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Abstract. We study differentiability of topological conjugacies between expanding
piecewise C'1T¢ interval maps. If these conjugacies are not C*, then their derivative van-
ishes Lebesgue almost everywhere. We show that in this case the Hausdorff dimension of
the set of points for which the derivative of the conjugacy does not exist lies strictly be-
tween zero and one. Moreover, by employing the thermodynamic formalism, we show that
this Hausdorff dimension can be determined explicitly in terms of the Lyapunov spectrum.
These results then give rise to a “rigidity dichotomy” for the type of conjugacies under
consideration.

1. Introduction and statement of results. In this paper we
study aspects of nondifferentiability for conjugacy maps between expand-
ing maps of the unit interval U into itself which have precisely d increas-
ing full inverse branches and each of these branches is a strictly contract-
ing C'*¢ diffeomorphism on U, for some fixed ¢ > 0 and some fixed in-
teger d > 2 (here, a map f : U — f(U) C R is said to be a C1+¢
diffeomorphism if there exists an extension f of f to some open neigh-
bourhood of U which is a diffeomorphism such that f’|;; is Holder con-
tinuous with Holder exponent equal to €). Throughout, these expanding
maps will be referred to as expanding piecewise C1T¢ maps. Clearly, each
map of this type is naturally semi-conjugate to the full shift X' over the
alphabet A := {1,...,d}. Moreover, if S and T are two expanding piece-
wise C1*€ maps, then the following diagram commutes, where o refers to
the usual shift map on Y, and wg and 7w denote the associated coding
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maps:

U x5,y

The conjugacy map © : U — U between the two systems (U, S) and
(U, T) is then given by ToO = O 0 S (see Figs. 1 and 4 for some examples),
and one immediately verifies that © is continuous. The first main task of
the paper will be to employ the thermodynamic formalism in order to give
a detailed fractal analysis of the following three sets:

D.=D(S,T):={¢ €U :O'(£) does not exist in the generalised sense};
Do = Doo(S,T) :={E €U : O'(§) = 0};
Dy = Do(S, T) = {f eU: 8/(5) = O}

Here, ©'(&) exists in the generalised sense means that ©'(§) either exists or
else is equal to infinity (at the boundary points we interpret these quantities
in terms of limits from the left or right, as appropriate). Note that we can
trivially write Y = D UDo UDyUD where D:={{ €U : O'(&) € (0,00)}.
However, as we will see, either D = U or D = ().

The second main task of this paper will be to find a necessary and
sufficient condition for two expanding piecewise C1*¢ systems to be rigid in
a certain sense.

To state our main results in greater detail, we first need to recall some
concepts from the thermodynamic formalism. Let ¢,¢ : X — Ry de-
note the Holder continuous potential functions which are given for =z =
(.T1$2 .. ) el by

p(x) :=1log (S;,") (ns(0())) and w(z) :=log (T;") (n7(0(2))),
where S; 1 and T, denote the inverse branches of S and T associated with
a € A. Also, let P denote the usual pressure function from the thermo-
dynamic formalism (see [17] for the definition of P). Then there exists a
function 2 : R — R given implicitly by the pressure equation

P(sp+ B(s)Y) =0 forall s € R.

Note that G is well defined, since ¥ < 0. With pus denoting the equilibrium
measure associated with the potential function sy + [(s)1, we have

reoN S P dps

T = Ty,
Therefore, 3 is strictly decreasing, and one also immediately verifies that
B(1) = 0 and 5(0) = 1. If ¢ and ¢ are cohomologically independent, that
is, if there are no nontrivial choices of b,¢ € R and u € C(X) such that

< 0.
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by + ctp = uwo o — u (in this situation, we will also say that S and T are
cohomologically independent), then (3 is strictly convex (see e.g. [17]). In
this situation the mean value theorem for derivatives gives that there exists
a unique sp € (0,1) such that 3'(sp) = —1. Let 3 : R — R be defined by
B(s) := B(s) + s. Note that ﬁ is convex and has a unique minimum at so.
Also, B(0) = B(1) = 1 and B(so) = ﬁ( ), where 3 denotes the (concave)
Legendre transform of 3, given by B(s) := inf,cr(8(t) + st) for s € R.
Finally, the level sets L(s) are defined by

s) = : lim w:s
L(s) = {5 €U lim (it (€)) }’

where S, f = Zz;é f o o* denotes the nth Birkhoff sum. By standard
thermodynamic formalism (see e.g. [17]), we then have, for s in the closure
—3'(R) of the range of —/f’,

dimp(L(s)) = B(s)/s = = mf(st+ﬁ( )) = inf(t + 5(t)/s),

whereas for s ¢ —3'(R) we have E(s) = 0.
The first main result of this paper is now stated in the following theorem.

THEOREM 1.1. Let S and T be two cohomologically independent expand-
ing piecewise C'T¢ maps. Then

0 < dimg(D~) = dimy (Do) = dimp(£(1)) = B(s0) < 1.

Using the well known fact that both T and S have absolutely contin-
uous invariant measures with C° densities (see e.g. [1, Theorem 2.1]), one
immediately verifies that either © = 0 Lebesgue almost everywhere or © is
C'*¢. The second main result of this paper is to give a refinement of this
dichotomy, and this is summarized in the following theorem.

THEOREM 1.2. Let S and T be two expanding piecewise C'T¢ maps.
Then

the conjugacy © is a C1¢ diffeomorphism < dimy(D.) = 0.
More precisely, the following “rigidity dichotomy” holds.
(1) If S and T are cohomologically dependent, then O is a C'*¢ diffeo-

morphism and hence absolutely continuous. Equivalently,

Dy=Do =D=0, andhence U={£€U:0<O(£) < oo}

(2) If S and T are cohomologically independent, then © is singular,
that is, AN(Dg) = 1. Moreover, @ is Holder continuous with Hélder
exponent equal to (supyer —3'(x))~L, and

0< dlmH(Doo) = dimH(DN) < 1.



164 T. Jordan et al.

The latter theorem is closely related to classical work by Shub and Sul-
livan [21] on the smoothness of conjugacies between expanding maps of the
unit circle S! (see also e.g. [2, 9, 16, 22]). In [21] it was shown that if the
conjugacy between two C* expanding maps is absolutely continuous, for
some k > 2, then the conjugacy is necessarily C*¥ too (also cf. [18]). Let
us also mention a result by Cui [3] which states that the conjugacy map
between two expanding C'*¢ circle endomorphisms is itself C'*¢, if it has
finite, nonzero derivative at some point in S'. So, to deduce Theorem 1.2
from Theorem 1.1, we need to adapt this result to the setting of interval
maps.

In the case of circle maps we can combine our result on interval maps
and the result of Cui to obtain a result for endomorphisms of S'. For this
one has to rewrite Theorem 1.1 in terms of orientation preserving expanding
C*¢ circle maps, and this then gives rise to the following result.

COROLLARY 1.3. For the conjugacy map @ between a given pair (S',U)
and (SY,V) of expanding C'T¢ endomorphisms of S', the following state-
ments are equivalent.

(1) @ is a CF¢ circle map;

(2) dimp({¢ € S': &/(&) does not exist in the generalised sense}) = 0;
(3) dimg({¢ €S':0 < P (&) < 00}) = 1;

(4) @ is absolutely continuous;

(5) @ is bi-Lipschitz.

A natural question to ask is how the quantities dimy(Ds(S,7T)) and
dimy (D~ (S,T)) vary as S and T change. The next two results address this
question.

PROPOSITION 1.4. For a C* family of expanding maps, the Hausdorff
dimension of the set of nondifferentiability points has a C*~2 dependence.

PROPOSITION 1.5. There exists a pair of C? endomorphisms of S* for
which the set of nondifferentiability points for the associated conjugacy map
has arbitrarily small Hausdorff dimension.

The paper is organised as follows. In Sections 2 and 3 we give the proofs
of Theorems 1.1 and 1.2. Section 4 discusses two basic examples, and one of
these is then used in Section 5 for the proof of Proposition 1.5. In Section 5
we also give the proof of Proposition 1.4.

REMARK 1.6. (1) Note that
D(S,T)UDux(S,T) ={£ €U : O is not differentiable at £},

and hence Theorem 1.1 in particular implies that if S and 7' are cohomo-
logically independent, then the Hausdorff dimension of the set of points for

which © is not differentiable is equal to ((sp).
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(2) There is also a variational formula for the Hausdorff dimension of D...
Namely, as we will see in Section 2.3,
: _ hp)  Sedu }
dimy (D.) SuP{Sgodu Tvdu 15,
where the supremum ranges over all o-invariant probability measures on .
In particular, this variational formula shows that if we swap the roles of
@ and 1, then this has no effect on the Hausdorff dimension of the set
of nondifferentiability. In other words, if instead of © we take the dual
conjugacy O, given by S0 =6 oT, then the Hausdorfl dimension of the
set of points at which @ does not exist in the generalised sense coincides
with dimyg(D-~), i.e.

dimyg (D (S, T)) = dimg (Do (T, S)).

(3) The conjugacy map © can also be viewed as the distribution function
of the measure mg := A o @. This follows, since for £ € U we have

me([0,£)) = A([0,6(¢))) = O(¢).

Hence, the investigations in this paper can also be seen as a study of singular
distribution functions with support equal to . Note that there are strong
parallels to the results in [12], where we used some of the outcomes of [13] to
give a fractal analysis of nondifferentiability for Minkowski’s question mark
function.

(4) Finally, let us mention that the statements in Theorems 1.1 and 1.2
can be generalised so that the derivative of © gets replaced by the s-Holder
derivative A0 of O, given for s € —3'(R) by

. 19(n) — O]

A0 = lim ————>—.

(4:0)(¢) = limy In—¢&l°
For this more general derivative the relevant sets are
DE) =DE(S,T) := {€ €U : (A,0)(€) does not exist

in the generalised sense},
DY) = DS, T) = {¢€ €U : (A:0)(€) = oo}
Straightforward adaptations of the proofs in this paper then show that
dimg (D)) = dimg (DY) = dimg (L(s)).

In particular, this shows that on —3'(R) the Lyapunov spectrum s — 3 (s)/s
coincides with the “spectrum of non-s-Holder differentiability of ©”. Note
that, by generalising results of [3, 7] and others, in [11] similar results were
obtained for certain classes of Cantor-like sets.
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2. Proof of Theorem 1.1

2.1. The geometry of the derivative of ©. Let us first introduce some
notations which will be used throughout.

DEFINITION. Let us say that x = (x125...) € X has an i-block of length
k at the nth level, for n, k € Nand i € {1,d}, if vy 11 € A\{i} and 1y =11
for all m € {1,...,k}. Moreover, we will say that x = (z122...) € X has a
strict i-block of length k at the nth level if additionally z, € A\ {i}.

For ease of exposition, we define the function y : ' — R by x := ¢ — ¢.
Also, let Dg(&,n) denote the differential quotient for © at £ and 7, that is,

ot = 21000

Moreover, we use g; to denote the word of length &£ € N containing exclu-
sively the letter a € A, and we let a denote the infinite word containing
exclusively the letter a € A. Also, [z ...xzy] denotes the cylinder set associ-
ated with the finite word (z1,...,x,) € A", that is,

[1...2p) ={(y1y2...) € Xy =a; foralli =1,...,n}.

Throughout, “<” means that the ratio of the left hand side to the right
hand side is uniformly bounded away from zero and infinity. Likewise, we
use “<” to denote that the expression on the left hand side is uniformly
bounded by the expression on the right hand side multiplied by some fixed
positive constant.

Let us begin our discussion of the geometry of the derivative of @ with
the following crucial geometric observation.

PROPOSITION 2.1. Let x = (x122...),y = (y1y2...) € X satisfy y €
[x1...2p—1] as well as x,, = a and y, = b for some n € N and a,b € A
with |a — b| = 1 (note that for n = 1 we adopt the convention that z1 = a
and y1 = b). Moreover, assume that for some k,l € N, the word x has an
i-block of length k at the nth level, and y has a j-block of length | at the nth
level. Here, i,j € {1,d} are chosen such that if a <b theni=d and j =1,
whereas if a > b then i =1 and j = d. In this situation for & := wg(z) and
n:=ns(y),

k(@) 4 ¥((9)

eko(®) + (@)

Do(g.n) = 5

Proof. We only consider the case a = b+ 1 > b. The case a < b is

completely analogous and is left to the reader. In this situation, for some
p€ A\ {1} and q € A\ {d}, the words = and y are of the form

r=(x1...xp1alyp...) and y=(x1...2-1bdiq...).
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Then consider the following cylinder sets:
I i=mg([wr ... xpabdyq])  To:=ms([zr. .. xn—1aly q]),
J1:=ms([x1 ... zp_1bd;]) Jy i=mg([z1 ... xp_1aly)]).
One immediately verifies that
LUIy C[n& C JiUJs.

Moreover, with 7' := 7p((z1...2,-1bd)) = 7p((21...2,-1al)) we have,
using the bounded distortion property,

©(6) —Bn)| = 18(8) — e )| +10(f) = B(n)| = SV (@) 4 o)),
Similarly, one obtains

|€ — n] < diam(I1) + diam(I3) =< diam(J;) + diam(J3)
- evaSO(w)(ekSO((d)) + elw((l)))‘ .

Note that Proposition 2.1 does in particular contain all the cases in
which, for given z,y € ¥, Dg(mg(z), ms(y)) can significantly deviate from
exp(Spx(x)). This is clarified by the following lemma, which addresses the
cases not covered by Proposition 2.1.

LEMMA 2.2. Let © = (z122...),y = (y1y2...) € X be such that y €
[€1...xn1] \ [1...20] and either |x, — yn| > 1, or if |z, —yn| = 1 then
ms([x1 ... xpnt1]) Nws([Y1 - - - Yns1]) = 0. For & :=mwg(x) and n :=wg(y),

Do (6. m) = 5,

Proof. We have either mg([x1...2,])) N 7s([y1-..yn]) = 0, and hence
there exists an interval separating these two sets, or if wg([z1...zy,]) N

ms([y1 ... yn]) # 0 then mg([z1 ... 2pi1]) N Ts([y1 .. Yn41]) = 0. Clearly, in
both cases there exist a, b € A such that the interval I,:=7mg([x1 ... 2y-1ab])
separates the intervals mg([z1 ... 2n41]) and wg([y1 - . . Yn+1]). Using this, we
then obtain

eV < diam(O(Ip)) < |O(€) — O(n)
< diam(O(mg([z1 . .. Tp_1]))) < e5¥@),
and
eSn#() diam(I) < |€ — n| < diam(7y([21 ... 2, 1])) < eSne(@) o

LEMMA 2.3. If x = (z122...) € X has an i-block of length k at the nth
level, for some n,k € N and i € {1,d}, then for each n € ms([x1... 2]\

[T1...2pq1]), with § := —min{y((1)),¥((d))} > 0 and £ := 7s(x),
De(&,n) > eSnx(@e =0k,



168 T. Jordan et al.

Proof. Trivially, |£ — n| < exp(Spp(x)). As in the proof of the previous
lemma, one immediately verifies that

0(&) — On)| > eSntkd(@) 5, Sn¥(2) 0k
By combining these observations, the result follows. m
LEMMA 2.4. Let x € X and & := mg(x).
(1) If limsup,, .. e>"X(*) = oo, then lim sup,_¢ Do (§,n) = .
(2) If liminf, o e5"X(®) =0, then liminf, ¢ Dg(£,1) = 0.
Proof. Let x = (z1x2...) and assume without loss of generality that
E¢ns({(zize...) € ¥ :IneNJie{l,d} Vk>n:x=1i}).

For n € N, the left and right boundary points of wg([z1 ... z,]) are given by
&n = ms((z1...2p1)) and 1, = wg((z1 ... 2od)). By assumption we have
€ ¢ {&,,nn = n € N}. It then follows that

min{D9(§7 77”)7 D@(Ev £n)} < D9(§TL7 77n) < max{D@(f, 7771)7 D@(‘Ea §n)}
Since Dg (&, 1n) =< e5X(©) | the lemma follows. =

We have the following immediate corollary.

COROLLARY 2.5. Let x € X be such that

liminf e5"X®) =0  gnd lim sup eSnx(2)

n—oo n—oo

Then ms(x) € Da.

= Q.

For the remainder of this section we restrict the discussion to the follow-
ing two cases:

Case 1 9((1))/¢((1)) < min{y((d)/¢((d)), 1};
Case 2: 9((d)/¢((d) < min{((1))/¢((1)), 1}-

As we will see in Lemma 2.7, these two cases are in fact the only relevant
cases for the purposes in this paper. In fact, without loss of generality, we
will always assume that we are in the situation of Case 1. The discussion of
Case 2 is completely analogous (essentially, one has to interchange the roles
of 1 and d as well as of | and k), and will be left to the reader. Note that
Cases 1 and 2 include the cases

(2.1)

M) 5 15 @) and XD <1 < X(@),

which are for instance fulfilled in the Salem examples (Example 1) briefly
discussed in Section 4.

On the basis of this assumption, we now make the following crucial
observation.
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LEMMA 2.6. Assume that we are in Case 1 of (2.1). Then for all | € N,
(D) 4 kv ((d)
ele((1) + eko((d))

where o := x((1))e((d))/¢((1)) > 0. Moreover, if I = |ka/x((1))] then
el () 4 kv ((d))
ele((D) 4 eke((d))
Here, |r] denotes the smallest integer greater than or equal to r € R.
Proof. First note that with o/ := ¢((d))/((1)) the conditions in Case 1
immediately imply
eP(D) V(D) apnd (@) L ca'v((D),

< eak’

ak

>e

In particular, this implies that x((1)) > 0. Then for all I > ok,
AU 4 (@) (D) 4 ha'w(() k(L) kalb((1)
TAD) 1 k@) = k@) =2 @) 2 k(D)
If | < ok, then we obtain
D) 4 (@) (D) 4 ghalB(D)
ele((D) 4 ghe((d) — ele((1))
(W) () @'k
< 2<M> < 2<M> = 2¢°F,
Finally, if | = [¢/k| then
JUD) 4 k(@) (D) 4 k(@) eha'w((D)
do (D) 4 k(@) 2eke@) 7 aghae(@) €

The next observation explains why we can restrict the discussion to the
above two cases in (2.1). For this we define

_ zeak

ak
. u

Dy :=ns({x € X lim S,x(z) = —o0}),

D =Dy \ms({(z122...) € ¥ : In € N i € {1,d} Vk > n:x) =1i}).

LEMMA 2.7. If we are in neither of the two cases in (2.1), then
D.ND; = .

Proof. Let x = (z122...) € X be such that § := mg(z) € Dj. Assume

that x has a strict j-block of length k at the nth level, j € {1,d}. We have
to distinguish two cases. The first is

W) Ly L @)
p((1)) w((d))
Then e¥(@) < ¢#(®) for i € {1,d}, and clearly ﬂiii—ﬂ% < 1 for all

k,l € N. By combining this observation with Proposition 2.1 and Lemma 2.2,
it follows that & € Dy, and hence & ¢ D...

> 1.
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The second case is
W) _ ()
e((1)  »((d)
As in the proof of Lemma 2.6, it then follows that for each i € {1,d} \ {j}
and for all [,k € N, we have

lp((2 ki ((4
(@) 4 ¢ ((%)) < 2eb(@).
ele((@D) 4 eke((d) —
Therefore, for each n € mg([z1...2p—1] \ [21...2,]) We have
Do (&,n) < S itx(®),

Using this observation and Lemma 2.2, we find that the derivative of @ at
¢ is equal to 0, and hence £ ¢ D... =

<1

PROPOSITION 2.8. Assume that we are in Case 1 of (2.1) and let x =
(z122...) € X be such that § := mg(x) € Dj. Then { € Do if and only if
there exist strictly increasing sequences (N )men and (km)men of positive
integers such that x has a strict d-block of length k,, at the n,th level for
each m € N, and

eSnmX(@)Fkme 5 1 for gll m e N.
Proof. By Lemma 2.4 there exists a sequence (7, )nen such that
lim D@(ﬁﬂ?n) =0.
n—oo

Now, for the “if” part, assume that £ has strict d-blocks as specified in
the proposition. For each m € N, choose 7], in the interval mg([z1...
T (Tnp+1 + 1)1 a]), where a € A\ {1} and [, := kpa/x((1)). Com-
bining Proposition 2.1, the second part of Lemma 2.6, and the fact that
exp(Sp,, x(z) + kma) > 1, we then obtain, for all m € N,
ekm¥((d)) 4 elm¥((1))
ekme((d)) + elme((1))
Combining this with the observation at the beginning of the proof, it follows
that € € D..

For the “only if” part, let z = (2122 ...) € X' with { := mg(z) € D.ND;.
Then there exists a sequence (1), )men in U and a strictly increasing sequence
(nm)men in N such that n,, € 7s([z1 ...xy,,]) for all m € N and

liminf Dg (&, m) > 0.

Using Proposition 2.1 and Lemma 2.6, it follows that if  has a d-block of
length k,, at the n,,th level, then for all [,m € N,
(D) 4 kmi((d)

Snm X (@) +akm
o) 1 hma(@) < '

Do (&, nm) < eSmmX(@)
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Since liminf,, oo Do (&, nm) > 0, it follows that

lim inf eSrmX(@)+ekn - o

m—00
and therefore eSrmX(@)+takm 5 1 for all m € N. u

2.2. The upper bound. We start by observing that

S,
limsup e®"X >0 = limsup n®

n—oo n—o0 n

> 1.

This implies that

dimy ({lim sup e5"X > 0}) < dimH<{ lim sup SRZZ > 1}) = 3(1)

n—oo n—oo Sn

Here, the final equality holds since the Lyapunov dimension spectrum s —
B(s)/s is decreasing in a neighbourhood of 1. Since the sets Dy, and D.. N
{limsup,,_,, e5*X > 0} are contained in {limsup,,_, ., e5*X > 0}, the ob-
servation above gives the upper bound E(l) for the Hausdorff dimension of
each of these two sets.

Since limy, o0 exp(Spx(x)) = 0 implies mg(z) € Dj, except for the count-
able set of end points of all refinements of the Markov partition, it is sufficient
to show that

dimyg (D~ N D}) < 5(1).

This part of the proof is inspired by the arguments given in [11]. First note
that it is sufficient to show that

dimy (D~ ND;) < B(s) forall s <1.

In a nutshell, the idea is to show that for each s <1 there is a suitable cover-
ing of D NDy which will then be used to deduce that the 5(s)-dimensional
Hausdorff measure of D.. N D; is finite.

If we are in neither of the two cases of (2.1), we have D. NDj = () by
Lemma 2.7. Hence for ease of exposition, throughout the remaining part of
this section we will again assume that we are in Case 1 of (2.1). Clearly,
the considerations for Case 2 are completely analogous, and will therefore
be omitted. Let us first introduce the stopping time 73 with respect to x on
s (Dj) by

Te(z) == 1inf{k € N: Spx(z) < —t} forallt >0,z € ﬂgl(D;{).
For each n € N fix a partition C,, of ng(Dg ) consisting of cylinder sets [w]
with the following property:
Sr @x(x) +n| <1 forall z € [w].

Moreover, for € > 0 we define

Cole) == {lwd,, ] : [W] € Cu},
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where n is given by n. := [n(1 —¢€)/a]. For s € (0,1) we choose € > 0 such

that B
(1 =€)8(s) > (=x((1))/¢((1)))B(s)-
This is possible, since on the one hand we have B(s) = B(s) = s >0
and hence (3(s) > [(s) for all s € (0,1). On the other hand, the fact
that ¢ < 0 immediately implies that —x((1))/¢((1)) < 1. Recall that we
are assuming that Case 1 of (2.1) holds, and therefore —x((1))/¢((1)) =
¥((1))/e((1 )) > 0. It then follows that

Z Z dlam Z Z Supxecﬁ St (2)+ne ()

neEN CECp (e) neN CECp (e)
« 3 en1-IFORD 2 ™ O S
neN cecC,
= Z n(1-e)B(s)e((d))/a+np(s) Z SUPzee Srp () (B(8) (@) +6(s)x ()
neN cely,
< Z (1—e) s d))/a+pB(s )) < 0.
neN

Here we have used the Gibbs property
Z SUPzeC Sr () (B(8)p(2)+B(s)x(x)) Z eSUPaeC Sry (a) (59(2)+6(s)¥(2)) |
CeCn CeCn

of the Gibbs measure ps and the fact that

(1= )B(s)e((d))/a+ B(s) = (1 = )Bs)((1))/x((1)) + B(s) < 0.

Thus, for the limsup-set
Cool€) :={f €U : £ € ms(Cp(e)) for infinitely many n € N}

we now have

dimp (Co(€)) < srer(l(l)nl)ﬁ( s) = B(1).

Hence, it remains to show that
D.ND; C Cx(e) forall e>0.

For this, let x € X be such that  := 7g(x) € DN Dg. By Proposition 2.8,

there exist strictly increasing sequences (7, )men and (kp,)men of positive

integers such that x has a d-block of length k,, at the n,,th level and
eSmmX(@)Fhma 5 1 for each m € N.

By setting f(n,,) = |[Sn,, x(z)], it follows exp(ky,) > exp(—f(ny)/«).
Hence, for each ¢ > 0 and for each m sufficiently large, we have k,, >
—0(nm)(1 —€)/a. It follows that & € C(€), which finishes the proof of the
upper bound.
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2.3. The lower bound. In this section we show that the Hausdorff di-
mension of each of the sets D~ and D, is bounded below by ((sg). Clearly,
combining this with the results of the previous section will then complete
the proof of Theorem 1.1. Let us begin by showing that

dimp (D) > B(s0)-

Recall that ps refers to the equilibrium measure for the potential sp+3(s)v,
and that sg is chosen so that

This implies that
0=\ dus, — \pdps, = xdps,.

By the variational principle, we have

h(:uso) =+ 50 S @dMSO + 5(50)51/160%0 =0,

and hence h

_8(520/3% = B(s0) + s0 = B(s0)-
Since we are in the expanding case, we can use Young’s formula (see [14, 23])
to deduce that dimg(ms(s,)) = B(so). The lower bound for the Hausdorff
dimension of D., now follows from combining Corollary 2.5 with the follow-
ing lemma.

LEMMA 2.9. For pg,-almost every x € X we have

liminf e5"X(®) =0 and  limsup e5X®) = .
n—oo n—o0

Proof. Note that { x dus, = 0. Thus, by the law of the iterated logarithm
[6] there exists a constant C' > 0 such that for ps,-almost all z € X we have

liminf Snx() =—C and limsup Snx()

n—oo y/nloglogn n—oo v/nloglogn -

From this the conclusion follows.

Lemma 2.9 implies that mg(z) € D~ for us,-almost every x € X, and
hence

dimg(D~) > dimg(7s(us,)) = B(s0)-
Therefore, it remains to show that
dimp (Do) > B(s0)-
For this, we consider the set of the equilibrium measures {us : s > so}.

LEMMA 2.10. For s > sg, we have

Sxd,us > 0.
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Proof. Since [ is strictly convex, s > sg implies that 3'(s) > —1. This

ives
& §odus

g =<1

and hence {x dps > 0. =

Lemma 2.10 implies that for us-almost every = € X we have (recall that
we are assuming that s > sp)

lim e5nX(®) = .
n—oo

For the following lemma we introduce the following notations. For x =
(x129...) € X, k,n € N and i € {1,d}, let ky(z) := k if x has an i-
block of length & at the nth level, and set ky(z) := 0 if z,41 ¢ {1,d}.
We then have the following routine Khinchin-type estimate, where x; s :=

—(sp((2)) + B(8)¥((3))) ™t > 0 and ks := min{k; s : i = 1,d}.
LEMMA 2.11. For us-almost every x € X, we have
lim sup Fon(2)
n—oo ogn
Proof. Let C} :={|w] : w € A"} and recall
> exp(sup Su(sp + B(s)y)(z)) = 1
cec; ~ °€C
for all n € N. For € > 0, let kc;p, := [(1 4 €)k;slogn]. Then

R L e R

neN [z1...xn]€C neN

< Kg.

Hence, by the Borel-Cantelli Lemma, the set of elements in X' which lie
in cylinder sets of the form [z1...2,4_, ] for infinitely many n € N has
ls-measure equal to zero. By passing to the complement of this limsup-set,
the statement in the lemma follows. =

We can now complete the proof of Theorem 1.1 as follows. By Lemma 2.3,
there exists a constant ¢ > 0 such that for each z = (z122...) € X and for
each sequence (7)), in U tending to § := mg(x),

liminf Dg (&, n,,) > climinf eSnX(@) g=knd

n—oo n—oo
Moreover, using Lemma 2.10 and the ergodicity of ug, it follows that for
s-almost every x € 3 we have

1

711520 ESnx(x) = Sxd,us =:cy(x) > 0.
Combining this with Lemma 2.11, it follows that for ps-almost every z € X/,
with £ = mg(x), we have

liminf D (&,7,) > ¢ lim inf e5X(@)e=kn(@) > ¢ Jim inf enox(@)p=0ks = o,
n—oo n—oo n—oo



Sets of nondifferentiability for conjugacies 175

This implies
lim Dg(§,m,) =00  us-almost everywhere.
n—oo

Since g is bijective except on a countable number of points, we now con-
clude that for all s > sy we have

dimp (Doo) > dimp (s (5)) = —(

To complete the proof, simply note that —p(
s\, So. This finishes the proof of Theorem 1.1.

—B'(s))/5'(s).
—B(s))/8'(s) /" Blso) for

3. Proof of Theorem 1.2. If (4, S) and (U,T) are C'*¢ conjugate,
then clearly D.(S,T) = (), and hence dimy (D~ (S,T)) = 0. This gives one
direction of the equivalence in Theorem 1.2.

For the other direction, assume that dimg(D~(S,T)) = 0. Then Theo-
rem 1.1 implies that ¢ and 1) are cohomologically dependent. That is, there
exist b,c € R\ {0} and a Holder continuous function u : X' — R such that

bop+cp=u—uoo.
Then for all s € R,

P(sp — (b/c)B(s)p) = P((s — (b/c)B(s))¥) =0,
and hence G(s) = (s — 1)¢/b. Combining this with 5(0) = 1 shows that
b/c = —1, and therefore

Y—p=x=v-voo
for some Holder continuous function v : X' — R. Note that in particular
¥((2)) = ¢((2)) for each ¢ € {1,d}. Combining this with Proposition 2.1, it
follows that uniformly for all £, € U we have

D@(£7 77) =1L

This shows that there exists a constant ¢y > 1 such that for all £ € U,
gt < limi?fD@(§,n) <limsup Dg(§,n) < co.
= n—¢

Since the derivative of @ exists Lebesgue almost everywhere, it follows that
©'(¢) is uniformly bounded away from zero and infinity for Lebesgue al-
most every £ € U. We can now complete the proof by an argument similar
to the one in [3] (see the introduction for a statement of the main result
of [3]). We have split the discussion into four steps. Here, for ¢ € R, we
let f. : R — R denote the multiplication map given by x — cx, and we
set op := S’(0) = T7(0). Note that, since ¥((1)) = ¢((1)), we clearly have
S’(0) =17(0).

Linearisation. For each n € N, let S;™ and 7] " denote the inverse
branches of S™ and T™, respectively, such that 0 is contained in S; " (/) and
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T, "(U). Using the bounded distortion property and the fact that (S;™)’
and (T} ")" are uniformly Holder continuous, we see, by Arzela—Ascoli, that
there exist subsequences of (fon0S] " )nen and (fop 0T} ™)nen which converge
uniformly on U to C''*¢ diffeomorphisms vg and 7 respectively. Note that
clearly ys0S = fo,0vs and yp o T = fo, 0 Y1

Differentiation. The uniform Holder continuity of (S7™)" and (77 )" and
the fact that the conjugacy © is bi-Lipschitz imply that the right derivative
of © at zero exists and that it has a finite and positive value.

Localisation. We have
fro0yr0@0r5 = AreToOo0s =97 000S0rg!
:fyTo@o'yglo*ySoSo'ygl
=700 075" 0 foy0v5 075"
=700 075" 0 fo,
which shows that fyToéofyéTl commutes with f,,. Using this and the differen-

tiability of © at 0, we deduce that ’yTO@O’)/El = (foo)"OVTOQO’YElO(fl/UD)"
on the domain of yg. Therefore, for £ in this domain,
-1/ _—n
_ Yro@ovg (0" &)
yr 0@ 05t (€) = _;fo
oy &

where kg > 0 denotes the right derivative of y7 0 © o fyé?l at zero. It now
follows that there exists § > 0 such that Oy 5 is a C'*¢ diffeomorphism.

& — kg€ asn — oo,

Globalisation. Let n € N be chosen such that S;"(U) C [0,6]. Since
O =T"0BoS", it follows that © : U — U is a C1*¢ diffeomorphism. This
completes the proof of the main part of Theorem 1.2.

In order to prove the Holder regularity of ©, as claimed in part (2)
of Theorem 1.2, let £,n € U and put p := sup,cr(—F'(s)) > 0. Clearly,
Sn(z)/Spp(x) > 1/p for all x € X and n € N. Without loss of gener-
ality, we can assume that £ = wg(r122...)< n = 7s(y1y2...) and n €
ws([z1...xn] \ [21 ... Zns1]). Moreover, let us only consider the case where
x has a strict d-block of length k£ at the nth level and y has a strict 1-block
of length [ at the (n + 1)th level, for some k,l,n € N. Then there exists a
uniform constant C' > 0 such that

(&) — O(n)| < C(€$n+kw(w) + 63n+zw(y))

Sptr¥(z) Sn41¥(y)
— C(e $n+k¥’(z)sn+k@(w) + 65n+z¢(y>8"+”0(y)>

< C(ep‘18n+w(x) + ep‘ISnHw(y))

< 20(eSr+k#(@) o SnrieW) /e < 90| — | V/P.
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Note that if one of the blocks has infinite word length, then one has to use
approximations of this block by words of finite lengths.

It remains to show that if S and T are cohomologically independent,
then © has to be singular with respect to the Lebesgue measure A. For this,
note that on the unit interval without the boundary points of all refinements
of the Markov partition we have © = 7 o 7T§1. Therefore, it is sufficient to
show that the measure A o ©, whose distribution function is equal to O, is
singular with respect to A. Since py o7y, L ey o7r§1 and A are all in the same
measure class, it follows that A o @ is absolutely continuous with respect
to fuy 0 W;l om0 wgl = [iy © 7r§1. On the other hand, since S and T are
cohomologically independent, fi,, o 7r§1 is singular with respect to p, o 7r§1.
This finishes the proof of Theorem 1.2.

4. Examples. In this section we consider two families of examples:
the Salem family and the sine family. For the Salem family we will see in
Section 5 that it gives rise to conjugacies whose sets of nondifferentiability
have Hausdorff dimensions arbitrarily close to zero.

EXAMPLE 1 (the Salem family). Let us consider a class of examples
studied by Salem in [20]. Namely, we consider the family of conjugacy maps
{6 : 7 € (0,1)\{1/2}} which arises from the following endomorphisms of
U. For & € U, we define

T(¢):=2mod1 and S,(€):= {5/7 fo<e<m

E—7)/Q1—-71) ifr<&<1.

The maps ©; : [0,1] — [0,1] are then given by T o @, = O, 0 S;. One

1T 17

(a) T=1/5 (b) 7=2/5
Fig. 1. The conjugating map O, for the Salem case

immediately verifies that @, is strictly monotone and has the property that
O, (&) = 0 for Lebesgue almost every & € U. Note that the conjugacies
considered in [20] are in fact dual to the ones which we consider here. How-
ever, this has no effect on the Hausdorff dimension of D.(S;,T) (see Re-
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mark 1.6(2)), and our conjugacies have the advantage that they allow us
to determine (3; and dimy(D~(S7,T)) rather explicitly. For this, first note
that in the current situation the potential functions ¢, and ¢ are given for

r = (x129...) € X by
() = —log2 d (2) = log T ifx; =1,
A A log(l—7) ifax =2.

The function (3, is defined implicitly by P(se, + (t)¥)) = 0. Since we have
exp(slog ™ — (-(s)log2) +exp(slog(l —7) — B-(s)log2) = 1, an elementary
calculation gives that 3, is given explicitly by

P
Br(s) = (spr) =logy(7° + (1 —7)°) for each s € R.
log 2
1A\
h
N
h
AN T—— 0 1 2 31
(a) The B-graph (b) The Lyapunov spectrum s — dimg (£(s))

Fig. 2. The (-graph and the graph of the Lyapunov dimension spectrum in the Salem
case for 7 = 0.08; in both figures h = 0.8107... denotes the Hausdorff dimension of D...
The conjugacy ©- is 1/r-Holder regular.

In order to compute dimy (D~ (S7,T)), let v, be the (p;, 1 —p;)-Bernoulli
measure such (¢ dv;/§ ¢, dv, = 1. We then have
B $odvy

1= (ordn, —prloge T — (1 —pr)logy(1 — 7),

and hence 1+ log,(1 — 7)

 logy T — logy(1 —7)

T

One then immediately verifies that the supremum in Remark 1.6(2) is at-
tained for y = v;, and hence

dimy (D~ (S7,T)) = —pr logg pr — (1 — pr) logy (1 — p7).

The graphs of 3, and of the corresponding dimension spectrum are given in
Fig. 2. Also, Fig. 3(b) shows dimyg(D~.(S-,T)) in dependence on 7.
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Finally, let us mention that one can also explicitly calculate the number
s0(S7) which is determined by (.(so(S;)) = —1. A straightforward calcula-
tion gives

)= st~ o B ).

EXAMPLE 2 (the sine family). Let T be given as in the previous example,
and for each 7 € (0,1) let the map R, : U — U be defined by

R, (&) =2+ QL sin(27¢§) mod 1 for each £ € U.
T

The associated conjugacies ¥, are given by ¥, o R, = T o W, (see Fig. 4).
We can then use Theorem 1.1 to compute the Hausdorff dimension of the
set D(R;,T) of points at which ¥, is not differentiable in the generalised
sense. This is plotted as a graph in Fig 3. (Note that taking the conjugacy
in the other direction would yield exactly the same result.)

0.992
0 1 0 0.5 1
(a) The graph of 7 — dim D (R,,T) (b) The graph of 7 +— dim D~(S-,T)
for the sine family with parameter 7 for the Salem family with parameter 7

Fig. 3. The two dimension spectra

(a) T=04 (b) 7=0.8

Fig. 4. The graphs of the conjugating maps ¥, for 7 = 0.4 and 7 = 0.8 in the sine-family
example
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5. Proofs of Propositions 1.4 and 1.5

Proof of Proposition 1.4. We start by observing that the Hausdorff di-
mension of the set D., depends regularly on the expanding maps. Let T :
U — U be elements of the Banach manifold of the C* family of expanding
maps, with a C* dependence on 7 € (—¢, €), say, and assume that T is the
usual d-to-1 linear expanding map. Let 0 = a(()T) < agﬂ < e < a((;) =1
denote the T -preimages of zero. For each o > 0, we then define the operator
7. : C*(U,R) — C*(U,R) on the space of a-Hélder continuous functions

(see e.g. [8]) by
(T.h)(€) = %h({TT(g)}) +2 foreach € € o, al)], €40, d— 1},

Also, with ||h||s denoting the usual supremum norm, we define a norm || - ||
on C*(U,R) by

h(§) = h(n)]
o = sup PO =Dy
e#n €=l
We observe that on each of the intervals [ay), G§T+)1] we have

ITea(€) — Tohal€)] < 5 11 (TH() — ha(To(€)] < 7 Iy — halle
and

T, — 12)(©) = T — ha)(a)] < 11 — Bl T (€) ~ To(m)|°
< Ll — hallca | T2(€) ~ T ()]

( 1 = halle I T ||cl)§ |,

In particular, for o > 0 sufficiently small, 7 is a contraction with respect
to || - ||. Moreover, I — 7, : C*(U,R) — C*(U,R) is invertible, and by the
Implicit Function Theorem there exists a C*¥ family {h, € C*U,U) : T €
(—€, €)} such that hg is the identity map and 7;h, = h;.

Let us consider the map H, : (—e,¢) — CFL({U) x C*(U) given by
H.(7) := (log |T.|, h;). Clearly, it is C*~! as a map on Banach spaces. Also,
we define the composition operator O : CK=Y(U) x C*(U) — C*(U) by
O(f,g) := f og, which is C*~2, by a result of [5]. We then consider the
image of H; under O, that is,

OoH,; : 7 (log|T.|, hy) — O(log|T.|, h;) = log [T o h, € C%,
which is again C*~2 [5]. (Note that if instead we would consider O :

CFL(U) x COU) — CO(U), then O(H,) would be C*1; but we need to
work with Holder functions, which causes the loss of an extra derivative.)
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Now consider the potential function ¢, : & — —log|T.(h (77, (£)))|
defined on U, and then let (;(s) be defined implicitly by

P(=slog |T;| + B3-(s) log | Ty|) = 0.

Since the pressure function is analytic, the Implicit Function Theorem im-
plies that the function 7 — (, is analytic. Also, it follows that 7 +—
dimyg (D~ (T, Tp)) is a C*~2 function (for an example see Fig. 3). This com-
pletes the proof of Proposition 1.4.

Proof of Proposition 1.5. The aim is to show that there exists a conju-
gacy between two elements of the space C2(S!) of C? expanding circle maps
such that the Hausdorfl dimension of the set of points at which this con-
jugacy is nondifferentiable in the generalised sense is arbitrarily close to 0.
We start by considering the Salem case but where the maps are defined
on the circle S'. For ease of exposition, we use the same notation and let
T:S'" — St and S, : S — S! refer to the circle maps which correspond to
the interval maps defined in Example 1. The corresponding conjugacy ©; is
given as before by T o0 ©, = 6O, o S;. From our analysis in Example 1 it is
clear that dimyg (D~ (S;,T)) tends to zero for 7 tending to zero (see Fig. 2).
However, whereas 7' is a C2 map of the circle, S; is clearly not (although it
is always piecewise expanding C? when viewed as a map of U into itself). So,
in order to find a C? example, we have to apply some perturbations to S;.
For this, let 8, and ¥, p, : X — R be given as in Example 1. As before
we choose so(S7) satisfying (. (so(Sr)) = —1. For the remaining part of the
proof, let 7 € (0,1) \ {1/2} be fixed.

C? denseness. We use the metric dkp, considered by Keller and Liverani
in [10]. This metric is given, for expanding piecewise C? maps F and G of
the unit interval I into itself, by

dxn(F,G) :=inf{y > 0| 3X C U 3 a diffeomorphism H : U — U such that
AMX)>1—7,G|x =FoH|x and
VE €U [H(E) — & <, 1= (H V) (H(E)] <7}
One immediately verifies that there exists a sequence (S™),en of functions

in C%(S") such that lim, s dgr,(S™, S;) = 0, where the S are viewed
as interval maps.

Norms and operators. Let Bo(UU) == {f : U — R | ||fllo < oo} be
the Banach space with the combined norm || - || given by | fllo := || fll1 +

|l fllzv, where || - ||; denotes the L! norm and || - || gy the bounded variation
seminorm, given by sup{>>i"; |[f(&+1) — f(&) |0 < @1 < - <z, < 1,
n € N}. Also, let the weak operator norm || - || be given by ||L|w :=

sup{IE@l | g € Bol), gz < 1}. Finally, for an expanding map
S : U — U we define the transfer operator Lg : Bo(Ud) — Bo(U), for
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g € Bo(U) and & € U, by

Lsg(©)= > 1w gl
S(m)=¢

Continuity. Firstly, note that it can be shown that lim, .o |[Lgm) —
Ls.|lw = 0 (see comment (a) on page 143 of [10]). Furthermore, by [10,
Corollary 1], for each ¢ € R fixed, the leading eigenvalues of the operators
L g converge to the leading eigenvalue of Lg_ . That is,

lim P(tlog|(S™)']) = P(tlog|S.).
n—oo
Local uniform convergence. Recall that the map given by
t— Bgm(t) = P(—tlog(S("))’)/logQ

is differentiable and convex. Using the above ‘Continuity’, we then have
limy, o0 Bgn) (t) = Bs, (t) for each t € R fixed. Since pointwise convergence
of sequences of differentiable convex functions implies local uniform conver-
gence (see [19, Theorem 10.8]), we now conclude that

Jim Bgon (s0(S™) + 50(S™) = Bs. (30(S7) + s0(S5).

Since Bs(s0(S)) + so(S) = dimp(D~(S,T)), this finishes the proof of the
proposition.
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