem [1.5
we will view the elements of [n] as sequences of zeros and ones of length
[logy n]. These sequences are naturally ordered and correspond to leaves of
a binary tree T of height [logs n|. Let us recall that our goal is to color all the
elements of [n]* in such a way that if two of them are in the relative position
described by the canonical type d, then they are colored differently. To this
end we will color each k-tuple (x1,...,xx) by considering the corresponding,
uniquely determined tree T'(z1,...,x) with set of leaves {x1,...,z;}. Each
shape of tree will be colored using a set of colors disjoint from the other tree
shapes. Note that the number of different tree shapes depends only on k, not
on n, and thus does not contribute much to the estimate of the chromatic
number of G(n, dj).

Hence, we will only have to ensure that every pair of trees T'(z1,...,z))
and T'(y1,...,yx) of the same shape and with their set of leaves forming the
canonical type are colored differently. As we will show in Lemma .10, the
only shapes for which this can happen are 2-combs. For a given shape of a
2-comb T, say, a left 2-comb, we color each tree of that shape by looking
at the heights hr1,...,hr ¢ for some appropriately chosen s’ (see Defini-
tion below for the precise statement). We shall call such a sequence
{h1,...,h,} a certificate of a tree. This will be done in such a way that if the
leaves of two trees of the same shape form a canonical type d;, then their
certificates form some (k — 2, m)-reduct (more precisely, an overlap of some
(k—2,m)-reduct). Since all heights h; which form the certificate for a shape
are smaller than [logyn], we can use our induction assumption along with
Lemma to deduce the assertion.

Before we state our main result concerning certificates of pairs of trees of
the same shape whose leaves are in the canonical position (see Lemma,
let us introduce some notation and make some simple observations. In what
follows we consider two trees T and T2 of the same shape whose leaves are
in the canonical position J; for some k > 3. Moreover we assume that the
smallest among the leaves belongs to T, and consequently the largest leaf
is in T2. It is easy to see that then the following holds.

CLAIM 4.9. Let T', T? be two subtrees of T of the same shape such that
their sets of leaves form a canonical type of width k > 3. Then the roots of
these trees are different and the root of one tree must lie on the left or right
branch of the other one. More specifically, if the smallest leaf belongs to T,
then either vil lies on Pr(T?), or U%%,l belongs to Pr(T").

Proof. We first argue that the roots of 7' and 72 are not the same.
Indeed, suppose that both trees have the same root v. Then, after removing v,
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T* would be partitioned into two rooted trees T} and Ty, and T2 would split
into TZ and T%, where

(i) sh(T}) = sh(T?) and sh(T3) = sh(7%);
(ii) all leaves of T} are smaller than all leaves of 73 and 7% (since T
contains no cycles);
(iii) all leaves of T? are smaller than all leaves of Ty and T3 (since the
opposite would lead to a cycle in T).

But this would mean that the canonical type is reducible, which is clearly
not the case. Hence, the roots of 7! and T2 are different. Now, take a vertex
v which dominates the roots of both 7! and T2, and connect it to these roots
by paths P! and P2. Consider paths Py (T') < P(T?) < Pgr(T') < Pg(T?);
we ordered them by the order of their leaves. It is easy to see that the only
case where the union of the paths P!, P2, Pp(T'), Pp(T?), Pr(T"'), Pr(T?)
does not contain a cycle is when either the root of T belongs to Pr(T?), or
the root of T2 belongs to Pr(T"). u

The following lemma characterizes quite precisely those pairs of trees of
the same size whose leaves form dy.

LEMMA 4.10. Let T', T? be two subtrees of T of the same shape such
that their sets of leaves form the canonical type of width k > 3 starting with
a leaf of T*. Moreover, assume that the root of T? lies on the right branch
Pr(TY) of T' and, after removing the right branch, T? (and so also T') splits
into t trees. Then:

(i) The roots of the trees TIQ%,I’ . 7T]2{,t72 lie on the branch Pr(T%). If
TI%{,tfl has at least two leaves, then its root belongs to Pr(T"') as
well.

(ii) h11‘37i+2 < h%%,i < h}%,i—s—l for each i =1,...,t —3. If T}Qu_1 has at
least two leaves, then the above bound holds for i =t — 2 as well.

(iii) If T}QM has at least two leaves for some i =2,...,t— 3, then h%%,i =
h}% iy1 and hl = h%z 1 If T12%1 has at least two leaves, then also

h% 1= h If TRS 1 has at least two leaves, then hRS 1= h%%,tfl'
(iv) Both Ty cmd T are left 2-combs.

Furthermore, if the root of T' lies on the left branch Pr(T?) of T2, then
(i)—(iv) holds with ‘right’ replaced by ’left’ (and subsequently, ‘R’ by ‘L’),
and with T? and T" interchanged.

Proof. Note that if the root of T’ 12% does not belong to the branch Pg(T"),
then it must lie to the right of it and so, since we are dealing with subtrees
of T, all its leaves must be larger than all the leaves of T''. Since the canonical
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type ends with just two 2’s, the roots of at most two trees from the family
T}%J,T}%’z, .. 7T12?,,t do not belong to Pr(T"). If T}%’tfl has two leaves, the
only tree from among T]%J,Téz, . 7TI2%,t which does not start at Pp(T*)
is T}%,t' This proves (i).

In order to show (ii) let us assume that h%%,i > hlll%,i 41+ Since from (i)
the roots of both trees Tl%,i and T}z,i .1 lie on the right branch Pr(T"), it
means that the canonical type formed by the leaves of T2 and T starts with
the leaves of the trees T}%,l’ e ,TI%M. immediately followed by the leaves of
Tfl%,l’ e ,T}%’i, i.e. at some point the number of 1’s matches the number of
2’s in the pattern created by leaves of T and T2. However, this is clearly not
the case for d, which is irreducible. Similarly, suppose that h%%,i < h}{i 4o
Then to the left of T]%J- lie all trees Tll%,l’ . >T1£2,i+27 as well as all trees
Tél, e ,T]%J._l. Thus, the type created by leaves of T2 and T starts with a
sequence in which the number of 1’s is at least three larger than the number
of 2’s. This is impossible for the canonical type, showing (ii).

We start the proof of (iii) with a simple observation that between the
leaves of T}%’i must lie a leaf of some tree T}%’j, so, because of (i) and (ii),
we must have either j = ¢+ 1 or j = ¢ + 2. The latter case is impossible,
since then the leaf pattern starts with the leaves of the trees T 12%71, . ,Téﬂ-,l
and T}%’l, - ,T}%’Hl. Since the tree Tll%,i has at least two leaves, the number
of leaves in the second group is at least three larger than in the first group,
a contradiction.

A similar argument proves (iv). Consider a tree Tl%i,i with at least two
leaves for some i = 1,...,s—1. Then, by (i)—(iii), the leaf pattern starts with
the leaves of the trees Té’l, e 7T}Qz,z;1 and T}%’l, e ,T}M. Since the number
of 1’s in the starting subsequence of the canonical type cannot differ by more
than two from the number of 2’s, Tflii has precisely two leaves.

The second part of the statement can be proved by a symmetric argu-
ment. m

Now we can give a precise definition of the certificate ¢(T') of a 2-comb T'.

DEFINITION 4.11. Let T be a 2-comb. Then the certificate of T', denoted
as ¢(T') = {h1,...,hy}, is defined as follows.

(i) If T has fewer than five leaves, then we put ¢(T") = {hr 1} = {hr1}.
(ii) Let T be a left 2-comb such that removing the left branch re-

sults in the forest consisting of the trees 77 1,...,7Ls. Then
c(T) = {hri,...,hps—2} if Ty, o1 has only one leaf, and ¢(T) =
{hr1,...,hps—1} if T1 1 has two leaves.

(iii) Let 7" be a right 2-comb such that removing the left branch
results in the forest consisting of the trees Tg1,...,Tr;. Then
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co(T) = {hr1,...,hrt—2} if Try—1 has only one leaf, and ¢(T) =
{hr1,....,hrt—1} if Trs—1 has two leaves.

The main ingredient of the proof of Theorem is the following lemma.

LEMMA 4.12. Let T' and T? be two different 2-combs of T of the same
shape and of certificates {h},... hL} and {h3,... h2} respectively, whose
sets of leaves form a canonical type O of width k > 5. Then there exists a
(k—2,k—2—r)-reduct p of o, which depends only on the shape of the trees
T and T?, such that

r({h},..., B}, {R3,... h2})

s an overlap of p.

Proof. The result follows from Lemma Instead of giving its formal
proof which would involve a lot of technical notation, we describe its idea,
so the argument will become clear.

Let us assume first that both trees 7! and T2 are right 1-combs with k
leaves. Since after removing the left branch the trees decompose into paths,
their certificates {h}il’ cee h}%,k—l}’ {h%m, e h%%,k—l} have k — 1 elements
each. This means in particular that » = k£ — 2 in the statement of the claim.

From Lemma it follows that

() Pha>hhy > iy 2 hps = hpy > -

>hhp a2 hpgpo>hhy 3> hpg o,
where (recall (8)) we also have
(10)  hpy>hpo> - >hgpg o and hpy >hey > - >hh, o

Thus, if the trees T and T? are in ‘generic position’, i.e. in @ all the inequal-
ities are strict, then the certificates {h}%,l’ ol h}l%’k_Q} and {h%m, ol h%}k_Q}
form a canonical type d;_s, i.e., using the terminology from the statement
of the lemma, in this case p is a (k — 2,0)-reduct of d;_o, i.e. p = dx_o. Note
also that in this case T({h}%,l,...,h}ik_g}, {h%m, . ‘7h?%,k:—2}) = Jk_o, le.
there are no overlaps. Figure [2] illustrates this case with & = 5.

However, some ‘spontaneous’ equalities in @ can happen, e.g. some T}ii
may share some vertices (and thus the root) with T' 12%,1-71. However, in this
case the type T({h}{l, A h}z7k_2}, {hQRJ, . h%’k_Q}) is clearly an overlap
of the canonical type d;_o, i.e. p is still dx_o but this time 7({hq1,..., hp_2},
{hl,...,h},_5}) is an overlap of d;_o. Figure 3| corresponds to k = 5 and
hs = hj,.

Thus, the 1-combs result in the certificates being overlaps of . In this
case r = k — 2 and the reducts do not play any role. In order to show the
assertion when 7! and T2 are 2-combs (say, right 2-combs) of the same shape



Generalized shift graphs 193

Fig. 2. 1-combs with kK = 5 and strict Fig. 3. 1-combs with k = 5 and hs = h%
inequalities in @

we need basically to repeat the above argument in a slightly more general
setting.

For a right comb T let us define the extended certificate as the sequence
(iLR’l, ... ,ﬁRvk_g), where ]AIRJ' is the height of a tree Tgr; which contains
the ith leaf of T counting from the right. Clearly, the extended certificate
can be obtained from the usual certificate of T" by repeating some terms
according to the structure of the tree (say, if Tr 2 has two leaves, then h R2 =
h R3 = hp2). Furthermore, since we define the certificate for a tree of a given
shape, both the certificate and the extended certificate basically carry the
same information.

Note that since the leaves of T} and T5 form the canonical type dy, for
their extended certificates we have

71 71 72 71 72
(11)  hgy = hgre = hpy 2 hgs > hpe > -
72 71 72 71
> Npk—a 2 hpp—o > hrp_s> hpi_o,

However, equality between Bﬁh and ﬁ'}h .1 happens if the ith and the (i41)th
leaves belong to the same tree. Consequently, we need to apply the reduction
operation on the above sequence to reduce it to a (k — 2, m)-reduct, where m
is the number of trees among T}M, e ,T}L’ <—1 Which have two leaves. In the
generic position, i.e. when all equalities are forced by the condition described
in Lemma iii), and the other inequalities in Lemma [£.10[(ii) are strict,
the type T({h}m, . 7h}%,k—2}= {h%m, ce h%%,k—Q}) is just a (k — 2, m)-reduct
(see Figure [4)).

In the general case, however, some spontaneous equalities may occur
and some trees T}{’i may share a root with either Téi_l or TIQM_2 pro-
vided each of the glued trees has only one leaf. Hence, T({h}m, R h}%,kfz}’
{r% ... ,h%7k_2}) is just an overlap of some (k — 2, m)-reduct p (see Fig-
ure . .
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Fig. 4. (5,1)-reduct Fig. 5. Overlap of a (5,1)-reduct

Proof of Theorem[1.6, Recall that Lemma [3.7] asserts that if p is a sub-
type of 7, then x(G(n,7)) < x(G(n,p)). Since for any k > 3 the canonical
type Jx is a subtype of dj41, we obtain x(n,dx+1) < x(n,dx), which is part

(ii) of Theorem
Now let £ = 2] 4+ 1 be odd. We shall show by induction on [ that
(12) X(G(n,69141)) < cay1(logyn)™

for some constant co;y1 and a; = (1451)_

Lemma states x(G(n,d3)) < 2logn, which implies for [ = 1.
We now assume that the assertion holds up to [ — 1 and prove it for [ > 2.
Consider the set of (2]41)-tuples which correspond to a tree T'(S) of a certain
fixed shape S. Let Gg(n,d911) be the subgraph of G(n,dg11) induced by
these (2] 4 1)-tuples. We will show that

X(Gs(n,d9111)) < ey i1 (loggyn)™

for some constant 0’21 11

If T(S) is not a 2-comb then, by Lemma no two (20 + 1)-tuples of
the same shape S can be of type d9;41. Thus, the graph Gg(n, dg;11) contains
no edges and x(Gg(n,dg41)) = 1.

Now let us look at the more interesting case, when 7'(S) is a 2-comb.
We color each (20 + 1)-tuple {x1,...,29. 41} of tree shape S by consider-
ing the certificate {hq,...,h,} of the tree with leaves at {z1,...,z941}.
Since kg = 2l + 1 > 5, it follows from Lemma that if two (21 4 1)-
tuples {z1,... ,x%lﬂ} and {z%,... ,x%lﬂ} have the same shape S and form
a dy11 type, the type of their certificates {h},... AL} and {h3,... K2}
is an overlap p of some (2l +1 — 2,2l + 1 — 2 — r)-reduct 7. Assigning
to each {x1,..., 2941} its certificate {h1,...,h,} defines a homomorphism
¢ : Gg(n,b911) = U, G(logn, p) where the union is taken over all possible
overlaps of 7. By Proposition [£.6] all overlaps p of 7 can be colored by at
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most o
(M(G (2 1ogn. 7))
colors. Thus,
21
(13) X(Gs(n,8211)) < ((G(2” logn, 7))
On the other hand, by Lemma [£.3]
(14) x(G(2%logn,7)) < x(4 -2 logn, do_1)
and by the induction hypothesis,
(15) X(4-2'logn, 1) < cy—1(log_1y(4- 2" logn))“~!

< g1 (loggy n)®-
for an appropriate constant ¢}, ;. Combining — with an appropriate

constant ¢, , we obtain
/ ar_1\3% " 32la;_y
(16)  x(Gs(n,d211)) < (cy_y(loggyn)™1)" < (c_1(loggyn)) :
(1—1)+1 I+1 .
Note that a;_; - 3% = o(""27) gt = 9( 2) = a;. Replacing ¢, | by an
appropriate constant 0’2’1’ 41, We can rewrite the last expression as

Cl2’f+1 : (log(l—l) n)“

Consequently, x(G(n,d241)) € > g x(Gs(n,da41)) < 021+1(log(l,1) n)® for
some constant cgj41. =

5. Extension to other types. In this section we discuss the chromatic
number of G(n,7) for some types 7 other than J;. We begin by considering
types of the form 1...13...32...2. It is a natural generalization of the type
o = 133...32 mentioned in the introduction which has been used to define
so-called shift graphs.

DEFINITION 5.1. For a,b > 1, we define o, as the type consisting of a
1’s, followed by b 3’s, followed by a 2’s.

For instance, 043 = 11113332222 and o}, = o}_1,1. Note that o, is a
type of length 2a + b.

THEOREM 5.2. Foranya>1,b>1 andn € N we have
n
log(fs/a1) - < X(G(0ap,n)) < log(fp/a1) 1

Proof. Let a,b > 1 and consider 04 = 71 ... Taq+5. We begin by showing
the upper bound. We construct a new type 7,5 by deleting 7; from o,y
whenever i = 3,4, ...,a (mod a). For example, 534 = 11133333727 = 1332.
Since we are deleting all but one of the initial 1’s and all but one of the
terminal 2’s, it is clear that in this way we obtain a type o, for some c.
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Furthermore, one can observe that exactly [b/a| of the original 3’s remain,
consequently

Tab = Ofb/a]+1-
Finally, note that the deletion is consistent in the sense that whenever Ti(l) is

(2)

deleted, so is 7,7 and vice versa. In other words, G4 = 034741 1S a subtype
of 04 and Lemma [3.7] yields

X(G(n,04)) < X(G(1,071/01+1)) < 10g(pp/a1) 1-

We now turn to the lower bound. Set r = [b/a| + 1. In order to es-
timate x(G(n,04)) from below we will find an embedding ¢ : G(n,0,) —
G(an, 04). To this end we divide [an] into n consecutive intervals Ay, ..., Ay,
where |A4;| = a for all i = 1,...,n. For each r-tuple 4;,,..., A; we define
B;, C Ai;, j =1,...,7, with \U;ZlBij\ =a+bso that ¢ : {i1,... iy} —
U§:1 B;; will be the desired embedding. Given an r-tuple A;,,..., A; set
B;, = A;; for every j <r—1= [b/a], and B;, to be the first a+b—a[b/a]
elements of A;,. We then have |J;_; Bi;| = (r — l)a + a + b — a[b/a] =
a+b and one can check that whenever 7({i1,...,4.},{i,...,i.}) = o, then
7(Uj=1 Bijs Ui Bl;) = 04,. Consequently,

X(G(0ap, 1)) < x(G(or,n)) =log(_1yn =logp, /. n. =
One can mimic the above argument to extend Erdds and Hajnal’s [3]
result for x(G(k, o)) to the types ogp.

THEOREM 5.3. For any a,b > 1 and infinite k we have

X(G(K,04p)) = min{o : exp([b/a])(a) > K}.om
Using a similar reasoning to the proof of Theorem [5.3] we extend Theo-
rems and [T.5] to the following larger class of irreducible disjoint types.

DEFINITION 5.4. For @ > 2 and b > 1, the type 0, consists of a 1’s,
followed by b copies of 21 and followed by a copies of 2.

For example, d32 = 1112121222 and d3 ;2 = dj, the canonical type of
width k.

THEOREM 5.5. For any a > 2 and b > 1, we have

n ]—b/a]+1
10g(f/a) g5 = X(G(da,0,1)) < Clog(p/a) n) (72

for some constant C depending on a and b.

Proof. Fix a > 2 and b > 1 and let 0,3 = T1...T2q42p € {1,2}%0+2,
For k=a+b 7=12 and 1 < a < a+b, let tg) and T(7) be as in
Definition 3.5. We construct a new type d,; by deleting those 7; from d,

()

which correspond to tg’ with o = 3,4, ..., a (mod a), i.e. we leave only those
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1’s (and 2’s) which among all 1’s (or 2’s) appear on places ar + 1 and ar + 2
for some r > 0.

For example, for 043 = 11112121212222, a = 4 and consequently 5473 =
1111212124722% = §,. The deletion is consistent in the sense that whenever
t&l) is deleted, so is tg) and vice versa, and consequently the type SGJ, is a
subtype of 4.

Since the deletion process eliminates all but the first two 1’s among the
initial string of 1’s, and then eliminates consecutive 21’s and all but two
2’s, it is clear that the resulting type is a canonical type. Furthermore the
proportion of deleted 21’s is (a — 2)/a so that we are left with [(2/a)b] 21s.

Consequently, 645 = d[2p/41+2 is a subtype of d,5, and by Lemma

X(G(n,0ap)) < X(G(n, 512p/a1+2))-

Recall that by Theorem for the canonical type 0 of width k we have

L(k+1)/2]

X(G(n,6x)) < C(log(|(k—1)/2)) n)(2)
for some C > 0. Since | ([2b/a| +2 —1)/2] = [b/a], we obtain
[b/al+1

X(G(Fasm)) £ X(G (1, Opapyar +2)) < Cllogprapy )2 )
for some constant C'.

We now turn to the lower bound. For each pair 12 in the type d,3, we
perform a 12 overlap so that after b overlaps we obtain the type o,3. For
example, the type 042 = 111121212222 becomes 042 = 1111332222. Using
Lemma [4.3| we obtain x(G(n,03)) C x(G(2°n,04,)), which by Theorem
implies

10g /a7 < X(G(2°n,04,)),
or equivalently
10g (/a1 n/2b < X(G(n,0qp)). =

6. Final remarks and comments. The first natural question which
emerges on X(G(n,dx)) is about its order. We conjecture that the lower
bound given by Theorem [I.4]is the correct one up to a constant factor, and
the power of iterated logarithm in Theorem is caused by the method
we used in our argument (a consequence of Proposition [4.6)). In fact, it is
possible that the following stronger conjecture holds.

CONJECTURE 1. For every irreducible type T there exists an integer f(T)
such that

X(G(n, 7)) = O-(log(s(7)) 1),

where the hidden constants may depend on 7.
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The following stronger (perhaps too strong) conjecture anticipates the
correct value of f(7).

CONJECTURE 2. For every irreducible type T we have
X(G(n, 7)) = O; (min x(G(n, i),

where the minimum s taken over all k and r such that T can be obtained
from some Oy, by the process of overlapping and reduction similar to that

described in Definitions and [.2]

A conjecture similar to Conjecture [I] can also be made for an infinite
case.

CONJECTURE 3. For every type T there exists an integer g(T) such that
for every infinite cardinal K,

X(G(k, 7)) = min{a : expy(,)(a) > K}

Note however that, due to Theorem [2.T} disjoint types such as d, do
not play any role in finding g(7) for a non-disjoint type 7.
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