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Sharkovskii’s theorem holds for some
discontinuous functions

by

Piotr Szuca (Gdansk)

Abstract. We show that the Sharkovskii ordering of periods of a continuous real
function is also valid for every function with connected G graph. In particular, it is valid
for every DB function and therefore for every derivative. As a tool we apply an Itinerary
Lemma for functions with connected G§ graph.

1. Introduction. Consider the following ordering of the natural num-
bers:

35 7>...2-32-5>2-7>...522.3>22. 522 7T> ...
2222221,

(First list all odd numbers except 1, followed by 2 times the odds, 4 times
the odds, etc. Next list all powers of two in decreasing order.) We reserve
the symbols “I>” and “<” for that order and call it Sharkovskii’s ordering.

Sharkovskii’s theorem says that for every continuous map f: R — R, if
f has a point of prime period P then it also has a point of prime period Q
for each @ < P. The remarkable thing about it is a weak assumption (the
function is only assumed to be continuous) and strong conclusion. In this
paper we will show that the assumption can even be weakened—it is enough
to assume the function to be a connected G5 subset of R? (see definitions
below). This is surprising, since there are examples of functions in this class
with some pathological properties. In particular, such a function can be
discontinuous on a set of positive Lebesgue measure.

One of the reasons for studying fixed point properties of such functions
is the lack of a nice characterization of derivatives. The latter are DB,
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(a subset of connected Gy real functions), but not every DB; function is
a derivative. It is easy to see that the composition of derivatives has the
Darboux property, but it does not need to be a derivative. Since functions
with connected graph have the Darboux property, it seems interesting to
find out if the composition of derivatives is connected. The question if the
composition of two derivatives has a fixed point is an easier version of this
problem. (Every bounded connected function defined on R has a fixed point,
but there are examples of bounded Darboux functions without any.) An
affirmative answer to this question was recently given by Csornyei, O’Neil,
and Preiss [2], and independently by Elekes, Keleti, and Prokaj [4] (results
from [2] and [4] can be generalized to connected G5 functions).

Another problem regarding fixed point properties of DB; functions was
posed by Kellum in [7]. He constructed an example of a connectivity function
f: R — R which has a point of prime period 3 but for each z, either f3(z) =
z, or  is not equal to fV(z) for any N > 0. This shows that Sharkovskii’s
theorem cannot be extended to all connectivity functions. Kellum asked
whether it can be generalized to the class of Darboux Baire 1 real functions.
Our result gives an affirmative answer to this question.

We prove that if f: R — R is function with connected G graph, N € N,
and fV has a point of prime period P then it also has a point of prime
period @ for each @ < P (Theorem 3.4). As a tool we apply a fact known
in one dimensional combinatorial dynamics of continuous functions as the
“Itinerary Lemma” (Corollary 1).

It is not hard to modify some existing examples (e.g. Example 2.3 of [1])
to produce a Darboux G function g¢: [0,1] — [0, 1] without fixed points,
such that g has one. Thus, since 2 > 1, the main result of this paper
(Theorem 3.4) cannot be extended to the class of all Darboux G5 functions
(but see also the “Problems” section).

We would like to thank Kenneth Kellum for drawing our attention to
this problem. In particular, Kellum noticed that the existence of a point of
period 3 implies the existence of points of period 2 and 1 for every DB;
function.

2. Preliminaries. When considering real intervals, [a,b] or (a,b), we
do not assume that a < b. For every A C R? we denote by A~! the set
{{y,z) | (z,y) € A}. By rectangle we understand a rectangle with sides par-
allel to the coordinate axes.

We identify every function with its graph. We consider the following
classes of functions from R into R:

D: f is Darbouz (f € D) if f(I) is an interval for every interval I C R;
equivalently, f has the intermediate value property;
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Conn: f is connected (f € Conn) if f is a connected subset of R?; we will
also call such a function a connectivity function,

By1: fis Baire class 1 if f is the pointwise limit of a sequence of continuous
functions; this is equivalent to f~!(G) being an F, subset of R for every
open set G C R;

DBy: fis Darbouz Baire 1 (f € DBy) if f is Darboux and Baire 1;
Gs: f € Gsif f is a Gs subset of R?, i.e. f = (), .y Gn, Where all G,, C R?

are open.

neN

For properties of these and other Darboux-like classes of functions see e.g.
the survey [5]. In particular, it is known that Conn C D and DB; C Conn
NG5 (both inclusions are proper). It follows that Conn = D within the class
of Baire 1 functions. Moreover, it is easy to show that if f € Conn then f[I
is connected for every interval I C R. In what follows we will also use the
fact that every Darboux function is bilaterally dense in itself.

We will apply the following property of connectivity functions.

REMARK 2.1. Suppose that f: R — R is a connectivity function, AU B
C f,ANB =10, and AUB is dense in f. If {a, f(a)) € A and (b, f(b)) € B
for some a,b € R, then there exists ¢ € |a,b] such that for every open

neighbourhood U of (c, f(c)), UNA# ) and UN B # 0.
Proof. Let cl¢(X) denote the closure of the set X in the space f. Define
Ao = AN([a,b] xR), By=BnN([a,b] xR).

Clearly fl[a,b] = clf(AogUBy) = clf(Ag) Uclg(By). Since (a, f(a)) € Ag and
(b, f(b)) € Boy, we have Ay # () # By. Since f[[a,b] is connected, it follows
that cl;(Ao)Ncly(By) # 0. Therefore as (¢, f(c)) we can take any point from
le(Ao) N le(Bo). ]

Having a fixed number N we will count naturals modulo N, ie. N+i =1
if0<i<N.

Fix f: R — R and N € N. We write fV for fo...o f (N times).
Additionally, f° is the identity map of R. A point # € R such that fV(z) = =
but fi(z) # x fori =1,..., N — 1 is called a periodic point of f of prime
period N. The orbit of such an x is {fM(x)}o<pr<n-1.

We will use the following observation due to Ciesielski.

REMARK 2.2. The composition of functions f,g: R — R has a fized point
if and only if fNg~t # 0.

We say that a closed interval I f-covers a closed interval Iy if f(I) D Io;
we then write Iy —¢ I (or Iy — I if f is clear from context). Note the
following property of this relation.
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REMARK 2.3. Suppose that M € N and f = g™ for g: R — R being
a Darbouz function. If I,I; C R are closed intervals such that Iy —j I,
then there exist closed intervals Ji,...,JJy41 such that Iy = J1 —g ... —y
JM+1 = 1.

We say that f: R — R belongs to the class Z (or has the property 7) if for
every family {I;}1<x<n of closed intervals such that Iy —¢ ... —¢ Iy —f I1
there exists an x € I; such that fN(z) = = and fi(x) € I;41 for every
i=1,...,N—1.

It is not hard to observe that every continuous function has the prop-
erty Z—this fact is known in one-dimensional dynamics as the “Itinerary
Lemma”. One of our aims is to prove it for every function with connected
G graph.

REMARK 2.4. Suppose that g: R — R is a Darboux function with the
property I. Then g™ € T for every M € N.

Proof. Let M,N € N, f = g™ and {I;},.,-y be a family of closed
intervals such that Iy — ... = Iy —; I1. o
First, by Remark 2.3 for every i = 1,..., N we can find M + 1 closed
intervals 70— M+1 pli=1)-M+2 —p(i—1)M+M+1 guch that
Ii — I(i—1)~M+1 _)g I(i—l)'M+2 _>g o _)g I(i—l)'M+M+1 — Ii+l~

Next, since g € Z, there exists an € I' such that ¢""M(z) = 2 and
g"(z) € I for everyn =1,...,N-M — 1. Clearly, x € I; and fN(z) =z
and f'(z) € ;41 forevery i =1,...,N — 1. Thus, f €Z. =

It was noticed in [8] that the property Z of all connected Gy functions
implies the property Z of all their compositions. Since Theorem 3.4 is a
consequence of the Darboux property and the property Z of the function
considered, it can be generalized to the class of all compositions of connected
G5 functions.

In [8] it was also shown how to use the property Z of the composition of
connected G functions to find a fixed point of the composition of finitely
many derivatives—a generalization of results from [2] and [4].

3. The result. The proof of Sharkovskii’s theorem for continuous func-
tions, given by Block, Guckenheimer, Misiurewicz and Young and presented
in [3], falls into several parts:

(i) every continuous function has the property Z;

(ii) the existence of a periodic point of an odd period P implies the
existence of a cycle Iy — ... — Ig — I; of closed intervals Iy,...,Ig for
each Q < P;

(iii) the existence of a periodic point of an even period implies the exis-
tence of cycles I1 — Is — I; and I; — I; of closed intervals I, I;
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(iv) the remaining cases reduce to the previous ones, because the class
of continuous functions is closed under iterations.

We will show the analogous theorem for the class of all finite iterations
of connected G5 functions in the same way. First, we prove the analogue
of (i) (Lemmas 3.1, 3.2 and Corollaries 1, 2). Then we notice that parts (ii)
and (iii) of the proof in [3] work in our case (Lemma 3.3). Finally, we use
the fact that the class of functions considered is closed under iterations.

The following lemma is rather technical-—see Figures 3.A and 3.B for an
illustration and note the symmetry between the assertion and assumption.

LEMMA 3.1. Let f: R — R be a connectivity function, N € N, n €
{1,...,N} and suppose f C G, where G is an open subset of R?. Suppose
that there exists a family {I}1<x<n of bounded closed intervals and y1 < yo
such that (counting naturals modulo N):

(1) there is no y € I, such that fN(y) = y and fi(y) € Iy for every
i=1,...,N —1;

(2) y1,92 € In;
(3) fi(ya) € Inyi for everyi=1,....N —1 and a =1,2;
(4) [y1,92) < [PV (), fY (2))-

Then there exists a family {I. }1<p<n of closed intervals with I C I; for
each i, Il | x I), C G and x| < x, such that:

(1) there is no x € I,_y such that fN(z) = = and fi(z) € I),_,,,; for
everyi=1,...,N —1;

(2/) 33,1’932 € I, 13
(3 fixl) €)1, foreveryi=1,....N—1and a=1,2;
(4) [, 25] C [fN(xl)afN(xz)]-
Proof. For every function h: R — R define
A(h) = {(z, f(2)) € R* | & < h(f())},
B(h) = {{z, f(x)) € R* | & > h(f(x))}.
Clearly A(h) N B(h) = 0. Moreover, if f "h~! =0, then f = A(h) U B(h).
For every i = 1,..., N define f;: [ (y1), f7Hy2)] — [f(v1), fi(y2)] b

min{f*(y1), f'(y2)}  if f(z) < min{f* (1), f'(y2)},
filz) = § max{f'(y1), f(y2)} if f(z) > max{f (1), [ (v2)},
f(zx) otherwise.

The functions f; are used to define g: R — R below. If fN"1(y;) < fN"1(y),
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Fig. 1. The set g~ '. The points denoted by o are from (fol)*1

we set (see Fig. 1.A)

r—y1+ N y) if x <y,
g(@) =19 (fv-10...0 fao fi)(z) ifz € [y, ul,
z—yo + V") if & >y,
while if f¥"1(y1) > fV"(y2), we define (see Fig. 1.B)
i —z+ N () if z <y,
g(x) =19 (fv-10...0 fao fi)(z) ifz € [y, u],
yo — x4 [V (yo) if z > ys.

Note that g is a Darboux function such that

) =g, Y7 w2) = 9(2).
Moreover, if g(y) € (g(y1), 9(y2)) for some y € [y1,ya], then
a(y) = ),
and by assumption (3),
fiy) € Iny; foreveryi=1,...,N —1.
From Remark 2.2 and assumptions (1), (4) we have

(fNlg(v1),g(y2)) Ng™" = 0.

Note also that by (4), either fV¥(y1) < y1 and fN(y2) > y2, or fV(y1) > yo
and fV(y2) < y1. So, depending on the construction of g, we have either

(9(y1), f(9(y1))) € A(g) and (g(y2), f(9(y2))) € B(g), or (g(y1), f(g(v1))) €
B(g) and (g(y2), f(9(y ))> ). It follows that

Alg
(a) {f [9(y1), 9(y2)] N (R x (=00,31]) € Alg),
flla(y ) 9(y2)] N (R x [y2,00)) C B(g)



Sharkovskii’s theorem for discontinuous functions 33

if {g(y1), f(9(11))) € ( ) and (g(y2), f(9(y2))) € B(g), while
) { } o0, 41]) € B(9),
(

N(R x (=
N (R x [y2,00)) C A(g)
if (g(y1), flg(y1))) € B( ) and g(y ), f(9(y2))) € Alg).
By Remark 2 1 there exists an 2’ € [g(y1), g(y2)] such that for every open
neighbourhood U of (2, f(2')), both U N A(g) # 0 and U N B(g) # 0.
First, we show that f(2’) € [y1,y2]. Indeed, because ¢ is continuous

outside [y1,ys], for every = € [g(y1),g(y2)] such that f(z) & [y1,y2] there
exists an open neighbourhood V' of (z, f(x)) such that f NV C A(g) if

(z, f(x)) € A(g), while f NV C B(g) if (z, f(x)) € B(g).
Next, observe that if we set
Ao(g) = A(g) N (R x [y1,92]),  Bolg) = B(g) N (R x [y1,y2]),

and let U be an open neighbourhood of (z/, f(z')), then U N Ag(g) # 0 and
U N Boy(g) # 0. This is a consequence of inclusions («) and (3).
Take closed intervals I, ; C I,—1 and I}, C I,, such that:

o (z/,f(2')) € Iy x I,
o I , xI CG,
o (g(f("), f(z')) & I,y x I

e if U is an open neighbourhood of (x', f(z')), then UNAy(g)N (I}, _y % 1))
# 0 and U N By(g) N (I} _ 1><I’)75®

For every k=1,...,n—2,n+1,...,N take I} = I.

Without loss of generality we can assume that (z/, f(2')) € Ag(g), i.
' < g(f(2')) (the Other case is symmetric). Fix (p, f(p )> € Bo(g)N(I],_ 1><I’)
Since 2’ < g(f(2')) € I;,_,, it follows that

{zel,y | flx)=f(a")} C Alg).

Hence f(p) # f(2'). Two cases are possible:

1.p<a

2.p>a.

CASE 1 (see Fig. 2.A). By the Darboux property of g, there exist q1, g2 €
(f(p), f(2)) such that

min{g(y1),9(y2)} < g(q1) <p, max{g(y1),9(y2)} > g9(q2) > 2’.

Since f is Darboux, there exist p},p, € (p,2’) such that f(p}) = ¢ and
f(Ph) = qa2. Let 2} = min{p), ph} and =, = max{p}, p}.

Since g(f(21)), 9(f(25)) € (9(y1), 9(y2)), it follows that f'(f(z})) € In
for every i = 1,..., N — 1 and a = 1,2. Therefore fi*!(z)) € I ; for every

i=0,...,N—2and a=1,2. So, 2} and % are as required.
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17/1 o q2 y/ 3 o I;L
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p x/ p// le p/ p
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Fig. 2. Configurations from the proof of Lemma 3.1. The points denoted by o are from
gfl, those denoted by e are from f

CASE 2 (see Fig. 2.B). Since g is bilaterally dense in f(z'), there exists
y € (f(2'), f(p)) such that g(y') > p. By the Darboux property of f there
exists p’ € (a/,p) such that f(p') = y'. We can also find (p”, f(p")) €
Bo(g) N (I;_y x I},) with p" < p'.

As in the previous case, by the Darboux property of g there exist q1, g2 €
(f(P"), f(p")) such that

min{g(y1),9(y2)} < g(q) <p', max{g(y1),9(y2)} > g(q2) > p".

From the Darboux property of f there exist pi,p, € (p”,p’) such that
f(Py) = q1 and f(phy) = qo. Let 2} = min{p}, p,} and xf, = max{p}, p)}.

Since g(f (1)), g(f(23)) € (9(y1), 9(y2)), it follows that f'(f(x7)) € In+
for every i =1,...,N — 1 and a = 1,2. Therefore f*"!(z}) € I ,, for every

a n
i=0,...,N—2 a=1,2. So, 2} and z/, are as desired. =

LEMMA 3.2. Suppose that f: R — R is a connectivity function, N € N
and {I}1<k<n is a family of closed intervals such that Iy — ... — In — I.
If G is an open set such that f C G, then there exists a family {Jy}1<k<n
of closed intervals with J; C I; and J; X Jix1 C G for every i =1,..., N
such that J, — ... — Jy — J1.

Proof. First note that if there exists an x € I3 such that fV(z) = z and
fi(z) € Liy1 for i = 1,..., N — 1, then the family {Jx}1<x<n of degenerate
intervals J;, = {f*~!(z)} is as desired. So, we assume that there is no such z.
(This implies in particular that all intervals I; are non-degenerate.)

Take p, ¢ such that p < g and I; = [p, q]. Since f is Darboux and f(Iy) D
I, there exist 2,z € Iy such that f(2)) = pand f(z)') = ¢. Again, since

f(In-1) D Iy, there exist :cévfl,xévfl € In_1 such that f(xévfl) = xfg\f and
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f(a:év_l) = xév. Inductively, we can find a sequence {xlg,wlg}lngN of pairs

such that f(:L‘IZ,V) =p, f(:L‘(]]V) =g and foreachi=1,...,N — 1:

o f(a}) =it and f(a}) = it

Now, if we set

Y1 = min{x},, xé}, Yo = max{x;, x;},
then fi(y1) € I;11 and f'(y2) € I;41 for every i = 1,..., N. Since y1,y2 € I1
and either fV(y1) = p and fN(y2) = ¢, or fV(y1) = q and fN(y2) = p, it
follows that [y1,y2] C [p,q] = [f™ (1), [V (y2)]-

Note that G, N, f,y1,y2 and {I;}1<k<n satisfy all the assumptions of
Lemma 3.1 with n = 1 (see Fig. 3.A). So, there exists a family {I} }1<k<n
and 2, z4 with Iy x I] C G as in the assertion of that lemma (see Fig. 3.B).
Since fN=1(x}) € Iy, and fN"Y(a}) € I, (see Fig. 3.C), G, N, f, 2, 2}
and {I} }1<k<n again satisfy all the assumptions of Lemma 3.1 with n de-
creased by 1 (recall that we count naturals modulo N, so in this step n = N;
see Fig. 3.D).

If we repeat this operation N times, we obtain 21,22 € R and a family
{I}'}1<k<n of intervals such that:

(1) I C I and I x I} | C G for every i = 1,..., N;
(2) 21,20 € IY;
(3) fi(za) € I/ | foreveryi=1,...,N—-1land a =1,2;
(4) [21,22] C [N (21), FN(22)].
Now we can define the desired family {Jj}1<x<n as follows:

o Ji = [21, 22];
o Ji=[f"Hz), fi7 ()] fori=2,...,N.

By the Darboux property of f, J; — J;41 for every ¢ =1,..., N — 1. More-
over, from (4) we have Jy — Ji. Items (2) and (3) give J; C I/ for each 1,
so by (1), J; C I; and J; x JZ‘+1 CG. m

The continuous version of the following corollary is known in one dimen-
sional dynamics as the “Itinerary Lemma”.

COROLLARY 1. FEwvery connectivity Gs function f: R — R has the prop-
erty L.

Proof. Let N € N and {Ij}i1<x<n be a family of closed intervals such
that [y — ... — Iy — I7.

Since f is a G subset of R?, there exists a family G = {G}, }nen of open
sets such that f =(G.

Using Lemma 3.2 we can find a family 7, = {J, ,i}ls k<N of closed intervals
such that for every i =1,..., N:
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Fig. 3. Using Lemma 3.1 to build a sequence of decreasing rectangles. Configuration “A”
is as in the assumption of the lemma. The points denoted by o are from (fN_l)_l,
those denoted by e are from f. Configuration “B” illustrates the assertion of lemma.
Configuration “C” is a redrawing of “B”, with the o’s from fV~! and the o’s from f~!.
(Note that by (3"), fN"1(z}) € I _5 for a = 1,2.) Configuration “D” is “C” with axes
swapped. Again, the o’s are from (fol)fl, and the e’s are from f. Configurations “A”
and “D” are symmetric—with “n”, “y” and “I” translated to “n — 17, “z’” and “I'”?,
respectively. So, “D” again satisfies all the assumptions of Lemma 3.1.

° JZ-I C I;;

o J! x Jh, CGy;

o Ji = Jy — ... Iy — JL
Continuing inductively we can build a sequence {Js}sen of families of closed
intervals with J, = {J;}1<k<n such that for every s € Nand i =1,..., N:
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° J8+1 CJS.

° Js X JJrl C Gg;

It follows that for every i = , N there exists an z; € (,cy ;-
Obviously, z; € I;. Since J7 x J?, | C G for every s € N, we have (x;, zj11) €
ﬂg = f. So, f(z;) = ;11 and if we take x = x1, then fV(z) = z and
fi(x) € Iix1. Thus, f€Z. =

From Remark 2.4 we get a stronger fact (see Example 4.1):

COROLLARY 2. Suppose that M € N and f = gM, where g: R — R is a
connected G5 subset of R?. Then f has the property T.

The next lemma is extracted from the proof of Sharkovskii’s theorem
presented in [3]. The whole proof works only for the continuous case, but this
part does not need the full strength of this assumption. For completeness,
we repeat the argument (with slight modifications) in the Appendix.

LEMMA 3.3. Suppose that f: R — R is a Darboux function with the prop-
erty T. If P € N and f has a periodic point of prime period P, then:

(1) if P > 1 and P is odd, then for every Q > P, and for every even @,
and for QQ =1 there exist closed intervals Iy, ...,1g such that Iy —jf ... —y
I —y Ir, and moreover, for every x € Iy such that fR(z) =2 and fi(z) €
Liv1 fori=1,...,Q — 1, x is of prime period @ for f;

(2) if P > 2 and P is even, then there exist closed intervals Iy and I
such that Iy —y Iy and Iy —; Iy —¢ I, and moreover, for every x € I
such that f*(z) =z and f(x) € I, f(z) # z;

(3) if P =2, then there exists a closed interval Iy such that Iy — I.

THEOREM 3.4. Suppose that M € N and f = g™, where g: R — R is a
connected G5 subset of R?. If f has a point of prime period P and Q <1 P,
then f also has a point of prime period Q.

Proof. First, suppose that P > 1 is odd and @ > P (or @ is even, or
() = 1). By Lemma 3.3(1) there exist closed intervals I,...,Ig such that
Iy —; ... =y Ig —¢ I;. Now, by Corollary 2 there exists an = € I; such
that f9(z) = z and fi(z) € I; for every i = 1,...,Q. By the “moreover”
part of Lemma 3.3(1), x is a point of prime period @ for f.

Next, suppose that P is even. If P > 2, then by Lemma 3.3(2) and
Corollary 2, f has a fixed point and a point of prime period 2. If P = 2,
then by Lemma 3.3(3) and Corollary 2, f has a fixed point.

Obviously, the class of finite iterations of connectivity Gs functions is
closed under finite iterations. So, we can use standard arguments from the
proof of the continuous case.
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Suppose that P = 2% and Q = 2°, where b < a. Consider h = f9/2. Since
h has a point of prime period 2¢~%*1 by the observation above it also has
a point of prime period 2. This point has prime period 2° for f.

Finally, suppose that P = p-2%, where p is odd. By the method presented
above, this case can be reduced to the previous ones. m

The following corollary answers the question from [7].

COROLLARY 3. The conclusion of Sharkovskii’s theorem holds for deriva-
tives and DBy real functions.

4. Problems. A natural problem suggested by the formulation of The-
orem 3.4 is to get a nice characterization of the class of “finite iterations of
connected Gy real functions” or “finite compositions of connected Gy real
functions” (see also the problem from [6]: “characterize compositions of two
derivatives (DB, functions)”). We will modify Example 2.2 from [1] to show
that an iteration of a connected G function need not be Gj.

EXAMPLE 4.1. There exists a connectivity G function f: R — R such
that the graph of f? is not a Gs subset of R?.

Proof. Let C' C [0,1] be the Cantor ternary set with {(ay, by,) }nen being
all the components of its complement. Let Co = C'\ | J,,en{an, bn}. Define f
as follows.

e For every n € N take m,, € N such that (a,, +bm,)/2 € (1-2-"+D 1),
Put f(a,) =0 and f(bn) = (am, +bm, )/2 and f((an + by)/2) = 1/2.
Extend it linearly onto [a,, b,] to a strictly increasing continuous func-
tion.

e Put f(x) =0 elsewhere.

By the same arguments as in [1, Example 2.2], f is a connectivity G5 func-
tion. But since f2(a,) = 0, f2(b,) = 1/2 and f?[Cy = 0 for every n € N, it
follows that f2N (C x {1/2}) is a countable dense subset of the Baire space
Cx{1/2}, so it cannot be a G subset of C'x{1/2}. Thus f? cannot be Gs. m

Another related problem is whether the conclusion of Sharkovskii’s theo-
rem holds for all connected Baire class 2 real functions (the graph of a Baire
class 2 function need not be Gs).

Appendix: Proof of Lemma 3.3. This proof, due to Block, Guck-
enheimer, Misiurewicz and Young and contained in [3], was given for f
continuous, but it works for every Darboux function with the property Z.

Proof of Lemma 3.3. First assume that f has a periodic point = of prime
period P with P odd and P > 1. Suppose that P is minimal with such
properties. Let x1,...,xp be all points from the orbit of x, numbered from
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left to right. Note that f permutes the orbit. Clearly, f(x;) # x; for each i,
thus f(x1) > z1 and f(xp) < zp. So, we can choose the largest 7 for which
f(zi) > z;. Let I be the interval [x;, z;41]. Since f(zi11) < xiy1, it follows
that f(x;y1) < x; and so f(I1) D I . Therefore, I} — I;.

Let a basic interval be any interval of the form [z, zj41].

Since = does not have period 2, it cannot be that f(z;41) = z; and
f(x;) = xiy1, so f(I1) contains at least one other basic interval (we will see
below that there is exactly one such interval). Let Oy denote the family of
all basic intervals which are f-covered by I;. Hence I} € Oy but Oy # {1}
and if I5 is any interval in Oy, then I1 — I5. It can be observed that |J O,
is an interval itself.

Now let O3 denote the family of basic intervals which are f-covered by
some interval in Oy. Again, | J Os is an interval itself. Indeed, suppose | O3
is not connected. Then there exist a,b € N with 1 < a < b < P and
[Za, 5] N U O3 = {24, 2p}. By the Darboux property of f, for every basic
interval [z, zj41] € Og, f(x;) and f(x;41) are on the same side of [z, z3)].
But |J O, is connected and so all images of points z; from (J Oy are on the
same side of [z4,xp]. This is a contradiction, since there exist a’,b" € |JO2
such that f(a’) = z, and f(b') = .

Continuing inductively, let O; 41 be the family of basic intervals that are
f-covered by some interval in O;. Note that for any interval ;11 € O
there is a chain of intervals Io,...,I; with I; € O; for each j which satisfy
L —Iy—...—= 1) — I

Now {O;}ien is an increasing sequence with | J O; being an interval for
every | € N. Since there are only finitely many x;, there is an [ for which
O141 = Oy. For this [, O; must contain all basic intervals, for otherwise x
would have period less than P.

We claim that there is at least one basic interval different from I in
some Oy which f-covers I;. This follows since there are more points z; on
one side of I; than on the other (P is odd). Hence there is an x; changing
side under the action of f, and there is an x; which stays on the same side
of I1. Consequently, there is at least one interval which f-covers I;.

Now consider chains of basic intervals Iy — Is — ... — I, — I; where
I # I . By the above observations, there is at least one such chain. Choose
one with the smallest k, i.e. [y — I — ... — I}, — I is the shortest path
from I; to I except, of course, Iy — I;. We therefore find a diagram as in
Figure 4.A.

Clearly, k < P—1 (there are only P—1 basic intervals). Now, if k < P—1,
then by the Z property of f, one of the loops Iy — ... — [, — I; or
Iy —...— I —» I — I gives a fixed point of f™ with m odd and m < P.
This point must have prime period odd and less than P (and not equal to 1,
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I _/Ik ) \I I _/‘?)_1 i \I
IT_ Il IT_ 1.l
<SRNy

Fig. 4. An example of the shortest non-trivial path Iy — ... — 1

since I N Iz consists of at most one point, and that point has period P).
This contradicts the minimality of P, so k = P — 1.

By the minimality of k, we cannot have I; — I; for any 7 > [ + 1. So,
the orbit of x must be ordered in R in one of two possible ways, as depicted
in Figure 5. It follows that we can extend the diagram from Figure 4.A to
that shown in Figure 4.B.

Ip_4 Lx I} I3 Ip_»

N

Fig. 5. An ordering of the shortest path. The other is its mirror image

The assertion for the case of P odd is now immediate. Cycles of length
greater than P take the form

LH—...—Ip1—>1—...— 1.
Cycles of smaller even length are given by paths of the form
Ip 1 —Ip o—Ip1, Ip1—Ipyg4—Ip3—Ips—1Ip

and so forth. A cycle of length 1 is given by the trivial path I; — I;.

Note that all such cycles satisfy the second part of the assertion. This is
a consequence of the fact that in every such path there is an interval with
interior disjoint from all the other intervals. It follows that the prime period
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of every periodic point y # x such that f"~1(y) lies in the nth interval of
the cycle must be a multiple of the length of the cycle.

The case of P even and greater than 2 follows from the above arguments
provided we can guarantee that some points x; change sides under f and
some do not (use the facts that Ip_o — Ip_; and Ip_1 — Ip_s). If this is
not the case, then every z; must change side and so

[961,961] - [$i+1790P] - [$1,$¢]-
The case of P = 2 is obvious, since

[x1,22] — [x1,22]. m
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