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Coordinatewise decomposition, Borel cohomology,
and invariant measures

by

Benjamin D. Miller (Los Angeles, CA)

Abstract. Given Polish spaces X and Y and a Borel set S C X x Y with countable
sections, we describe the circumstances under which a Borel function f : .S — R is of the
form f(z,y) = u(z) + v(y), where u: X — R and v : Y — R are Borel. This turns out to
be a special case of the problem of determining whether a real-valued Borel cocycle on a
countable Borel equivalence relation is a coboundary. We use several Glimm—Effros style
dichotomies to give a solution to this problem in terms of certain o-finite measures on the
underlying space. The main new technical ingredient is a characterization of the existence
of type III measures of a given cocycle.

Suppose that S C X x Y and G is a group. A coordinatewise decomposi-
tion of a function f : S — G is a pair (u,v), where u: X — G,v:Y — G,
and

V(z,y) € S (f(z,y) = u(@)v(y))-

If X and Y are Polish spaces, G is a standard Borel group, and u and v are
Borel, then we say that (u,v) is a Borel coordinatewise decomposition of f.
Our main goal here is to show that when S is a Borel set with countable
sections, f : S — G is Borel, and G = (R, +), the existence of a Borel co-
ordinatewise decomposition can be characterized in terms of certain o-finite
measures on the disjoint union of X and Y (by a measure on a Polish space,
we shall always mean a measure on its Borel subsets). Before getting to this,
however, we first consider the existence of coordinatewise decompositions,
without imposing any definability restrictions.

For the sake of notational convenience, we assume that X NY = (.
Associated with each set S C€ X x Y is the set Zg = X UY, the graph
Gs = SUS~! on Zg, the equivalence relation Eg on Zg whose equivalence
classes are the connected components of Gg, and the groupoid I's of all
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paths through Gg. We use y~! to denote the reversal of a path +y, and y17yo
to denote the concatenation of paths v; and ~,. Observe that each function
f S — G extends to a unique groupoid homomorphism, i.e., there is a
unique function ¢y : I's — G such that:

(1) ¥(z,y) € S (pr((z,9) = f(2,9))-

(2) ¥y € Ts (pr(y7) = ¢s(M7H).

(3) Vv, M, 2 € I's (v =m72 = ¢r(7) = @5 (1) @5 (72))-
We say that v € ['s is a loop if its initial and terminal points coincide. The
following fact was proven essentially by Cowsik—Klopotowski—Nadkarni [1]:

PROPOSITION 1. Suppose that X and Y are disjoint, S C X xY, G is
a group, and f : S — G. Then the following are equivalent:

(1) f admits a coordinatewise decomposition.

(2) Vy € I's (v is a loop = ¢¢(y) = 1q).

Proof. To see (1)=(2), suppose that (u,v) is a coordinatewise decompo-
sition of f and 7 is a loop. If v = (x0, yo, - - -, Tn, Yn, To), then

0r(7) = f(zo,y0) f(@1,50) " -+ f@ns yn) [0, yn)
= (u(zo)v(yo)) (w(z1)v(yo)) ™" -+ - (u(zn)v(yn)) (u(zo)v(yn)) ™' = 1.

The case that v = (yo, Zo, - - -, Yn, Tn, Yo) is handled similarly.

To see (2)=(1), fix a transversal B C Zg of Eg (i.e., a set which intersects

every Eg-class in exactly one point), and let d be the graph metric associated
with Gg. Fix g : Zg \ B — Zg such that

Vze Zs\ B ((9(2)) € s and d(g(2), B) < d(z, B)),
and define recursively v : X — G andv:Y — G by

_[la it x € B,
ule) = {f(:c,g(x))v(g(gg))—l otherwise,
(y) = { la if y € B,

B u(g(y)) "1 f(9(y),y) otherwise.

To see that (u,v) is a coordinatewise decomposition of f, note first that if
g(z) = y, then u(z) = f(x,y)v(y)~}, thus f(z,y) = u(x)v(y). Similarly, if
9(y) =z, then v(y) = u(x) "' f(,y), thus f(z,y) = u(z)v(y).

Finally, suppose that (zg,0) € S\ (graph(g) U graph(¢—')), and fix a
loop v = (z0,%0,---,%n, Yn, To) such that, with the exception of (zo, o),
successive pairs along 7 are in graph(g) Ugraph(g~!). Then v = 172, where
v1 = (X0, Y0, 21) and v2 = (T1,Y1,- - ., Tn, Yn, To). Observe now that

Spf(’72) = f(wl)yl)f(aj% yl)_l e f(xn)yn)f(x()ayn)_l

= u(@1)v(yr) (u(z2)v(y1)) ™" - ul@n)v(yn) (u(zo)v(yn)) ™
= u(zy)u(zo) L.
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As op(m)pr(2) = ¢f(y) =1, it follows that pr(y1) = ¢s(72)~", thus
u(@o)u(er) ™ = or(11) = flzo,y0) f(21.90) ™" = f(@o, o) (ulz1)v(y0)) ™,
and it easily follows that f(xo,y0) = u(xo)v(yp). =

We now turn back to our main question, which, in the special case that
G = (C, +), was considered earlier by Cowsik-Klopotowski-Nadkarni [1]:

QUESTION 2. Suppose that X and Y are disjoint Polish spaces, S C
X xY is Borel, G is a standard Borel group, and f : S — G is Borel. Under
what circumstances does f admit a Borel coordinatewise decomposition?

Suppose that X is a Polish space, F is an equivalence relation on X, and
G is a standard Borel group. We say that ¢: £ — G is a cocycle if

VeEyEz (o(x, z) = o(z,y)e(y, 2)).

We say that cocycles g1, 090 : E — G are (Borel) cohomologous if there is a
Borel function w : X — G such that Yz Ey (01(z,y) = w(z)o2(z, y)w(y) 1),
and a cocycle o : E — G is a (Borel) coboundary if it is cohomologous to
the trivial cocycle, i.e., if there is a Borel function w : X — G such that
VzEy (o(z,y) = w(z)w(y)~!). Note that if G is abelian, then o1, 02 : E — G
are cohomologous if and only if o(z,y) = o1(,y)02(z,y) ! is a coboundary.

As we have already answered the non-descriptive version of Question 2,
let us assume that f admits a coordinatewise decomposition. In this case,
Proposition 1 ensures that if v;,v2 € I's have the same initial and terminal
points, then ¢¢(v1) = ¢¢(72), so we can define g : Eg — G by

er(z,y) = ¢r(7),
where v € I's is any path from x to y. As ¢ is a groupoid homomorphism,
it follows that o is a cocycle. Note also that if Eg is Borel (which holds, for
example, if S has countable sections), then so too is oy.

PROPOSITION 3. Suppose that X and Y are disjoint Polish spaces, S C
X xY is Borel, G is a standard Borel group, and f : S — G is a Borel
function that admits a coordinatewise decomposition. Then the following are
equivalent:

(1) f admits a Borel coordinatewise decomposition.
(2) o is a coboundary.

Proof. To see (1)=-(2), suppose that (u,v) is a Borel coordinatewise de-
composition of f, define w: Zg — G by

~ fu(?) if ze X,
w(z) = {v(z)_l ifzeY,

and set I' = {(z1,...,2n) € I's : 0f((21,...,2)) = w(z1)w(zy) '} If
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(z,y) € S, then

or((a,y) = flz,y) = ul@)v(y) = w(z)w(y) ",

thus (z,y) € I'. As I' is closed under reversal and concatenation, it follows
that I' = I's. As any two Eg-related points z1, 29 € Zg are connected by a
path v € I's from z; to 29, it follows that

of(z1,22) = p(7) = w(z)w(z2) ",

thus gy is a coboundary.
To see (2)=(1), suppose that w : Zg — G is a Borel function such that

Vz1Egzo (Qf(z1,z2) = w(zl)w(@)_l)?

defineu: X - Gandv:Y — G by
u(z) = w(x) and w(y) =w(y) ™,
and note that for all (z,y) € S,

flay) = op((z, ) = op(2,y) = w(z)w(y) ™" = u(@)v(y),

thus (u,v) is a Borel coordinatewise decomposition of f. m
Proposition 3 shows that Question 2 is a special case of:
QUESTION 4. Under what circumstances is a cocycle a coboundary?

We will answer the special case of Question 4 in which E is a countable
Borel equivalence relation, o : E — G is Borel, and G = (R, +). This will,
in turn, give also an answer to the special case of Question 2 in which S
has countable sections and G = (R, +). For notational convenience, we work
with ((0,00),-) instead of (R, +).

We begin by noting a simple measure-theoretic restriction imposed upon
cohomologous Borel cocycles. We use [E] to denote the group of all Borel
automorphisms f : X — X such that graph(f) C E. A measure p on X is
E-invariant if every element of [E] is p-preserving, and p is o-invariant if
for every Borel function ¢ : X — (0,00) and f € [E], we have

Vo(z) dfup(z) = {o(@)o(f ! (x), z) du(z).
When g is the trivial cocycle, this says exactly that p is E-invariant.

PROPOSITION 5. Suppose that X is a Polish space, E is a countable
Borel equivalence relation on X, and 01,02 : E — (0,00) are cohomologous
Borel cocycles. Then every o1-invariant, o-finite measure is equivalent to a
02-invariant, o-finite measure.

Proof. Suppose that p; is a pj-invariant, o-finite measure, fix a Borel
function w : X — (0,00) such that VzEy (02(z,y)/01(z,y) = w(x)/w(y))

3
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and set pp = {wdpi. It is clear that p1 ~ pp and pp is o-finite, and if
¢ : X — (0,00) is Borel and f € [E], then

Voo(@) dfapa(@) =\ o(f(x)) dua(e) = {o(f (2)w(@) dpa (x)
) dfepr (x
z), ) dpn (@)

thus po is go-invariant. =
In particular, we obtain the following:

COROLLARY 6. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, and ¢ : E — (0,00) is a Borel cocycle. If o is
a coboundary, then for every o-finite measure p on X, the following are
equivalent:

(1) There is a o-finite, E-invariant measure equivalent to p.
(2) There is a o-finite, p-invariant measure equivalent to p.

The main result of this paper is that conversely, if conditions (1) and
(2) of Corollary 6 are equivalent, then p is a coboundary. The proof consists
essentially of chaining together 3 different Glimm-Effros style dichotomies,
each of which characterizes the circumstances under which E admits a o-
finite measure of a particular type, in terms of appropriate o-ideals on the
underlying space. We describe next these dichotomy theorems which, for the
sake of clarity, we actually state as equivalences.

A set A C X is a partial transversal of E if it intersects every equivalence
class of E in at most one point. Let Zgy00tnh denote the o-ideal generated by
the Borel partial transversals of E. Given x € X, we use [z]g to denote the
E-class of x, and we say that a set A C X is E-invariant if for all x € A, the
set [x]g is contained in A. A measure p on X is E-ergodic if every E-invariant
Borel set is p-null or p-conull. Shelah-~Weiss [5] have shown essentially the
following:

THEOREM 7. Suppose that X is a Polish space and E is a countable
Borel equivalence relation on X. Then the following are equivalent:

(1> X ¢ Ismooth-
(2) There is an atomless, E-ergodic, E-invariant, o-finite measure.

A set A C X is p-discrete if there exists ¢ > 0 such that
Vz,y € A (zBy = (x =y or o(z,y) <1/(1+¢) or o(z,y) = 1+¢)).
Let Zgiscrete denote the o-ideal generated by the g-discrete Borel sets.
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A measure p is E-quasi-invariant if every f € [E] sends p-null sets to
p-null sets. As noted in §2 of Miller [4], every E-quasi-invariant, o-finite
measure is invariant with respect to some Borel cocycle o : E— (0, 00), and
moreover, this cocycle is unique modulo FE-invariant null sets. The family
of E-ergodic, F-quasi-invariant, o-finite measures can be broken into three
types. We say that p is of type I if it is atomic, p is of type II if it is
equivalent to an atomless, F-invariant, F-ergodic, o-finite measure on X,

and p is of type III otherwise. The following fact was shown essentially in
§3 of Miller [4]:

THEOREM 8. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, and ¢ : E — (0,00) is a Borel cocycle. Then the
following are equivalent:

(1) X ¢ Tyiscrete-
(2) There is a p-invariant measure of type II.
(3) There is a p-invariant measure of type II or III.

We will actually need only the easy direction of Theorem 8; the full result
is stated above so as to present a more detailed picture of the interaction
between the o-ideal generated by the p-discrete Borel sets and the set of
measures on the underlying space.

A set A C X is p-bounded if there exists £ > 0 such that

Ve,y e A (zEy=1/(1+¢) < o(z,y) <14¢).
Let Zpounded denote the o-ideal generated by the p-bounded Borel sets.
PROPOSITION 9. Suppose that X is a Polish space, E is a countable

Borel equivalence relation on X, and ¢ : E — (0,00) is a Borel cocycle.
Then the following are equivalent:

(1) X e z-bounded-
(2) o is a coboundary.

Proof. To see (1)=(2), suppose that By, By, ... C X are g-bounded Borel
sets such that X = J, oy Bn, associate with each 2 € X the least n(z) € N
such that By, ;) N [z]g # 0, and define w : X — (0, 00) by

w(ac) = Sup{9<xaz) HEAAS Bn(x) N [x]E}
Suppose now that x,y lie in the same F-class C. Fix € > 0, choose z € C
such that w(z) < o(z, 2)(1 +¢) and w(y) < o(y, 2)(1 +¢), and observe that
o(z,2)/ 0y, 2)(1 + &) < w(x)/w(y)
< oz, 2)(1 +¢)/o(y, 2)-

As o(z,2)/0(y, z) = o(z,y) and € > 0 was arbitrary, it follows that o(x,y) =
w(z)/w(y), thus p is a coboundary.
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To see (2)=(1), suppose that w : X — (0,00) is a Borel function such
that o(x,y) = w(z)/w(y), and observe that the sets w=1([1/n,n]) forn € Z*
are o-bounded and cover X. m

This leads to the last of our three dichotomies, which is also the only one
that is new, and consequently, the only one that we shall prove here. We will
state this dichotomy in terms of the o-ideal

Thounded V Ldiscrete = {A UB: A€ Ihounded and B € Idiscrete}~

THEOREM 10. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, and o : E — (0,00) is a Borel cocycle. Then the
following are equivalent:

(1> X ¢ Ibounded \ Idiscrete-
(2) There is a p-invariant measure of type II1.

Proof. The E-saturation of a set A C X is given by
[Alp={re X :3yec A (zEy)}.

In §3 of Miller [4], it is shown that Zgiscrete is closed under E-saturation.
While we could get away with just this, it seems worth noting the following:

LEMMA 11. Zpounded %S closed under E-saturation.

Proof. It is enough to show that the E-saturation of every g-bounded
Borel set is in Zy,ounded. Towards this end, suppose that A C X is a o-bounded
Borel set, and note that the sets

Apn={zxeX:Fye A(1/n<o(y,z) <n)}
are o-bounded and cover [A]g, thus [A]g € Zhounded- ®

To see —(1)=—(2) of Theorem 10, suppose that X € Tyounded V Zdiscretes
and note that Lemma 11 ensures the existence of an FE-invariant Borel set
B € Zgiscrete such that X \ B € Zpounded- Theorem 8 ensures that there are
no g| B-invariant measures of types II or 111, and Corollary 6 and Proposition
9 ensure that there are no g|(X \ B)-invariant measures of type III.

It remains to show (1)=-(2). Roughly speaking, we will produce an em-
bedding of a specific sort of cocycle into g, and then push an appropriate
measure through this embedding in order to obtain the measure we desire.
To better motivate the sort of embedding we will produce, we describe first
a family of measures of type III which contains the measure that we shall
push forward.

For k € Z™", let u be the probability measure on {0, ..., k} given by

i) ={ o

1/2k  otherwise.
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For k = (kn)nen in (Z1)N, set Xy = [,en{0, ..., kn}, define py on Xy by
px = [ Lnen Mk, , and define By on Xy by

abxf < Ine NVm >n (a(m) = G(m)).
Set 0k (i, 7) = pu({i})/pr({7}), and define gk : Ex — (0,00) by
ox(e, 8) =[] k. (n)).

neN

It follows from Proposition 2.4 of Miller [4] that uy is gk-invariant.
LEMMA 12. If limsup,,_, . kn = 00, then (X, Ex, px) is of type III.

Proof. 1t is clear that uy is atomless, and it follows from the analog
of the Lebesgue density theorem in Xy (see §2 of Miller [4]) that py is
FEy-ergodic. Suppose, towards a contradiction, that there is an Fy-invariant,
o-finite measure pu ~ py. Fix a Borel function w : Xy — (0, 00) such that
pk = {wdp, and note that if ¢ : X — (0,00) is Borel and f € [Ex], then

Vo(@) dfume(a) =\ o(f(a)) duc(e) = o (f(a))w(e) du(e)
= o (f(@)(w(e)/w(f () w(f(a)) du(a)
= V(@) (w(f (@) fw(a)w(e) du(a)
= V(@) (w(f () /w(a)) diuc(a).

We can therefore assume that gy (o, 8) = w(ao)/w(p).
Fix 0 < ¢ < 1 sufficiently small that the set B = w~!([g,1/¢]) is of

p-measure strictly greater than 1/2. Fix n € N such that k,, > 1/¢2, and
for each i < k,,, define f; € [Ex] by
0 if j =n and a(n) =1,
[fila)](5)=4q i if j =n and a(n) =0,
a(j) otherwise.

Let A = {a € Xk : a(n) = 0}, and note that if « € A and ¢ € {1,...,k,},
then o (o, fi(a)) = ok, (0,7) = k, > 1/¢2. In particular, if « € AN B, then

none of fi(a),..., fr,(a) are in B. This, in turn, implies that
> xs(file)a(fila _2ZQkfz
i<kn 1<kpn

for all @ € A. It now follows that

B) =Y mlfi(A)NB) =Y m(fi(An f;1(B)))

i<kn i<kn
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=Y | (i), @) du(e)

i<kn Amffl(B)

=1 Y xs(fila)o(fi(a), a) du(a)

A7,<kn
SZQk fi(@), @) dpxc (e Z,Uk fi4)) = 3,
Az<kn z<kn

which is the desired contradiction. =

An e-embedding of gy into g is an embedding 7 : Xy — X of Ey into FE
such that YaEx S (ok(a, B)/(1 4+ ¢) < o(m(a), 7(0)) < ok(a, B)(1 +€)). We
will complete the proof of Theorem 10 by showing first the following descrip-
tive strengthening:

THEOREM 13. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, o : E — (0,00) is a Borel cocycle, and € > 0.
Then the following are equivalent:

(1) X ¢ z-bounded \ Idiscrete-
(2) There is a continuous -embedding of px into o for some k = (ky)nen
such that lim,_,~o k,, = 00.

Proof. In order to see that =(1)=—(2) suppose, towards a contradiction,
that both —=(1) and (2) hold. Note that pre-images under e-embeddings pre-
serve the bounded and discrete o-ideals, so that the join of the bounded and
discrete o-ideals corresponding to gy trivializes. However, Lemma 12 implies
that py is a gg-invariant measure of type III, thus (2)=-(1) of Theorem 10
implies that the the join of the bounded and discrete o-ideals corresponding
to ok does not trivialize, which is the desired contradiction.

It remains to show (1)=-(2). By Theorem 1 of Feldman-Moore 2|, there
is a countable group I' < [E] such that E = El)f By change of topology
results (see, for example, §13 of Kechris [3]), there is a finer zero-dimensional
Polish topology 7, compatible with the underlying Borel structure of X, with
respect to which I" acts by homeomorphisms and each of the sets {z € X :
k < o(x,v-x) < r} is open, where v € I', k € Z*, and r € (k,o00). Fix
en > 0, for n € N, such that

[T +en) <1+e,
neN
as well as finite, symmetric sets {1p} = Iy € I7 C --- C I such that
I' = U,en In- It will be convenient to set 7 = Tyounded V Zdiscrete for the
remainder of the proof.
We will recursively find 7-clopen sets B, C X, k,, € Z*, and v, € I, for
n € Nand k < k,. Associated with these are the sets X,, = [[,,,{0,..., ki},
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the group elements vs = [[,_,, Vis¢;) for s € Xy, and the sets
Ap = {'7;17%5 iy €I, and s,t € Xn}
We will ensure that, for all n € N, the following conditions are satisfied:
(1) B, ¢T.
) kn > n.
) Tn,0 = 1F~
) Vo € Bny1 Vk < kn (0k,(0,k) < o(@, Y - 2) < 0k, (0, k) (L +£n)).
) Vs € Xpy1 (diam(ys(Bpy1)) < 1/n).
) Vi <k < kn (Ap i (Bnt1) N Ynk(Bptr) = 0).
) vk < kn (’Yn,k(Bn—l—l) - Bn)

We begin by setting By = X. Suppose now that we have By O By O ---
-+ 2D By, as well as k; and v; 5, for kK < k; and @ < n. Set Cy = B,,.

LEMMA 14. There is an I-positive, T-open set C1 C Co, yp1 € I', and
kn > n such that, for all x € Cy, the following conditions are satisfied:

(@) Y1z €Ch\ Ay -x.

(b) 0r,(0,1) < o(#,yn,1 - @) < 0k, (0,1)(1 +&n).

Proof. For each v € I" and k > max(n,1/e,), define C, ;, C Cy by

Cop={recCh:v-2€C\A, zand k <o(x,y z) <k+1},

and set C' = Cop \ |U{Cyr : v € I" and k > max(n, 1/ey,)}.

SUBLEMMA 15. C' € Ty ounded -

Proof. Define w : C' — [1, 00] by

w(z) = sup{e(z,y) : y € CN[z]p},

and given x € C, note that if y € C N [z]g and o(z,y) > max(n,1/e,) + 1,
then y € A, - x. In particular, it follows that Vz € C (w(z) < o0), thus

C = Upez+ w([1,n]). As each of the sets w™'([1,n]) is o-bounded, it
follows that C' € Zyounded- ®

Consequently, there exist y€I" and k > max(n, 1/e,) such that C., , & Z.
Put C1 = Cy k, Yn,1 =7, and k, = k, and note that g, (0,1) =k, and

0k, (0, 1) (1 +ep) > k(1 +1/ky) = kp+ 1,
thus Vo € Cy (0k,(0,1) < o(x, Y1) < 0k,(0,1)(1 +€5)). =

Suppose now that 1 < k < k,, and we have found Z-positive, T-open sets
Co2C1 D 2CKand Y0, Yn1s---sYnk € I Set

Ak ={0Vn,i: 6 € A, and i <k},

LEMMA 16. There is an I-positive, T-open set Ci1 C Cy and vy 41 € I’
such that, for all x € Cyy1, the following conditions are satisfied:
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(@) Ynk+1 T € Ynk(Cr) \ Anp - 2.
(b) Ok, (Oa k+ 1) < Q(l‘ayn,k-i-l : SL‘) < Ok, (0, k+ 1)(1 + En)-

Proof. For each v € I', let D,, be the set of z € v, ;(C}) such that
Mok T € Mk(Cr) \ Anpvp s, - @ and kn < (v, g 2,775 1, @) < kn(146n),
and set D = 75, k(Ck) \ U e D5-

SUBLEMMA 17. D € Zgjscrete-

Proof. Define F C E by
xFy < (xEy and o(z,y) = 1).

Given z € D, note that &k, < Q(’y;i x,x) < kn(l+ey), so there exists § > 0
such that if y € DN [z|g and 1 < p(x,y) < 1+, then y € An,lﬂ;i -x. In
particular, it follows that every equivalence class of F'|D is of cardinality at
most |A,, x|, hence there are Borel partial transversals D} of F', for i < |A,, x|,
whose union is D. For each i < A, x| and j € N, let D ; be the set of all
x € D} such that

Vy € DiNaz]g (x =y or o(z,y) > 1+ 1/jor o(y,x) >1+1/j).

These are clearly p-discrete Borel sets which cover D, thus D € Zgiscrote. ®

It now follows that there exists v € I" such that the set D, is Z-positive.
Put Cyy1 = 'Y;i(Dw) and 7, k+1 = 7, and observe that g, (0,k + 1) = ky,
thus Vo € Ciryq (0k,(0,k +1) < o(@, Y it1 - 2) < 0k, (0,k+1)(1+¢5)). =

This completes the description of Cy, C1, ..., Ck, and ¥,.0, Yn,15- - > Yn by -
As C},, is the union of countably many 7-clopen sets D C Cj, which satisfy
the analogs of conditions (5) and (6) in which B4 is replaced with D, it
follows that there is an Z-positive, 7-clopen set B,,;1 C C%, which satisfies
conditions (1)—(7).

This completes the recursive construction. For each s € X,,, set Ag =
vVs(Bn). Put k = (k,)nen, and note that for each o € Xy, conditions (5) and
(7) ensure that Ay (o), Aa(0)a(1); - - 15 @ decreasing sequence of clopen sets
with vanishing diameter. It follows that their intersection consists of a single
point. Let m(«) denote this point. By conditions (5) and (6), the function
7w : Xx — X is a continuous injection.

To see aExf = w(a)Em(f), it is enough to observe the following:

LEMMA 18. Ifn €N, s € X,,, and sa € Xy, then m(sa) = v, - 7(0"a).
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Proof. Simply observe that
m(sa)} = [ Aayi = [ ) Vs70m ali) (Bitn) = Vs (ﬂ 70n(a\i)(B¢+n))
i>n ieN iEN

= %,(m Aon(a|i)) = {7s - 7(0"a)},

i>n
thus m(sa) = 75 - 7(0"). m
To see (a, B) & Ex = (m(a),n(B)) € E, it is enough to check the follow-
ing:
LEMMA 19. If a(n) # B(n), then Vv € I}, (v-m(a) # w(0)).

Proof. Suppose, towards a contradiction, that there exists v € I, with
~v-m(a) = w(F). By reversing the roles of a and 3 if necessary, we can assume
that a(n) < B(n). Set s = a|n and t = 3|n, and put

T =Y oV @ Y=Y e w(B),
noting that these are both elements of Bp11. AS YYsVn a(n) " T = % Vn,8(n) " Ys
it follows that 'yt_l'yfysfyma(n) % = Ypp(n) * Y, thus
An’Yn,a(n)(Bn-f—l) N ’Vn,ﬁ(n)(Bn-I—l) # 0,

which contradicts condition (6). m

It only remains to check that if af 3, then

(t) ox(e, 3)/(1 +¢) < o(m(a),m(8)) < oxla, B)(1 +¢).

Towards this end, suppose that aFy 3, fix n € N such that Ym > n (a(m) =
B(m)), put x = w(«) and y = 77(5), and set s = a(0)a(l)...a(n) and
t = B(0)5(1)...5(n), noting that %_ -z = ~;' -y, by Lemma 18. Put
0o = 1p, and for ¢ < n, set §;+1 = ZS( )6 Then

- -1 —1 —1
o(7s L T,T) = Q(’Yn,s(n) "~ Jo,s0) " z) = H Q(’Yi,s(i)(si “@,0; - @),
i<n
thus condition (4) ensures that
HQk (0,s(z <Hgk (0,5(3))(1 + &;).
i<n i<n
An identical argument shows that

Hgk Ot <Hgk Ot 1—|—€Z‘),

i<n i<n



Coordinatewise decomposition 93

and since o(z,y) = Q(’Yt_l “y,y)/o(ys - @, x), it follows that

I T 2k (0.4(D)/ 0x, (0, s(0) (1 + &) < ol y)

i<n

< 11 00 (0. 8(0)) (1 + ) /0, (0, 5(3)).

As Hign Ok; (Ovt(i))/glﬁ(ov s(i)) = Hign Qki(s(i)’t(i)) = ok(a, 3), we obtain
Qk(avﬂ)/H(l +5i) < Q(‘T’y) < Qk(aaﬁ) H(l +5i)7

i<n i<n
and (f) follows. This finishes the proof of Theorem 13. m

We can now complete the proof of (1)=-(2) of Theorem 10. Fix ¢ > 0. By
Theorem 13, there is a continuous e-embedding 7 : X — X of gy into p,
for some k € NN such that lim, o k, = oco. It follows from Lemma 12
that py is of type III, thus so too is the measure m,ux on 7(Xy). As the
cocycle m.ok/0|(E|m(Xx)) is bounded, it follows from Proposition 9 that
the cocycles 7ok and p|(E|m(Xy)) are cohomologous, thus Proposition 5
ensures that there is a g|(FE|7(Xk))-invariant, o-finite measure p ~ m,py.
By Theorem 1 of Feldman—Moore [2], there is a countable group of Borel
automorphisms which generates F, and using this, we can easily extend p
to a p-invariant, o-finite measure on X of type III. =

With this final dichotomy result in hand, we can finally prove:

THEOREM 20. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, and ¢ : E — (0,00) is a Borel cocycle. Then the
following are equivalent:

(1) o is a coboundary.
(2) For every o-finite measure i on X, the following are equivalent:

(a) There is a o-finite, E-invariant measure equivalent to j.
(b) There is a o-finite, p-invariant measure equivalent to L.

Proof. As Corollary 6 gives (1)=(2), it is enough to show (2)=-(1). To-
wards this end, suppose that condition (2) holds, so that there are no o-
invariant, o-finite measures of type III, which by Theorem 10 implies that
X € Thounded V Zdiscrete- By Lemma 11, there is an E-invariant Borel set
B € Zjiscrete such that X \ B € Tyounded- Theorem 8 ensures that there
are no atomless, F|B-ergodic, g|B-invariant, o-finite measures, and condi-
tion (2) then implies that there are no atomless, F|B-ergodic, E|B-invariant,
o-finite measures. It then follows from Theorem 7 that B € Zg,00th, and since
Tsmooth € Zhounded, it follows that X € Zpounded, and Proposition 9 finally
implies that p is a Borel coboundary. =
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