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Keeping the covering number of the null ideal small
by
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Abstract. It is proved that ideal-based forcings with the side condition method of
Todorcevic (1984) add no random reals. By applying Judah—Repicky’s preservation the-
orem, it is consistent with the covering number of the null ideal being R; that there are
no S-spaces, every poset of uniform density X; adds R; Cohen reals, there are only five
cofinal types of directed posets of size X;, and so on. This extends the previous work of
Zapletal (2004).

1. Introduction. In the early 1980s Saharon Shelah isolated the notion
of properness for partial orders [§]. In the context of forcing in set theory,
this property might be very useful since it is preserved under countable
support iteration and because no proper poset collapses wi. In particular,
proper posets enable us to introduce many consistency results which cannot
be forced by ccc forcings. It is worth pointing out that Stevo Todorcevic
has considerably extended this range of applications. In fact, he discovered
the side condition method which is a general tool to add an uncountable
set by means of a proper forcing (e.g. [12]). For example, one can add an
uncountable discrete subset through any given right-separated hereditarily
separable regular space using this technique [14] §8] (see Example .

Jindfich Zapletal proved that two kinds of forcings (and their iterations)
do not increase the additivity of the null ideal [22]. One of them is of the form
“the specializations of Aronszajn trees”, and the other is a wide collection
of posets equipped with side conditions, the so-called ideal-based forcings
[22]. The forcing mentioned above for introducing an uncountable discrete
subspace to a regular right-separated hereditarily separable space belongs
to this class, and so it is consistent that the additivity of the null ideal is
equal to Ry and there are no S-spaces (here, an S-space is a hereditarily
separable regular space which has a non-Lindel6f subspace). Shelah and
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Zapletal proved that it is consistent that every complete Boolean algebra of
uniform density Ny has a complete Boolean subalgebra which is isomorphic
to Cy, [10]. Zapletal pointed out that an ideal-based forcing is used to
prove this consistency.

In [6], Judah and Repicky gave a general preservation theorem for count-
able support iterations of proper forcings. They defined the notion of a cov-
ering family (explained in . A poset which preserves any covering family
adds no random reals, and so preservation of covering families guarantees
that its forcing extension does not increase the covering number of the null
ideal. It follows from their general preservation theorem that a countable
support iteration of proper forcings which preserve any covering family adds
no random reals, and they proved that a o-centered forcing@preserves any
covering family (see . As a corollary, they proved that any countable
support iteration of o-centered forcings adds no random reals.

In [I8, §5.2], the author introduced a subclass of ccc forcings which in-
cludes the specializations of Aronszajn trees, and showed that forcings in
this class do not increase the covering number of the null ideal. This extends
one of the previous results due to Zapletal mentioned above. In this paper,
it is proved that ideal-based forcings preserve any covering family. So, by
combining results due to Judah and Repicky mentioned above, any count-
able support iteration of ideal-based forcings adds no random reals. As an
application, it is consistent with the covering number of the null ideal being
N; that there are no S-spaces, every poset of uniform density N; adds Ny
Cohen reals, etc.

2. Preliminaries

2.1. The ideal-based forcing with the side condition method

DEFINITION 2.1 (Zapletal, [22, §3]). A triple (A, C,J) is called an ideal-
based triple if

(A) A C [wi]<M and C is a transitive relation on A which refines the
set-inclusion such that

o foreacha € Aand S €w,anNB e Aand aN B C a, and

e for each a,b € A, if a and b are C-compatible (i.e. there exists
¢ € A such that a C ¢ and b C ¢), then aUb is in A and is a
C-upper bound of a and b,

(*) Cy, is the set of finite partial functions from w; into {0, 1}, ordered by reverse
inclusion, i.e. for p,q € C.,,, ¢ <c,, piff ¢ 2 p.

(?) A subset P of a poset P is called centered if every finite subset of P has a common
extension in P, and a poset is called o-centered if it is a union of countably many centered
subsets.
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(B) J is a non-principal ideal on w; such that

e every J-positive set has a countable J-positive subset, and
e the o-ideal o generated by J is a proper ideal,

(C) for each a € A, there exists a oJ-positive set Z such that for every
Be€Z, aUu{B}isin Aand a C aU{B}, and

(D) for each a € A, there exists an J-large set Y such that for every
peY,if (anpB)U{B}isin Aand anN B C (anNB)U{B}, then
aU{p}isin A and a C a U {S}.

We will give a typical example of ideal-based triples below. For each
ideal-based triple (A,C,J), we will define the ideal-based forcing derived
from (A,C,J), denoted by P(A, C,J). For an ideal-based triple (4, C,J), we
identify J with its (minimal) fixed base, and let k3 be the successor cardinal
of the least cardinality of a basis of the ideal Jj. The cardinal xj is not larger
than (2%)T, and since J is a non-principal ideal on wq, we have xy > No.
We apply P(A4, C,J) to iterate by countable support when rj is equal to Rs.
For an ideal-based triple (A4, C, J), we write M(A, C,J) for the set of count-
able elementary substructures of the structure (H(ry), €, 9%y, 4,5, J) (9,
is a well-ordering of H(kj3)). For each M € M(A,C,J), we denote by M
the transitive collapse of M, and by W), the transitive collapsing map from
M onto M. This viewpoint is necessary to check that P(A,C,J) has the
No-properness isomorphism condition (Ng-pic for short, which is defined
by Shelah [9, Ch. VIII, §2], see also Definition later, [13, §4] and [10,
§3]). The No-pic is used to guarantee that a countable support iteration of
P(A, C,3J) of length < ws has the Ry-chain condition.

DEFINITION 2.2 (Todorcevic, Zapletal, et al.). For an ideal-based triple
(A, C,3), P(A,C,J) consists of functions p such that

(i) dom(p) is a finite €-chain of transitive collapses of members of
M(A7 E’ 3)’
(ii) for each t € dom(p), p(t) is a pair (¢, N¥) such that

° €€ € wy,
e NVl is a finite subset of M(A, C,J) such that the transitive col-
lapse of each member of N is equal to the structure t,

(iii) for each t € dom(p) and t’ € dom(p) Nt, &, € ¢,

(iv) {€f;t € dom(p)} € 4,

(v) for each t € dom(p), t' € dom(p) Nt and M’ € N}, there exists
M e N¥ such that M' € M, and

(vi) foreach t € dom(p), & € UEN(JNY)) (hence in particular & ¢ M
for each M € NY),
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and for each q and p in P(A, C,J),

q <parcg p & dom(p) C dom(q) and for each t € dom(p),
NE C N and {&; t € dom(p)} C {&f; t € dom(q)}.

This is the No-pic version of forcings with the side condition method
(Zapletal calls them forcings amended ideal-based in [22], §3]). Todorcevic and
others proved that P(A, C,J) in each situation is a proper forcing which has
the No-pic (e.g. [13] §4] and [10] §3]). Shelah proved that a countable support
iteration of Ng-pic forcings of length < w9 has the Rg-chain condition [9, Ch.
VIII, 2.3 Lemma] (see also [13, Lemma 7] and [10, Fact 32]). Therefore a
countable support iteration of ideal-based forcings of length < wy does not
collapse any cardinal, over the ground model which satisfies CH. Zapletal
proved that every P(A, C,J) is friendly, which is a sufficient condition for
keeping the additivity of the null ideal small [22]. By clause (C) in Definition
P(A,C,J) adds an uncountable C-filter on A.

EXAMPLE 2.3 (Shooting an uncountable discrete subspace into a right-
separated hereditarily separable regular space). The following is in [14], 8.9.
Theorem]|. See also [I1, Theorem 8 and Corollary 9].

Let (wi,7) be a right-separated hereditarily separable regular space,
that is,

e (right-separated) for each £ € wq, £ (which is considered as the set of
ordinals less than &) is an open subset of this space (i.e. £ € 7), and

o (hereditarily separable) every subspace is separable, that is, every sub-
space has a countable dense subset.

For each £ € wy, we fix Ug € 7 such that { € Ug and Cl(Ug) C £ + 1. We
define A := [w;]<N0, for each a,b € A,

alb s aCbandVéecb\aVneca ({ €Uy,

and
J:={X Cwy; Cl(X) is countable}.

Then A satisfies clause (A) in Definition By hereditary separability,
J satisfies clause (B). For each a € A, the set [max(a) + 1,w;) is a oJ-
positive set which witnesses clause (C) for this a. For each a € A, the set
w1 \ Ugeq Clr (Ug) is a J-large set which witnesses clause (D) for this a.
Therefore (A, C,J) is an ideal-based triple.

Let G be an uncountable filter on P(A,C,J). Then we can find an un-
countable subset H of GG such that the set

{{&l; t e dom(p)}; p € H}
forms a A-system with root A. Then by the definition of C and the fact
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that H is a subset of a C-filter,

U ({&; t € dom(p)} \ A)

peH
is an uncountable discrete subspace.

ExXAMPLE 2.4 (Forcing the P-ideal dichotomy by finite approximations).
The P-ideal dichotomy was introduced by Todorcevic [16]. To force it, there
are two options: One is forcing by countable approximations [16], and the
other is forcing by finite approximations [I3], p. 722] (see also [I7, Theorem
20.6] and [7, §5.2]). The latter case used models as side conditions. This may
not fit the form of ideal-based forcings, but it has very similar properties. In
fact, the proof in § can be applied to the following forcing P(Z). This is
an No-pic version of the forcing described in [I7, Theorem 20.6] and [7, §5.2].
The definition and proofs of the statements about (a non-Rg-pic version of)
P(Z) are given in [I7, Theorem 20.6].

Let S be an uncountable set and Z a P-ideal on [S]=Y°, that is, T is
an ideal whose members are countable subsets of S with the property that
for every A € [Z]=Y0, there exists b € Z such that a \ b is finite (we say
that @ is almost contained in b, denoted by a C* b) for every a € A. The
P-ideal dichotomy is the statement that for every uncountable set S and
every P-ideal Z on [S]<®0, there exists either an uncountable subset X of S
such that [X]S% C T, or a countable decomposition S = |J,,c,, S» such that
each S, is orthogonal to Z, that is, S, Na is finite for every a € Z.

Suppose that S cannot be covered by countably many subsets of S ortho-
gonal to Z. Now we assume that .S has size N;. If not, the following definition
does not make sense @ To simplify notation, we assume that S = w;. Here,
we consider the structure H((2%)%) equipped with its well-ordering. For a
countable elementary substructure M of H((2%1)"), we write Og7 = wiNM.
The value d, for each transitive collapse t of countable elementary substruc-
tures of H( (2N1)+) is well-defined. P(Z) consists of functions p such that

e dom(p) is a finite €-chain of transitive collapses of countable elemen-
tary substructures of H((2%)*) which contains S and Z as members,
e for each t € dom(p), p(t) is a pair (b}, 28, N¥) such that
- Wel,
— 2 e S\ M,
— N is a finite set of countable elementary substructures of H((2%)%)
which contains S and Z as members such that the transitive collapse

of each member of N is equal to the structure t,
— b C SNé, and for every M e NP and a € TN M, a C* b,

() For a general S, a non-amended version of P(Z) is proper, but may not satisfy the
No-pic.
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e for each t € dom(p) and t’ € dom(p) N't, we have {t!,,2%,} € t,

e for each t € dom(p), t' € dom(p) Nt and M’ € N, there exists
M € N¥ such that M’ € M, and

e for each t € dom(p), M € N and Y € P(S)N M which is orthogonal

to Z, we have 2} € Y,
and for each p and ¢ in P(Z),
q <p(z) p & dom(p) C dom(q) and for each t € dom(p),
b =bl, NV C N and ({2 : s € dom(q)} \ {22 : s € dom(p)}) N &y C V.
For a filter G of P(Z), letting
X¢g :={2%; p € G and t € dom(p)},

we note that [Xg]<N0 C 7. By identifying a member p € P(Z) with the set
{2%; t € dom(p)} and letting J be the ideal which consists of all subsets of
S orthogonal to Z, the triple (P(Z), <p(z),J) looks like an ideal-based triple
(but we cannot drop information about b for each t € dom(p) to force with
the forcing P(Z)). In fact, (P(Z), <p(z), ) has the following properties:

(a) Every subset of any condition of P(Z) is also a condition of P(Z),
and if conditions p and g of P(Z) are compatible, then p U ¢ is their
common extension in P(Z).

(b) Clause (B) in Definition holds for the ideal J.

(c) Every condition of P can be extended arbitrarily.

(d) For any condition p € P(Z), t € dom(p), M € N} and a J-positive
subset Z € M of S, the set Z N ﬂt/edom(p)\t bf, is not empty.

It follows from these properties that P(Z) is proper and satisfies the Ng-pic
and, by the similar proof below, one can show that P(Z) adds no random
reals.

Here, we should notice that it may be impossible to force the P-ideal di-
chotomy for P-ideals on wy by an iteration of length wo, because a P-ideal is
not necessarily an Nj-structure, and hence the classical book-keeping argu-
ments do not work. The P-ideal dichotomy is forced by a countable support
iteration of length a supercompact cardinal with Laver function (as a book-
keeping device), like a forcing of the Proper Forcing Axiom [16, Lemma 7).
However, it is possible to force the P-ideal dichotomy for Wi-generated P-
ideals on w; with a book-keeping procedure like e.g. the one in [5, §4] @

For the other examples, Zapletal pointed out that the following state-
ments can be forced by ideal-based forcings.

(*) Tterations of forcings for ideals on wy with ¥; generators are studied in [Z, §3] (also
in [4, §1.5]). In [4] (and [I]), basics of iterations of Np-pic forcings are also detailed.
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o Classification of transitive relations on X; (Todorcevic [13] [15]).

e Shooting an uncountable set through a coherent sequence on wj (Todor-
cevic [14], §8]).

e Making a poset of uniform density N; add ¥; Cohen reals (Shelah and
Zapletal [10]).

The Open Coloring Axiom due to Todorcevic can be forced by the itera-
tion of forcings with the side condition method [14, p. 85 and 8.0. Theorem]
(see also [17, Theorem 11.2] and [7, §5.1]). But it is not known whether
the standard forcing with the side condition method for the Open Coloring
Axiom can be considered as an ideal-based forcing, or whether we have an
ideal-based forcing for the Open Coloring Axiom.

2.2. Judah and Repicky’s preservation theorem for adding no
random reals

DEFINITION 2.5 (Judah and Repicky [6], [3, §6.3.B]). Let

S = {f € YP(2<¥); for each n € w, f(n) C "2 and Z ‘]02(:” < 1}-

new

For each f € S, write
Oy :={x €“2; ¥n € w Im > n such that z[m € f(m)}.
A subset F of S is called a covering family if

e F is o-directed, i.e. for any F € [F]=Y0, there exists g € F such that
for every f € F,

InewVm>n (f(n) Cg(n)),
e for any x € “2, there exists f € F such that x € Oy.

S is a set of codes of Gg-null sets, and a covering family is a set of codes
whose decodes cover the set of the reals. The covering number of the null
ideal is equal to the smallest size of a covering family. We note that a forcing
P adds no random reals if and only if (letting V' be the ground model)

IFp “the family SNV is still a covering family”.

We say that a forcing P preserves any covering family if for any covering
family 7 C S (in the ground model),

IFp “F is still a covering family ”.

“Preserving any covering family” is somewhat stronger than “adding no
random reals”. Actually, this notion is necessary because there is a two-step
iteration of proper forcings such that neither step adds a random real but
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the iteration does @ Judah and Repicky proved that for any countable
support iteration (PP, Qn; n € w) of proper forcings, if no P,, adds random
reals, then P,, adds no random reals [6, Corollary 4(a)]. We note that for
any two-step iteration PP % Q of proper forcings, if P adds no random reals
and forces that Q preserves any covering family, then PxQ adds no random
reals. Thus a countable support iteration of proper forcings which preserve
any covering family adds no random reals.

Judah and Repicky also proved that o-centered forcings preserve any
covering family [0, Theorem 5]. Therefore, a countable support iteration of
o-centered forcings adds no random reals.

The author introduced the property Rjyx, [I8, 20] and the rectangle
refining property [19], both stronger than the countable chain condition. In
[18, Theorem 5.4], the author proved that forcings with the property Ry x,
(or the rectangle refining property) add no random reals. It follows from this
proof that forcings with the property R;x, preserve any covering family.

3. Proofs of properness and the N,-pic. In this section, we show that
every ideal-based forcing is proper and satisfies the No-pic. For the proof,
we refer to papers about the side condition method listed in the references.
Since the proof in the next section is fairly self-contained, this section can
be skipped.

THEOREM 3.1 (Todorcevic, Zapletal, et al). Every ideal-based forcing
P(A,C,3) is proper.

Proof. Let (A,C,J) be an ideal-based triple, P := P(A4,C,J), 0 a large
enough regular cardlnal, N a countable elementary submodel of H(#) which
contains (A4, C,J) and H(k3) as members, and p € PN N. By clause (C) in
Definition there exists 7 in wy \ J(J N V) such that

{&; £ € dom(p)} U {n} € A.
Define
pTi=pU{(H(k3) NN, (0, {H(r3) "N}))}.
We will show that p* is an (N, P)-generic condition.

(°) This is mentioned in [23, p. 114]. Actually, the iteration C,,, * BY adds a random
real, where BY is the forcing notion in the extension with C,, such that conditions of BY
are ones of the random forcing in the ground model. This is because C,,, * BY is forcing-
equivalent to the product C,, x B, where B is the random forcing. And we note that C.,
adds no random reals, and BY adds no random reals in the extension VC1 with Cu, - To
see this, let = be a real in the extension with C,,, * BY. Then there exists o < w; such
that x is a real in the extension with C, * BY which is forcing-equivalent to C, x B. Let
¢ be a Cohen real over VC in V1. Then ¢ is Cohen over the extension with C, x B.
Since a Cohel real makes the set of ground model reals of measure zero, x belongs to the
null set defined with ¢. So z is not random over V1.
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Let D € N be an open dense subset of P, and ¢ an extension of p*™ in P
such that ¢ € D. By extending each N{ if necessary, we may assume that

(A) for each t € dom(g) N N,
{((WH(W)ON)_I oWy )(M'); M" € NE(M)QN

and M' e N{NM"} C N

Since w1 N M = wy; N M’ whenever M and M’ in M(A, C,J) are isomorphic,
taking these isomorphic copies as above does not interfere with clause (vi) in
Definition [2.2] Let { := |dom(g) \ (dom(g) N N)|. By clause (v) in Definition
it is possible to take an increasing chain (Kj; j <) of members of
Uz edom(g)\ (dom(q)n) N such that Ky := H(x3) N N. Then for each i < [,

({%; j <) is in K;. We define T} to be the set of o € ‘wy with the following
J
property: There exists s € D such that

e dom(s) end-extends dom(q) N N,

(¥) for each t € dom(q) N N, N includes N N N as a subset,
o {£5;t € dom(s)} end-extends {&Z; t € dom(g) N N}, and
o {&;t € dom(s) \ (dom(q) N N)} =ran(o).

Then even if g is not in N, since N contains {&{, N N N; t € dom(q) N N}
and D as members, 1} is in N N H(kz) = Kp. Also ( %; j <l)isin T;. By
downward induction on j < [, we define T} such that !

Ty =T\ {0 €Tjp1; {7(j); 7€ Tjy1 and 7[j = olj} 63}.

We note that the sequence (T}; j <) is in Ko, hence in K; for each i <.
We will show that (fq ;j <) is also in Tp. We have observed that
<£(I1< ;7 <l)isin Tj. Suppose that ¢ < [ and (53( ; j <l) € Ti41. Then by

clause (vi) in Definition we have :fq Z J(@F N K;), and also
5%6{7’( TeTi, and7’[1—<£q ,]<Z}6K

Thus the set {7(i); 7 € Tj41 and 7[i = (&%; J < i)} is J-positive, and hence
J
(s i<heT.
Therefore, when we consider T, as a tree which consists of all initial
segments of members of Tp, then T has a cofinal branch (of length [), and

each non-terminal node has J-positive many successors in Ty. By induction
on v < [ we will take ¢, € wg NN = w1 N Ky such that

° <Cu3 < v) is an initial segment of some member of Tj,
o {¢5;t €dom(r)} U{Cy; u<v}isin A, and
e {&;t € dom(r)} C{&f; t € dom(r)} U{(u; u < v}
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Given (Cu; o < v), by clause (D) in Definition there exists a J-large
subset Y}, of wy such that for each 5 € Y, if
(({&5; t € dom(r)}U{¢u n<vh)nB)U{B} €A

and

({&; t € dom(r)} U{Cus p<v})NpB
C (({&; t € dom(r)} U{¢u; u < v}) N B) U{B},
then
{&; t edom(r)} U{¢u p<viu{pteA
and
{&; t € dom(r)} U{(u; p < v} C{&; t € dom(r)} U{Cu; u<v}U{B}.

By the properties of T, there exists (, € Y, such that ((u; p < v) is an
initial segment of some member of Tj. Since ¢, € Y, and

({&; t € dom(r)U{Cu; p < v})NG = {&; t € dom(r) N NIU{Cu; p < v},
by the properties of Ty and Y,,, and clause (A) in Definition we conclude

that
{&; tedom(r)fU{Cusp<vieA

and

{&6; £ € dom(r)} U{Cus < v} C{&: ¢ € dom(r)} U{Gu; p < v},

which finishes the choice of (.

We take r € PN Ky which witnesses that ((,; v <) € Ty. Then r is
in D. We define r* such that

e dom(r*) := dom(r) U dom(q),

e for cach t € dom(r), &' := €7, and for each t € dom(q) \ dom(r),

= ¢l and
e for cach t € dom(q) \ dom(r), we have N7 := N{; for each
t € dom(r) \ dom(q),

NI = N U (@) ™ 0 Wy yn ) (M)

1" q / r .
M GNW&M eEN{NN};
and for each t € dom(r) N dom(q), Ny := N7 UNL.

We now check that 7 is a condition of P. First, 7+ satisfies clauses (i)—(iii)
in Definition by the definition of ¥, and clause (iv) by the choice of
Gy v < ).

To check (v) we only consider the non-trivial case: Let t € dom(r) \
dom(g), t’ € dom(g) Nt (then t' € dom(q) N N) and K’ € N, \ N,. By
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clause (v) for g, there exists M" € N- 13 (

~ such that K" € M". So by
clause (A), the set

)N
(WH(g)nn) 0 Warn ) (K')
is in N, N N. By clause (¥) and clause (v) for r, there exists L € Ny (C N)
such that
((WH(ng)ﬂN)_l o Wym)(K') € L.
Then
K’ € (Warr) ™" 0 Wpigupan) (L) €AY

To check clause (vi), we only consider the non-trivial case: Let t €
dom(r)\dom(q), M € N7"\N and X € JNM; we will show that £ ¢ X. By
the definition of 7+, & = ¢ and there are M” € Ngl(na)ﬁN’ M e N;NN
and X’ € M’ such that

M = ((Warn) ™" 0 Whr(ey)nn ) (M),
X = () to P ()N ) (X').

Since (W)t oWl (xy)nN is an isomorphism from the structure (H (r3) NN,
A,C,3) onto (M",A,C,3),and X eJNM in M", X'eJNnM'"in H(kz) NN,
we have £ € X' in H(r3)NN. So since the isomorphism (WH(KJ)mN)*l oWy
does not move &, it follows that & € X in M”. cpeckr+ep

By the choice of {{,;v <), r* is a common extension of r and ¢. =

DEFINITION 3.2 (Shelah [9, Ch. VIII, 2.1 Definition]). A poset P satis-
fies the Ro-properness isomorphism condition (Na-pic) if for any large enough
regular cardinal 6, any «, 8 € wy with a@ < 3, any countable elementary sub-
models N, and Ng of the structure H () (equipped with its well-ordering)
such that « € N, 8 € Ng, P € No,NNg, NoNwy C B and NyNa = NgNf3,
any p € PN N, and any isomorphism 7 : N, — N such that 7(«) = 5 and
7[(Na N Ng) = id, there exists an (N, P)-generic extension ¢ of both p and
m(p) in P such that

qIFp“m[Gp N No] = Gp N N3 ”.

LEMMA 3.3 (Todorcevic, Zapletal, et al.). Every ideal-based forcing
P(A,C,3) satisfies the Ro-pic.

Proof. Suppose that 6 is a large enough regular cardinal, a and g are
in wp with o < 3, N, and Ng are countable elementary submodels of the
structure H(6) (equipped with its well-ordering) such that o € N, 8 € N,
P(A,C,J) € Ny NN, NoyNwy C fand N, Na = NgNp, peP(ALCY)
N Ng, and 7 : Ny, — Np is an isomorphism such that m(a) = S and
7[(No N Ng) =id. Then Ny Nwi = NgNw; and Ny NP(w) = Ng NP (w).
Thus dom(p) = dom(7(p)) and & = ff(p) for each t € dom(p). Let s be the
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transitive collapse of N, N H (k) and take n € A\ [J(JN(NoUNg)). Define
a function ¢ with domain dom(p) U {s} by setting q(t) := (¢£, N¥ UA/;ﬂ(p)>
for each t € dom(p), and ¢(s) := (0, {Na N H(kyz), N3 N H(rz)}). Then q is
a common extension of p and 7(p). Using the previous argument that r and
q are compatible in P(A, C,J), it follows that

qlFp “W[GPﬂNa] :GPQNB”. ]

Shelah proved that, under CH, for any iteration (Pa, Qg; a < wg, B < ws)
with countable support, if for each o < wo, IFp, Q. satisfies the Ro-pic”,
then for each o < wy, P, also satisfies the No-pic and forces CH, and P,,,
satisfies the Ny-cc [9, Ch. VIII, 2.4 Lemma and 2.9 Claim] (see also [1, §5.4]).
Therefore, by use of a countable support iteration of ideal-based forcings of
length wo with some book-keeping device under CH, it can be forced that
the size of the continuum is No, there are no S-spaces, there are only five
cofinal types of directed sets of size N, every poset of uniform density ¥;
adds Ny Cohen reals, etc.

4. The proof that no random reals are added. The outline of the
following proof is similar to the one of [I8, Theorem 5.4] and [21] §3].

THEOREM 4.1. Ewvery ideal-based forcing P(A,C,J) preserves any cov-
ering family.

Proof. Let (A,C,J) be an ideal-based triple, P :=P(A,C,J) and F C S
a covering family. We show that

IFp “ F is still a covering family ”.

Suppose that p € P and % is a P-name for a function in “2. Let X\ be a
regular cardinal such that (A,C,J) and H(kyz) are members of H(\), and
define

M(A, T, :={M*" N H(kz); MT < H()\) countable
& {<A7 E73>7 H(’i3)} € M+}'
We consider members of M(A,C,J)" as members of M(A,C,J). Let 6 be
a large enough regular cardinal, and N a countable elementary submodel
of H(6) which contains (A,C,J), H(k3), H(\), F and & as members. We
note that N contains P and M(A,C,J)" as members. Since F is a covering

family (in particular, is o-directed) and “2 N N is countable, there exists
f € F such that

“Y2NN C Of.
By clause (C) in Definition there exists & in w; \ J(J N N) such that
{&; t € dom(p)} U{&} € A.



Covering number of the null ideal 151

Define
p+ =pU <H(K’J) NN, <£0a {H("{J) N N}>>

(As seen in the proof of Theorem pt is an (N, P)-generic condition. We
do not use this fact below.) We will show that

ptikp“i € 057,

which finishes the proof.
Suppose that

p+ U’LIP’ “goe Of”,

and take ¢ <p p™ and n € w such that
qlFp “VYm >n (zfm & f(m))”.

By extending each N,f, if necessary, we may assume that for each t’ in
dom(gq) N N, we have

ﬂ@mmmmﬂo@muW%MeA%@%WmmAWe dNM}y CNE.

Since w1 N M = wy; N M’ whenever M and M’ in M(A, C,J) are isomorphic,
taking these isomorphic copies as above does not interfere with clause (vi)
in Definition 2.2

Here, for each finite €-chain o, let min(o) denote the €-minimal element
of o. For each k € w, define Sj, to be the set of v € ¥2 with the follow-
ing property: There are v € wy; and M € M(A,C,J)" containing & and
{&l,,N& N N; t/ € dom(q) N N} such that for every r € P, if

e dom(r) end-extends dom(q) N N,

o {&; t € dom(r)} end-extends {¢],; t' € dom(q) N N},

(o) there exists K € N om(m)\ (dom(g)nny) With M € K such that for
each t' € dom(q) N N,

{(@g) " oWy )(M'); M" € Ni- and M’ € N, " M"} C N},
and N, N K = N NN, and
o rlkp itk £u”,
then
Emmin(dom (r)\ (dom(q)N)) < V-

In general, ¢ may not be a member of N, but the sequence (Sk; k € w)
belongs to the model N. Since {v[k; v € Si4+1} is a subset of Sy for each
k € w, the set | J;c, Sk forms a subtree of (2, C). The key point of the
proof is the following claim.

CLAIM 4.2. For each k € w, Sk is not empty.
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We will show this claim later. From this claim, the set | J, ., Sk forms an
infinite tree, therefore by the elementarity of IV, there exists u € “2N N such
that ulk € Sy, for every k € w. Since u € “2N N C Oy, there exists m > n
such that u[m € f(m). Since u[m € S,, in N, there are v € w; N N and
M € M(A,C,3)" N N which witness that u|m € S,,. Since dom(q) end-
extends dom(q) N N, {&f; t € dom(q)} end-extends {&,; t' € dom(¢q) N N},

q
5min(dom(q)\(dom(q)mN)) >wi NN > Y,

and ¢ and H(k3) N N satisfies condition (e), it follows that

b

qlfp“xim #ufm?”.
So there is 7 <p ¢ such that

b

rikp“tim=ulm”.

Then
rikp “@[m = ulm € f(m)”,

which is a contradiction.

Therefore it suffices to prove Claim The rest of the proof is devoted
to doing that. The following argument is based on a proof of the properness
of P(A,C,J). Let k € w and suppose that S is empty.

SUBCLAIM 4.3. For any v € ¥2\ Sy, v € w1 and M € M(A,C,3)7F
which contains @ and {&,, N, N N; t' € dom(q) N N}, there are | € w and
T C lwy such that

e for eacho €T, o(0) > ~,

o for each 0 € T and j < I, the set {T(j); 7 €T and T|j=0lj} is
countable J-positive, and

o for each o €T, there exists s € P such that

— dom(s) end-extends dom(q) N N,
— {&; t € dom(s)} end-extends {&;; t' € dom(q) N N},
— {&; t € dom(s) \ (dom(q) N N)} = ran(o),
— there exists K € Nrflin(dom(s)\(dom(q)ﬁN)) with M € K such that for
each t' € dom(q) N N,
{(@g) oWy )(M'); M" € N and M’ € N N M"} C N5,
and Ny N K =NE NN, and
— slhe “Ek £ 07,
Proof of Subclaz’m Let v€*2\ Sy, vE€wy, and take M € M(A,C,3)F
which contains & and {&,, N N N; t' € dom(¢) N N} as members. Let M+

be a countable elementary submodel of H () which contains (A, C,J) and
H (r3) as members such that M = M N H(k3). We note that M contains
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P as a member. Then by the assumption that v ¢ Si, there are r € P and
Ky such that

e dom(r) end-extends dom(q) N N,
o {&; t € dom(r)} end-extends {¢; t' € dom(q) N N},
[ ] M S KO € Nr;in(dom(r)\(dom(q)ﬁN))’ and fOI‘ eaCh t, € dom(q) N N,
{(Fro) ™" 0 Wapn)(M'); M" € N and M' € N, n M"} €
and NI, N Ko =NJ NN,
o rilkp“ilk #£v”, and
[ J

€ min(dom(r)\ (dom(q)NY) = V-

Let [:=|dom(r) \ (dom(g) N N)|. By clause (v) in Definition [2.2] it is possible
to take an increasing chain (Kj; j <) of members of |, cqom )\ (dom(q)n V) N,
where K is the one already chosen. Then <§T J <) isin K; for each i < [.

We define T} to be the set of o € lwy with the following property: There
exists s € P such that

dom(s) end-extends dom(q) N N,
{&; t € dom(s)} end-extends {{g,, t’ € dom(q) N N},

{&; t € dom(s) \ (dom(g) N N)} = ran(o),
there exists K € Nrflin(dom(s)\(dom(q)ﬂN)) with M € K such that for

each t’ € dom(¢) N N,
{((WK)_l o LDM//)(M,) M" e Ns and M’ € M”} -

and N5 NK =NJ NN, and
o slhp“alk £v".
We note that 7} is in M+ N H(ky) = M C Ko and ({— j <) is in T}.
J
By downward induction on j < I, we define
T/ +1\{U€ +1,{7’()TETHandT[j—Uj}GJ}

We note that the sequence (77; j <) is in Ko, hence in K for each j <.
We will show that ({7—; j <) is also in 7. We have observed that
<§T j<l)y e T]. Suppose that ¢ < [ and <§T j<l) € Tj ;. Then by

clause (vi) in Definition we have fr U@ N K, i), and also
(e {r(i); T € Ty and7’[z-<£K,] <)} e K.

Therefore the set {7(i); 7 € T}, and 7[i = ({’" ; J <)} is J-positive, and
hence ({5 j < 1) € T}.
J
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Next since the set {c(0); o € T}j} is J-positive, by clause (B) in Defini-
tion [2.1, we can take its countable J-positive subset E0 We define

Ty = {o € T}; o(0) € EL}.

By induction on j < I — 1, we build a set { ]_H]H), € T}'} of countable

J-positive sets and T}’ ; such that for each o € 77,

Eﬁ(ljﬂ) Cl{r@+1);7eTand 7[(j+1)=0[(j + 1)}
and
v ={o e T o(j+1) € ELYHY.
Then T} | is as desired. "gubclaim B3

Let {v;; i < 2*} enumerate the set *2, and denote M_; := H(x3) N N.
By the assumption that S, = 0, we have v; € S), for every i < 2. Using
the subclaim, by induction on i < 2¥ — 1, we take l; € w, T; C bw; and
M; € M(A,C,3)" such that:

e for each o € T}, 0(0) > wy N M;_1,

o for each 0 € T; and j < l;, the set {7(j); 7 € T; ande—a j} is
countable J-positive (hence T} is a countable subset of liw,),

o {T;, Mi—1,{&,, NI NN; t' € dom(q) N N}} € M;, and

e for each o € T}, there exists s € PN M; such that

— dom(s) end-extends dom(q) N N,
— {&; t € dom(s)} end-extends {¢},; t' € dom(q) N N},
— {&: v € dom(s)\ (dom(g) N N)} = ran(o),

— there exists K € /\/'n[11n (dom(s)\ (dom(g)"N)) with M;_; € K such that

for each t' € dom(q) N NV,
{(#k) " o Wpn)(K'); K" € N and K" e N N K"} C

and N5 NK =NJ NN, and
— slkp“dlk #£ v;7.

By the subclaim again, we can take 1, . € P such that

2k —1
. dom(réﬁtl) end-extends dom(q) N N,
(T;k—l)

o {& : t € dom(r, zk 1)} end-extends {£; t' € dom(q) N N},
)
2’C 1
(e) there exists K € len(dom(r2k )\(dom(@)nV))
that for each t’ € dom(g) N N,
-1 / " (r;rkfl) ! (r2+’v71)
{(¥k)™ oW )(M'); M" € N & M'"e N,
)

(7"+k
and N,* " NK =NJINN,

with Myr_5 € K such

NM"} C N(r;’“*l)
P t/
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+ “ ”
L] T2k—1 ”_[PJ xsz 7é ’U2k71 y and
+
(7"21@71)

min(dom(r;'k . )\(dom(g)NN))

By downward induction on i < 2k — 1, we will take r; € PN M; and r;r epP
such that

dom(r;) end-extends dom(q) N N,
{&; t € dom(r;)} end-extends {&; t' € dom(q) N N},
[dom(r;) \ (dom(q) N .N)| = I;,

(i <l)eT,

J
(o) there exists

K € N dom(r)\(dom(g)nny)  With Mi_y € K
such that for each t’ € dom(q) N N,
(@)™ o Wagn)(M'); M € N2 and M’ € N 0 M"} C NG
and N NK =N NN,
o 7 lFp ux-rk 7& ’UZ‘”, and

° 7"27" is a common extension of r; and 7’;:1 in P such that

dom(r;") = dom(r;) U dom(r, ;)

+
(then it follows that {féri ); t € dom(r;)} = {&%; t € dom(r;)} U

ot
{5§ ’“); t € dom(r;,)}) and for each t' € dom(q) N N,

pt . (rfe_)
/\/’t(,z): U ./\/:/JUNt/Qk_I.
i<j<2k—1

This finishes the proof because then rar is a common extension of the con-

ditions T;,l and 7; for every i < 2% — 1, and hence

,r.(—)l— ”_IP’ “i‘fk g 162777
which is a contradiction.

Suppose that we have built r;-“ for each j with i < j < 2F; we will find
r; and r;“. To do so, we will take ¢!, € w; by induction on v < [; so that

° <§L; @ < v) is an initial segment of some member of Tj,

rf ;
. Ui<j<2k{§‘£ ! ); t € dom(r;f)} U{¢u #<v}isin A, and
+
)

(rh) (r
b U@<j<2k {&7 5 te dom(r}")} C Ui<_j<2"~’ {&7
{¢s m<v}

;te dom(rj)} U



156 T. Yorioka

Given <CZL; p < v), by clause (D) in Definition there exists a J-large
subset Y, of wy such that for each 3 € Y}/, if

(U (6); v € dom(rh)} U{Chs < v})nB)u{s) €A
i<j<2k
and

(U &7t edomir)} UG n<v})n g
i<j<2k
(U 167 eedomt)} il n<v) n8) U iBh,
i<j<2k
then N
U &7 ¢ e dom(ry)} UGl p< v} U{B} € A
i<j<2k
and

) ;
U &7t edom(r))} U{¢; p<v}
i<j<2k
) ;
C |J {&’ s tedom@r)u{¢; n<viu{s}
i< <2k

By the properties of Tj, there exists ¢! € Y, such that (CL; p<wv)is an
initial segment of some member of T}. Since ¢ € Y’ and

(U {&" st edom(r)}uiGs n<w) NG
i<j<2k
= {&l; v/ e dom(g N N)} U{; < v},

by the properties of Y/ and clause (A) in Definition we conclude that
the set

rt .
U & ¢ € dom(rh)} U{CL p< v}

i<j<2k
isin A and
). d + i
U {gt S Om(rj)}U{CwM<V}
i<j<2k

) ;
C [ {&" 5t edom(r))}U{Gs p< v,
i<j<2k

which finishes the choice of (Z.
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We take r; € PN M; which witnesses that <§fj; v <l;) € T;. Let K;;1 in
(T;F+1)

. oL + +
min(dom(r¥, )\ (dom(g)"N)) witness condition (e) for r; ;. We define r;” such

that
e dom(r;") := dom(r;) Udom(r}, ),
e — for each t € dom(r;fs_l) \dom(rz) gtr ) _ 51; i) _and
— for each t € dom(r;), § = ¢l and
rt
e — foreach t € dom(r:jrl) \dom(rz) A/t(n- ) — /\/t( z+1)’
— for each t € dom(r;) \ dom(r z++1)

+

N = N
o |
{ (@)t o e, ) (M) M € N f“) & M' € N{' N Ki

— for each t € dom(r;) Ndom(r/, ;) (then t € dom(q) N N),

r. r. (T‘+ )
NI i NN,

By the choice of ( v < 1), if r is a condition of P, then 7 is a common
extensmn of r; and 7} i1 So it Sufﬁces to prove that r is a condmon of IP’

Now, r;" satisfies clauses (i)—(iii) in Definition [2.2) n by the definition of r;"
and clause (iv) by the choice of (Ci; v < I).

(The rest of the proof is similar to the one of Theorem [3.1}) To check
clause (v) in Definition [2.2] H we only consider the non-trivial case: We let
t e dom(rz) \ dom(r}, ), t' € dom(r} ;) Nt (then t' € dom(q) N N) and

K' e ./\ft(, o+t \N{i. Then t € M; C K;11. By clause (v) for r}\, |, there exists
+
M" e NI((T”I) such that K’ € M". By clause (e), the set

((ngH_l)_l © WM”)(K/)

+
is in ( rie) Kip1 =N NN which is included in NJJ N N. By clause (v)
for r;, there exists L € NV{' such that
(Priyy) " o Wnn)(K') € L.
Since r; € M; C K;y1, L is in N{* N K;1. Hence by the definition of rf,

rt
K’ S ((WMN)_l OQKH-I)(L) S -/V’t( i)

To check clause (vi) in Definition We only consider the non-trivial

case: Let t € dom(r;) \ dom(r;" ), M € /\/ \N and X € JN M; we will
) +

show that &, € X. Then by the definition of r;", we have @ET" ) = +* and
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+
there are M" € ./\/'[(:”11), M' e N{NK;;1 and X’ € M’ such that
it

M = (Fpr) Lo Wi
Since (¥p7)~! o W, , is an isomorphism from (H(k3) NN, A,C,J) onto
(M",A,C,3), and since X € JNM and M", X’ e JN M’ in H(k3) NN, we
have f,gT;L) ¢ X' in H(k3) N N. So by the fact that (¥k,,,) " oWy does not
move @ET;), we have éﬁmﬂ X inM' w

Therefore, by the previous work in §§2H3] a countable support iteration
of ideal-based forcings adds no random reals. Therefore we conclude that it
is consistent with the covering number of the null ideal being N; that there
are no S-spaces, every poset of uniform density N; adds ®; Cohen reals, etc.

(M), X = (W)™ o Wr ) (X)),

i+1
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