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Relative subanalytic sheaves
by

Teresa Monteiro Fernandes and Luca Prelli (Lisboa)

Abstract. Given a real analytic manifold Y, denote by Yz, the associated subanalytic
site. Now consider a product Y = X x S. We construct the endofunctor F — F° on the
category of sheaves on Yi, and study its properties. Roughly speaking, F° is a sheaf
on Xg X S. As an application, one can now define sheaves of functions on Y which are
tempered or Whitney in the relative sense, that is, only with respect to X.

1. Introduction. Let Y be a real analytic manifold. The subanalytic
sheaf Dbl of tempered distributions defined by Kashiwara-Schapira [10]
takes its origin in Kashiwara’s functor TH (see [5]) as an essential tool to
establish the Riemann—Hilbert correspondence between regular holonomic
D-modules and perverse sheaves.

Let Y = X x S, for some real analytic manifolds X and S. In order to
study relative perversity (see [11]), it appears that a “relative” version of

Dbé{xs is required, i.e. a sheaf Dbé’(sxs such that

DU x VDb g) ~ lim I'(U x W; Dbl s).
wccv
In other words, such a sheaf “forgets” the growth conditions on S.

Let Mod(C(xyg),,) be the category of subanalytic sheaves on X x S.
The aim of this note is to construct a functor (-)° : Mod(C(xxs)..) —
Mod(C(xxs),,) such that, given F' € Mod(C(xxs).,)

(1.1) LU xV;F%) =~ lim (U xW;F),

wccv
or, more generally, when F' is a bounded complex of subanalytic sheaves and
G (resp. H) is a bounded complex of R-constructible sheaves on X (resp. ),
its derived version (-)* satisfying
(1.2)  RMom(GXRH,FES) ~ RHom(Cx X H, p~' RHom(G K Cg, F)),
where p: X x S — (X x S)sa is the natural functor of sites.
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Recall that, by the definition of T-space introduced in [10] (cf. also [3]),
the usual subanalytic site (X x.S)s, can also be regarded as the site (X x.S)7
where T is the family of all relatively compact subanalytic open subsets. If
we let 77 be the family of finite unions of open relatively compact subsets
of the form U x V, with U subanalytic in X and V subanalytic in S, then
X x S becomes a T'-space, and the associated site is the product Xg, X Sga.
We denote by 7 the morphism of sites (X X S)sa — Xga X Ssa, by p the
morphism of sites X x S — (X x S)s and by p’ the morphism of sites
X x8 — Xga X Sqa.

In this note, to any 7T-sheaf F' (that is, a sheaf on the site associated
to T, or a subanalytic sheaf) we associate canonically a 7’-sheaf F**f which
in some way forgets the dependence of F' on the subanalytic factor Sga. We
then define the relative sheaf F¥ as the inverse image under 7 of the 7’-sheaf
F%! thus obtaining a subanalytic sheaf on (X x S)g,. This construction leads
to a left exact functor (-)° from the abelian category of subanalytic sheaves
on X x S into itself. Denoting by (-)®% its right derived functor, we prove
in Propositionthat ()% satisfies, for F € D*(C(xxg)..): G € D .(Cx)

and H € D% (Cg), natural isomorphisms

p ' RHom(GR H, FFS) ~ p~ 'R om(G R p H, F)
~ RHom(Cx X H, p~' RHom(G K Cg, F)),
In particular, when G = Cx and H = Cg we have p~'F ~ p~'FRY ~
pl—lFRSJi'
We then apply our construction to Dbk, ¢ and obtain the subanalytic

sheaf Db?(i g of relative tempered distributions with respect to a projection
f: X x8 — §. As the notation suggests, it is a sheaf on the subanalytic site
(X x S)sa, whose sections on open subsets of the form U x V' are distributions
which extend to X x V.

The same procedure leads to the subanalytic sheaves C;O’t’s of relative
tempered C°°-functions and C;}O’W’S of relative Whitney C*°-functions on X,.
Proposition 4.7| shows that taking inverse images on X x S for the usual
topology, we recover respectively the classical sheaves of distributions and
C°°-functions forgetting the relative growth conditions.

When X and S are complex manifolds, the classical procedure of taking
the Dolbeault complex applies to our constructions, thus allowing us to
define the subanalytic (complexes) OE(SX g of relative tempered holomorphic
functions and (’);V(f g of relative Whitney holomorphic functions.

As the reader can naturally ask, our method applies only for products
of analytic manifolds (see Remark . We conjecture that with a weaker
notion of subanalytic site as in [4], a notion of relative sheaf can be given for a
general smooth function but it will not suit the applications we have in mind.
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However, the tools we develop here, besides their own interest, are useful
for understanding the notion of relative perversity introduced in [11].

2. Complements on subanalytic 7-sheaves. The results in this sec-
tion rely on the notion of 7T-topology. For details we refer to [10] and [3]
from which we keep the notations.

Given a topological space X and a family T of open subsets of X, one
says that X is a T-space if T satisfies the following conditions:

(1) T is a basis of the topology of X and () € T,
(2) T is closed under finite unions and intersections,
(3) each U € T has finitely many 7 -connected components.

To T one associates a Grothendieck topology in the following way: a family
U ={U;}; in T is a covering of U € T if it admits a finite subcover. One
denotes by X7 the associated site and by p : X — X7 the natural morphism
of sites. There are well defined functors

(2.1) Mod(Cx) él Mod(Cx.,).
=
Let us consider the category Mod(Cx) of sheaves of Cx-modules on X,

and denote by KC the subcategory whose objects are the sheaves @, ; kv,
with [ finite and U; € T for each i. Let F' € Mod(Cx). Then:

(i) F is T-finite if there exists an epimorphism G — F with G € K.
(ii) F'is T-pseudo-coherent if for any morphism ¢ : G — F with G € K,
ker v is T-finite.
(iii) F is T-coherent if it is both T-finite and T -pseudo-coherent.

Note that (ii) is equivalent to the same condition with “G is T-finite” in-

stead of “G € K”. We denote by Coh(7) the full subcategory of Mod(Cx)

consisting of T-coherent sheaves. Coh(7) is additive and stable by kernels.
Moreover:

o Let W € T and let Cy, € Mod(Cx,) be the constant sheaf on W.
Then p,Cy ~ Cyy-.

e The functor p, is fully faithful. Moreover its restriction to Coh(7) is
exact.

o A sheaf F € Mod(Cx,) can be seen as a filtrant inductive limit
lim, p, F; with Fj € Coh(T).

e The functors Hom(G, -) and Hom(G, ), with G € Coh(T), commute
with filtrant hg

Finally, recall (cf. [3]) that F' € Mod(Cx,) is T-flabby if the restriction
morphism I'(X; F) — ['(W;F) is surjective for each W € T. T-flabby
objects are Hom(G, -)-acyclic for each G € Coh(T).



82 T. Monteiro Fernandes and L. Prelli

Given a real analytic manifold Y, let Op®(Ysa) (resp. Op(Ysa)) denote the
family of subanalytic relatively compact open subsets in Y (resp. the family
of subanalytic open subsets in V). Let Ys, denote the associated subanalytic
site introduced in [10]. Then Yg, is the site Y7 associated to the family
T = Op®(Ysa) (that is, Y is a T-space and the associated site Y7 coincides
with Y5, ). Accordingly we shall still denote by p the natural functor of sites
p Y — Y, associated to the inclusion Op(Ys,) C Op(Y) (without reference
to Y unless otherwise specified), as well as the associated functors p., p~ !, pi
introduced in [10] (cf. also [12]).

Let us recall the following facts:

e The functor py is right adjoint to p~'. It is fully faithful and exact.
Given F' € Mod(Cy), pF is the sheaf associated to the presheaf
Op(Yea) 2 U — F(U).

e The category Modgr (Cy) of R-constructible sheaves is p,-acyclic (cf.
I2)).

Suppose now a subfamily 7' C Op®(Ys,) is given such that Y is still a

T'-space.

e Denoting by Y7 the site associated to the family 77, we shall also
denote by p' : Y — Y7 the natural functor of sites. A sheaf F &€
Mod(Cy,,) can be seen as a filtrant inductive limit limy, p. F; with
F; € Coh(T").

e We shall denote by n the natural functor of sites Yso — Y.

One obtains a commutative diagram of sites

y >,

(2.2) p/i /

YT/

REMARK 2.1. One could also consider the site defined by the family of
locally finite unions of elements of 7 (in the case 7 = Op®(Ys,) these are all
subanalytic open subsets) and locally finite coverings, and make the same
construction using the family 7”. Since the associated categories of sheaves
are respectively isomorphic to Mod(Cy;) and Mod(Cy.,) (see [10, Remark
6.3.6]) we will still denote by Y7 (resp. Y7+) the associated site.

Let F be a sheaf on Y77. We define the (separated) presheaf 5 F on Y,
by setting, for W € Op(Yza),
W POW) = lm F(OW)
wcw’
with W’ € Op(Y7). Let n~'F be the associated sheaf.
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LEMMA 2.1. Let F' ~ lim, piF; € Mod(Cy,,) with F; € Coh(T"). Then
N F ~ liny, p. F.

Proof. Since the inverse image functor commutes with lign, it is enough
to check that n~'p,F" ~ p,F’ with I’ € Coh(T").

Since (cf. [I0, Chapter 6]) Coh(7”) is an abelian subcategory of Coh(7T)
and p, (resp. pl) is exact on Coh(T) (resp. Coh(T")), we may restrict our-
selves to the case I/ = Cy, W € T".

Let Cy, (resp. Cy,) be the constant sheaf on Ys, (vesp. Y77). Then,
by Proposition 6.3.1 of [10] (cf. also [12]),

n '.Cw ~n'Cw,, ~Cwy ~ p.Cyy.
LEMMA 2.2. Let F' € Mod(Cy,,). Then, for any W € Op(Y7),
I(W;n 'F)~ T'(W;F).

Proof. We may write F' =~ lim, oL F; with F; € Coh(T"), and by Lem-
ma we have n 1 F ~ hgl o 5.

Let us first assume that W € Op(Y7~) is relatively compact. Then

F(W:lim p, Fy) o lim I'(W; p, Fy) > lim I'(W; Fy)
~ liny (W g F,) = (W3l . F )

Let us now consider an arbitrary W. Then we have W = J,, W,,, with
W, = U, N W, where {U,}nen belongs to Cov(Y7) and satisfies U,, CC
Up+1. Therefore

r(w; hgp*Fi) ~ @F(Wn; ng*Fz') ~ l'gnF(Wn; ligplFi)
gF(W;Mﬂ;E), "

The following two results are straightforward consequences of Lemma/[2.2

COROLLARY 2.3. The adjunction morphism id — n.n~' is an isomor-

phism. In particular, the functor n—' : Mod(Cy,,) — Mod(Cy,,) is fully
faithful.

COROLLARY 2.4. Let W € T" and let Cyy, (resp. Cw._,) be the constant
sheaf on Yg, (resp. Y7v). Then Cw,, =~ n«Cy,.

Let 7 be the subcategory of Mod(Cy ) consisting of all finite sums &, Cyy,
with W; € T’ connected.

LEMMA 2.5. Let F,G € Z. Then, given ¢ : F — G, we have ker p € T.

Proof. We have F = @'_, Cw,, G = @'_, Cyy. Let pj, j = 1,....k,
be the projections on factors of G. Then ker ¢ is the intersection of the
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ker(p; o ¢) so that, if each one has the desired form, the same will hold for
their intersection. Therefore it is sufficient to assume k = 1, say G = Cyy.
A morphism ¢ : F' — G is then defined by a sequence v = (v1, ..., v;), where
v; is the image under ¢ of the section of Cyy, defined by 1 on W;, so v; =0
if W; ¢ W. More precisely, if s = (s1,...,5) is a germ of F' in y, we have
O(S1y...,81) = 22:1 ViyS;. S0, given s = (s1,...,51) € ker ¢, if, for a given i,
we have v;,s; # 0, then s defines a germ of H; := @i,# Cw,nw; in y.

Accordingly, ker p ~ ®l_ H;. u

Therefore, according to the definition of Coh(7”) and to Lemma any
F € Coh(T") admits a finite resolution

I*=0—-0L1—---—=1,—-F—=0
consisting of objects belonging to Z.
LEMMA 2.6. Suppose that, for any U € T', Cy is p.-acyclic. Then:

(1) For any F € Coh(T"), F is p.-acyclic or, equivalently, pF is
N«-acyclic.

(2) Let F € Db((CyT,). Then RI(W;n~'F) ~ R[(W; F) for each W in
Op(Y77).

Proof. (1) The equivalence of the two assertions follows from the fact
that Rp), = Rn. o Rp, and R-constructible sheaves (and hence T’-coherent
sheaves) are py-acyclic.

Note that the assumption entails that any quotient I; /I of elements of
T is pl-acyclic, so F is pl-acyclic.

(2) By dévissage, we may reduce to F' € Mod(Cy,) and we can write
nlF ~ lim, p, Fy, with F; € Coh(T"). There exists (see [8, Corollary 9.6.7])
an inductive system of injective resolutions I of Fj. By (1) (resp. [12
Lemma 2.1.1]), F; is pl-acyclic (resp. ps-acyclic), hence plI? (resp. p.I?)
is an injective resolution of p,F; (resp. p.F;). Then, with the notations
of [3], lim, pLI? (resp. lim, p. I? ) is a T'-flabby (resp. T-flabby) resolution of
lim, P F; (resp. lim, p«F;) and hence I'(W;-)-acyclic. We have

RI (W; liﬂp*FZ) ~ F(W; ngp*lg) ~ F(W; ngpu;)
~ RT(W;lim pLF;),
i
where the second isomorphism follows from Lemma .

The following two results are straightforward consequences of Lemma/[2.6

COROLLARY 2.7. Under the assumption of Lemma the adjunction
morphism id — Rn.n~" is an isomorphism. In particular, the functor n="' :
D*(Cy,,) — D®(Cy,,) is fully faithful.
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Note that Remark [3.1] in the next section provides an example showing
that the converse n~' Ry, — id is not in general an isomorphism.

COROLLARY 2.8. Assume the conditions of Lemmal[2.6| hold. Let W € T'
and let Cyy (resp. Cw.,) be the constant sheaf on Ysa (resp. Y77). Then
(CWT/ ~ RU*CWT'

As a consequence of Lemma [2.1] we obtain:

COROLLARY 2.9. Assume the conditions of Lemma hold. Let
F € D*(Coh(T")). Then n~'Rp\,F = Rp,F.

Proof. We have the chain of isomorphisms
0 'Rp,F ~n ' p.F ~ p.F ~ Rp,F,

where the first and the last isomorphisms follow since p/, and p, are acyclic on
Coh(T”), and the second isomorphism comes from the proof of Lemmal[2.1] u

3. The case of a product. Hereafter we will consider the case where
Y is a product X x S of real analytic manifolds. On X x S it is natural
to consider the family 77 consisting of all finite unions of open relatively
compact subsets of the form U x V', which makes X x S a T’-space. The
associated site Y7~ is nothing other than the product of sites Xg, X Ssa. Let
pr: X xS —= X and py : X x S — S be the projections.

Note that W € Op(Xga X Sga) is a locally finite union of relatively com-
pact subanalytic open subsets of the form U x V with U € Op(Xs,) and
V € Op(Ssa). According to Section 1, we denote by 7 : (X X.S)sa — Xsa X Ssa
the natural functor of sites associated to the inclusion Op(Xg, X Ssa) <
Op((X X S)sa)-

We shall need the following result:

LEMMA 3.1. Let F,G be objects of D*(Coh(T")). Then RHom(F,G) is
an object of D®(Coh(T")).

Proof. We may assume that F' ~ C;; and G ~ Cy, for some U,V € T".
Moreover, it is sufficient to consider U and V of the form U = Uy x W7 and
V = U, x Wa. Then, as a consequence of Proposition 3.4.4 of [9] we have

RHom((CU, (Cv) >~ RHOT)’L((CUI,CUQ) X R’HOTFL(CWN(CV[@).

Since RHom(Cy,,Cy,) and RHom(Cy,,Cyy,) are R-constructible com-
plexes respectively on X and S, replacing them by almost free resolutions in
the sense of [9], we conclude that RHom(Cy,Cy) belongs to D*(Coh(T")),
and the result follows. m

PROPOSITION 3.2. For any U € T, Cy is pl,-acyclic.

Proof. Tt is sufficient to consider U = U; x V; with Uy € Op(Xga)
and V1 € Op(Ssa). The sheaf R7p.Cy is associated to the presheaf W
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R/T(W;Cy), so it is sufficient to show that R/I'(W;Cy) = 0 for j # 0 on a
family of generators W of the topology of (X x S)7+. In particular, we may
assume that W e T/, so W =U" x V'.

We use the notations of [9]. By the triangulation theorem there exist a
simplicial complex (Kx, Ax), a simplicial complex (Kg, Ag), a subanalytic
homeomorphism s : |Ks| = S compatible with U, and a subanalytic
homeomorphism g : |[K x| = X compatible with V; such that U’ is a finite
union of the images under 1x of open stars of |Kx|, and V' is a a finite
union of the images under 1g of open stars of |Kg|. So we may assume that
U’ is the image of an open star compatible with Uy, and similarly V"’ is the
image of an open star compatible with ;. On the other hand, it is clear by
the assumption on U; (resp. V1) and by the construction of an open star
with a given center that U’ \ U; always contracts to the center of U’ (resp.
V' \ Vi contracts to the center of V'). Indeed, if the center of U’ belongs
to Uy, then U’ C U;. Otherwise, the contraction of U’ to its center restricts
to a contraction of U’ \ U;. Consider the distinguished triangle

RI(W;Cuyxvy) — RO(W;Cxxs) = RI(W;Cx o\, x11) 5.

It is clear that U’ x V' contracts to the product of the centers of U’ and V".
On the other hand, the space (U x V') \ (U; x Vi) = (U'\ Uy) x V' U
U’ x (V'\ V1) is a union of closed contractible subspaces such that the
contractions coincide on the intersection, hence the space is contractible.
It follows that RI'(W;Cxxs) =~ RI'(W;Cw) and RI'(W;Cxya\v,xv;) =
RI(W \ Uy x Vi;Cyr\p, <14 ) are concentrated in degree zero. This implies
that RI'"(W; Cy, xv,) is concentrated in degree zero as well. m

In view of Lemma 2.6 we have
COROLLARY 3.3. For any F € Coh(T"), F is p.-acyclic.

NOTATION. Since every F' € Coh(7") is pl-acyclic and p/, is fully faithful,
we can identify D°(Coh(77)) with its image in Db(C(XXs)T,). When there

is no risk of confusion we will write F instead of p/,F, for F' € D?(Coh(T")).
From Corollary [3.3] we have:
COROLLARY 3.4. Let F € D"(C(xys),,). Then

RIO(W;n 'F)~ R[(W;F)  for each W € Op((X x S)77).

In particular id = Rn.n~?.
REMARK 3.1. Observe that while id = Rn,n~', n7'Rn, = id does not
hold in general. This can be illustrated with the following example: Let
X =5 =R and let By be the closed unit ball centered at the origin. It is
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easy to check that
1:Cq, = lim o Cyr
W>B;
with W € T'. Then
n 0 Cq, =" lim plCr =~ lim p.Cpr ¢ C,,
WD>B, WDB;
where the second isomorphism follows from Lemma 2.1

LEMMA 3.5. Let F € Db((C(Xxs)T,) and G € D*(Coh(T")). Then
n  RHom(p,G,F) ~ RHom(p.G,n 'F).
Proof. Let F € Db(C(Xxs)T,). By dévissage, we may reduce to the case
F € Mod(Cxxs),,)- So I satisfies F' ~ lim, p.F; with F; € Coh(7”) and
we can write n~lF ~ hﬂz o F5.
We have

Hin 'RHom(p,G,F) ~ H'n 'RHom (piG,liﬂpiE)
~lim H'y~' p, RHom(G, F;) = lim H' p.RHom(G, F;)
~ HjR’Hom(p*G, hﬂp*ﬂ) ~ H'RHom(p.G,n 'F),

where the third isomorphism follows by Lemma [3.1] and Corollary 2.9] =

We end this section with a result detailing the behavior of p, and p/,
under tensor product:

LEMMA 3.6. Let F € D% (Cx) and G € D*(Cg). Then:

(1) py'pF @ py Fp,G = Rp. (o F @ py G),

(2) pipy F @ Rplpy G = Rpl(py F @py G).

Proof. Let us recall that the restriction of p, (resp. p,) to R-constructible
sheaves (resp. T'-coherent sheaves) is fully faithful, exact and commutes
with RHom, ® and inverse image. We will often use these facts during the
proof of (1) and (2).

(1) We have the chain of isomorphisms

Rp.(py'F ®@ p;'G) ~ Rp.RHom(p; ' D'F,p; " G)
~ RHom(p.p; ' D'F, Rp.p; ' G)
~ RHom(p; ' D'p.F,p; "' Rp.G)
~ pi ' p.F @ py ' Rp.G.

The first isomorphism follows from Proposition 3.4.4 of [9]; the second from
Proposition 2.2.1 of [12]; the third from the fact that p; *(-)@phCxxs =~ ph(-)



88 T. Monteiro Fernandes and L. Prelli

(Proposition 2.4.9 of [12]) and that p!, commutes with Rp. (Proposition 2.4.5
of [12]); and the fourth from Lemma 5.3.9 of [13].

(2) We prove the assertion in several steps. Recall that p’ = 7o p, where
n: (X X S)sa = (X x S)7 is the natural functor of sites.

(2a) Let F € Coh(7’) and G € Mod(Cg,,). Then G = lim, p,G; with
G; € Modg..(Cg). We have

lim py * pu G~ lim pupy ' G = limyn ™" plpy PGy =~ i plpy ' G

The first isomorphism follows from Proposition 1.3.3 of [12], the second
from Corollary and the third since inverse images commute with lin.
Therefore p, 'G' ~ 77 'G" with G’ ~ lim, ppy Gy € Mod(C xxs).,,). We
have

T/)

Rn(poF @ 'G') ~ Ry N (pLF © G') ~ p,F @ G.

The first isomorphism follows since inverse images commute with ® and
ps =~ n Lo pl on Coh(T’), and the second comes from Proposition
Hence Rn.(p«F @ py *G) is concentrated in degree 0.

(2b) Let F' € D*(Coh(7")) and G € D*(Cs,,). We shall prove that
N (ps F° ®p2_1G) S n*pz_lG

(here we used the last assertion in (2a) to replace Rn, by 7.). By dévissage
we may reduce to F, G concentrated in degree zero. By (2a), we have p;, G ~
NG~ T G~ iy LG owith G € Mod(C(xxs),,) (the second
isomorphism follows from Corollary. In view of the preceding arguments,
we have the chain of isomorphisms

Ne(peF @ p3 ' G) ~ (™ pLF @ nupy 'G) = (0L F @ mupy ' G)
~ P F @ npy ' G ~ nup F @ nupy ' G.

(2¢) Let F € Db (Cx) and G € D°(Cg). Then

Rn.Rp.(py ' F ® p; ' G) ~ Rn.(py ' pu F @ p3 ' Rp.G)
~ 1n.p.py ' F ® Rn.p; ' Rp.G
~ nuppy ' F ® RnuRp.py 'G.

The first isomorphism follows from (1), the second from (2b), and the third
from the fact that p, ' commutes with Rp, (see the proof of (1)).

4. Construction of relative subanalytic sheaves. Let X and S be
two real analytic manifolds. Let F' be a sheaf on (X x §)sa. We shall denote
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by F S¥ the sheaf on X, X S, associated to the presheaf
Op(Xsa X Ssa) = Mod(C),
UxVisT(X xV;p tysF)
~ HOm((CU X p1CV, F)
~ Jim I'UxW;F).
WCCV,WeOp©(Ssa)

We set
(4.1) FS =19t

and call it the relative sheaf associated to F. It is a sheaf on (X X S)ga. It
is easy to check that (-)° defines a left exact functor on Mod(C(x xs)..)-
According to Lemma [3.5] we get:

PROPOSITION 4.1. For each G € D4 (Cx), H € D% (Cg) and F €
Db((C(Xxg)sa), we have

n ' RHom(p.(GR H), FI5%) ~ RHom(p.(G R H), FT%).
The following lemmas are steps to prove Proposition [£.7] below:
LEMMA 4.2. Let U € Op(Xg,) and V € Op(Ssa). Then
IU X V;FS) ~T(X xV; p ' IyyxsF) ~ Hom(Cy X pCy, F).

Proof. The second isomorphism follows by adjunction. Let us prove the
first one. By (2) of Lemma [2.6]it is enough to check that I'(U x V; F3t) =
F<X X V§P_1FU><SF)’

1) First suppose U x V is relatively compact. Let s € I'(U x V; F5%),
Then s is defined by a finite family s; € @Wiccw U, x Wy F), 1 €1,
where {U;} (resp. {Vi}) is a covering of U (resp. V') in X, (resp. Ssa) such
that §; = S5 on (UZ X ‘/z) N (Uj X V})

By Lemma 3.6 of [2], there exists a refinement {V/} of {V;} in Ss, such
that W NV C V;. Now we have the following obvious facts:

(i) if, for a given W/ € Op(Ssa), W/ CC V/, then W/ CC V,
(i) if, for a given W € Op(Ssa), W CC V, then V/ "W CC V.
This implies that the restriction
w;ccV; wjccv/
factors through lim I(Ui x (WNV/); F). Therefore s|y, .y, extends to
a section of

DX x Vip Ty F) =~ lim T(Up x (WO V) F).
' wecv
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Set Uj; = U; N Uj and VZ’] =V/n Vj’ . The exact sequence

D ey~ @ Couery Ty =0
i#jel kel

defines an exact sequence

0— I'(X x Vip 'Tywv F) = @ DX x Vi p Ty 1, F)
k
- P rxx Vip ™ Ty vy p)-
i#]
Then the s;’s glue to a section of
DX x V;p ' TywyF) = T(X x Vi p~ 'TyxsF)

as required.
2) Suppose U € Op(Xsa) and V' € Op®(Ssa). Then U = |J,cn(U N U,)
where {U, }nen belongs to Cov(Xg,) and satisfies U,, CC Uy41. Then

ruxv; Fs’ﬁ) ~ @F(Un X V;Fs’ﬁ) ~ @F(X X V;p_IFUnXSF)
:F<X X V;/)ill.&lFUnXSF) ~ I'(X x V;p~ ' TyxsF).

3) Now consider the general case. Let s € I'(U x V; F¥!). Tt is defined
by a countable family s,, € I'(U x V;,; F3%) = I'(X x Vy; p~ ' ywsF) where
{Vi}nen is a covering of V in Sg, such that V,,NV C V,, ;1. Then there exists
a refinement {V,/} of {V,,} in S, with V,,_1 C V/NV C V,,. Arguing as in 1),
the restriction s,|yxy belongs to I'(X x V; P_lfoVT;F) and s, = Sp4+1 On
UxV!. Hence they gluetos € I'(X xV; p ' yxy F) ~ T'(XxV; p Ty« sF)
as required. m

With Proposition 6.5.1 of [10] (applied on X and S separately) as a tool
we now prove the following result:

LEMMA 4.3. Let G € Modr..(Cx) and H € Modgr.(Cgs), and let
F € Mod(C(xxg),,)- Then

Hom(GXRH, F¥) ~ Hom(GXp H, F) ~ Hom(Cx X H, p~'Hom(GKRCg, F)).

Proof. The right hand isomorphism follows by adjunction. Let us prove
the left hand isomorphism.

1) Suppose at first that G and H have compact support. By Proposition
6.5.1 of [10] the functor U +— Hom(Cy X pCy, F) ~ Hom(Cy K Cy, F¥)
extends uniquely to a functor Modg .(Cx) — Mod(C). This implies

Hom(G X pCy, F) ~ Hom(G X Cy, F?).
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Similarly, the functor V + Hom(G X p/Cy, F) ~ Hom(G X Cy,, F) extends
uniquely to a functor Modg_.(Cs) — Mod(C). This implies

Hom(G X pH, F) ~ Hom(G X H, F°).

2) Let us consider the general case. Let {U, }nen (resp. {Vi} nen be a
covering of Xg, (resp. Ssa) such that U, CC Up4q (resp. Vi, CC Vp41) for
each n. We have

Hom(GRH, F¥) =~ lim Hom(Gy, W Hy,, F*) = lim Hom(Gy, Kpi(Hy, ), F)
~ @Hom(GUnﬁ(p!H)vn,F)
~ @F(Unan;Hom(G&ng, F))

~ [N X xS;Hom(GXRp H, F)) ~ Hom(GXp H, F).
The second isomorphism follows from 1). To prove the third one we re-
mark that the morphism (pH)y, — (p1H)y,,, factors through pi(Hy,, ) ~
li_n}WCCvnH(p;H Jw. The desired isomorphism then follows by passing to
the limit over n € N. u

We shall now prepare the steps to the main result of this note, Proposi-
tion [4.7 below. Recall (cf. [3]) that F' € Mod(C(x,, «s.,)) is T'-flabby if the
restriction morphism I'(X x S; F) — I'(W; F) is surjective for each W € T".
T'-flabby objects are Hom(G, -)-acyclic for each G € Coh(T”).

LEMMA 4.4. Let F' € Mod(C(xxg),,) be injective. Then FS% s T'-flabby.
Proof. Let W = |J;_,(U; x V;) with U; € Op®(Xg) and V; € Op®(Ssa).
For i € {1,...,n}, set

Ki= lim - lm p.Cowyyueowixw,):
WicCvi  WicCV;
1) We first prove that I" (W; F®) ~ Hom(K,, F). We argue by induction
on n. For n = 1 the result follows from Lemma
n—1=mn:Set K|, ; =K,_1®(Cy, KpCy,). We have

K1
~ im0 m G yn0n) < (W AW) U U(Un 1 U)X (Wi 10W))
Wwiccwa Whn-1CCVp-1
W,CCVy W,CCV,
~ i@ lim PC(UNUR) X W)U (U= U) W, )

wiccvinv, W) _,CCVp—1NVy
We have an exact sequence

0— K;z—l — K,—1® (Cy, ®pCy,) — K, — 0.
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Applying the functor Hom(+, F') and using the induction hypothesis for K/,
and K,,_1 we obtain
n—1
F(UJ (Wi Ua) x (Vi nV2)): FS) = Hom(K;,_y, F),
=1 n—1
F(U (U; x V;); FS) ~ Hom(Kp_1, F).
i=1
Hence I" (Ui, (U; x V;); F¥) ~ Hom(K,, F), as required.
2) Consider the monomorphism 0 — K,, — CxXCg. Since F is injective,
we obtain a surjection

Hom(Cx X Cg, F') — Hom(K,, F') — 0,
and the result follows. =

COROLLARY 4.5. Let G € D% (Cx) and H € D% (Cg), and suppose
F € Mod(C(xxs),,) is injective. Then F% is Hom(G X H, -)-acyclic.

Proof. First note that, F' being injective, we have FT9f ~ FSf and
FRS ~ FS. By Propositions and
RHom(G X H, F®) ~ RI'(X x S; RHom(G X H, F®))
~ RI'(X x S;n 'RHom(G X H, F5%))
~ RI(X x S; RHom(G X H, F5))
~ RHom(G K H, F*¥).
Lemma implies that F%f is Hom(G X H,-)-acyclic and the result fol-

lows. =

LEMMA 4.6. Let G € D} (Cx), H € D} (Cs), and F € D*(C(xxg).,)-
Then

RHom (G X H, F*%) ~ RHom(G X p H, F)
~ RHom(Cx X H, p~' RHom(G K Cg, F)).

Proof. The second isomorphism follows by adjunction. Let us prove the
first one.

By Corollary (-)® sends injective objects of Mod(C(xxs).,) to
Hom(G K H, -)-acyclic objects, for G € Modr.«(Cx) and H € Modg..(Cg).

Therefore, we may reduce to F' injective and G, H concentrated in de-

gree 0. Then the result follows from Lemma .

Observe that if K € Mod(Cxyg),,) then p 'K & p~tnp~n,K. Indeed,
for each y € X x S,
(P K)y~ lim KU xV)=~(pn ln.K),
UxV>3y
with U € Op(Xs,) and V' € Op(Sga)-
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PROPOSITION 4.7. Let F' € D(Cxxg)
H € D} (Cg). Then

) and G € D% (Cx), and let

sa

p 'RHom(GR H, FFS) ~ p~'RHom(G R p H, F)
~ RHom(Cx X H, p"' RHom(G X Cg, F)).

In particular, when G = Cx and H = Cg we have p'F ~ p~'FES ~
p/_lFRS’ﬁ.

Proof. The second isomorphism follows by adjunction. Let us prove the
first one.

1) Let us first suppose that F,G, H are concentrated in degree zero.
Hence, by the remark above, to any morphism

nHom(G R pH, F) = n.Hom(GX H, F)
one associates a morphism
p Hom(GR pH,F) — p~'Hom(G X H, F®).

Note that the natural morphism pi(Hy) — (pH)y induces a mor-
phism Hom(Gy X (0 H)y, F') = Hom(Gy X pi(Hy ), F), hence a morphism
Y nHom(G R pH, F) — n,Hom(G X H, F¥), which defines a morphism
p " Hom(GR pH, F) = p~'Hom(G R H, F¥).

Let us check on the fibers that the latter is an isomorphism. Let y €
X x S, then

(0" Hom(GR pH, F)), ~ lim Hom(Gy K (pH)v,F)
UxV>3y
~ hg 1&1 HOm(GU X (p;H)W, F)
UxVayWccVv
~ lim Hom(Gy X pi(Hy), F)
UxV3y

~ (p""Hom(G X H, F?)),

with U € Op(Xsa) and V, W € Op(Ssa).
2) Suppose now that F' is injective and that G, H are concentrated in
degree 0. Let U € Op(Xsa) and V' € Op(Ssa). The complex

RI(U x V; RHom(G R H, F®)) ~ RHom(Gy X Hy, F®)

is concentrated in degree 0 by Corollary Hence F*° is RHom(GX H, -)-
acyclic.
3) Let G € D% (Cx) and H € D4_(Cg). Let F € Db(C(Xxs) ) and let

sa

I°* be a complex of injective objects quasi-isomorphic to F'. Then
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p 'RHom(GR pH, F) ~ p~ ' Hom(G K p H, I*) ~ p~ *Hom(G KR H, (I*)°)
~ p~ 'R om(G KX H, F%),
where the second isomorphism follows from 1) and the third one from 2). =

We end this section with the following result on the acyclicity for the
functor (-)°, which will be needed later:

PROPOSITION 4.8. Suppose that F' € Mod(piCSyg) is I'(W;-)-acyclic
for each W € Op((X x S)sa). Then for each U € Op(Xsa) and V € Op(Ssa)
we have RFI(U x V; FRSH) = RFD(U x V; FES) =0 if k # 0.

Proof. By Lemma [4.6]we have RI'(U x V; FE5%) ~ RI(U x V; F1) ~
RI(X x V;p  RIyysF). As F is I'(W;-)-acyclic for W € Op((X x S)sa),
the complex RIyxsF is concentrated in degree zero. Since F'is a pCS, ¢-

module, p~ I« F is a C¥, g-module, hence is c-soft and I'(X x V;-)-
acyclic. This shows the result. =

COROLLARY 4.9. Suppose that F' € Mod(piCS, g) is I'(W;-)-acyclic for
each W € Op((X x S)sa). Then F is (-)>*-acyclic and (-)%-acyclic.

Proof. As (-)9 ~ n=1o (-)B% it is enough to show that HF¥FR9t =0
if k # 0. It is enough to prove that RFI'(W; FF9%) = 0 if k # 0 on a basis

for the topology of (X x S)7. Since the products U x V with U € Op(Xga),
V € Op(Ssa) form a basis, the result follows from Proposition .

5. The sheaves C;O’Xt’ss, Dbé{i P C)o(o’xvg’s, OAtXSX ¢ and O;V(f g- Let X and
S be real analytic manifolds. The construction given by (4.1) allows us to
introduce the following sheaves:

COO,t,S . (COO,t )S

. . 0,t
vxs = (Cxig as the relative sheaf associated to Cy g,

Dbﬁ{is = (Db&xs)s as the relative sheaf associated to Dbl g,

) )S —— ) S
Cxxs = (CxXs)

We then derive from Lemma, [£.2:

PROPOSITION 5.1. Let U € Op(Xsa) and V € Op(Ssa). Then
(1) DU X V;CM8) = (X x Vi p  TywsCRLS)

~ (X xV; THom(Cyxs,CSxs)),

(2) (U x VDb g) ~ I(X x Vi p~ Ty Dbl )
~ F(X X V; T/Hom(Cst,DbXXs)),

(

(

as the relative sheaf associated to C;O’Xvi’g.

1R

(3) LU x V;C506%) = T(X x Vi p HresCRs)

(X x V; H'D'Cy R Cs & CF, g)-

1
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We can now state:
PROPOSITION 5.2.

(i) Suppose that F = Dbg(xs,cﬁ;ts,cy’;g. Then F is (-)*-acyclic and
hence (-)-acyclic. Moreover Dbé{is and C;of’ss are I'(U x V;-)-
acyclic for each U € Op(Xsa) and V € Op(Sga)-

(i) C;’(O’ng’s is I'(U x V5 -)-acyclic for each U € Op(Xsa) locally cohomo-
logically trivial and V € Op(Ssa).

Applying Proposition and |10, Proposition 7.2.6] we conclude:
PROPOSITION 5.3. Let G € D% (Cx) and H € D% .(Cg). Then
(1) p ' RHom(GRH,CTLS) ~ p ' RHom(GRp H,C)L )
~ RHom(CxXH, THom(GXCgs,CFyg)),
(2) p 'RHom(GRH, DY o) ~ p~' RHom(GRpH, Db s)
~ RHom(CxXH, THom(GKRCg,Dbx«s)),
(3) p 'RHom(GRH,CXYS%) ~ p~' RHom(GRp H,CX.%)
~ RHom(CxKH, D'GRCs@CT, g).
In particular, when G = Cx and H = Cg we have p*IC;)(O’Xt:qS ~ C¥ys

_ t,S —1,00,w,S
p Dby ¢ ~ Dbxys and p~'CYLe” ~CP g

. . t,S 00,t,S
LEMMA 5.4. There is a natural action of mDxxs on Dby, ¢, Cx g and
Coo,W,S
XxS -

Proof. The proof being similar in the three cases, we just consider the
first case. By Proposition 3.2.1 of [12], it is enough to check that the presheaf

75’ 3 757
IDVSS(W) = lim DYV
wcw’

with W/ € Op(Xgsa X Ssa), is a presheaf over the presheaf of rings W +—
I'(W;Dxxs). Setting W = U x V, by Lemma 2.1 we have

(U x V; DOY5A) = D(U x V; Dbl yy).

We may assume that W € Op°((X x S)sa). Thus we can cover W by
finitely many open subsets {U; x V;}, {U/ x V/} with U; x V;,U! x V! €
Op®(Xsa X Ssa) sufficiently small and such that U/ x V/ CC U; x V;. Given
P e I'(W;Dxxgs), for a convenient covering {U; x V;} as above, P is defined
on |J; U; x V;. We then deduce the action of P on lim o 1 F(W’;Dbé{iﬁs)
as the image of the gluing of the actions on each I'(U] x V/; Dbg(xvi’)' .
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Now assume that X and S are complex manifolds and consider the pro-
jection f : X x § — S. Denote as usual by X x S the complex conjugate
manifold. Identifying the underlying real analytic manifold Xg x Sr with
the diagonal of (X x S) x (X x S), we have:

LEMMA 5.5. p,f~1Ogs (resp. p.f~1Os) acts on Db}sxs, C}){O’th and C;V(’fs
(resp. on Db}i%, C}o’xt’ss"ghm and C;V(fg)

Proof. To prove the action of p,f~'Og it is sufficient to check that
psf1Os(W) acts on Db}sxs(W) on a basis for the topology of (X X S)g.
Since every relatively compact subanalytic open subset of X x S can be
covered by open cells (cf. [I5]), we may suppose that W is an open cell such
that flw : W — f(W) is the restriction of a composition of projections
fi BRI x f(W) — RI7t x f(W) and the fibers of f intersected with W
are contractible or empty. In this case we have p, f~1Og(W) = Og(f(W)),
and Og(f(W)) acts on Dbé{is(W), since Dbﬁ’(‘is(W) has no growth con-

ditions on the boundary of f~'(f(W)). The proof for €3¢ and C¥2 is
similar.

Similarly, to prove the action of p/.f~'Og it is sufficient to check that
pLf1O0s(U x V) ~ Og(V) acts on Dbﬁ’(is(U x V) where U € Op(Yza)

is assumed to be contractible and V' € Op(Ss). Since Dbé’(SXs(U x V) o~

@WCCV,WeOpC(SSB) I'(U x W; Db ), the statement is clear. m

The construction given by (4.1) allows us to introduce the following
objects of Db(C(Xxs)sa):

. O?{iS = (O%XS)RS, the relative sheaf associated to O, ¢, that is,

S
O ¢ =~ (RHompp. - (mOx, 5 Dbl rs)) ™

~ (RHomplpyxg(ployX@ngo’xts))RS

9

. O}’fs = ( }‘éxs)RS, the relative sheaf associated to OY, g, that is,

S , RS
OY(XS = (RHomp!Dyxg(p!Ongvcg(OxWS)) .

The exactness of p; together with Proposition [5.2] yield:

PROPOSITION 5.6. In Db((C(XXs) ) we have

sa

t,S . t,S ~ . S
OXxs = RHomp!Dyxg(p!OXxS’,DbeS) = RHomplpyxg(p!OXxS’c_(;{OxS );

w,S ___ p0oo,w,S
Oxxs ~ BHompp (mOx,5.Cxrs )
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Proposition together with [10, Proposition 7.3.2] entail:
PROPOSITION 5.7. Let G € D4 (Cx) and H € D% .(Cg). Then

(1) p 'RHom(GR H,0% o) =~ p"'RHom(G X pH, O )
~ RHom(Cx X H, THom(G X Cg,Oxxs)),
(2)  p 'RHom(GRH,0%2 ) ~ p~'RHom(G R piH, 0¥ 5)

~ RHom(Cx ® H,D'GRCs® Oxxs).
In particular, when G = Cx and H = Cg we have p_l(’)g(‘is ~ Oxxs and
—1,AwW,S
P OX><S ~ Oxxs-
As a consequence of Lemma [4.6] together with the results in [I] we obtain
the following characterization of the sections of O;SX g

PROPOSITION 5.8. Assume that U (resp. V') is a subanalytic Stein open
subset of the Stein manifold X (resp. S). Then RI'(U xV; Oé’(‘is) is concen-

trated in degree zero and I'(U X V'; Og’{is) is the set of holomorphic functions
on U x V which are tempered on X x V.

EXAMPLE 5.1. Let U = {z € C: Sz > 0}, let V be open subanalytic
in C and let g(s) be a holomorphic function on V. Then, after choosing a

determination of log z on U, 29(®) defines a section of I'(U x V; (’)Eic).

Recall that any distribution on R"™ is, just as any hyperfunction, the
boundary value of some holomorphic function on 2 N {(z1,...,2,) € C":
Sz # 0}, with moderate growth with respect to R"™, for some Stein open
neighborhood (2 of R™ in C™. For a precise notion of boundary value and
classical hyperfunction theory we refer to the foundational work [14]. By
Proposition [5.1(2) we deduce the following example:

ExaMpPLE 5.2. Let U = Ry with a coordinate x, let V' be a subanalytic
open set in R and let a(s) be any continuous function on V. Let f € I'(§2\
V; Oc), where {2 is an open neighborhood of V' in C, be such that a is the
boundary value vb(f) of f as a hyperfunction. Then x¢ := vb(z/), with

arg z € 10, 27, is a section of I'(U x V; DbL ).

REMARK 5.3. As the reader can naturally ask, our method applies only
for products of analytic manifolds, i.e, for a projection, since the crucial trick
we used here is that the allowed coverings are formed by products of open
subanalytic sets and products are not kept by change of coordinates. So, if
we want to treat the case of a general smooth f : X — S, we have to consider
on X a topology with adapted coverings which are fewer than those of the
subanalytic topology. This can be illustrated with X = R?> = R x R with
coordinates (z,y), S = R and f : X — S the second projection. Consider
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U =]0,1[ x |]—1,1[ and the open covering
Ur=Un{y<z}, Uy=]0,1]x]0,1]

(so Uy is not a product of intervals). Consider the relative tempered dis-
tributions s; = 0 on U and s2 = X{y—2,} exp(1/y) on Uz (xa denotes the
characteristic function of A). Then s; = so = 0 on Uy N Us, hence they glue
to a distribution on U which is not relative tempered.

Hence, if we want to realize relative tempered distributions with respect
to a smooth function as a sheaf on a site, we must avoid such kind of
coverings. We conjecture, however, that with a weaker notion of subanalytic
site as in [4] a notion of relative sheaf can be given for a general smooth
function.
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