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Abstract. This paper is concerned with the isomorphic structure of the Banach space
lso/co and how it depends on combinatorial tools whose existence is consistent with but
not provable from the usual axioms of ZFC. Our main global result is that it is consistent
that £o/co does not have an orthogonal £--decomposition, that is, it is not of the form
loo (X)) for any Banach space X . The main local result is that it is consistent that £ (co(c))
does not embed isomorphically into fo/co, where ¢ is the cardinality of the continuum,
while £ and co(c) always do embed quite canonically. This should be compared with the
results of Drewnowski and Roberts that under the assumption of the continuum hypothesis
loo/co is isomorphic to its £eo-sum and in particular it contains an isomorphic copy of all
Banach spaces of the form £ (X) for any subspace X of £ /co.

1. Introduction. Drewnowski and Roberts proved in [4] that, assuming
the Continuum Hypothesis (abbreviated CH), the Banach space fo,/co is
isomorphic to its fe-sum denoted lo(foo/co). They concluded that under
the assumption of CH the Banach space f/co is primary, that is, given a
decomposition ¢, /co = A® B, one of the spaces A or B must be isomorphic
to {/co. The proof relies on the Petczyriski decomposition method and on
another striking result from [4] (not requiring CH) which says that one of the
factors A or B as above must contain a complemented subspace isomorphic
to loo/co. Another conclusion was that £o(€oo/co)/co(foo/co) is isomorphic
to £ /co under the assumption of CH.

In this paper we show that some of the above statements cannot be proved
without some additional set-theoretic assumptions. Namely, for any cardinal
K > wo, the following statements all hold in the Cohen model obtained by
adding k-many Cohen reals to a model of CH (¢ denotes the cardinality of
the continuum):

(a) loo(co(wz)) does not embed isomorphically into ¢ /co,
(b) £so(co(c)) does not embed isomorphically into ¢ /co,
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(¢) loo(lxo/co) does not embed isomorphically into £+, /co,
(d) foo/co is not isomorphic to £ (X) for any Banach space X,
(€) loo(lso/co)/co(lso/co) is not isomorphic to fo/co.

Below we show that (a) easily implies the other statements and so later
we will focus on proving (a). Indeed, (a) implies (b) simply because ¢ > wo
in those models. (c) follows from (b) and the fact that ¢ /co contains
an isometric copy of ¢o(c) (e.g., the closure of the space spanned by the
classes of the characteristic functions of elements of a family {A¢ : £ < ¢}
of infinite subsets of N whose pairwise intersections are finite). To deduce
(d) from (c), notice that if /o, /co were isomorphic to £ (X) for some Ba-
nach space X, then fo(fs/co) would be isomorphic to fo(€oo (X)) which
in turn is isomorphic to £ (X) and hence to ¢ /co, contradicting (c). Fi-
nally (e) follows from (c) alone, because fo(¢x/co) embeds isometrically
into loo(loo/c0)/co(o/co). Indeed, consider a partition of N into pairwise
disjoint infinite sets (4; : ¢ € N) and for each x € f5(foo/co) consider
T € l(lxo/cp) such that z(n) = x(i) if and only if n € A;. Note that
T loo(loo/c0) = loo(loo/co) given by T'(z) = Z is an isometric embedding.
Moreover it gives an isometric embedding while composed with the quotient
map from £ (oo /co) onto oo (oo /co)/co(loo/co)-

We emphasize an interesting phenomenon that follows from the gap which
may exist between the number of added Cohen reals and we: even when ¢
is very large, meaning that ¢, /co has large density, still it may not contain
an isomorphic copy of f(co(we)) while it always contains quite canonical
copies of both /o, and co(ws).

It remains unknown if ¢, /co is primary in the above models and in
general if the primariness of £ /cy can be proved without additional set-
theoretic assumptions. It would also be interesing to derive the above state-
ments in a more axiomatic way as in [12] or [10].

Another problem mentioned in [4] remains open as well (including in the
Cohen model), namely if £+, /co has the Schroeder—Bernstein property, that is,
if there exists a complemented subspace X of £, /co, nonisomorphic to ¢, /co
but which contains a complemented isomorphic copy of ¢+, /co. The Pelezyriski
decomposition method and the existence of an isomorphism between £, / ¢ and
loo(Uoo /o) imply that £, /co has the Schroeder—Bernstein property assuming
CH. On the other hand, the nonprimariness of £, /¢y would imply that it does
not have the Schroeder—Bernstein property as observed in [4]. It could be noted
that after the first example of a Banach space without the Schroeder—Bernstein
property was given in [6], an example of the form C(K), like all the spaces
considered in this paper, was constructed as well (see [9]).

Our results (a)—(c) can also be seen in a different light. It is well-known
that assuming CH the space £, /cg is isometrically universal for all Banach
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spaces of density not greater than c. It has been proved by the present authors
in [I] that this is not the case in the Cohen model, even in the isomorphic
sense. The results (a)—(c) show that £ (co(c)) or loo(fso/co) can be added
to a recently growing list of Banach spaces that consistently do not embed
into oo /co (see [2], [10], [12] or [T, Section 3]). A new feature of the examples
provided in this paper is that they are neither obtained from a well-ordering
of the continuum nor a generically constructed object like those in the above
mentioned papers.

The paper exploits the isometry ¢ /co = C(N*) where N* = SN\ N and
BN is the Cech-Stone compactification of the integers, and the isomorphism
between the Boolean algebras of clopen subsets of N* and o(N)/Fin. The
latter is a structure that can be well handled by infinitary combinatorial
methods.

In Section 2 we present some consequences of the assumption that £, /co
contains an isomorphic copy of £ (co(A)) for some cardinal A > ws. They
can be understood as a reduction of the behaviour of a linear operator T :
C(N*) — C(N*) to a topological phenomenon in terms of separations of
a rich family of clopen sets of N*. This can be seen as a property of the
Boolean algebra p(N)/Fin. Section 3 contains the key lemma (Lemma [3.1)
which shows that in the Cohen model the above property of p(N)/Fin does
not hold. The proof of this key lemma is inspired by the proof of A. Dow [3],
Theorem 4.5| that the boundary of a zero set in N* is not a retract of N* in
the Cohen model. The reader unfamiliar with forcing may skip the proof of
the lemma and read the rest of the paper.

The undefined notation of the paper is fairly standard. Undefined notions
related to set theory and independence proofs can be found in [II] and
those related to Banach spaces in [5]. In particular we will be using the
following version of the Hajnal free-set lemma (cf. [8, Theorem 19.2]): For
every cardinal X > w1 and a function F' from X\ into countable subsets of A
there is S C X of cardinality A such that F(a) NS C{a} foralla € S.

Let us now introduce some particular notation concerning the spaces we
consider here. Given A C N, let us denote by [A] its equivalence class in
©(N)/Fin, by A* the corresponding clopen set of SN and by [A]* the clopen
set of N* = SN\ N corresponding to [A].

Given = € flo, let us denote by [z] its equivalence class in o /co. We
will use the isometries o, = C(BN) and ¢ /co = C(N*) and identify each
bounded sequence with its extension to SN and each class y = [z] of bounded
sequences in {,/cy with the restriction to N* of an extension of x to SN.

Given a cardinal X\, by a partial function from N into a subset I" of A we
mean a function whose domain is a (nonempty) subset A of N and whose
image is contained in I'. We will identify such a function o : A — I' with its
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graph inside N x A. Given two such functions o, 7, we say they are disjoint
if their graphs are disjoint.
For m,n € N, a, 8 € A and a partial function ¢ from N into a subset I,
let
1 if (n,a) = (m, B),
0 otherwise,
1 if (m,p) € o,
0 otherwise,

and notice that 1, o, 15 € £oo(co(N)) and they can be thought of as the char-
acteristic functions of {(n, a)} and of the graph of ¢ inside N x A respectively.
Some of the problems addressed in this paper were considered in [7] un-
der different set-theoretic assumptions. Unfortunately the forthcoming paper
announced there which was to contain the proofs of the statements instead
of their sketches has not appeared yet. Also the statements and arguments
outlined in [7, p. 303| concerning the Cohen model contradict our results.

2. Facts on isomorphic embeddings of [ (co())) into (o /co

LEMMA 2.1. Suppose y € lx/co \ {0} and A C N is infinite such that
y|[A]* # 0. Then there is an infinite B C A and r € R\ {0} such that
1yI[AJ[] < 2|r| and y[[B]* = r.

Proof. Let © = (xp)neny € loo be such that y = [z]. Since B’ = {n €
A |yl[A]*]] < 2|xy|} is infinite and {z, : n € B’} is bounded, there is an
infinite B C B’ such that (x,),ep converges to some r € R\ {0}. Notice
that ||y|[A]*]| < 2|r| and y|[B]* =7r. =

THEOREM 2.2. Assume A > wo and T : Loo(co(N)) = loo/co is an iso-
morphic embedding. Then there is I' € [\ and for each (n,a) € Nx I there
is an infinite set B, o C N and r, o € R such that

Irnal 2 ([T (1n,a)ll/2
and if o : N — I is one-to-one, then
Tna if (n,a)€ o,
TA)|Enal* = '
(1o)l[Encl {0 if @€ I'\ Im(o).

Proof. For each n € N and each a € A\, by Lemma there is 7, o € R

and an infinite set £}, , C N such that
rnal = [T (1na)ll/2
and T(1n7a)|[E,’Z7a]* =Tna-
CLAIM. For every (n,a) € N x A, there is a countable set X,, o C X\ and

an infinite set By o C* E;ha such that whenever o is a partial function from



loo-sums and the Banach space Lo [co 179

N into A\ Xp «, then
T(16)|[Enal® = 0.

Proof of the claim. Suppose the claim fails for (n,a) € N x A\. We will
carry out a transfinite inductive construction of length w; that will lead to
the conclusion that the operator T' is not bounded, which is a contradiction.
We construct for each £ < wy an infinite set Fx C N, 7 € R\ {0} and a
partial function o¢ from N into A such that

(1) F, € F € E,, , for all § <n < wi,

(2) oeNoy=0forall £ <n<w,

(3) T(Ly)|[Fe]* = 7e for all § < wy.

Given { < wy, suppose we have already constructed (F)),<¢, (ry)y<¢ and
(0n)n<e as above. Let F{ C N be an infinite set such that Fy C* F,, for every
n < & Since A = Y{Im(o,) : n < £} is a countable subset of A, by our
hypothesis there is a partial function o¢ from N into A\ A such that

T(1oo)|[Fe]" # 0,
and using Lemma [2.1f we find F¢ C F{ infinite and r¢ € R\ {0} such that
T(lo)[[Fe]" = 7e.

This concludes the inductive construction of objects satisfying (1)—(3).

We can now find some ¢ > 0 for which R. = {{ < wy : |r¢g] > €}
is infinite (uncountable, actually), and splitting R. into two sets, we may
assume without loss of generality that either r¢ > ¢ for every { € R, or
—rg > € for every £ € R..

Fix m € N such that m-e > ||T||. Choose &; < --- < &, in R, and notice
that |37, e, = me > || T].

Since the o¢,’s are pairwise disjoint, we get

5
HT(; Lo )| 2 HT(E%)M%* > \;rei\ > |l

which is a contradiction and completes the proof of the claim.

=1

For each a € A, let X, = UneN Xn,o and notice that X, is a countable
subset of A such that for every n € N, there is an infinite set E, o C E}, ,
such that for every o : N — A\ X, we have

(2.1) T(16)|[Enal* =
Now apply the Hajnal free-set lemma [8, Theorem 19.2| to obtain I" C A

of cardinality A such that X, NI" C {a} for each o € I'. This implies that
for distinct o, B € I', a ¢ X3.
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Given o € N — I'" which is one-to-one, notice that for distinct n,n’ € N,
o(n) ¢ Xg(ny, which guarantees that Im(o \ {(n,0(n))}) N X,¢,) = 0. For
each (n,a) € w x I' let us consider two cases. If (n,a) € o, then

T(16)|[Enal” = T(1na)l[Enal” + T(lo\{(n,a)})“En,a]* =Tn,a;

where the last equality follows from ({2.1)) and the choice of E,, ,.
If @ € I'\ Im(0), it follows from (2.1 that T(1,)|[Enq]* =0. =

Although the above theorem is sufficient for our applications, let us note
that it has the following more elegant version:

COROLLARY 2.3. Assume A > wo and T : ls(co(N)) — loo/co is an
isomorphic embedding. Then there is an isomorphic embedding T" : £ (co(N))
— U /co and for each (n,a) € N x X there is an infinite set E, o C N and
Tn,a € R such that

n,al > ||T,(1n,a)||/2
and for all (n,a) e Nx A, if o : N — A, then

o
’ 0 otherwise.

Proof. Let I' C X of cardinality A and an infinite set E,, € N and
Tna € R for each (n,a) € N x I' be as in Theorem

Let (I,)nen be a partition of I' into countably many sets of cardinality
A and enumerate each I}, as I, = {v5 : B < A}

Define S : £oo(co(A)) = loo(co(N)) by

S(F)(n)(8) = { f(n)(a) i B =2,

0 otherwise.
Notice that S has the following properties:

e S is an isometric embedding.

e If 0 : N — A then S(1,) = 1) where s(0) = {(n,74) : (n,) € o},
so that s(o) : N — \ is one-to-one, Im(s(0)) C I" and 7, o € Im(s(0))
if and only if (n,a) € o.

Let T"=ToS, E}, , = Enyn and 1), , = 7 yn. Given a < X and n € N,

= |rnqzl 2 1T Lnqe)1/2 = 1T(S Q) /2 = 1T (Tna) /2-
Also, given any o : N — X and (n,a) € N x A\, we have:

/
[,

e if (n,) € o, then
T'(1)En o] = T(SUEng]™ = rnag = Tha
o if (n,a) ¢ o, then 7} ¢ Im(s(o)) so that
T'(1)E o] = T(Ly(o)[Enqpl” = 0.
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This concludes the proof that T” is an isomorphic embedding with the re-
quired properties. m

3. The forcing argument. The next lemma still holds if we replace wo
by any regular cardinal A with ws < A < k. To simplify the notation we state
it in this weaker form, which is sufficient for our purposes. Fn,(x, 2) denotes
the Cohen forcing which adds x many Cohen reals to a model of CH, that
is, the forcing formed by partial functions whose domains are finite subsets
of k and whose ranges are included in 2 = {0,1}, ordered by extension of
functions.

LEMMA 3.1. Let V' be a model of CH, k > wy and P = Fn.,(k,2). In
VE if (Bpa : (n,a) € Nxws) are infinite subsets of N and for each o € wY,
B, is a subset of N such that

V(TL, a) co En,a g* Baa

then there is a pairwise disjoint subset X C w§ of cardinality we such
that {B, : 0 € X} has the finite intersection property, that is, for every
Oly-vey0m €2, By, N---N By, s infinite.

Proof. Tn V, for (n,a) € N x wy let F, , be a nice name for an infinite
subset of N.

For each n € N and o € wa, let Sy, o = supp(En,a), which are countable
subsets of k since P is ccc and we may assume without loss of generality that
they are all infinite.

By CH and the A-system lemma, we may find a pairwise disjoint family
(An)new C [w2]“? such that

o for each n € N, (Sp.a)aca, is a A-system with root A,,.

Let A = |J,,ey An; since this is a countable set, by a further thinning
out of each A,, we may assume that

o forevery a € Ap, AN(Spa\4Ay) =0,ie. ANS, o= A,.
Using CH, we may also assume that for each @ < S in A, there is a

bijection 7, o 8 : Sn,a —+ Sn g such that

° 7rn,a”3|4n =id, ‘

o Tya8(Fna) = E,pg (here m, o 3 denotes the automorphism of P ob-
tained by lifting 7, o g).

Inductively choose, for { < we, functions o¢ € w2N such that

e 0¢(n) € A, for each n € N,
o for all distinct (&, n), (n,m) € wa x N,

(Sn,og(n) \ An) n (Sm,o'n(m) \ Am) = ®7
e for all £ <1 < ws, sup, ey 0¢(n) < minpey oy(n), so that o N oy, = 0.
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For each ¢ < wo, let Bg be a name for a subset of N as in the hypothesis
of the lemma, that is, such that

PI-Y(n,a) € 6¢ Epa € Bo,
and let hg be a nice name such that
PIF e : N — N is such that V(n,a) € ¢ Epa \ he(n) C BU&'

Let Re = supp(he) and S¢ = Unen(Sn,oe(n) \ An) and notice that the S¢’s
are pairwise disjoint countable subsets of n Using CH and the A-system
lemma, by a further thinning out there is A C wy of cardinality wo such that

o (R¢)eca is a A-system with root R,
o forallé € A, AN(R¢\ R) = 0.

If we apply Hajnal’s free set lemma [8, Theorem 19.2] to the family of sets
Xe={neA:S5NR, # 0}, for { € A, we obtain a subset of A of cardinality
wy—which we will call A to simplify the notation—such that X, N A C {¢},
which implies that

e for all distinct &, € A, Se N R, = 0.
Fixme Nand & < --- <&, from A and let us prove that
PIF ngl N---N Bogm is infinite,
so that {BgE : £ € A} has the finite intersection property. Otherwise, there
are p € P and I € N such that
plkBo61 N-NBy, Cl
Given n € N we say that ¢ € P is n-symmetric if

Wn,agi(n),ag]. (n) (q|Sn,0§i(n)) = q|5"’f75j (n) foralll <i< ] <m.

Fix n € N such that dom(p) ﬂSnpg_(n) C A, for all 1 <7 < m and notice
that p is n-symmetric, because p|s, oem S C pla, and m, ¢, (n),0 n)|An
ida,,. Let us find ¢ < p which is n-symmetric and ki, ...,k € N such that
ql+ h&(v) = k;. To do so, we will construct condltlons P < P < o0 <
p1 < p and kq,...,k,n € N such that each p; is n-symmetric and for all
lgigm,pi\l—h&( ) = k;. Let pg = p.

Given 1 <i < m, let ¢; < p;_1 and k; € N be such that g; I he, (7) = k;
and dom(g;) \ dom(p;—1) C Re,. This can be done because g, is a nice name
with support Rg,. Let

pi=au T, ()06, (m) (iS00 o))

1<j<m
where Wn’ggi (”)ﬁgi (n) = id.

CLAIM. p; € P, that is, p; is a well-defined function.
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Proof of the claim. First of all, notice that
q; < qi‘Sn,ogi(n) = Tn,o¢, (n),0¢, (n)(Qi‘Sn,ogi(n))
=id, and

since ﬂn,dgi (")7051- (n)

dom(p;) C dom(p;—1) U Re, U U{Sn,afj () 1<j<m, j#i}

since Trn,o.gi(n)ﬂgj(n) [Sn’géi(n)] = Sn,ggj(n) and dom(qi) - dOl’n(pi_l) U R&..
Fix a € dom(p;) and let us analyse a few cases.

If a € Snvggj(n) \ 4, for some j # i, since S¢; N Re, = 0, we see
that o ¢ Rg,. So, if o ¢ dom(p;—1), the only possible value for p;(«) is
Tn.a¢, (n).o, (n) (Qi‘sn,ogi(n))(a)’ and hence it is well-defined. If o € dom(p;—_1),

the possible values for p;(a) are those of 7, ;. (n) o (n)(dils, ve (m) (@) and
(3 J 9E;

pi—1(c), in which case we have
pi—1(a) = Tn.o¢, (n).0¢, (n) (Pi-1)(@) = T g, (n).o¢ (n) (q@'\sw&i(n))(a),

where the first equality follows from the fact that p;_1 is n-symmetric, and
the second, from the fact that ¢; < p;_1.
If « € A, then

qi(a) - Wn,agi (n),o¢; (n) (Qi‘Sn,ggi(n))(Oé)
and
T, 0,76, 0 18,0 () (@) = T ), () (4115 ) (@)
for all j # i, because Tnog, ()., (m)a, =1ida, . Hence, p;(a) is well-defined.
Finally, if a ¢ Ui# Snpgj (n), then the only possible value for p;(«a) is
¢i(a) and it is therefore well-defined.
This concludes the proof of the claim.

Notice that p; is n-symmetric and, since p; < ¢;, p; IF l.zgl. (n) = ki, as we
wanted.
Now p,,, is an n-symmetric condition such that

pm IFVL<i<m he(n) =k
Since P forces that E

n,0¢, (n)

r1 < pm be such that ry IF ng € E}w51 (n) and dom(r1)\dom(p,,) C 5,
Let

is infinite, let ng > max{ki,...,kmn,(} and
0¢q (n)
r=r3U U Wn,ogl(n),ofj(n)(rl)

2<j<m

and notice that r € P, r < p and
r ”_ ﬁo 6 (E"nvsl \ h§1 (n)) m e m (En7§m \ hgrn (n))?
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so that
rl-ng € Boe M-+ N Bo,
which contradicts our assumption since ng > [. This concludes the proof. =

THEOREM 3.2. Let V' be a model of CH, k > wy and P = Fn(k,2). In
V' there is no isomorphic embedding T : £oo(co(w2)) — foo/co-

Proof. We work in VF and suppose by contradiction that there is T as
above; we will get a contradiction with the fact that T is bounded. Let € > 0
be such that 1/||T7|| > e.

By Corollary we may assume that for each (n,a) € N x wy there is
an infinite set E, , € N and r, o € R such that

[T (1n,0)ll 1 €
> ’ > > —
el 2 ST 2 AT 7
and for all n € N and all a € wo, if 0 : N — wo, then

y T
TUEn = { .
0 otherwise.

if (n,a) € o,

For each o : N — wy, fix any representative z, € ¢o, of T'(1,) and let
B, ={k € N: |z,(k)| > e/4}.

Then B,’s are as in the hypothesis of Lemma [3.1]
Given m € N such that ||T|| < me/4, by Lemma [3.1] there are pairwise
disjoint functions o1,...,09, € w2N such that

B=B, N---NB

Given u € [B]*, let 1 < ji <+ < jm < 2m be such that T'(1,, )(u) are
either all positive or all negative. Then

(31, )| = mE > 7).
4
=1

which contradicts the fact that || >2i"; 15, || = 1 and concludes the proof.

oo, 15 infinite.

Note that apparently we did not use in the above proof the entire strength
of Corollary , namely we did not use the fact that T'(15)|Ep.o = 0 when
(n, ) € o. However this is used within the proof of Corollaryto conclude
that T'(15)|En o = rn.a when (n,a) € o.
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