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Best constants for Lipschitz embeddings of
metric spaces into ¢

by

N. J. Kalton (Columbia, MO) and G. Lancien (Besangon)

Abstract. We answer a question of Aharoni by showing that every separable metric
space can be Lipschitz 2-embedded into c¢p and this result is sharp; this improves ear-
lier estimates of Aharoni, Assouad and Pelant. We use our methods to examine the best
constant for Lipschitz embeddings of the classical ¢,-spaces into c¢o and give other ap-
plications. We prove that if a Banach space embeds almost isometrically into co, then it
embeds linearly almost isometrically into cp. We also study Lipschitz embeddings into cg .

1. Introduction. In 1974, Aharoni [1] proved that every separable met-
ric space (M, d) is Lipschitz isomorphic to a subset of the Banach space cy.
Thus, for some constant K, there is a map f : M — ¢¢ which satisfies the
inequality

d(z,y) < [|f(x) = Fy)ll < Kd(xz,y), x,y €M,

Aharoni proved this result with K = 6 4+ ¢ where ¢ > 0, so that every
separable metric space (6 + ¢)-embeds into ¢g. He also noted that if one
takes M to be the Banach space £1, one cannot have K < 2. In fact, the
map defined by Aharoni took values in the positive cone car of cg. Later
Assouad [3] refined Aharoni’s result by showing that every separable metric
space (3 + €)-embeds into cg (see [6, pp. 176 ff.]). A further improvement
was obtained by Pelant in 1994 [16] who showed that every separable metric
space 3-embeds into car and that this result is sharp in the sense that /¢
cannot be A-embedded into ¢§ with A < 3 (see also [2] for the lower bound).

These results leave open the question of the best constant for Lipschitz
embeddings into ¢y. Note that ¢y can only be 2-embedded into cér. The
main result of this paper is that every separable metric space 2-embeds
into ¢g, and this is sharp by Aharoni’s remark above. To prove this result,
for 1 < A < 2 we establish a criterion II(\) which is sufficient to imply
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that a separable metric space A-embeds into ¢y (and the converse state-
ment is almost true). This criterion enables us to establish sharp results
concerning the embedding of /,-spaces into cy: thus ¢, 21/P_embeds into ¢ if
1 < p < 00, and the constant is best possible. Using a previous work of the
first author and D. Werner [12], we also show that a Banach space which
embeds almost isometrically into ¢y embeds linearly almost isometrically
into cg.

The same techniques can be applied to embeddings into car. Here we
show that £, (2P + 1)'/P-embeds into ¢ and by 3Y/P-embeds into ¢j and in
each case the result is best possible.

We conclude the paper by proving that every separable ultrametric space
embeds isometrically into car and the infinite branching tree embeds isomet-
rically into cg.

2. Lipschitz embeddings into c¢y. Let (M, d) be a metric space and
let A and B be non-empty subsets of M.
We define
5(A,B) = inf d(a,b D(A,B) = d(a,b).
(4,B) = _inf d(a,), D(4,B) S (a,0)
In this paper all metric balls are closed with strictly positive radii.
If f:(My,d1) — (Ma,ds) is a Lipschitz map between metric spaces we
write Lip(f) for the Lipschitz constant of f, i.e. the least constant K such
that da(f(z), f(y)) < Kdi(x,y) for x,y € M;.

LEMMA 2.1. Let (M,d) be a metric space and suppose that A, B and

C are non-empty subsets of M. Then for € > 0, there exists a Lipschitz
function f: M — R with Lip(f) <1 such that

(i) [f(z)| <e,zeC,
(ii) |f(z) — f(y)] = 6 = min(6(A, B),06(A,C) + §(B,C) + 2¢), x € A,
y € B.
Proof. Let us augment M by adding an extra point 0; let M* = M U{0}.
We define
min(d(z, y), d(z,C) + d(y,C) + 2¢), x,y € M,

iz, y) = d(z,C) + ¢, reM,y=0,
’ d(y,C) +¢, r=0,ye M,
0, z=y=0.

One can easily check that d* is a metric on M*. We can pick s,t in R such
that

—(0(B,C)+¢e)<s<0<t<86AC)+¢e and t—s=0.
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Then we define g : AUBU{0} - Rby g=1ton A, g =s on B and
g(0) = 0. This function is 1-Lipschitz for d* and can be extended to a
1-Lipschitz function f* on (M*,d*). Let f be the restriction of f* to M.
Then f satisfies the conditions of the lemma. =

For A > 1, we say that a metric space (M, d) has property II()\) if given
any p > A there exists v > p such that if B; and By are two metric balls
of radii 71, r respectively then there are finitely many sets (Uj)é-V:l, (V])?LI
such that

MU, Vi) > v(ri+12), 1<j<N,

and
N

{(,y) € By x By : d(z,y) > p(r1 +12)} C | J(U; x V).
j=1
In this definition the sets Uj;, V; are allowed to be repeated. It is clearly

possible, without loss of generality, to assume they are closed. We can also
(altering the value of 1) assume that they are open.

LEMMA 2.2. Ewvery metric space has property 11(2).
Proof. For p > 2, let
U=DBiNn{x:3y € By, d(x,y) > u(ry +r2)},
V =BanN{y: 3z € By, d(z,y) > p(r1 +r2)}.
Then
{(z,y) € By x By - d(x,y) > p(r1 +r2)} CU x V.

Suppose z € U, y € V. Assume, without loss of generality, that r; < ro.
Then there exists 2’ € U with d(2',y) > u(ry + r2). Hence

d(x,y) > p(r1 +r2) —d(z,2") > p(ry +rg) — 2r1 > (p—1)(r1 +12).
Therefore we can take v =2 —2 > p. =

We say that a metric space is locally compact (respectively, locally finite)
if all its metric balls are relatively compact (respectively, finite). Note that
we do not use the terminology “locally compact” in the usual way. The
metric spaces with relatively compact metric balls are often called proper
melric spaces.

LEMMA 2.3. Let A > 1. Then every locally compact metric space has
property TI(X).

Proof. Let u > A > 1 and B1, By be two balls of a locally compact metric
space (M, d), with respective radii r1 and re. Pick v such that u < v < Ap.
We define A = {(z,y) € By X By : d(z,y) > p(r1 +r2)}. Let £ > 0. Since M
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is locally compact, there are finitely many points (z;, yj);v:l in A such that

N
AC U(Uj x Vj), where U; = B(zj,¢)and V; = B(yj,¢).
j=1
Then, for all 1 < j < N, Ao(Uj;, Vj) > Ap(r1 +12) —2Xe > v(ry + 1), if €
was chosen small enough, namely ¢ < (2A\) "' A —v)(r1 +72). =

PROPOSITION 2.4. Let A\g > 1. If a metric space (M,d) \g-embeds into
co then it has property II(X) for every X > Ag.

Proof. Suppose u > A. Let B, Bs be metric balls of radii r1,ry and
centers ap,as. Let A = {(z,y) € By X By : d(xz,y) > p(r1 + ro)}. Let
f: M — cg be an embedding such that

d(@,y) < || f(z) = fFW)I < Aod(z,y), =,y M.
Suppose f(z) = (fi(z));2;. Then there exists n so that
[fila1) = fia2)] < (u—=A)(r1+1r2), i>n+1
Thus if (z,y) € A we have
[fi(@) = fi(y)] < (u = A)(r1 +72) + Aot + Aoz < d(z,y), i>n+1.

Hence

d(z,y) < max |fi(z) = fily)l, (2,y) € A,

Choose € > 0 so that A(u — &) > Agu. By a compactness argument we can
find coverings (Wy)7", of By and (W})7", of By such that

[filz) — fi(@)| < de(ri+72), z2 €Wy, 1<i<n, 1<k<m,
and

|fi(z) — fi(@)| < de(ri+r2), =z eW[,1<i<n 1<k<m.
Let

S={kk): 1<k<m, 1<K <m/, Wy x WLNA#D}
and then define (Uj)ﬁvzl, (V])j\f:1 in such a way that (U; x Vj)é\f:1 is an
enumeration of (Wy X Wis) (i xyes- Clearly, A C U;V:1 U; x V;. Now suppose
x € Uj,y € V. Then there exist 2’ € U;, y € Vj sothat d(2/,y") > p(ri+r2).
Thus there exists i, 1 < i <mn, so that |f;(z") — fi(v')| > p(r1+7r2). However,
£i(@) = fi)| 2 /() = Fily))] — e(r1 +712) > (u — )1 + 7).

Hence

—
83, Vi) 2 B (1 4 o)

0
Thus we can take v = Ay (1 — &) > 1.
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We next observe that the definition of II(\) implies a formally stronger
conclusion.

LEMMA 2.5. Let (M,d) be a metric space with property II(\). Then
for every p > X\ there is a constant v > u so that if By and By are
two metric balls of radii r1,ro Tespectively then there are finitely many sets

(Uj)évzl, (V])j\f:l such that if (z,y) € By X By and d(z,y) > p(ry +r2) then

there exists 1 < j < N so that x € U;, y € V; and
Nab(U;, V) = vd(a, ).

Proof. By the definition of II(\) there exists v/ > A so that if By and By
are two metric balls of radii 1, ro respectively then there are finitely many
sets (Uj)évzl, (Vj)é\fz1 such that

A(U;, V) 2V (i +12), 1<j<N,

and
N

{(z,y) € By X By : d(z,y) > u(r1 +12)} C U(Uj x Vj).
j=1
Suppose p < v < v/ and let e > 0 be chosen so that (14 ¢)v = v/. Let
Bi, Bs be a pair of metric balls of radii 1,72 > 0. Let D = D(By, By) and
let m be the greatest integer such that (14 &)™ u(ry + ro) < D. We define
B%k) for 0 < k < m to be the ball with the same center as By and radius
(1+ E)kn; similarly, Bék) for 0 < k < m is the ball with the same center

as By and radius (1 + 5)’“7"2. For each 0 < k£ < m we may determine sets
Uiy, Vi for 1 <1 < Nj so that

)\6<Ukl, Vkl) > l//(l + €)k(T1 + 7“2)
and
Ny,

{(z,y) € B x B d(w,y) > p(1+ ) (r1 +r2)} € | (Una x Via).
=1

Now if x € By, y € By with d(x,y) > u(r; + r2) we may choose 0 < k <m
so that

(1+e)*u(ry + o) < d(x,y) < (1 +e)* u(ry 4 o).
Then for a suitable 1 <1 < N we have x € Uy, y € Vi and
d(z,y) = vd(z,y).

Relabeling the sets (Ug, Vii)i<N,,0<k<m gives the conclusion. m

/

M (Ugt, Vi) > V(1 + €)Fu(ry + 1) > : i -

LEMMA 2.6. Suppose (M, d) has property II(X). Suppose 0 < av < (3. Let
F, G be finite subsets of M and let A(F,G,«, [3) be the set of (x,y) € M xM



254 N. J. Kalton and G. Lancien

such that
AMd(z,G)+d(y,G)) + a < d(x,y) < XNd(z,F) +d(y, F)) + B.

Then there is a finite set F = F(F,G,a, ) of functions f : M — R with
Lip(f) < A such that
[f@)| <AB, z€F,

and
d(‘rvy) <r}1€%}__(|f<x)_f(y)|, (xvy) GA(F7G7Q75)'

Proof. Let R be the diameter of G. Then for (z,y) € A(F,G,a,f3) we
have

Ad(z,y) — R) + a < d(z,y),

so that
(A= 1)d(z,y) < AR.
Hence R
d(z,G) +d(y,G) < ——.
A—1
We next let D)
—1a
H=AT SR

and choose v = v(u) according to the conclusion of Lemma 2.5.

We now fix € > 0 so that 4ue < a. Let E = {z:d(z,G) < (A —1)"'R}.
Since E is metrically bounded and F'U G is finite we can partition E into
finitely many subsets (E1, ..., Ey,) so that for each z € F UG we have

|d(x,2) —d(2',2)| <e, wx2'€E;,1<j<m.
Since G is finite, for each j there exist z; € G and r; > 0 so that

miéléj d(z, z;) = xiEnEfj d(z,G) =rj.

Thus FEj; is contained in a ball B; centered at z; with radius r; + ¢.

For each pair (j, k) we can find finitely many pairs of sets (Ujpi, ijl)fjf
such that for every (z,y) € E; x Ej, with d(z,y) > pu(rj + ri + 2¢) there
exists 1 <1 < Ny, with x € Ujpy, y € Vji and

M (Uiar, Vi) > vd(z, y).
We may as well assume that Uj,; C Ej and Vjy C Ej.

Then we apply Lemma 2.1 to construct Lipschitz functions fjx : M — R
where 1 < 5,k <m, 1 <1 < Njj such that Lip(fjr) < A,

|fir(x)] < A3, x €F,
and
|fir1(x) = fim()] > Njrt, @ € Uja, y € Vi,
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where
Ok = min (Ui, Virt), 0(Ujpt, F) + 6(Viwe, F) +28).

Now let us suppose (z,y) € A(F,G,a,3). Then there exists (j, k) so that
x € Fj, y € Ej. Note that

d(z,y) > Md(z,G) + d(y, G)) + a > N(rj + 1) + «
= pu(rj +ri +2e) + o —2ue — (u— A)(rj + %)
> p(rj +rp+26) Fa—2ue — (u—ANA-1)"'R
> u(rj + i + 2¢).
Thus there exists 1 <1 < Ny, so that o € Ujy, y € Vi and

14

On the other hand, ¢ < a/2 < 3/2. So
AOUjpt, F) + 6(Vji, F) +28) > Ad(x, F) + d(y, F) + 208 — 2¢)
> Md(z, F) +d(y, F) + 5)
> d(z,y) + (A —1)4.
Hence
|fik(@) = fir@)] = Ajk > d(z, y).
Thus we can take for F the collection of all functions fj; for 1 < j,k < m
and 1 <[ < Njj. =
We now state our main result.

THEOREM 2.7. If a separable metric space (M,d) has property II(\) for
A > 1, then there is a Lipschitz embedding f : M — ¢y with

d(z,y) <|f(x) = fWI < Ad(z,y),  x,y €M, z#y.

Proof. Let (up)?2, be a countable dense set of distinct points of M. Set
Fr, = {u1,...,ug} for n > 1. Let (£,)5%; be a strictly decreasing sequence
with lim,, ., &, = 0.

Using Lemma 2.6 we can find an increasing sequence (ny)72 , of integers
(with ng = 0) and a sequence (f;)72; of Lipschitz functions f; : M — R
with Lip(f;) < A so that

|fj(@)] < Aew, @ € B, mp—1 < j < ng,
and if
(2.1)  Md(x, Frp1)+d(y, Frpr))tep <d(z,y) <Ad(z, Fr)+d(y, Fi))+er
then
max | fj(x) = fi(y)| > d(z,y).

ng_1<j<ng



256 N. J. Kalton and G. Lancien

Define the map f : M — { by f(z) = (f;j(x))32;. Then Lip(f) < A and
since f maps each u; into cg, f(M) C cp. Furthermore, if  # y the sequence

Ok = )‘(d(x?Fk) + d(y> Fk’)) + €k

is decreasing with o1 > d(z,y) and limg_,o, 0 = 0. Hence there is exactly
one choice of k so that (2.1) holds and thus || f(z) — f(y)|| > d(z,y). =

As a corollary, we obtain the following improvement of Aharoni’s theo-
rem.

THEOREM 2.8. For every separable metric space (M,d) there is a Lip-
schitz embedding f : M — ¢y so that

d(z,y) <|f(z) = fl <2d(z,y), xyeM, z#y.
Proof. Combine Lemma 2.2 and Theorem 2.7. u

REMARK. It follows from Proposition 3 in Aharoni’s original paper [1]
that the above statement is optimal.

THEOREM 2.9. For every locally compact metric space (M,d) and every
A> 1, (M,d) A\-embeds into cy. This result is best possible.

Proof. The existence of the embedding follows immediately from the
combination of Lemma 2.3 and Theorem 2.7. The optimality of the state-
ment follows from Proposition 3.2 in [16], where J. Pelant proved that [0, 1]N
equipped with the distance d((zy,), (yn)) = >_ 27", — yn| cannot be iso-
metrically embedded into cg.

To complete the picture we shall now give a locally finite counterexample.
Let (en)22, be the canonical basis of ¢; and consider the following locally
finite metric subspace of ¢1: M = {0,e0} U {nen, ey + ne, : n > 1}. Assume
that f = (fx)?2, is an isometry from M into ¢y such that f(0) = 0. Then
for all n # m in N, there exists k = ky, ,, > 1 such that

|fr(eo + ney) — fr(men)| =1+ n+m.

Since fr(0) = 0, we deduce that there is ¢ = ¢,,, € {—1,1} such that
fr(eo + nep) = (1 +n) and fr(me,,) = —em. Therefore fi(eg) = ¢ and
fr(ney) = en.

Since f(eg) € co, there exists an integer K such that for all positive
integers n # m, ky, , < K. Hence, if a(k, n) is the sign of fi(ne,), we see that
there exists k < K so that a(k,n) # a(k, m) whenever 1 <n <m. But on
the other hand, there is clearly an infinite subset A of N such that for every
k < K and every n,m € A, a(k,n) = a(k, m). This is a contradiction. m

3. Embeddings of classical Banach spaces. In this section we will
consider the best constants for embedding certain classical Banach spaces
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into cg. We start by establishing a lower bound condition, using the Borsuk—
Ulam theorem.

PropoOSITION 3.1. Suppose that X s a Banach space and f: X — cq is
a Lipschitz embedding with constant Ao. Then for any u € X with ||ul| =1
and any infinite-dimensional subspace Y of X we have

Jnf [u+yll < Ao
llyll=1

Proof. 1t follows from Proposition 2.4 that X has property II(\) for any
A > Ag. Let us consider B; = —u+ Bx and By = u+ Bx, where Bx denotes
the closed unit ball of X. Suppose u > Ag and select © > A > Ag. Then,
for some v > p, we can find finitely many sets (Uj, Vj)j\f:1 (which we can
assume to be closed) satisfying

N
AS(U;,V;) = 2v and  {(z,y) € By x By : |z —y|| > 2u} ¢ | J(U; x V).
j=1
Now let E be any subspace of X of dimension greater than N and let
Aj={ecFE: e =1, (—ut+eu—e) U xV;}.

Thus the sets A; are all closed subsets of the unit sphere Sg of E. Assume
that for any e € Sg, |lu —e|]| > p. Then Ay U---U Ay = Sg. We now
use a classical corollary of the Borsuk—Ulam theorem which is in fact due to
Lyusternik and Shnirelman [13] and predates Borsuk’s work (see [14, p. 23]).
This gives the existence of e in Sg and £ < N such that e and —e belong to
Ag, i.e. —ute € Uy and u+ e € Vj. This in turn implies §(Ug, Vi) < 2 and
hence A > v > u, which is a contradiction. Thus there exists e € Sg with
Ju—el < p.

Since this is true for every finite-dimensional subspace E of dimension
greater than N and every u > Ao, the conclusion follows. m

THEOREM 3.2. Suppose 1 < p < oo. Then there is a Lipschitz embedding
of £, into co with constant 217 and this constant is best possible.

Proof. The fact that £, does not A\-embed into ¢y when A < 21/7 follows
immediately from Proposition 3.1. So we only need to show that ¢, satisfies
condition TI(21/7).

Let By and By be balls with centers a1,as and radii r1,79. Suppose
i > 2P Then pu < 2Y/P(uP — 1)/P. We pick v such that

p<v< Ql/p(up _ 1)1/p
and we fix € > 0 so that

21/7’(,up(r1 +ro)P —(ri +re+ 25);))1/;; _ ol v(ry + ro).
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We first select N € N so that

oo o0
S Ja®)P, > las(k)P < e
k=N+1 k=N-+1
Let E be the linear span of {e1,...,en}, where (e;)52; is the canonical

basis of £,. Let P the canonical projection of ¢, onto E, @ = I — P and
R = max(||a1|| + r1,||az|| + r2). Then we partition RBpg into finitely many
sets Ay1,..., Ay with diam A; < e.
Now, set Uj = {z € By : Pv € Aj}, V; ={x € By: Pr € A;} and
S={(.k): I@,y) € Uj x Vi, [l — yll > p(r1 +r2)}-
Thus we have
{(x,y) € Bux Byt |z —yl| > p(ri+r)t ¢ |J Ujx Vi
(4,k)eS
It remains to estimate §(U;, Vi) for (j,k) € S. Suppose that u € U;, v € Vj,
and z € Uj, y € Vi, are such that ||z — y|| > p(r1 + r2). Then
lu—oll > |Pu— Pol| > Pz - Pyl 2.
On the other hand,
r 2 |z —aill =2 [|[Qr — Qar|| = [|Qz|| — ¢,
r2 > |ly — az| = [|Qy — Qaz|| = [|Qy| —&.
Thus
1Qz — Qy| < r1+72 + 2.
Now
WPry 2 < [P = Py + Qe QulP < |1Pa— Pyl + (r + 72 + 2
Hence
[P — Pyl > @ (r + 2P — (r1 + 12 + 20
and thus
2VP§(U;, Vi) > 2Y/P(uP (114 12)P — (r1 1o+ 26)P) VP 2P S (1 4o 1y). m
We now give a second lower bound condition in place of Proposition 3.1.

We do not know whether the conclusion can be improved replacing )\8 by Ao.
If X has a 1-unconditional basis, )\8 can be improved to )\8.

ProrosiTION 3.3. If X is a separable Banach space and f : X — ¢y is
a Lipschitz embedding with constant \g then if |z|| = 1 and (z,)02, is a
normalized weakly null sequence in X, we have
(3.2) limsup || + z,|| < A5
n—oo

Proof. We assume that ||z —y|| < || f(z)—f(y)|| < Ao|lz—yl for z,y € X.
Let U be a non-principal ultrafilter on the natural numbers N. We start by
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proving that if x € X and (yn)02 4, (2n)52; are two weakly null sequences
with limpey ||yn|| < ||z]| and limpey [|2n]] < ||z]| then

1. . .
. 1 2 < lim 1 2
(3.3) Ao i [|22 + g + 2] < lim Hm 22 + g + 2

< N lim ||22 + yn + 20|
nel

It suffices to show this under the condition lim,cy ||y | = o, limyey || 20| =
B where a, 8 < 1 and [[z[| = 1. Fix any € > 0. Let f(z) = (f;(2));2;. Then
for some N we have

\fi(z) — fi(~z)| <e, j>N.

Thus
|fi(@ +ym) — fi(=z — 20)| < Mo([yml + llznll) +€, 7> N.
Hence
i i ) e f(—p — <
Jim T max | f5(z + ym) = Fi(=2 = 2a)| < dola+ B) +&
and

li j n) — Jj\TL T “n S)\ .
ngggg%lfj(ﬂy) fi(=x — zn)| < Xo(a+B) +¢

Let o = limpey fj(z + yn) and 75 = lim,,cys fj(—2 — 25,). Then
im | f;(z + yn) — fi(—2 — 20)| = |oj — 7]
neu
and
lim 1i ) f( =g — 7.
nigimléﬁ ]f](a: + Ym) fJ( T — 2p)| ‘0] TJ|
Thus
) < ol
lim 122 4y + 20l < lim £+ ) — F(~2 — 20)]

< max(lréljzgv loj — 7], do(a+ B) +¢)

( 7?’%61/{ nleu H Y H’ ( ) )
No ing that ¢ > 0 is arbilrary and that

a+ (<2< lim lim |22 + ym + 25|
meld nel

we deduce that
li 2 < )Xo lim li 2 .
nlng{H T4 Yn + 2l < om}ggmlergﬂ T+ Ym + 2nl|
The other inequality in (3.3) is similar.
Now choose x,, = y, = —2;, in (3.3). We obtain

lim lim |2 — 2| < 2
nglmlenbl[!\ T+ Ty — || < 2X0]|2|
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e}

o0 1 is weakly null and limy,ey ||| < ||z||. Hence

provided (z,,)
. 1
lim |2 + 32m]| < Xollz]|.
This inequality can be iterated to show that

lim lim ||z + 22, + S || < Ajllz]l.

mel nel
Now assume |z|| = 1 and (z,)52; is a normalized weakly null sequence.
Then
lim ||z 4 2, || = 5 im |22 + 2, + 2
nel neu

A

1 : : 3
50 T}q}gb}lg& 122 4+ T + 20| < Ag- w

THEOREM 3.4. Let X be a separable Banach space.

(i) If X isometrically embeds into cq, then X is linearly isometric to a
closed subspace of cg.

(ii) If, for every € > 0, X Lipschitz embeds into cy with constant at
most 1+ ¢, then, for every € > 0, there is a closed subspace Y. of
co with Banach—Mazur distance dpm(X,Yz) < 1+ e.

Proof. (i) is a direct consequence of the result of [8] that if a separable
Banach space is isometric to a subset of a Banach space Z then it is also
linearly isometric to a subspace of Z.

(ii) Here we first observe that if X contains a subspace isomorphic to ¢,
then, for any € > 0, it contains a subspace Z. with Banach—Mazur distance
dpm(Ze, £1) < 14 ¢ by James’ distortion theorem [10]. Assume now that X
can be A-embedded into ¢y. Thus, for any € > 0, ¢; can be A\(1+¢)-embedded
into ¢p. Then it follows from Aharoni’s counterexample in [1] that A > 2.

Suppose now that X does not contain any isomorphic copy of ¢;. If
|lz|| = 1 and (x,,)22 is any normalized weakly null sequence then by Propo-
sition 3.3 we have

lim ||z + z,|| = 1.
n—oo

The conclusion then follows from [12, Theorem 3.5]. =

REMARK. The modulus of asymptotic smoothness of a Banach space X

has been defined in [15] as follows. If 7 > 0, then
ox(7) = sup inf sup ||z + Ty|| — 1.
( ) zeSyx dim(X/Y)<co yesy H ”

The space X is said to be asymptotically uniformly flatif ox (1) = 0 for some
7 > 0. Clearly, this is closely related to equation (3.2). It is shown in [9]
and [11] that a uniformly flat Banach space is isomorphic to a subspace
of ¢g. This property, or rather its dual version, is used in [9] to show that
a Banach space which is Lipschitz isomorphic to a subspace of cq is linearly
isomorphic to a subspace of c¢g.
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4. Embeddings into Co In this section and the followmg we complete
the already thorough study of Lipschitz embeddings into Co made by Pelant
n [16].

LEMMA 4.1. Let (M,d) be a metric space and suppose that A, B and
C are non-empty subsets of M. Then for € > 0, there exists a Lipschitz
function f: M — Ry with Lip(f) <1 such that

(i) f(z) <e, e,
(ii) |f(z) — f(y)| > 0 = min(6(A, B), max(6(A,C),d0(B,C)) +¢), z € A,
y € B.

Proof. Assume 0(A,C) > 6(B,C). Then 6§ = min(6(A4, B),§(A,C) +¢).

Define
f(z) = max(§ — d(x, A),0), x€ M.

Then f(z) =6 for x € A. If z € B then § —d(z,A) < 6 — §(
that f(z) = 0. Finally, if x € C we have 6 — d(z, A) < 6 — §(
that f(z) <e. m

We may now introduce a condition analogous to II(A). We say that (M, d)
has property I1;(\), where A > 1, if:

A
A

(i) Whenever p > A there exists v > u so that if B; and Bs are two
metric balls of the same radius r, there are a finite number of sets

(Uj)é\le and (V])j\]:l so that
A6(Uj, V) = vr

and
N
{(z,y) € By x By 1 d(x,y) > pr} C | J(U; x V;).
j=1
(i) If 1 < A < 2, there exists 1 < # < A and a function ¢ : M — [0, c0)
so that
(4.4) lp(z) = o(y)| < d(z,y) < Omax(p(z), 0(y), =,y€ M.

Let us note here that condition (ii) is not required when A > 2 since for
any fixed a € X the function ¢(x) = d(z, a) satisfies (4.4) with 6 = 2.

We can repeat the same program for property I1;(\).

LEMMA 4.2. Every metric space has property 11, (3).

Proof. For p > 3, let
U=Bi"{z:3y € By, d(z,y)>pr}, V =Bn{y:3xe€ By,d(x,y)>pur}.
Then

{(z,y) € By X By : d(z,y) > pr} CU x V.
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Suppose 2 € U, y € V. Then there exists 2’ € U with d(z’,y) > pr. Hence
d(z,y) > pr —d(z,2") > (u— 2)r.
Therefore we can take v =3y —6 > . »

LEMMA 4.3. Let A > 2. Then every locally compact metric space has
property 14 (N).

The proof is immediate. Let us mention that a locally compact metric
space satisfies condition (i) for every A > 1.
We also have

LEMMA 4.4. If X > 1, then any compact metric space has property
I (N).

Proof. Let (K,d) be a compact metric space. We only have to prove
condition (ii). For € > 0, pick a finite e-net F' of K and define

pe(z) = max (d(z, 2)).
For a given A > 1, ¢ satisfies condition (ii) of IT; (\) if € is small enough. =

PROPOSITION 4.5. Suppose A\g > 1 and M is a metric space which Lip-
schitz embeds into Car with constant \g. Then M has property 111 (\) for all
A > Ag.

Proof. We first consider (i) of the definition of IT; (\). Suppose x> A > \o.
Let B1, Bs be metric balls of radii 7 > 0 and centers aq, as.
Let A = {(z,y) € By x By : d(z,y) > pr} and f : M — ¢} be an
embedding such that
d(z,y) < |f(x) = FW)Il < Mod(z,y),  x,y € M.
Suppose f(z) = (fi(z));2,. Then there exists n so that
filar), filaz) < (p—=A)r, izn+1
Thus if (z,y) € A we have
|fi() = fi(y)| < max(fi(x), fi(y)) < (0 —A)r+ dor <d(z,y), i=n+1
Hence
d(z,y) < max |fi(z) = fily)], (z.y) € A.
Choose € > 0 so that A(u — €) > Agpu. By a compactness argument we can
find coverings (W), of By and (W})1, of By such that
filx) = fi(a")] < ger, @' €Wp, 1<i<n, 1<k<m,
and
|filz) = fi(@")| < der, 2,2’ €W, 1<i<n, 1<k<m
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Let

S={kk):1<k<m, 1<K <m/, Wy x W, NA#D}
and define (Uj)?f:l, (Vj)é\[:1 in such a way that (U; x V])j\’:1 is an enumeration
of (Wi X Wir) i kyes- Then A C U;V:1 Uj x V; and the same calculations as
in the proof of Proposition 2.4 give

No(U;, Vy) > vr with v =AM\ (1 —e) > p.

If A < 2 we must also consider (ii). Here we define p(z) = A\g'||f(2)]|
where f: M — cg is as above. Then ¢ satisfies (4.4) with 6 = \g. Indeed,

lo() = o) < A H1f (@) = F(W)ll < d(z,y)
and
d(z,y) < |[f(z) = fy)l| < max([[f (@), [[f()]]) < Aomax(p(z),o(y)). =
Next, in place of Lemma 2.5 we have
LEMMA 4.6. Let A > 1 and (M,d) be a metric space with property
I1y(N\). Then for every pu > A there is a constant v > u so that if B

and Bs are two metric balls of radius r then there are finitely many sets

(Uj)éyzl, (V})é\f:l such that if (x,y) € By X By and d(z,y) > pr then there

exists 1 < j < N so that x € Uj, y € V; and
Nud (U3, V3) > vi(z, y).
We omit the proof of this, which is very similar to that of Lemma 2.5

and only uses part (i) of the definition of I1; ().
Then we have the following analogue of Lemma 2.6.

LEMMA 4.7. Let A > 1. Suppose (M,d) has property 11, (\). Suppose
0 < a< . Let F,G be finite subsets of M and let Ay (F,G,«,[3) be the
set of (x,y) € M x M such that

Amax(d(z,G),d(y,G)) + a < d(z,y) < Amax(d(z, F),d(y, F)) + B.

Then there is a finite set F = F(F,G,«a,3) of functions f: M — R, with
Lip(f) < X and such that

f(z) < A3, =x€F,
and
d(z,y) <max|f(z) = f@)l,  (@.y) € A (F G, 00, 5).
Proof. We first argue that for some constant K we have
dz,y) < K, z,y€ AL(F,G, a,p).
If A > 2 this follows from the fact that
d(z,G) +d(y,G) = d(z,y) — R,
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where R is the diameter of G. Hence
d(z,y) <K =XA=2)"'R, x,y€ A{(F,G,a,p).

In the case 1 < A < 2 let ¢,0 be as in the definition of II; (\) and sat-
isfy (4.4). Let Ko = max{p(z) : z € G}. Thus

Ad(z,y) < M max(p(z), p(y)) < AKo + A max(d(z, G), d(y, G))
<MKy +0d(z,y), =z,y€ AL(F,G,a,p),

so that K
d(z,y) <K = A_;, z,y € AL(F,G,a, ).
We next let
H=AT9K

and choose v = v(p) according to the conclusion of Lemma 4.6. We fix e > 0
so that ¢ < min(a/2u, A" (X — 1)0).

Let E = {x : d(z,G) < A"'K}. Since F is metrically bounded and FUG
is finite we can partition E into finitely many subsets (E1,..., Ey,) so that
for each z € F'U G we have

d(z,2) —d(2',2)| <e, w2 €E;,1<j<m.
For each j, we define z; € G and 7, as in the proof of Lemma 2.6, so that

inf d(z. ;) = inf d(z.G) =1,

mEEj

Note that r; < A1K and E; is contained in a ball B; centered at z; with
radius r; + €.

Now for each pair (j,k) we denote by Bj the ball with center z; and
radius max(r; + €, + €). By Lemma 4.6, we can find finitely many pairs
of sets (ﬁjkl, ‘N/]kl)lN:Jf such that for every (z,y) € Bj x By ; with d(z,y) >
p(max(r;j,r) + €) there exists 1 <1 < Ny, with x € ﬁjkl, S \N/jkl and

A (Ujpa, Vigg) > vd(z, y).

Then we set Ujkl = Ujkl N Ej and ijl = ijkl N Ej.
We now apply Lemma 4.1 to construct Lipschitz functions fju
M — Ry where 1 < 5,k <m, 1 <1 < Ny are such that Lip(fju) < A,

fiwi(xz) <AB, z€F,
and
\fir(x) — fim(y)] > Nk, x € Ujit, y € Vi,

where

Ok = min(0(Ujgr, Vi), max(6(Ujgr, F), 6(Vika, F)) + B).
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Now let us suppose (z,y) € AL (F,G,a, ). Then there exists (j, k) so
that x € Ej, y € Ej. It follows from our choice of ;1 and € that

d(z,y) > Amax(d(z,G),d(y,G)) + o > Amax(rj, ;) + o
> p(max(rj, rg) +€).
Thus there exists 1 <1 < Ny, so that € Uj, y € Vi and

14

On the other hand, e < A™1(A — 1), so
Amax(8(Usit, F), 6(Via, F)) + B > Amax(d(z, F), d(y, F)) + \(8 — )
> Amax(d(z, F),d(y, F)) + 8 > d(z,y).
Hence
[fira (@) = fim(y)| = Mjre > d(z,y).
Thus we can take for F the collection of all functions fj; for 1 < j, k < m,
1<I< Njk. n
Finally, our theorem is

THEOREM 4.8. Suppose a separable metric space (M,d) has property
IT, (A) with A > 1. Then there is a Lipschitz embedding f : M — c(")F with

dz,y) <|[[f(x) = fW)l < Ad(z,y), x,y€M x#y.

Proof. We use the notation of the proof of Theorem 2.7. Then we build
an increasing sequence (ny)p,, of integers (with ng = 0) and a sequence
(fj)52 of Lipschitz functions f; : M — R, with Lip(f;) < A so that

fi(x) < Aep, @ € B, my < j <y,
and if
(4.5)  Amax(d(z, Fit1), d(y, Fit1)) + €t
<d(z,y) < Amax(d(z, Fy),d(y, Fx)) + €k
then
max [fj(z) = fi(y)| > d(z,y).

np—1<j<ng
If = # y then the sequence
Tk = )\max(d(x, Fk)) d(ya Fk)) + €k

is decreasing and tends to zero.

If A > 2, we clearly have 71 > d(z,y).

Assume 1 < A < 2. Let ¢ be given by part (ii) of property I1;(\). We
choose €1 > Ap(uy). Then

d(z,y) < Amax(p(x), p(y)) < 1 + Amax(d(x,u1),d(y,u1)) = 71.
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Hence, in both cases the desired embedding can be defined again by f(x) =
(fi(2))52,. =

As a first corollary, we obtain the following two results of Pelant’s ([16]).

COROLLARY 4.9.

(a) For every separable metric space (M,d) there is a Lipschitz embed-
ding f: M — car so that

d(z,y) < ||f(z) = FW)ll <3d(z,y), x,yeM, z#y.
(b) For any compact metric space (K,d) and any X\ > 1, (K, d) A-embeds
nto car.

It is proved in [16] that both of the above statements are optimal. This
was also known to Aharoni [2] for part (a).
We also have

THEOREM 4.10. For every locally compact metric space (M, d) and every
A > 2, (M,d) A\-embeds into ci . This result is optimal.

Proof. The result is obtained by combining Theorem 4.8 and Lemma 4.3.
We only have to show its optimality.

Let D be the set of all finite sequences with values in {0,1}, including
the empty sequence denoted ), and let D* = D\ {0}. For s € D, we denote
by |s| its length. Then (es)sep is the canonical basis of ¢1(D). We consider
the following metric subspace of ¢;(D):

M ={0,ep} U{|s|es,ep + |s|es : s € D*}.

This is clearly a locally finite metric space. Assume now that there exists
f=(fe)i2, : M — ¢ such that

e =yl <[1F (@) = fWlloo <2[z —ylh, =z,yeM.

There exists K > 1 such that fi(ey) < 1 and f;(0) < 1 for all £ > K. Then,
using the positivity of f, we obtain

| fr(eg +nes) — fr(ne)| < max(fi(eg + nes), fr(ner))

<142n, k>K,s#t, |s|=|t|=n.
On the other hand,
|| f(eg + nes) — f(ner)||oo > 14+2n, s#t,|s| =t =n.
Thus, for all s # ¢, |s| = |[t| = n, there exists k < K so that
| fx(eg + nes) — fr(ney)| > 14 2n.
Let now C = max(||f(e9) oes /(0) ). Then
|fr(eg +nes) — fe(ne)| < C+2n, k<K, s#t, |s|=|t|=n.
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Thus, for n large enough and all s # t, |s| = |t| = n, there exists k < K
such that either

fr(nes) <C —1 and fr(eg+ne) > 14 2n

or
fr(nes) >1+2n and fr(eg +mne) <C —1.

Therefore, either
fr(nes) <C —1 and fr(ne) >2n—1

or
fr(nes) >1+2n and fr(ne) < C+1.

Let us now define a(k,s) = Ljg,c41)(fe(|sles)). Then, for n large enough,
we see that for all s # ¢, |s|] = |t| = n, there exists & < K so that
a(k,s) # a(k,t), which is clearly impossible if n > K. This finishes our
proof. m

5. Embeddings of subsets of classical Banach spaces into car

PROPOSITION 5.1. Suppose X is a separable Banach space and that f :
X — caL is a Lipschitz embedding with constant Ag. Then for any u € X
with ||ul]| = 1 and any infinite-dimensional subspace Y of X we have

inf |lu+2y|| < Xo.
yey
llyll=1
Proof. The proof is almost identical to that of Proposition 3.1. It follows
from Proposition 4.5 that X has property I (\) for any A > \g. We consider
B1 = —u+2Bx and B = u+ 2By, where Bx denotes the closed unit ball
of X. Suppose i1 > Ag and select © > A > Ag. Then, for some v > u, we can
find finitely many closed sets (Uj, Vj)j\[:1 satisfying
Xo(U;, V) > 2v

and
N

{(z,9) € Bi x By : o —y| > 2u} < |J(U; x V).
j=1
Now let E be any subspace of X of dimension greater than N and let
Aj={ecE: e =1, (—u+2e,u—2e) € U; x Vj}.

We then conclude the proof as in Proposition 3.1. Assume that for any
e € Sg, ||lu+ 2¢| > p. Then Ay U---U Ay = Sg and so there exists e
in Sg and k < N such that e and —e belong to Ag, i.e. —u + 2e € U and
u £ 2e € Vj. This implies that 6(Uy, Vi) < 2, which is a contradiction. So,
there exists e € Sp with ||u + 2¢|| < p and we conclude as in the proof of
Proposition 3.1. =
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THEOREM 5.2. Suppose 1 < p < 0.

i) There is a Lipschitz embedding of £, into ¢ with constant (2P +1)1/?
P 0
and this is best possible.
ii) There is a Lipschitz embedding of €} into ¢ with constant 3'/7 and
P 0
this is best possible.

Proof. Let us prove first that £, has IT; (c,) where ¢, = (1+2P)"/P. The
proof is very similar to that of Theorem 3.2. Let By and By be balls with
centers aj,ag and radius r > 0. Suppose p > ¢, and p < v < ¢, (uP — 2P)V/P.
Fix € > 0 such that

cp(UPTP — 2P (1 4 €)P)V/P — 2e¢, > v

We select N € N so that

o o0
Yo B, Y laa(k)P < e”.
k=N-+1 k=N+1
Let E be the linear span of {e,...,en} where (e;) is the canonical ba-

sis of ¢,. Let P the canonical projection of ¢, onto E, Q = I — P and
R = max(||ai|],||az]|) + r. Then we partition RBp into finitely many sets
Aq, ..., A, with diam(Aj) < e.
Now, set U; = {x € By : Px € A;}, V; ={x € By : Px € A;} and
S =A{0,k) : z,y) € Uj x Vi, |lz —yll > pr}.
Thus we have
{(x,y) € Bux By: |z —yl| >} c | Ujx Vi
(J,k)ES

It remains to estimate 6(Uj, V},) for (4,k) € S. Suppose u € U, v € V}, and
that z € Uj, y € Vj, are such that ||z — y|| > pr. Then

lu— vl = [Pu— Pv|| > ||Pz — Pyl — 2.
On the other hand,
r>llz—a > [|Qz| —e and 7=y — a2 = |Qull —e.
Thus
(5.6) 1Qz — Qyl| < 2r + 2.
Now
prr? <[Pz — Py||P + [|Qz — Qy||” < [[Px — Py||P +2P(r + ¢)".
Hence
| Pz — Py||P > uPrP — 2P(r + )P,
and so
cpd(Uj, Vi) > cp(pPrP — 2P (r + VP — 2e¢, > vr.

Hence ¢, has 11 (cp).
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Next we show that @L has property II; (3'/?). To do this we repeat the

argument above. We take p > 3Y/P and suppose that p < v < 31/ (P —2)1/P,
Choose € > 0 so that

3YP(uPrP — 2(r + &)P)Y/P — 2e3/P > v,

Next repeat the construction, but working inside the positive cone Blf . The
only difference is that (5.6) is replaced by

(5.7) 1Qz — Qy|l < 2/ max(|| Qx| IQy[l) < 2'/7(r +e).
Hence
[Pz — Py[[P > pPr? —2(r +¢)?,
and so this time
3YPS(U;, Vi) > 3YP(uPrP — 2(r + €)P)/P — 22317 > iy,

For the second half of the condition, when 3'/? < 2, we note that p(z) = ||z||
satisfies (4.4) with § = 21/P < 31/7,

These calculations combined with Theorem 4.8 show the existence of the

Lipschitz embeddings in parts (i) and (ii). Proposition 5.1 shows that the

constant is best possible when in (i). For (ii) suppose f : £ — cg is an

embedding such that
lz =yl < If(@) = fF)l < Mz —yll, 2.y,

where X\ < 3P, Let f(x) = (fj(2))52,. Let € = (3%/P — X)/2. Then there
exists N such that

max(fj(el), f](O)) < g, j>N+1.
Hence if m,n > 1 then
|fj(e1+em)— fi(en)] < max(fj(e1+em), fi(en)) < A+e <3YP, j> N+1.
Now we may pass to a subsequence so that the following limits exist:

lim fj(61+enk)zaj’ lim fj(enk):Tj7 I1<j<N.
k—o00 k—o00

Clearly,
|U]’—Tj|§)\, ISJSN
Now
khrgo’fj(el‘i‘enk)_fj(enk+1)’ <A 1<j <N,
and we have a contradiction since [[e1 + e, — en, ., || = 3/P >\ m

6. Spaces embedding isometrically into ¢y and car. In this final
section we study isometric embeddings into ¢y and cg . Note that a separable
Banach space isometrically embeds into ¢g if and only if it embeds linearly
and isometrically [8].
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We recall that a metric space (M, d) is an ultrametric space if

(6.8) d(z,y) < max(d(z,2),d(z,y)), =x,y,2€ M.
Note that this implies
(69) d(.%',y) = maX(d(va)ad(zay))v d(x,z) 7& d(Z,y)

LEMMA 6.1. Let (M,d) be a separable ultrametric space. Then there is
a countable subset I' of [0,00) such that d(x,y) € I for all x,y € M.

Proof. For each fixed z € M let I, = {d(z,y) : y € M}. Suppose I, is
uncountable; then for some § > 0 the set I, N (4, 00) is uncountable. Pick an
uncountable set (y;)icr in M so that d(z,y;) > 0 and the values of d(x,y;)
are distinct for ¢ € I. Then for ¢ # j we have d(y;,y;) > 6 by (6.9). This
contradicts the separability of M.

Thus each I, is countable. Let D be a countable dense subset of M and
let I' = Uyep In- Iy, 2 € M with y # z, pick x € D with d(z,y) < d(z, 2).
Then d(y, z) = d(x,z) € I' by (6.9). =

THEOREM 6.2. FEvery separable ultrametric space embeds isometrically
: +
mnto ¢y .

Proof. Pick I' as in Lemma 6.1. Let (a;)72; be a countable dense sub-
set of an ultrametric space M. Let D be the collection of finite sequences
(r1,...,rn) with r; € I" for 1 < j < n. For each (r1,...,r,) € D we define
a function f,, . by

frivm (@) = {
i (2) 0 otherwise.

If z € M let d(z,a;) = sj. Then lim, o min(si,...,s,) = 0 and it
follows that f(z) = (fri,...n(Z))(r1,...)ep is a map from M into ¢f (D).

If 2,y € M and fr, r,(x) # fri,..r.(y) We can assume without loss
of generality that d(z,a;) = r; for 1 < j < n but d(y,a;) # r, for some
1 <k < n. Then from (6.9) we get

|f7”1,-~77“n (JI) - f7'1,~.-,7”n (y)| = min(rla cee ,Tn)
<1 < max(d(x, ak)7d(y7 ak)) = d($7y)
Thus || f(z) — f(y)ll < d(x,y) for z,y € M.

On the other hand, if « # y there is a least k so that d(z, ax) # d(y, ax)-
Assume that d(x,ax) > d(y,a;) and r; = d(z,a;) for 1 < j < k. Then
d(z,y) = ri. On the other hand, d(z,y) < r; for 1 < j < k. Hence

d(xa y) =T = |f’l”1,...,?“]c (ilf) - f’r‘l,...,Tk (y)|
Thus f is an isometry. m

min(ri,...,r,) if d(z,a5) =r;, 1 <j<mn,

As a final example we consider an infinite branching tree 7 defined as the
set of all ordered subsets (nodes) a = (myq,...,my) (where m; < --- < my)
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of N (including the empty set). Let |a| = k be the length of a so that |()] = 0.
If a=(my,...,mg), b= (nq,...,n;) are two nodes then we define a A b to
be the node (my,...,m,) where r < min(k,!) is the greatest integer such
that m; =n; for 1 < j <r. We write a < b if bAa = a. Furthermore, 7 is a
graph if we define two nodes a,b to be adjacent if | |a| — |b|| =1 and a < b
or b < a. The natural graph metric d is thus given by

d(a,b) = |a| +|b] — 2|la A D].
THEOREM 6.3. The infinite branching tree embeds isometrically into cg.
Proof. For each (a,n) € 7 x N we define
o] —lal, a<0b,b#a, by =n,
fan() = q lal = b, a<b,b#a, b1 >mn,
0, otherwise.

For fixed b we have f, »(b) # 0 only when a < b, a # b and n < bjg|41, and
this is a finite set. Hence f(b) = (fa,n())(an)erxn defines a map of 7 into
C()(T X N)

Suppose that d(b,b') = 1 and |b'| = |b| + 1. Then by examining cases it
is clear that |fgn(b) — fan(0)] < 1 for all (a,n) € T x N. It follows that
| £(b) — F(B)|| < d(b,) for arbitrary b4 € T.

If b # V' pick a = bA b and assume as we may that either ¥ =aAb=a

or b|a|+1 < biaHl' Put n = b\a|+1' Then

Jan(®) =16l = lal,  fan(') = la] = V],
so that
’fa,n(b) - fa,n(b/)’ = d(b7 b,)-
Hence f is an isometry. =

REMARKS. Since ¢y 2-embeds into C(T , so does 7. It follows from the
fact that 7 contains a copy of Z that it is again optimal. However, the set
of nodes of the same level of a tree equipped with the geodesic distance,
like 7, is a fundamental example of ultrametric space, and therefore, by
Theorem 6.2, embeds isometrically into cf{ .

Let us also mention that we do not know whether the metric spaces cg
and car are Lipschitz isomorphic.

Extending a work of J. Bourgain [7], F. Baudier recently proved in [4]
that the infinite dyadic tree equipped with the geodesic distance metrically
embeds into a Banach space X if and only if X is not super-reflexive. To-
gether with the second named author, F. Baudier also showed in [5] that any
locally finite metric space metrically embeds into any Banach space without
cotype.
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