FUNDAMENTA
MATHEMATICAE
206 (2009)

Predictability, entropy and information
of infinite transformations

by
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Abstract. We show that a certain type of quasifinite, conservative, ergodic, mea-
sure preserving transformation always has a maximal zero entropy factor, generated by
predictable sets. We also construct a conservative, ergodic, measure preserving trans-
formation which is not quasifinite; and consider distribution asymptotics of information
showing that e.g. for Boole’s transformation, information is asymptotically mod-normal
with normalization o +/n. Lastly, we show that certain ergodic, probability preserving
transformations with zero entropy have analogous properties and consequently entropy
dimension of at most 1/2.

0. Introduction. Let (X,B,m,T) be a conservative, ergodic, measure
preserving transformation and let F := {F € B : m(F) < oo}. Call a
set A € F T-predictable if it is measurable with respect to its own past
in the sense that A € o({T""A : n > 1}) (the o-algebra generated by
{T~™A :n >1}) and let P = Pp := {T-predictable sets}.

If m(X) < oo, Pinsker’s theorem ([Pi]) says that

e Pr is the maximal, zero-entropy factor algebra,

i.e. P C B is a factor algebra (T-invariant sub-o-algebra), h(T,P) = 0 (see
§1) and if C C B is a factor algebra with h(7,C) = 0, then C C P. P is also
known as the Pinsker algebra of (X, B, m,T).

When (X, B,m,T) is a conservative, ergodic, measure preserving trans-
formation with m(X) = oo, the above statement fails and indeed o(P) = B:
Krengel has shown ([K2]) that

e For all A € F and € > 0, there exists B € F with m(A A B) < ¢
which is a strong generator in the sense that o({T""B :n > 1}) = B,
whence o(Pr) = B.
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It is not known if there is always a maximal, zero-entropy factor algebra
(in case there is some zero-entropy factor algebra).

We recall the basic properties of entropy in §1 and define the class of
log lower bounded conservative, ergodic, measure preserving transformations
in §2.

These are quasifinite in the sense of [K1] and are discussed in §2 in
this context where also examples are constructed, including a conservative,
ergodic, measure preserving transformation which is not quasifinite.

A log lower bounded conservative, ergodic, measure preserving transfor-
mation with some zero-entropy factor algebra has a maximal, zero-entropy
factor algebra generated by a specified hereditary subring of predictable sets
(see §5).

We obtain information convergence (in §4) for quasifinite transforma-
tions (cf. [KS]).

For quasifinite, pointwise dual ergodic transformations with regularly
varying return sequences, we obtain (in §6) distributional convergence of
information. Lastly, we construct a probability preserving transformation
with zero entropy with analogous distributional properties and estimate its
entropy dimension in the sense of [FP]. This example is unusual in that it
has a generator with information function asymptotic to a nondegenerate
random variable (the range of Brownian motion).

1. Entropy. We recall the basic entropy theory of a probability pre-
serving transformation ({2, 4, P, S). Let o C A be a countable partition.
The entropy of « is

ZP log )

acx
The S-join of a from k to l (for k <) is
l

aL(S) = { ﬂ S_jaj DOy Aty -0 € a}.
j=k

By subadditivity, the limit

lim H( 1(9)) =: h(S, )

n—oo N

exists (the entropy (1) of S with respect to ). The entropy of S with respect
to the factor algebra (S-invariant o-algebra) C C A is

h(S,C) := sup h(S, a).
acC

(*) Mean entropy rate.
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By the generator theorem, if « is a partition, then h(S,a) = h(S,o({S"a :
nez})).
The information of the countable partition o C A is the function I(«) :

{2 — R defined by
1
I(a)(z) :=log ————
Pla(r))
where a(z) € « is defined by = € a(x) € . Evidently

H(a) = | I(e) dP.
Q
Convergence of information is given by the celebrated Shannon-McMil-
lan—Breiman theorem (see [S], [M], [Br]), the statement (J) here being due
to Chung [C] (see also [IT]).
Let (£2, A, P,S) be an ergodic probability preserving transformation and
let « be a partition with H(a) < oo. Then

(J) %I(a{V(S)) — h(S,a) a.s.asn — oo;

equivalently P(al (S)(z)) = e (S:2)0+e(M) for ae. - € 2 as n — oo where
z € o (9)(z) € aV(s).

We will need Abramov’s formula for the entropy of an induced transfor-
mation of an ergodic probability preserving transformation (2,4, P, S):

h(Sa) = P(lA) hS) VAeA
where Sy : A — A is the induced transformation on A defined by
Saz =894y pou(z) :=min{n>1:S"zc A} (z€ A).
Abramov’s formula can be proved using convergence of information (see [Ab]
and §4 here).

Krengel entropy. Suppose that (X,B,m,T) is a conservative, ergodic,
measure preserving transformation. Then using Abramov’s formula (as
shown in [K1]) we obtain

m(A)(Ta) = m(B)W(Tp) VA,BeF:={FcB:0<m(F)< oo}

Then h(T') := m(A)h(T4) (for any A € B with 0 < m(A) < o) is the
Krengel entropy of T. More generally, the Krengel entropy of T" with respect
to the factor (i.e. o-finite, T-invariant sub-o-algebra) C C B is

h(T,C) :==m(A)h(T4,CNA) (A€C,0<m(A) < ).
Another definition of entropy is given in [Pal.

It is shown in [Pa] that for quasifinite (see §2 below) conservative, ergodic,
measure preserving transformations, the two entropies coincide.
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2. Quasifiniteness and log lower boundedness

Quasifiniteness. Let (X,B,m,T) be a conservative, ergodic, measure
preserving transformation. Recall from [K1] that a set A € F is called
quasifinite (qf) if Ha(pa) < oo where py := {ANT"A\ U;L:_ll T7A :
n > 1}, and that T is so called if there exists such a set. As shown in
Proposition 7.1 in [K1],

e for A € F quasifinite, A € Pr < h(T4,pa) =0.

There are conservative, ergodic, measure preserving transformations
which are not quasifinite. An unpublished example by Ornstein is mentioned
in [K2, p. 82].

Here we construct a conservative, ergodic, measure preserving transfor-
mation with no quasifinite extension. To do this we first establish a satura-
tion property for the collection of quasifinite sets:

PROPOSITION 2.0. Suppose that (X,B,m,T) is a conservative, ergodic,
quasifinite, measure preserving transformation. Then for every F' € F there
exists A € BN F such that m(A) > 0 and each B € BN A is quasifinite.

Proof. We first show that

91 if F € F is quasifinite, then for every e > 0 there exists A € BN F
such that m(F' \ A) < € and each B € BN A is quasifinite.

By (3), n ' I(pr)0 Y (TF)) — h(TF, pr) a.e. as n — oo. By Egorov’s theo-
rem, there exists A € BN F such that m(F \ A) < e and the convergence is
uniform on A.

For B € BN A, let N, p := #{a € (pr)i *(Tr) : m(an B) > 0}
(where #F means the number of elements in the set F). Then N, p =
e(Tr.pr)(1+0(1) a5 n — oo.

Define ¢ : B — N by ¢(x) := min{n > 1: Tha € B}. Then

S PYdm = an([zp =n|) =m(F) <oco (by Kac’s formula),
B n=1
P(z)—1
pp(r) = vr(Tpr),
7=0

whence

pp <5 = J{lw=nlNa:ac (pr)y " (Tr)}.

n=1
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Thus

HmB (pB) ZmB m[w ((PF)g_l(TF))

<ZmB n])log N, 5 < 00

because log N, p ~ nh(Tp,pF), proving 1.

To complete the proof, let F' € F. Suppose that ) € F is quasifinite.
Then evidently so is T7"Q for all n > 1. By ergodicity, there exists n > 1
such that m(F NT~"Q) > 0. By 91, there exists G € BNT"Q such that
m(T"Q\ G) < e :=m(FNT"Q)/9 and each B € BN G is quasifinite.
The set A =GN F is as required. =

ExaMPLE 2.1. Let (Xo, By, mo,Tp) be the conservative, ergodic, mea-
sure preserving transformation defined as in [Fr] by the cutting and stacking

construction
NTL

BO = 17 Bn = @Bn—loLn’k

where N, L1, 1 <k < N, satisfy

k
Ni...Np,
Npy1 2 e ) Ln,k+1 > ZLn,j + khp_1,
j=1
where hy, 1= |By|.

PROPOSITION 2.1. No extension T of the conservative, ergodic, measure
preserving transformation Ty defined in Example 2.1 is quasifinite.

Proof. Suppose (without loss of generality) that (X, B, m,T) is a conser-
vative, ergodic extension of T and that F' € F is quasifinite. Then evidently
so is T"F for all n > 1. By Proposition 2.0 there exists A € B quasifinite
with A C By. We will contradict this (and therefore the assumption that a
quasifinite F' € F exists).

91 Write B, = (J!"" 79b,, where b, C By, m(by) = 1/Ny ... N, and

Nnt1 Np1
B, = LJFJ B = Lﬂ T LR p(1)
= k=1

where k(n+1,1) =0 and k(n+ 1,k) = (k — 1)|B,| + Zk | Lyi1; (ie. the
BT(lk) (1 < k < Nyuy1) are the subcolumns of B, appearing in By1).

ﬂQEornzl,letEn.—{0<j<h—l T7b, C By}. Then By =
Wice, Tbn, [a| = Ni...N, and {T x} Nn—l = {Tiz : j € &, for
x € by.
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93 Fix 0 < e < 1/3 and let

1
bre == {x € byt : ‘ Z La(Thz) — m(A)’ < em(A)}.
|En+1| T

By 92 above, for « € by41,

) ) NiNs...Np—1
€ g1 keéz (") Ni... Ny kz—o ()
n+1 =

and a standard argument using the ergodic theorem for 7’5, shows that there
exists M so that m(b,,c) > (1 — €)m(by41) for all n > M.

94 Fix n > M and = € by41, and let €4, == {k € €41 : TFr € A}
and Ay, = {T’z}jee,, .- Then for x € by,

#{1 <k < Npy1: ApenNBW £ 0} > (1—e)m(A) |E2“| = (1—€)m(A)Nypyq.

For n > M and x € by, write
{1<k<Npii:A,.NBW £0} = {ki(z):1<i<v}

where v — 1 > (1 — )m(A)Ny11 and k;i(x) < Kip1(x) for all 4.

For1 <i<vw,let Eg)nz =1k € typi1: kan+1 CApzN Bffi)} and let
m; = minﬁg)nz, m; = max Eg)nx; yi = mip1 —m,; (1 <i<wv—1). Note
that

Ki
yi < ZLn—H,j + kihp < Lin+1,k;+1) < L(n+ 1, ki41) < Yig1-
=1

95 For K C 41, let ag :=={x € byq1 : 4, = K} and
Bn={ax : K Ct1}, = {a = U Tja:aeﬂn}.
Jjet,
For a € 8,, a Cbye, and 1 <i <v —1, we have
Npa = yi(a)]) = — 2
m(a [(pA er(a)]) Nl L Nn+1
Thus
H(pa) = H(pallan)

> Y m) Y milea = (@)oo

a€Pn,aCbp e i=1
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= (= 1) log(Nup)

> m(bpe

- ( ’) Nl---Nn+1
log N1

> (1 —€)’m(A)—="0

= (- mA)gN TN,

> (1—e)’m(A)n 1 occ. =

Log lower boundedness. For (X,B,m,T) a conservative, ergodic, mea-
sure preserving transformation, set

Flog,T = {A eB:0<m(A) < 0, SloggoAdm < oo}.
A

Note that Fioe 7 C {quasifinite sets}, because

1
(%) Dn > 0, anlogn<oo = anlog—<oo.

n=1 n=1 n

Call T log lower bounded (LLB) if Fiog 7 # 0.
PROPOSITION 2.2.
(i) T is LLB iff

n—1

E foT™ — o0 a.e. asn— o

log n

for some and hence all f € L'(m)y :={feL': f>0, {, fdm>0}.
(ii) T is not LLB sz

lim inf
n—oo logn

Z foT™ = a.e. for some and hence all f € LY.

(iii) If (X, B, m,T) is LLB and C C B is a factor, then C N Fiogr # 0.
(iv) Fiog,T is a hereditary ring.

Proof. Statements (i) and (ii) follow from Theorem 2.4.1 in [A], and (iii)
follows from these. We prove (iv).
Suppose that A € Flog 7, B € B, and B C A. Then
P(z)—-1

pp(r) = Y wa(Thz) (z€B)
k=0

where ¢ : B — N, ¢(z) := min{n > 1: T}z € B}.
By the Kac formula,

PY—1
| > foThdm=\fdm VfeL'(m).

B k=0 A
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To see that B € Fiog 1, we use this and log(k + 1) < log(k) + log({):
-1

S log g dm = S log(z VA oTﬁ) dm
B B k=0

SSZ g(paoTh)dm = Slogg@Adm<oo.
B k=0 A

Suppose that A, B € Fiog 7. Then paup < 1apa + 1pypp, whence

| log(waus) dm = | log(paup) dm + | log(paup) dm
AUB B

A
< S log(pa)dm + S log(pp)dm < oco. m
A B

3. Examples of LLB transformations

Pointwise dual ergodic transformations. A conservative, ergodic, mea-
sure preserving transformation (X, B, m,T) is called pointwise dual ergodic
if there is a sequence of constants (a,(T"))p>1 (called the return sequence
of T') so that

TFf — S fdm a.e. for some (and hence all) f € L'(m)
b's

where T : L'(m) — L'(m) is the transfer operator defined by
{Tfdm= | fdm (feL'(m), AeB)
A T-1A

See [A, 3.8].

PROPOSITION 3.1. Let (X, B,m,T) be a pointwise dual ergodic, conser-
vative, ergodic, measure preserving transformation. Then

o0
1
Tis LLB &
® nzl nan(T)

< Q.

Proof. Let A € F be a uniform set in the sense that for some f €
Ll(m)+7

I
—

n

1
an(T)

T* f— S fdm  uniformly on A.
0 X

i

By Lemma 3.8.5 in [A],

S(cpA An)dm = m( O T_kA> =

A k=0

an(T)’
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whence

> no T kA <1
Aeﬁogﬁzm(u’“:g )<oo<:>zm(T)<oo.-
n=1 n

n=1

REMARKS. 1) For example, the simple random walk on Z is LLB (be-
cause a,(T) oc y/n), whereas the simple random walk on Z? is not LLB
(because a,(T') o logn).

2) It is not known whether the simple random walk on Z? is quasifinite,
or even has a factor with finite entropy.

EXAMPLE 3.2. There is a quasifinite, conservative, ergodic, Markov
shift (X, B,m,T) with a,(T) =< /logn.

Note that by Proposition 3.1, this T" is not LLB.

Proof. Let fym := 1/2" for n > 1 and f; := 0 for k € N\ 4% Then
[ € P(N).

Let 2 := NZ and let P = fZ € P(£2,B(£2)) be the product measure.
Then (£2,B(2),P,S) is an ergodic, probability preserving transformation
where S : {2 — (2 is the shift.

Define ¢ : 2 — N by ¢(w) := wp and let (X,B,m,T) be the tower
over (§2,B(£2), P, S) with height function ¢. It follows that (X, B, m,T) is
a conservative, ergodic, Markov shift with a,(T) =< >} u; where u is
defined by the renewal equation: ug = 1, up = > p_; frlUn—k-

To see that (X,B,m,T) is quasifinite, we check that {2 is quasifinite.
Indeed,

> 1 = nlog?2
Holpo) = Y fk;lOgﬁ =y o < 00
k>1, fi.>0 n=1
To estimate a,(7"), recall that by Lemma 3.8.5 in [A], a,(T") < n/L(n)
where
n n oo
L(n) := m( U T*k9> = Z Z fi-
k=0 k=01=k+1
Now,

> B 1 1 1
Z fi= Z 27/\ 9log, logy k \/@

I=k+1 n>log, log, k

Thus L(n) < n/v/logn and a,(T) < v/logn. =

The Hagjian-Ito-Kakutani transformations. Let 2 = {0,1}Y, f(w) :=
min{n > 1:w, =0} and let 7: 2 — (2 be the adding machine defined by

T(l,...,l,o,wdw)+l,...) = (0,...,0,1,w5(w)+1,...).
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For p € (0,1), define p, € P(£2) by wy(lai,...,an]) == pa, .. Pa, wWhere
po :=1—p, p1 :=p. It follows that ({2, A, yip, 7) is an ergodic, nonsingular

transformation with dgzc: = (1}.%7’)(]ﬁ where ¢ 1= ( — 2.
Now let X := 2 xZ and define T : X — X by T'(x,n) = (tx,n+ ¢(z)).

For p € (0,1), define m, € M(X) by

(4 x ) = ) (22

As shown in [HIK] (see also [A]), T, = (X,B,m,;,T) is a conserva-
tive, ergodic, measure preserving transformation (known as the Hajian—Ito—
Kakutani transformation). The entropy is given by h(T,) = h((Tp)ox{o})
= 0 by [MP] since (T})ox {0y is the Pascal adic transformation.

ProproSITION 3.3. (X,B,m,,T) is LLB for all 0 < p < 1.

Proof. As in the proof of Proposition 5.1 in [A1],

2"—1

k—1
S Lowoy o TH(&,0) = #{o <k<2'—1:) ¢(rix) = o}
k=0 7=0

2K 1
2#{O§K§n—1: Z gb(zj):O}.
=0
Now 251 ¢(rix) = ¢(5"z) where S : 2 — 2 is the shift, and so

2n—1

> lowqoy o TH(@,0) > #{0 < K <n—1:6(5K2) =0} ~ (1 - p)n

k=0
for pp-a.e. x € 2 by Birkhoft’s theorem for the ergodic, probability preserv-
ing transformation (2, B({2), itp,S). The LLB property now follows from
Proposition 2.2. =

Let & be the Polish group of measure preserving transformations of
(R, B(R), mpr) equipped with the weak topology.

PROPOSITION 3.4. The collection of LLB measure preserving transfor-
mations is meagre in &.

Proof. Let
S (f)

£ = {TG@:anHoo,
log ng

—0ae Vfe Ll}

where S,,(f) = SI(f) := Z?;& foT7. By Proposition 2.2, it suffices to show
that £ is a dense G set in &.
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By Example 3.2, there exists a conservative, ergodic, measure preserving
transformation T' € £. The set £ is conjugacy invariant, and so dense in &
by the conjugacy lemma (e.g. 3.5.2 in [A]).

To see that £ is a G set, let P ~ m be a probability, fix {4, : n € N} C
F:={AeB:m(A) < oo} so that o({A4, : n € N}) = B and let

oo oo k 1 )
! .
£=MUMN {TG 6 P<[Sn(1Ay) > kIOgnD < 2k}
k=1n=kv=1
Then £ is a Gs. We claim £/ = £.
Evidently,

Sni(14,)

£’:{T€®:E|nk—>oo,
log ng

— 0 a.e Vv > 1},
whence £ D £.

Now suppose that T € £ and Sy, (14,)/logni — 0 a.e. for all v > 1,
and let f € L'. Evidently S,(f)/logn — 0 a.e. on ®, the dissipative part
of T'. The conservative part of T is

¢ = UA,, where A, = [ZlAVoT":oo .
v=1 n=1
By Hopf’s theorem, S,(f)(x)/Sn(14,)(z) — hu(f) a.e. on A, for all v > 1
where h,(f) o T = hy(f) and §, h,(f)dm = {y f dm, whence, a.e. on A,

Snk(f) _ Snk(f) . Sn’“(lA”) —0. =

log ny Sn(1a,) log ny

4. Information convergence. Let (X, B, m,T) be a conservative, er-
godic, measure preserving transformation. A countable partition & C B is
called cofinite if there exists A = A¢ € F with A° € {. We call A the cofinite
atom of £ and A the (finite) core of &.

If ¢ C B is cofinite, then & (T) is also cofinite, with core A&L 1) =
Uiy T A.

The T-process generated by a cofinite partition £ restricted to its core A
is given by Krengel’s formula [K1]:

(®) T (x) = (paV (ENA)Vpa)(Ta))(z) forac. zeA

where for x € X and « a partition of X, a(x) is defined by z € a(x) € a,
and
n—1 n—1
on () ::ZgoA(T]Z:E), PA = {AﬂT_”A\ UT_kA:nGN}.
k=0 k=1
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A cofinite partition & C B is called quasifinite (qf) if A = A¢ is quasifinite

and H4 (&) < oo. Note that & quasifinite = Ha(§V pa VT4pa) < 0.
Convergence of information for quasifinite partitions

PROPOSITION 4.1 (cf. [KS]). Let (X,B,m,T) be a conservative, ergodic,
measure preserving transformation, let & C B be a quasifinite partition and
letpe L'(m), p>0, {ypdm =1. Then for a.c. z € X,

1 T () s
mf(& (T))(z) — (T, §)
where
n—1 1
Sn(p)(x) == (TFz) and I(&H(T))(z) :=log —r—.
i kz_o” ! & (& (D))

Proof. Let A be the core of £ and set ¢ := (£ N A) V pa. Then by (R),
" (Ta)(@) € D)) €T T)(@) aeazed

where z € {(x) € € and s, := Sy, (14).
By (7), for Ta, a.e. on A, I(sV(T4)) ~ Nh(T4,s), whence for a.e. € A,
1

log ~ log ~ sn(z)h(Ta; <)

1
m(&H(T)(x)) m(<®(Ty)(x))

~ Sn(p)(@)m(A)(Ta, <) = Sn(p)(x)R(T,§).

We obtain convergence a.e. on U]kV:o T~FkA by substituting &Y (T) for &;
whence convergence a.e. on X as Uév:() T A1 X. =

Abramov’s formula is proved analogously in case (X, B,m,T) is an er-
godic, probability preserving transformation. As in [Ab],

1 1 1 ) ,
T, ¢€) = I log ——————<~ Esn(gr:)h(TA7 S) Birkhoff’s PET,

m(&f(T)(2)) m(A)M(Ta; <)

5. Pinsker algebra. Let (X, B8, m,T) be a LLB, conservative, ergodic,
measure preserving transformation. Define
Fri:={A€ Fogr: A€o({T"A: k> 1})} =P N Fiogr.
In this section, we show that (in case Fy # 0) By := o(Fyz) is the maximal

zero entropy factor of T'. To do this, we will need

KRENGEL’S PREDICTABILITY LEMMA ([K1]). Let (X,B,m,T) be a quasi-
finite, conservative, ergodic, measure preserving transformation, let £ C B
be a quasifinite partition with core A, and let { = &N A. Then

ECEP(T) modm < h(Ta,Vpa)=0.
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In particular,
Aco({T "A:n>1}) & h(Ta,pa)=0.
For F' € F, set
Pr="Pr, ={AcBNF:Aco({TzFA:k>1})}.
By Pinsker’s theorem ([Pi]),

e Pr is a Tr-factor algebra of subsets of F' with h(Tp, Pr) =0,
o if A C BN F is another Tp-factor algebra of subsets of F with
h(TF,A) =0, then A C Pp.

THEOREM 5.1.

(i) Fm is a ring and Fip N F = Pp for all F € Fiz.
(i) If Fir # 0, then o(Fyp) is the maximal factor of zero entropy.

Proof. 91 Let A € Fioe. By Krengel’s predictability lemma, F' € Fpy
iff h(Tr, pr) = 0. Thus, F' € Fy iff there is a factor By with F' € By and
E(T7 BO) =0.

92 Next, fix F' € Fp. We claim that pp C Pp. This is because F' €
Fra = h(Tp,pr)=0.

€3 We now show that Pr C Fy N F for all F' € Fp. Fix F € Fp7 and
let By := o{T"A : n € Z, A € Pp}. Then By is a factor, F' € By and
By N F = Pp. Thus h(T,By) = h(Tr,Pr) =0 and by 1, Pr C Fy N F.

94 Now we claim that A,B € Ff = AUB € Ppr. Set C := AU B.
Then Ce€Fioe 1. Set ( :={ANB,A\ B,B\ A} and £ := (U {C°}. By (R),

E(T)NC = pcV(CV o) (Te).
By assumption, { C £2°(T') N C, whence also pc C £7°(T") N C. Thus

CVpe CpeVI(CVpe)(Te), so (VpeVTepe C(CVpeVTpe)(Te),
and (using Ho (¢ V po V Te pc) < 00) we have
h(Tc, pc) < MTe,CV pe Vo pc) =0,
whence C € o({T~*C : k > 1}) and C € Fp.
95 Now we show that Fy is a ring by proving that A, B € Fy = ( :=
{ANB,A\ B,B\ A} C Fr. By 93, it suffices to show that ( C Pc where
C := AU B. To see this, fix a € . Then

WTc,{a,C\ a}) < h(To,¢) < MTo, ¢V pe VT pe) =0
(as above) and a € Pc.

96 To complete the proof of (i), we show that Fiy N F C Pp for all
FeFn. Fix FeFrg, Ac FunNF.Let (:={A,F\ A}, £ :=CU{F°}. By
the ring property, A € Fz, whence £ C £7°(T") mod m. By Proposition 4.1,
hTr,(V pr) = 0, whence

h(Tr,¢) < WTF,CV pr) =0
and A € Pp.
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97 To see (ii), fix F € Fpg. Then by (i), FyNF =Pp=FgNFNF,
whence h(T,0(Fr7)) = m(F)hM(Tr,Pr) = 0 and if C C B is a factor with
h(T,C) = 0, then by 91, C N Fiog C Fpz, whence C C o(Fpz). =

6. Asymptotic distribution of information with infinite invari-
ant measure

Pointwise dual ergodic transformations. Let (X, B, m,T) be a pointwise
dual ergodic, measure preserving transformation and assume that the re-
turn sequence a, = a,(T) is regularly varying with index o (a € [0,1]).
Then by the Darling-Kac theorem (Theorem 3.6.4 in [A]—see also references
therein),

1
(%) —S1(f) 5 [ fdm-Xo  asn— oo Vf € Ll (m)y
" X
where X, is a Mittag-Lefller random variable of order o normalised so that

E(X,) =1, and F, > Y means

| G(F)dP — E(G(Y)) VP eP(X,B), P<m,G e C([0,]).

X
Note that X; = 1, X has exponential distribution, and for a € (0,1), X, =
1/Y where E(e™™>) = e=“" (for some ¢ = ¢, > 0). In particular, X/, =
IN| where N is a centred Gaussian random variable on R.

PROPOSITION 6.1. Suppose that (X, B, m,T) is a quasifinite, pointwise
dual ergodic, measure preserving transformation, and assume that the return
sequence a, = an(T) is regularly varying with index o € [0,1]. If £ C B is
quasifinite, then

1 1 N
(D) i) e s ee

Proof. This follows from Proposition 4.1 and (3). m

EXAMPLE 6.2 (Boole’s transformation). Let (X,B,m,T) be given by
X = R, m = Lebesgue measure and Tz = x — 1/x. Then T (see [A]) is
a pointwise dual ergodic, measure preserving transformation with a, (7") ~
V2n /7w, so Fir # 0 and T is LLB, whence quasifinite.

By Proposition 6.1, if £ C B is quasifinite, then

1

m(&F(T)(x))

(2) log 2 R(T,€)|N|  asn — oo.

an(T)

7. Analogous properties of probability preserving transforma-
tions. The last section is devoted to the construction of an ergodic, proba-
bility preserving transformation having a generating partition with proper-
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ties analogous to (€3). The related “measure-theoretic invariant” is entropy
dimension as in [FP].

Let (T,7,mr, R) be an irrational rotation of the circle (equipped with
Borel sets and Lebesgue measure). Let f € L?(T) satisfy the weak invariance
principle, i.e. B, (t) — B(t) in distribution on C([0, 1]) where B is Brownian
motion and

By(t) := fipg-1 + (nt — [nt]) f o T

(where fi := Zf;é f o R). Existence of such f € L?(T) is shown in [V].
In particular,

V' vn vn

where Ry, := maxi<k<n fr, Ln = maxi<p<n(—fr) and R 1= maxcp 1) B(t)
— mingeg 1] B(1).

R

The random variable R is known as the range of Brownian motion. Its
(non-Gaussian) distribution is calculated in [Fe].

Let (Y, C, i1, S) be the 2-shift with generating partition @ = {Qo, @1} and
symmetric product measure. Let p : Y — R be defined by p = aglg, +a1lg,
where ag < aq, SY pdu =1 and ag, a; are rationally independent. Then
the special flow (under p) (Y*,CP, q,S?) is Bernoulli where

Y?:={(y,s):y€Y,s€[0,p(y)}, C°:=C xLebesgue, q:=puxA\,
and
Sf(ya S) = (Snya s+t— pn(y))

where 0 < 5+ £ — pu(y) < p(S™9), pn = S12L po 59,
Note that the “vertical” partition Q := {Q,, Q,} where Q, := Q; x [0, c;)
(1 = 0,1) generates C under S”.
Define the probability preserving transformation (X, B, m,T) by
X =TxY?, m=mrxgq, B:=TxCP,
T(LL“, (y7 8)) = (R(Q?), S'?(x) (ya 5))

For P a finite partition of T into intervals (which generates 7 under R),
define the partition £ = £p of X by

(8) ¢(w,y,s) == P(w) x < \/ Sﬁt@> (y,s)
t€(0,f(w))

(=)

where for z,y € R,u(z,y) := [z A y,x V y] (the closed interval joining x
and y). Next, we show that ¢ is measurable and H(£) < oo.
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PROPOSITION 7.1. The partition £ is measurable, generates B under T,
H(¢) < oo and

®) I T) 2SR asn— o,

where R is the range of Brownian motion.

Proof. The proof is in several stages. We first claim that
() G My ) =BT @@ x () 850)w.9).
te€[—Ln(w),Rn(w)]
To see this, note that for n > 1,

(T77) (w,y.5) = E(R"(), 5%, ) (. 5))

=P <\ 82Q) () 5:9)
(0,7 (R ()

= P(R”(w)) X ( \/ Sﬁtt@) (y,s)
te€L(fn (W), fr(w)+f(R*(w)))

PR\ SaQ)w.s).
tev(fn(w),frnt1(w))

To continue, we need the following (elementary) proposition:

9§ Let ap, € R (n > 1). Then

U LSk, Sk-‘rl mna Mn]

where ag:=0, Sn::Zk:o ag, My =Mming<p<n Sk, My =maxo<p<n Sk-

To finish the proof of (), note that

0N (D) (w,y,s) = \/ T7*€(w,y, s)

n—1
= () P(R*(w)) x ( \ SﬁttQ) (y,5)
k=0

teu(fu(w)sfot+1(w))
= B (R)(w)) x ( \/ S2.4Q) (y,s)
teUnZo t(fi(w),frs1(w))
1] n— Y
It <V Q) ws),

t€[—Ln(w),Rn(w)]

proving ().
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Now consider p, : Y — R defined by

Zk Op )7 n>07
pn(y) = 0, n >0,

Sl p(S7hy), n<o.
Then pp(y) < pn+1(y) and for all y € Y, p,(y) — £oo as n — +oo.
Fory € Y and t € R, define [t], € Z to be so that pp, (y) <t < pp,4+1(v)-
It follows that for t € R,
tl/on = 1< [[tly] < [t]/a0,  SL(y,s) = (S* vy, s+t — ppery, (v))-

Our next claim is that
(%) &N W,y 8) = PITHR) @) x QUL N (S) () X 1 (w, ) (5)

where for each (w,y) € 2 XY, n,(w,y) is a partition of [0, p(y)) into at most
(Rn(w) + Lp(w) + 1)/ap intervals. Indeed, fixing (w,y,s) € X and n > 1,
we have

Voo Q)= () QS

t€[—Ln (w),Rn(w)] t€[— Ly (w),Rn(w)]

= N QS Hluy) x [0, p(StHlny))
el L (@), Rn ()]

= m S_]Q(y) X nn(wayas)
JElls—Ln(w )]y7[8+Rn(w)]y]
[s+Rn(w
= QR (9) () x 1w, 9)(5)

where for each (w,y) € 2xY, n,(w,y) is a partition of [0, p(y)) into at most
[Ry(w)]y — [ Ln(w)]y < (Rp(w) + Lyp(w) + 1)/ap intervals. This proves (43).
Now (43) with » = 1 shows that
E(w,y,5) = P(w) x Q1Y) (8)(y) x m(w,y)(s)
where
V—‘f-(w?y? 8) = [8 + f(W) v O]Zﬁ I/_(U), Y, S) = [S + f(w) N 0]9
Thus, £ is measurable. Moreover, writing Z := {[v_ =k, vy =1] : k,l € Z},

we see that

(] 2)(w,y, ) = I(P)(w) + IQULH I (S) W) + Im (w, y)(s))

< I(P)(w) + ([s + f(w) AOly + [s + f(w) \/O]y)-logQ—{—lOgl—i_‘a{;(w)‘
< I(P)(w)+ Wz(‘)ﬂdogQHogW
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and

log 2 + | f]

1
(Hf|1+1)+§21 S

H(¢|2) < H(P) + dm < oo.

Now [ (w,y, )| < (|f(@)| + 1)/ and
(s + f(w) v 0],,0), f(w) >0,
(0,[s + f(@) AOL,),  flw) <0
whence by (%) (see page 7), H(Z) < oo and

H() = H(E| 2) + H(Z) < .

(v4(w,y,s),v—(w,y,s)) = {

Since ¢ is measurable, () now shows that it generates B under 7.

To establish (¥), we claim that for a.e. (z,y, s), any € > 0, and sufficiently
large n = n(x,y, s),

(&) PR @) x QN () )Xnn(fc,y)(S) C &) (x,y,9)

< Py (R)(z) x QT L (x )(1— E)(S)(y) X 1 (z,y)(s)

where for each (w,y) € 2 XY, n,(w,y) is a partition of [0, p(y)) into at most
(Ry(w) + Ly(w) + 1)/ag intervals.

To see this note that for a.e. (z,y,s) € X, Ry(x),Lp(x) T oo and
pn(y) ~ n, whence |[s — Ly, (z)]y| ~ Lp(w) and [s + R, (w)]y ~ Rp(x). Now
(&) follows from (43) using this.

We next claim that for all (z,y) € T x Y,

o
Vn
Indeed, #n,(z,y) < Eu(z) := (Rp(x) + Ly(x) +1)/ag and #P7'(R) <
Mn for some M > 0 and all n > 1, whence

m([I(Fg ™ (R)) > tv/n]) <

() (L(Pg~H(R)) + I(na(z,y))) = 0.

R (R) S 758

—0 asn— o

_t\f

and for all (z,y),

m([(na(z,y)(5))) = tv/n]) < iH(Un(w,y))

_IOgth( )Ln—>0 as n — 00,

proving (%t).
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Using (&), (%) and (J) for S we have, as n — oo,

1 n— n o 10 n
TR TG D9 = = 1QNE (500 + 05 )

_ b x z))lo 0 logn
= (Inla) 4 Ra(a)) o201 + (1) + O 22 )

2 Rlog?2 = Rh(5").

Estimation of entropy dimension. Let (Z,D, v, R) be a probability pre-
serving transformation and let P C D be a countable partition of Z. As in
[FP], forn >1, e >0and a = Z;é R~%ay € Py Y(R), let

B(n, P,a,e€) := U a

a’€P? Y(R),d(a,a’)<e

where d(a,a’) :=n"'#{0 <k <n—1:a; # a}} is the Hamming distance,
and let
K(P,n,e) = min{#F . F c PMYR), 1/< |J B(n, P.a, e)) >1- e}.
acF
The ergodic, probability preserving transformation is said to have upper
entropy dimension A € [0,1] if for some countable, measurable generat-

ing partition P with finite entropy (and hence—as proved in [FP]—for all
such),

o loglog K (P,n,e¢) A
n—00 logn e—0

PROPOSITION 7.2. Let (X,B,m,T) be as in (@&). Then the upper en-
tropy dimension is at most 1/2.

Proof. Let £ =&p be asin (8) and let h = h(S?). Forn > 1 and J C Ry
an interval bounded away from 0 and oo, define

&n(J) = {aeﬁg_l( ): \lflog })eh,]}.

We claim that
#En(J) ~ (1J<R)€hRﬁ)€o(\/ﬁ) as n — oo.
To see this, suppose that J = [r — §,r + 0]. Then

PRcJ)«— m([\/lﬁ I HT)) € hJD
= D mla) = #&u(J)e VHED

a€én(J)
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(because m(a) = e~ "Vnr£9) for all a € &,(J)); whence
B(e"MR15(R)) € #a () S B(VIREI1(R)).

Using this on a decomposition of J into a finite union of disjoint short enough
intervals yields #&,(J) = E(e"™V"R1;(R))eFV™ for all € > 0, proving the
claim.
Evidently K (§,n,€) < #&,([1/M, M]) for some M = M, > 0, whence
K(&,n,€) < ecevnl+o)) and
m loglog K (&,n,€) <1

Ve > 0.
n—00 logn -2 ¢ -

Remark on the lower bound. The upper estimate for the entropy dimen-
sion follows from the weak invariance principle for the “random walk” f,.
In a similar manner, a lower estimate would follow from an analogous result
for the “local time” of the random walk. Such a result is not available for the
present example. However, such considerations show that the “relative en-
tropy dimension” over its Bernoulli factor of an aperiodic, centered random
walk in random scenery with jumps of finite variance is 1/2.
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